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The quantum algebra U, (sl;) and
its equitable presentation”

Tatsuro Ito, Paul Terwilliger and Chih-wen Weng

Abstract
We show that the quantum algebra Ug,(slz) has a presentation with generators
!y, z and relations zz™! =z 7'z =1,
_ -1 -1 -1
qary — q yx:l qyz — ¢ zy:l qzr — q 1’3:1
q—q* ’ q—q* ’ q—q*

We call this the equitable presentation. We show that y (resp. z) is not invertible in
U,(slz) by displaying an infinite dimensional Ug(slz)-module that contains a nonzero
null vector for y (resp. z). We consider finite dimensional Uy(slz)-modules under the
assumption that ¢ is not a root of 1 and char(K) # 2, where K is the underlying
field. We show that y and z are invertible on each finite dimensional Uy (slz)-module.
We display a linear operator €2 that acts on finite dimensional Ug(slz)-modules, and
satisfies

QO lzQ=y, Q=2 QO h2Q==z

on these modules. We define 2 using the g-exponential function.

1 The algebra U,(sl,)

Let K denote a field and let ¢ denote a nonzero scalar in K such that ¢? # 1. For an integer
n we define

q"—q"

"= q—q*

and for n > 0 we define
[n]' = [n][n —1]---[2][1].

We interpret [0]' = 1. We now recall the quantum algebra U, (sl3).

*Keywords. Quantum group, quantum algebra, Leonard pair, tridiagonal pair.
2000 Mathematics Subject Classification. Primary: 17B37. Secondary: 20G42, 16W35, 81R50.



Definition 1.1 We let U,(sly) denote the unital associative K-algebra with generators k*!,e,
f and the following relations:

k™' = ke =1,

ke = q¢’ek,
kf = q°fk,
k—kt
ef —fe = —
q—dq

We call k%! e, f the Chevalley generators for U,(sly).

We refer the reader to [20], [21] for background information on U,(sly). We will generally
follow the notational conventions of [20].

2 The equitable presentation for U,(sl,)

In the presentation for U,(sly) given in Definition 1.1 the generators k*! and the generators

e, f play a very different role. We now introduce a presentation for U,(slz) whose generators
are on a more equal footing.

Theorem 2. 1 The algebra Uy(sly) is isomorphic to the unital associative K-algebra with
generators ™1, y, z and the following relations:

vt =1y = 1, (1)
-1

mece o

Wi o

An isomorphism with the presentation in Definition 1.1 is given by:

x:l:l N kil,

y — k' fla—qh),
z = k' —keqlg—q7).

The inverse of this isomorphism is given by:

k:l:l N inl

)( - q_l)_la

1 332) Mg—qH)

— (-
=



Proof: One readily checks that each map is a homomorphism of K-algebras and that the
maps are inverses. It follows that each map is an isomorphism of K-algebras. 0

The generators %!, y, z from Theorem 2.1 are on an equal footing, more or less. In view of
this we make a definition.

Definition 2.2 By the equitable presentation for U,(sl;) we mean the presentation given in
Theorem 2.1. We call 2!, y, z the equitable generators.

We remark that the isomorphism given in Theorem 2.1 is not unique. This is a consequence
of the following lemma.

Lemma 2.3 For an integer v and nonzero a € K there exists a K-algebra automorphism of
U,(sly) that satisfies

kt — EH e — aek’, f—a k7 f

Proof: Routine. O

3 The elements y and z are not invertible in U,(sly)

In this section we show that the equitable generators y and z are not invertible in U (sl3). In
order to show that y (resp. z) is not invertible in U,(sl) we display an infinite dimensional
U,(sly)-module that contains a nonzero null vector for y (resp. z).

Lemma 3.1 There exists a Uy(sly)-module ', with the following property: I'y has a basis

such that

xuij = ui-l—l,ja

-1
T Ui = Ui-1,

2 —j i/ i —i
Yu;; = ¢ (q —q )ui,j—l_Q(q —q )ui—l,ja
o oo L
zu; = q Ui +q (¢ — ¢ Ui

foralli,j € Z with 37 > 0. In the above equations u,_, := 0 for r € Z.
Proof: One routinely verifies that the given actions of !, y, 2 satisfy the relations (1)—(4).

