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fUnction,wemaybepossibletoset

/(ぴα)＝－〈(q,m,1-k)

Here,wewritethepartialzetafUnctionfbl-

lowingtonotationin[2].Inordertostudy

thisrelation,weneedtoobtainvalusofthe

partialzetafUnction.

3．Reviewonrayclassgroupsona

realquadraticfield・Letdbeasquare

freepositiveintegergreaterthanone.Let

h=Q(､/a)bearealquadraticfield.Letm
beanintegralidealgeneratedbyapositive

integerm.Denotebyh(m)therayclass
fieldoverkdefinedwithaconductorm.

PUtGm=GqI(h(m)/k).LetAbethesub-

groupoftheidealclassgroupofhgener-

atedbyeveryprimeidealsnotdividingm.

Thesubsetofeveryprincipalidealscon-

tainedinAfbrmsasubgroup.Wedenote

thissubgroupbyP.LetHinbetheprinci-

palcongruentsubgroupmodm,whichis

asubgroupofP.ThereistheArtinmap

ofA/HnontoGmbyclassfieldtheory.De-

notebyptheArtinmapofA/Hh,.LetP

beaplaceofb.Whentheplaceisnon-

archimedian,thissymbolmeansthecor-

respondingvaluationidealoftheringof

integersofk,simultaneously.Denoteby

kpthecompletionofhataplaceP.Let[/b

betheproductofgroupsUboflocalunits
ofevery6niteplacessuchthattheirasso-

ciatedvaluationidealscontainm.Let[/b｡

betheproductofmultiplicativegroupsk#
ofeveryarchimedianplaces.Wehavea
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homomorphismsintoGm

P0：Ub－→Gm,甲｡。:U｡｡->Gm

byvirtueoftheHilberttheoryconcerning

ramificationsandlocalclassfieldtheory

ateveryljlmoo.Thesethreemapshavea
relation

P((Q))-'=Po(Q)P｡｡(Q)

fOrcIEハ×byreciprocitylawofclass6eld

theory,wheretheideal(o4)isprimetom.

PutU=Ub×[/b｡.ThekernelofPoP｡｡is

asubgroupofUgeneratedbyasubgroup

U(moo)definedin[41andtheimageEof

theglobalunitgroupofh.LetLbethe

Hilbertclassfieldofk.Wehaveaniso-

morphism

U/U(moo)E=GaJ(k(m)/L)

inducedfromthesehomomorphismspo

and<P｡｡.WesetG=GQJ(k(m)/L).Let

qbearayclasscontainingtheprincipal

ideal(q)．WedefinethefUnction/from

valuesatzeroofthepartialzetafUnction

associatedwithrayclassq:

/(d)=<(q,m,0)

Wenotethattherayclassfieldk(m)is

notaCM-fieldingeneral.Fbrexample,

whenk=Q(､/Z)and7n=8,wehave

P0(－1)≠1.Hence,byreciprocitylaw,we

seep､-1)≠1.Thismeansthecomplex

conjugationmapsonthetwoarchimedian

placesofhdefinedifferentelementsinGm,

グ
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LEMMA3・Let〃α加Z/be形aInumbers.

menl"ﾉe加Ue

growingaswecanobserveinthefOllowing

tablewhenk=Q(､/Z):

<z+Z/>=<">+<!ﾉ>-(<">+<!ﾉ>1’
’
１
２
３
４
５
６
７
８
９
０
１
２
３
４
５
６

１
１
１
１
１
１
１

6

2

223

257

23317

22941

22325711

2132239

24317577

257197199

22319294159

2233535741

23325711171153

27959933461

223132113239337

25272931241269

25317577665857

Itfbllowsfromthislemmathatthevalue

ofB,(<:+*>)equals

（志）{急十志lL+B,
77l

Applyingthisequality,weobtain

C

S=S1一茄一T',
where

771N－1

(<*>)B,(*)｡（<器>)B,斜8,=EB]
t＝0

771Ⅳ－1

｛（<蒜>)是十六lzi=EB｣
t＝0

mⅣ－1

（<器>）=EB』
t=(m-c)N

LetMbethegreatestcommondivisorof

N=6,JVband')/.TheirquotientsbyM

aredenotedbylV,andjs,respectively.We

haveIV=JViIVZand

61+m'γ 1瓦

祠▽＋所
ニーー

、 ⅣmⅣ

ByapplyingLemma3again,wecanex-

pandB,(<*>)into伽rterms

(*)+B,(<:>)+3-|*+<g（〈〉）研十N‘｜〈|*+<f>lB1

Weintroducesums

77LN－1

院十く祭>IB,(*)〉I（）乃=E
t＝0

mⅣ－1

(<f>)B,(*（）82=EB[
t＝0

Let6'beanarbitraryintegersatisfjring

6/6=1modmN.Since6=1modm,

wesee6ノ=1modm.Thereisaunique

integertfOreachsintheintervallO,mlV)
suchthat

s=cJV+6′tmodmN．

Werewitethetherighthandsideinthe

equality(4)byusingthiscongruenceand
obtainafOrmula

s-g､B{(*)B{(<=+*>)
-=B{(<*>)a(<=*>)
ThefOllowinglemmaiseasilyproved
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m=6,J=6

(2)h=Q(､/3). ]((q,m,C[XlOrqE

刀ルーニ

EMIorder士Ⅳ0<(q,m､」






