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I. RESEARCH MOTIVATION

Semiconductor materials have been widely used in electronic devices such as transistor

and light emitting diode. Computer, electronic product that is necessary for our daily work,

has a main part that is processor containing a large amount of semiconductor-based transis-

tors. Thus, the quality of transistors plays an important role in enhancing the performance

of the computer. In 1947, a germanium point-contact transistor was invented [1]. Several

years later, a working silicon-based transistor was launched. At that time, silicon transistor

replaced germanium transistor because of the ability of silicon to work at high temperature.

Since the time of the invention of the silicon transistor, the development of silicon-based

semiconductor devices has been so fast as the Moore’s Law predicted [2]. Such devices

are widely used in various electronic devices because of their capability to be downsized

to several nanometers. One effort to enhance the performance of the semiconductor-based

electronic devices is to understand their defect properties.

There are many types of defects (Fig. 1) such as vacancy, interstitial atom, and impurity

atom. In this study, we are going to focus on vacancies in silicon and germanium. Vacancies

in silicon have been investigated by studying their defects properties such as the formation

energy and vacancy concentration.

The formation energy means the energy required to form a certain configuration of defects.

In other words, the formation energy may represent the stability of such defect configuration.

Some previous studies investigated the defects properties; i.e., the formation energy of the

silicon monovacancy. The formation energy of the silicon monovacancy was approximated

to be 3.0 – 4.1 eV in the past theoretical [3] and experimental studies [4–6]. A converged

value of the formation energy is necessary; i.e., to accurately calculate the concentration of

the vacancy. An experimental result of the ultrasonic measurements [7] observed the mono-

vacancy and supposed that the concentration in low-temperature is found to be the same

as that near the melting point. However, the defects observed by them might be different

from the monovacancy as examined in previous studies [8, 9]. Therefore, the concentration

of the silicon monovacancy near the melting point is a need to be clarified.
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FIG. 1. Some types of defects in semiconductors.

II. SIGNIFICANCE OF THE RESEARCH

As mentioned above that we face a problem, which should be clarified, that is the con-

centration of the silicon monovacancy near the melting point. To overcome this problem,

we carry out a large-scale density-functional-theory calculation to accurately estimate the

concentration of the monovacancy. We use large supercells containing 1728 and 216 sites for

calculating formation energy and the vibrational effect on the concentration of the monova-

cancy, respectively.

To simulate defects, we use supercell models containing 64, 216, 512, 1000, and 1728

atomic sites. Γ-point sampling is carried out in the Brillouin zone integration. To find the

optimized geometry, we fully relax all atoms so that the atomic forces are less than 5 ×10−2

eV/Å. The use of supercell models efficiently reduces computational cost; however, it intro-

duces an error because of defect-defect image interactions [10, 11]. The error decreases as

the supercell size increases. Thus, a larger supercell gives more accurate results of electronic

properties such as formation energy.
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The formation energy (Ef ) of a neutral vacancy is calculated as [3]

Ef = Ev
N−1 − (

N − 1

N
)EN , (1)

where EN is the total energy of the perfect supercell consisting of N atoms and Ev
N−1 is

the total energy of the supercell for the monovacancy. By using the formation energy, the

concentration of the vacancy is roughly approximated by [4]

C0 = N0 exp(−
Ef

kBT
), (2)

where N0, kB, and T are the total number of atoms per unit volume, Boltzmann constant,

and temperature, respectively. However, when the vibrational effect and configurational

entropy are considered, the concentration is given by [12]

CS = C0nc exp(−
F f
vib

kBT
), (3)

where N0, kB, and T are the total number of atoms per unit volume, Boltzmann constant,

and temperature, respectively. nc is the number of geometries with the lowest energy. A

neutral vacancy has the D2d symmetry, nc = 3, which gives the formation configurational

entropy Sf
c = 1.1kB. F

f
vib is the formation vibrational free energy.

III. SOME OF THE IMPORTANT RESULTS

A. Vibrational effect on the vacancy concentration

We carry out calculations of the formation energy and concentration of the neutral mono-

vacancy V 0
Si
. We first calculate the formation energy, and then the calculated value is used

for the calculation of the vacancy concentration.

1. Formation energy

We calculate the neutral monovacancy V 0
Si
. We find that the most stable geometry of

the vacancy has the D2d symmetry for all supercells. In the D2d geometry, four nearest-

neighboring atoms form two pairs, as shown in Fig. 2. The two distances between the

nearest-neighboring atoms are denoted by L1 and L2 (L1 > L2), which are shown in Table
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FIG. 2. Geometry of the neutral vacancy: four nearest-neighboring atoms of the vacancy form two

pairs. L1 and L2 are the distances between two atoms, where L1 > L2.