O

Lemma 3.2 The following (i)—(iii) hold.

(1) yuoo = 0, where the vector ugyg is from Lemma 3.1.
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(i) y is not invertible on Iy, where L'y is the U,y(sly)-module from Lemma 3.1.
(iii) y is not invertible in U,(sly).

Proof: Immediate. O

Remark 3.3 Referring to Lemma 3.1, we have u;; = 2*z9ugg for i,j € Z, j > 0.

Lemma 3.4 There exists a Uy(sly)-module I', with the following property: I', has a basis
Vij ,]€Z, 7>0

such that

TUij = Vitlj,

-1
T Vij Vi-1,5,
2i if i —i
YUi5 ¢ ijr1 —q'(¢" — q " )vicay,

2y = ¢ (¢ = iy — T = ¢ i

forall 1,5 € Z with 7 > 0. In the above equations v, _1 :=0 for r € Z.

Proof: One routinely verifies that the given actions of !, y, 2 satisfy the relations (1)—(4).
]

Lemma 3.5 The following (i)—(iii) hold.

(i) zvoo = 0, where the vector vy is from Lemma 3.4.

(ii) z is not invertible on I',, where I, is the Uy(sly)-module from Lemma 3.4.
(iii) 2z is not invertible in Uy(sly).

Proof: Immediate. O

Remark 3.6 Referring to Lemma 3.4, we have v;; = z'y/vqq for 4,5 € Z, j > 0.

4 Finite dimensional U,(sly)-modules

From now on we restrict our attention to finite dimensional U,(sl;)-modules. In order to
simplify things we make the following assumption.

For the rest of this paper, we assume ¢ is not a root of 1, and that char(K) # 2.

In this section we show that the equitable generators y and z are invertible on each finite
dimensional U, (sl;)-module.

We begin with some general comments. By [20, Theorems 2.3, 2.9] each finite dimensional
U,(sly)-module M is semi-simple; this means that M is a direct sum of simple U,(sl)-
modules. The finite dimensional simple U,(sl;)-modules are described as follows.

4



Lemma 4.1 [20, Theorem 2.6] There exists a family of finite dimensional simple Ugy(sls)-
modules

L(n,e) e e {l,—1}, n=20,1,2,... (5)

with the following properties: L(n,e) has a basis vo, vy, ..., v, such that kv; = eq"*v; for
0<i<m, f=[i+ vy for0<i<n—1, fu, =0, ev;=c[n—i+ 1v;—y for 1 <i<n,
evg = 0. Every finite dimensional simple U,(sly)-module is isomorphic to exactly one of the
modules (5).

The equitable generators act on the modules L(n,e) as follows.

Lemma 4.2 For an integer n > 0 and for ¢ € {1, —1}, the U,(sly)-module L(n,e) has a
basis ug, w1, . .., u, such that

cxu; = ¢" Py (0 <i<n), (6)
ey —¢*Mui = ("= Mun (0<i<n—1),  (ey—q"u. =0, (7)
(ez=¢*Mu = (" =¢" 7 Muir  (1<i<n),  (e2—¢ "ug=0. (8)

Proof: For the purpose of this proof we identify the copy of U,(sly) given in Definition
1.1 with the copy given in Theorem 2.1, via the isomorphism in Theorem 2.1. Let the
basis vg,v1, ..., v, for L(n,e) be as in Lemma 4.1. Define u; = y;v; for 0 < ¢ < n, where
Y% = 1and v; = —eq" -y for 1 < i < n. Usingz =k, y =k + f¢g—q'), and
z =kt —k7teq(q—q7'), together with the data in Lemma 4.1, we routinely verify (6)—(8).
O

Note 4.3 The basis ug, u1,...,u, in Lemma 4.2 is normalized so that yu = ¢™"u and
zu = eq™u for u=">""_,u;.

Corollary 4.4 For an integer n > 0 and for € € {1, —1}, the following (i), (ii) hold on the
U,(sly)-module L(n,¢).

(i) Each of x,y,z is semi-simple with eigenvalues eq™, eq" 2, ..., eq "

(ii) Fach of x,y, z is invertible.

Proof: For x this is clear from (6). We now verify our assertions for y. With respect to
the basis ug, u1, ..., u, for L(n,e) given in Lemma 4.2, by (7) the matrix representing y is
lower triangular with (i,4) entry e¢? =™ for 0 < ¢ < n. Therefore the action of y on L(n,¢)
has eigenvalues £¢", eq" 2, ...,eq~". These eigenvalues are mutually distinct so this action is
semi-simple. These eigenvalues are nonzero so this action is invertible. We have now verified
our assertions for y. Our assertions for z are similarly verified. OJ

By Corollary 4.4 and since each finite dimensional U, (slz)-module is semi-simple we obtain
the following result.



Corollary 4.5 On each finite dimensional Uy(sly)-module the actions of y and z are invert-
wble.

Motivated by Corollary 4.5 we make the following definition.

Definition 4.6 We let y~! (resp. z7!) denote the linear operator that acts on each finite
dimensional U,(sly)-module as the inverse of y (resp. z).

5 The elements n,,n,,n,

In this section we define some elements n,, n,, n, of U,(slz) and show that these are nilpotent
on each finite dimensional U,(sl;)-module. We then recall the g-exponential function exp,
and derive a number of equations involving exp,(n.), exp,(n,), exp,(n.). These equations
will show that on finite dimensional U,(sly)-modules the operators y—*, 27" from Definition
4.6 satisfy

= exp,(n.) xequ(nz)_l, (9)

271 = exp,(ny) " wexp,(ny). (10)

(
¢(1—yz) = ¢ '(1-2y)
a(l-z22) = ¢ (1-22),
¢(l—zy) = ¢ '(1-yz)
Proof: These equations are reformulations of (2)—(4). O

Definition 5.2 We let n,,n,, n, denote the following elements in U, (sl):

q(1—yz) ¢ '(1—zy)

Ng = = , 11

q—q! q—q! 1
1— 11—

n, = 4 »ialf):q ( _TZ)’ (12)
q—q q—q
1— 11—

n, — q( x?lJ):q ( ?{$> (13)
q—q q—q

Note 5.3 Under the isomorphism given in Theorem 2.1 the preimage of n, (resp. n,) is e
(resp. —qkf).

We recall some notation. Let V' denote a finite dimensional vector space over K. A linear

transformation 7' : V' — V is called nilpotent whenever there exists a positive integer r such
that T"V = 0.

We are going to show that each of n,,n,,n, is nilpotent on all finite dimensional U,(sl3)-
modules. We will show this using the following lemma.
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Lemma 5.4 The following relations hold in Uy(sly):

xn, = ¢’n,z, Tn, = q *n,, (14)
yn. = ¢*n.y, Yne = q Ny, (15)
My = ¢*ngz, n, = q *nyz. (16)

Proof: In order to verify these equations, eliminate n,, n,, n, using Definition 5.2 and simplify
the result. N

Lemma 5.5 FEach of ng,ny, n, is nilpotent on finite dimensional U,(sly)-modules.

Proof: We prove the result for n,; the proof for n, and n, is similar. Since each finite
dimensional U, (sly)-module is semi-simple and in view of Lemma 4.1, it suffices to show that
n, is nilpotent on each module L(n,¢). By Corollary 4.4(i), L(n, €) has a basis wq, wr, . . ., wy,
such that yw; = e¢"*w; for 0 <i < n. Using the equation on the right in (15) we routinely
find that n,w; is a scalar multiple of w;,; for 0 < i <n — 1 and n,w, = 0. This shows that
n, is nilpotent on L(n,e) and the result follows. O

We now recall the g-exponential function.

Definition 5.6 /31, p. 204] Let T denote a linear operator that acts on finite dimensional
U,(sly)-modules in a nilpotent fashion. We define
412

> i T (17)

equ(T) =

We view exp,(1') as a linear operator that acts on finite dimensional U,(slz)-modules.
The following result is well known and easily verified.