I. The calculated volume of the tetrahedron, whose top is placed at a nearest-neighbor site,

is smaller than that of the ideal one. This volume reduction originates from the inward

relaxation of the nearest-neighbor atom.

We plot the displacement of atoms from the ideal position in Fig. 3. As the distance

from the vacancy center increases, the displacement tends to decrease. In the 1728-site cell,

the displacement of the atoms, which are more than 9.2 Å from the vacancy center, is very

small (less than 0.005 Å).

We calculate the formation energy using supercells whose sizes are up to 1728 atomic

sites. As shown in Table I, the formation energy well converges when a 1728-atomic-site

supercell is used. The difference between the formation energies calculated from 1000- and

1728-site supercells is very small (0.02 eV). Our calculated value (3.46 eV) is close to the

experimental values [4, 5].
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TABLE I. Results of supercell calculations. Vr is the defect volume change defined as Vr = (V -

V0)/V0, where V and V0 are the volumes of the tetrahedra formed by the four nearest-neighboring

atoms of the relaxed and ideal vacancies, respectively [13]. L1 and L2 are distances between the

nearest-neighboring atoms in the relaxed geometries (see Fig. 2). The ideal (unrelaxed) bulk

distance and defect volume are 3.87 Å and 6.81 Å3, respectively. Ef is the formation energy and

N is the supercell size.

N k-point Vr (%) L1 (Å) L2 (Å) Symmetry Ef (eV)

64 Γ -30.75 3.60 3.16 D2d 3.05

Γ 3.72 3.72 Td 3.24

8 3.57 3.47 D2d 3.48

64 3.59 3.47 D2d 3.65

216 Γ -43.00 3.44 2.90 D2d 3.31

Γ 3.46 3.46 Td 3.71

8 3.48 2.96 D2d 3.52

512 Γ -42.29 3.43 2.94 D2d 3.43

1000 Γ -42.72 3.42 2.94 D2d 3.48

1728 a Γ -44.08 3.44 2.87 D2d 3.46(3)

1728 b Γ 3.44 2.89 D2d 3.46(0)

a atomic force = 5 ×10−2 eV/Å
b atomic force = 2 ×10−3 eV/Å

2. Vacancy concentration

We next calculate the vibrational frequencies by using a 216-site supercell. The density

of states (DOS) is computed by introducing Gaussian broadening whose half-width is 50
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FIG. 3. Displacements of atoms from the ideal position as a function of the distance from the

vacancy.

cm−1. Comparing the DOS of the vacancy system with that of the perfect system, we find

that the vibrational frequencies are lower in the vacancy case (Fig. 4). This softening of the

vacancy system is expected to increase the vacancy concentration.

Next, the monovacancy concentration is calculated. We use the formation energy esti-

mated from the 1728-site cell calculation and calculate vibrational frequencies by using the

64- and 216-site supercells. At the melting point (1685 K), CS in Eq. (3) is estimated to

be 8.2 × 1016 and 7.4 × 1016 cm−3 by using the 64- and 216-site supercell calculations,

respectively. Thus, the result is insensitive to the supercell size used in the calculation of

vibrational frequencies. C0 in Eq. (2) is estimated to be 2.2 × 1012 cm−3, which is much

lower than CS, by considering the vibrational effect and configurational entropy. The high

CS value is mainly because the vibrational frequencies are softened in the vacancy system.
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FIG. 4. Vibrational density of states for vacancy system (solid line) and perfect system (dashed

line).

The configurational entropy effect increases the concentration only three times, and thus

the entropy only slightly affects the concentration. Our calculated value are close to the

experimental [4, 14–16] and theoretical results [12, 17–19].

IV. CONCLUSION

We have carried out DFT calculations of V 0
Si

by using large-scale supercells. The super-

cells were larger than those in the previous studies and we confirmed the convergence of

calculational results. Therefore, we believe that the present DFT calculations give reliable

results. In the 1728-site supercell calculation, we found that the displacement of the atoms,

which are more than 9.2 Å from the vacancy site, is very small (less than 0.005 Å), suggest-

ing that the calculational formation energy converges. In fact, we found that the formation

energy estimated from the 1728-site supercell calculation is 3.46 eV, and we confirmed the

convergence. The estimated formation energy is close to the experimental values. As for
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the vibrational effect, we found that the 64- and 216-site supercell calculations give similar

results, indicating that the results well converge. The vacancy concentrations at 1500 and

1685 K (silicon melting point) were estimated to be 4.0 × 1015 and 7.4 × 1016 cm−3, re-

spectively, which are in good agreement with the experimental values. We found that the

vibrational effect significantly increases the vacancy concentration about 104 times.
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