Lemma 5.7 [31, p. 204] Let T denote a linear operator that acts on finite dimensional
Uq(sly)-modules in a nilpotent fashion. Then on each of these modules exp,(T') is invertible;
the inverse is

< (—1)ig=i-D/2
exp,-1(=T) = Z i T

=0

The following lemma is essentially a special case of [28, Eq. (4.8)]; we include a proof for
the sake of completeness.

Lemma 5.8 [28, Eq. (4.8)] The following (i)—(iii) hold on each finite dimensional Ugy(slz)-
module.

(i) exp,(n,) ' wexp,(n,) = 27",

(i) expy(n:) ™" yexpy(n.) =7,



(i) exp,(n.) " zexp,(n.) =y~ "

Proof: (i) We show

rexp,(ny) z = exp,(ny). (18)

The left side of (18) is equal to x exp,(n,) 2~ xz. Observe zexp,(ny) ™" = exp,(zn,a™") by
(17) and zn,z~! = ¢°n, by (14). Also zz =1—q(q¢—q ")n, by (12). Using these comments
and (17) we routinely find that the left side of (18) is equal to the right side of (18). The
result follows.

(ii), (iii) Similar to the proof of (i) above. O

For convenience we display a second “version” of Lemma 5.8.

Lemma 5.9 The following (i)-(iii) hold on each finite dimensional U,(sly)-module.

(1) exp,(n:) zexpy(n.)~ =y,

(i) expy(ne)yexpy(ng) = =271,

(i) exp,(ny) z exp,(n,) ™' =z~

Proof: For each of the equations in Lemma 5.8 take the inverse of each side and simplify the
result. OJ

We note that the equations (9), (10) are just Lemma 5.9(i) and Lemma 5.8(i), respectively.

6 Some formulae involving the g-exponential function

In the next section we will display a linear operator 2 that acts on finite dimensional U, (slz)-
modules, and satisfies Q712 Q =y, Q" 'y Q = 2, Q712Q = z on these modules. In order
to prove that 2 has the desired properties we will first establish a few identities. These
identities are given in this section.

Lemma 6.1 The following (i)—(iii) hold on each finite dimensional U,(sly)-module.
(i) expy(n:)~" wexp,(n.) = ryz,
(ii) exp,(ne)~" yexp,(n.) = yzy,
(iii) equ(ny)_1 zexp,(ny) = zrz.

Proof: (i) The element xy commutes with n, by (13) so xy commutes with exp,(n.) in view
of (17). Therefore exp,(n.)~" zyexp,(n.) = zy. By Lemma 5.8(ii) we have yexp,(n.) =
equ(nz) x~1. Combining these last two equations we routinely obtain the result.

(ii), (iii) Similar to the proof of (i) above. O



Lemma 6.2 The following (i)-(iii) hold on each finite dimensional U,(sly)-module.

(i) exp,(ny)zexp,(ny) ™" = zzz,

(i) exp,(n.)yexp,(n.)~" = yxy,

(i) exp,(n.) z exp,(ng) " = zyz.

Proof: (i) By Lemma 6.1(iii) we have exp,(n,) zzzexp,(ny)~" = z. In this equation we
eliminate exp,(ny) z and zexp,(n,) ™" using Lemma 5.9(iii). The result follows.
(ii), (iii) Similar to the proof of (i) above. O

Lemma 6.3 The following (i)—(iii) hold on each finite dimensional U,(sly)-module.

(i) exp,(ne) ' zexp,(n.) =z +y—y~ ',

(ii) exp,(ny) " yexp,(n,) =y +2z— 27",

(iii) exp,(n.)"' zexp,(n.) =z +z —z7".

Proof: (i) Using (2), (4) and (11) we obtain zn, — n,z = y — z. By this and a routine
induction using (15), (16) we find

wn, —nhx = q [i](ny 'y — any ) (19)

for each integer ¢ > 0. Using (17) and (19) we obtain

rexp,(ng) — exp,(n.) r = exp,(n.) y — zexp,(n.). (20)

In line (20) we multiply each term on the left by equ(ng;)_1 and evaluate the term containing
z using Lemma 5.8(iii) to get the result.
(ii), (iii) Similar to the proof of (i) above. O

Lemma 6.4 The following (i)—(iii) hold on each finite dimensional U,(sly)-module.

(1) expy(ne)wexp(n,) ' = x4z — 27,

(ii) exp,(ny)yexp,(ny) ™ =y +z —z7",

(iii) equ(nz) zequ(nz)_1 =z4+y—y "
Proof: (i) By Lemma 6.3(i) we have

z = exp,(ng) (x+y —y ") expy(ng) " (21)

1 1

By Lemma 5.9(ii) we have exp,(n.)yexp,(n,)”" = 27! and exp,(n.)y " exp,(n.)™" = 2.
Evaluating (21) using these comments we obtain the result.
(ii), (iii) Similar to the proof of (i) above. O



7 The operator ()

In this section we display a linear operator 2 that acts on finite dimensional U, (slz)-modules,
and satisfies Q12 Q =y, Q7 'y Q = 2, Q712Q = = on these modules. In order to define Q
we first recall the notion of a weight space.

Definition 7.1 Let M denote a finite dimensional U,(slz)-module. For an integer A and for
e € {1,—1} define

M(e,\) = {v e M| zv=ceqv}.

We call M (e, A) the (e, \)-weight space of M with respect to x. By Corollary 4.4(i) and since
M is semi-simple, M is the direct sum of its weight spaces with respect to x.

Definition 7.2 We define a linear operator ¥ that acts on each finite dimensional U, (sls)-
module M. In order to do this we give the action of ¥ on each weight space of M with
respect to z. For an integer A and for ¢ € {1,—1}, ¥ acts on the weight space M (e, \) as
¢ /1 (if X is even) and ¢('""*/2[ (if X is odd), where I denotes the identity map. We
observe that W is invertible on M.

Lemma 7.3 For the operator V from Definition 7.2 the following (i)—(iii) hold on each finite
dimensional Uy (sly)-module.

(i) U~ la¥ =z,
(i) ¥~tn, ¥ = zn,z,
(iii) Uln, U =z~ tn,z7t.
Proof: Let M denote a finite dimensional Uy(sly)-module. For an integer A and for ¢ €
{1, —1} we show that each of (i)—(iii) holds on M(e, \).
(i) On M(e, A) each of U,z acts as a scalar multiple of the identity.
(ii) For notational convenience define s = 0 (if A is even) and s = 1 (if A is odd). For

v € M(e,\) we show U™'n,Wv = zn,zv. Using the equation on the left in (14) we find
nyv € M(e, A+ 2). Using this we find

\Il_lny\Ilv = q(s_’\QW\If_lnyv
s—A2 2_g
— 2O 2

— q2>\+2nyv

and also

A
INyTV = £q TNHU
= eq’eq* P

q2’\+2ny v

Therefore ¥~'n, Vv = zn,zv. We have now shown ¥~'n,¥ and zn,z coincide on M(e, \).
(iii) Similar to the proof of (ii) above. O
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Definition 7.4 We define
Q = exp,(n.) Vexp,(ny), (22)

where n,,n, are from Definition 5.2 and where W is from Definition 7.2. We view (2 as a
linear operator that acts on finite dimensional U, (sl;)-modules.

We now present our main result.

Theorem 7.5 For the operator 2 from Definition 7.4 the following hold on each finite di-
mensional Uy, (sly)-module:

QO lzQ =y, QO lyQ =z, O '2Q =2

Proof: Observe
1

Q'2Q = exp,(n,) " U exp,(n.) ! zexp,(n.) ¥exp,(n,)

= exp,(ny) " U zya U exp,(n,) (by Lemma 6.1(i))
= exp,(ny) "' Uy Wz exp,(ny) (by Lemma 7.3(i))
= exp,(n,) 'O (1—q (g — g ")n.)Vzexp,(ny,) (by (13))
= expy(ny) " (x — ¢ (g — ¢ a7 n.) expy(ny) (by Lemma 7.3(iii))
= exp,(ny) ' (x — 37" + y) exp,(ny) (by (13))
=y (by Lemma 6.4(ii))

and

QO lyQ = equ(ny)_1 P! equ(nz)_1 yequ(nz) \ equ(ny)

= exp,(ny) ' Uz Wexp,(ny) (by Lemma 5.8(ii))
= exp,(n,) " 2" exp,(n,) (by Lemma 7.3(i))
= z (by Lemma 5.8(i))
and
00 = equ(ny)_1 yl equ(nz)_1 zequ(nz) \ equ(ny)
= exp,(n,) ' U (z+ 2 — 27" )Vexp,(n,) (by Lemma 6.3(iii))
= exp,(ny) " U @ — g7 (g — g nyrT ) Wexpy(ny)  (by (12))
= exp,(n,) " (= ¢ (¢ — ¢ ), Wa expy(n,)  (by Lemma 7.3())
= exp,(n,) " (x—q (g — g ")zn,) exp,(n,) (by Lemma 7.3(ii))
= exp,(ny) " zzzexp,(ny) (by (12))
= (by Lemma 6.2(i)).
0

We finish this section with a comment.

Corollary 7.6 On a finite dimensional U,(slz)-module, Q* commutes with the action of each
element of Uy(sly).

Proof: Immediate from Theorem 7.5 and since z*!,y, 2 generate U,(slz). 0
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8 The action of 2 on L(n,¢)

In this section we describe the action of © on the module L(n,e). We will do this by
displaying the action of Q and Q! on the basis for L(n,¢) given in Lemma 4.2. We begin
with a few observations.

Lemma 8.1 For an integer n > 0 and for e € {1, —1} let ug, uy, ..., u, denote the basis for
L(n,¢) given in Lemma 4.2. Then Wu; = ¢2=0+6=m)/2y, for 0 < i < n, where s = 0 (if n
is even) and s = 1 (if n is odd).

Proof: Immediate from Definition 7.2. O

Lemma 8.2 For an integer n > 0 and for e € {1, —1} let ug, uy, ..., u, denote the basis for
L(n,e) given in Lemma 4.2. Then the following (i), (ii) hold.

i) nyui = —q¢" n—i+1ui—1 (1 <i<n), nyuy=0.
) )
(i) nyu; = ¢ i+ Nuipr (0<i<n—1), nyu, =0.

Proof: Use Lemma 4.2 and Definition 5.2. O

We recall some notation. For integers n > ¢ > 0 we define

ny_ [nf
M =

Lemma 8.3 For an integer n > 0 and for e € {1, —1} let ug, uy, ..., u, denote the basis for
L(n,e) given in Lemma 4.2. Then for 0 < j <n we have

J

it (—i)(n—i—1) [~ 1
exp,(ny)u; = Y (=1)*qUN D[j—z'}u“ (23)
i=0
J . ~Tn —1
exp,(ny) " u; = Zq“")(”_])[j_i}ui, (24)
i=0
expy(n.)u; = » ¢/ mu (25)
i
- - i+, G-i)-1) [
exp,(n:) ' u; = Z(—l) + = D[j}ui. (26)
i

Proof: In order to verify (23) and (25), evaluate the left-hand side using Lemma 8.2 and
Definition 5.6. Lines (24) and (26) are similarly verified using Lemma 5.7. O

12



Theorem 8.4 For an integer n > 0 and for e € {1,—1} let ug, uy,...,u, denote the basis
for L(n,e) given in Lemma 4.2. Then for 0 < j < n we have

n—j

Qu = 3 (=g e[ 1)
, J
=0

Oty = Z(—1)”‘jq(l‘i)(”‘j)+(”z‘s)/2[ i }u (28)
A , n-—=7
i=n—j

where s =0 (if n is even) and s =1 (if n is odd).

Proof: In order to verify (27), evaluate the left-hand side using (22), Lemma 8.1, (23), (25),
and simplify the result using the ¢-Vandermonde summation formula [10, p. 11]. Line (28)
is similarly verified. ]

We finish this section with a comment.

Corollary 8.5 For an integer n > 0 and for e € {1,—1}, Q* acts as a scalar multiple of the
identity on L(n,e). The scalar is ¢~ ""+2/2 (if n is even) and —q="+3/2 (if n is odd).

Proof: Routine calculation using Theorem 8.4. O

9 Remarks

In this section we make some remarks and tie up some loose ends.

Remark 9.1 In [7] Fairlie considers an associative K-algebra with generators X,Y, Z and
relations

¢ XY —¢VYX = Z, (29)
WZ-q'2y = X, (30)
ZX -q'XZ =Y. (31)

He interprets this algebra as a g-deformation of SU(2) and he works out the irreducible
representations. See [5, Remark 8.11], [8, Section 3], [16], [25] for related work. In spite of
the superficial resemblance we do not see any connection between (29)—(31) and the equitable
presentation of U,(sly).

Remark 9.2 In [46] A. S. Zhedanov introduced the Askey-Wilson algebra. He used it to
study the Askey-Wilson polynomials and related polynomials in the Askey scheme [22]. The
following attractive version of the algebra appears in [27, p. 101], [30], [43, Section 3.3.3].

13



For a sequence of scalars g, gy, gz, hz, hy, h. taken from K, the corresponding Askey-Wilson
algebra is the unital associative K-algebra with generators X, Y, Z and relations

g XY —¢VYX = ¢.Z+h., (32)
Y Z—-q'Z2Y = ¢ X+h,, (33)
ZX —q'XZ = g,Y +h, (34)

See [11], [12], [13], [14], [15], [41], [47], [48] for work involving the Askey-Wilson algebra.
We note that for g, = g, = g. = 1 and h, = hy = h, = 0 the relations (32)—(34) become
(29)-(31). Moreover for g, = g, = g. = 0 and h, = h, = h, = ¢ — ¢~' the relations (32)-
(34) become (2)—(4). In this case, and referring to Theorem 2.1, the Askey-Wilson algebra
is isomorphic to the subalgebra of U,(slz) generated by x,y, z. As far as we know, this case
of the Askey-Wilson algebra has not yet been considered by other researchers.

Remark 9.3 In the literature one can find many presentations of algebras that are related
in some way to sly. See for example [1], [2], [3], [4], [6], [9], [23], [24], [26], [27, p. 48], [29],
[42], [44], [45]. As far as we know, none of these has a direct connection to the equitable
presentation of Uy(sly).

Remark 9.4 The equitable presentation for U,(sly) appears implicitly as part of a presen-
tation given in [19, Theorem 2.1] for the quantum affine algebra U, (sl2).

Remark 9.5 In light of Theorem 2.1 and Corollary 4.5 it is natural to consider a unital

associative K-algebra that has generators x*!, y*!, 2*! and relations
rr =27l =1, yy =y ly=1, 2zt ="l =1,
gy — ¢ 'yx _ Wz —q 2y _ i

1 1 =1

Y Y

q—q! q—q! q—q!

We denote this algebra by U qA (sly) and call it the equitable g-deformation of sly. We invite
the reader to investigate U2 (sly).

Remark 9.6 For a symmetrizable Kac-Moody Lie algebra g the second author has obtained
a presentation for the quantum group U,(g) that is analogous to the equitable presentation
for U, (sl2). See [40] for the details.

Remark 9.7 We discovered the equitable presentation for U,(slz) during our recent study
of tridiagonal pairs [17], [18], [19], and the closely related Leonard pairs [32], [33], [34], [35],
136], [37], [38], [39], [41]. A Leonard pair is a pair of semi-simple linear transformations on a
finite-dimensional vector space, each of which acts tridiagonally on an eigenbasis for the other
[32, Definition 1.1]. There is a close connection between Leonard pairs and the orthogonal
polynomials that make up the terminating branch of the Askey scheme [22], [32, Appendix
A], [38]. A tridiagonal pair is a mild generalization of a Leonard pair [17, Definition 1.1].
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