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spaceofA,itneednotalwaysbesolnotherwords,theTLSsolution
mayleadtosimationsinwhichthecorrectiontermisunnecessarily
lalgeln[5]-[7],anoptimizationcriterionfbrimprovingthemethodof
TLShasbeenproposedbyChandrasekaranaaﾉThemethodofChan‐
drasekaIzmeraLismoreuseMthanthatofTLSwhenweconsidera

situationinwhichtlleuncertaintiesinAａｒｅｖｅｌｙｓｍａｌｌ,ａｎd6isftlr

fiPomthecolumnspaceoM[7lIthasalsobeenreportedin[7]that
therearecaseswheretheequationsobtainedbythecriterionofChan-
drasekaranemLareidenticaltoonesobtainedbythecriterionofthｅ

ridgeregression
lnthiswork，ｗｅｅｘｐｒｅｓｓｔｈａｔｔｈｅｒｅｉｓａｃａｓｅｗｈｅｒｅtheequation

obtainedbytheextendedcriterionofChandrasekaranemﾉ.withthe
exponentialweightingfactorisidenticaltooneobtainedbytｈｅcrite-
rionoftheLRLSalgorithm・Inotherwords,weexplainthatitispos-
siblefbrtheLRLSalgorithmtogivemoreaccurateestimationpamme‐
tersthantheRLSalgorithm､Inaddition,someimplementationsofthe

LRLSfilterbyusingthemethodfbrupdatingtheeigendecomposition
ofrank-onematrixupdates,orbyusingthelealWLMS(LLMS)algo‐
rithm,areintroducedtodecreasethecomputationalcomplexityofthe

LRLSalgorithmMoreovenbymeansofcomputerexperiments,we
showthattheLRLSandtheLLMSalgorithmsyieldmorepreciseestl-

mationparametersthantheRLSalgorithmwhenthemethodofChan-
drasekaranejaﾉ.ismoreusefUlthanthatofLSandTLS・Besides,we

demonstratethattheLLMSalgorithmcanbeefTbctivelyintroduced
intothenoisereductionsystemfbrnoisyspeechsignalsproposedin
[10]and[11]tosupportthetheoreticalresultsinthiswork．

ALealWRLSAlgorithm：ItsOptimality

amdImplementation

EisukeHorita,KeitaroSumiya,HiroyukiUrakami,and
SatoruMitsuishi

肋srluzc￣AIeakyrecursMIeastsquares(LRLS)algorithmobtainedby
acriterionoftheridgeregressionwiththeexponentialweightingfiDctorwas
recentlyproposedbyoneoftheauthors･Ｏｎｔｈｅｏｔｈｅｒｈａｍｄ,ａｎoptimiza-
tioncriterionmimprovingthemethodoftotalleastsquares(TLS)has
beenproposedbyChandrasekaranadJJLInthiswork,itisexpressedthat
therEiSacasewheretheequationobtainedbythecriterionoftheLRLS
algorithmisidenticaltooneobtainedbytheextendedcriteriolmfChan-
draseMranααムInaddition,someimplementationsoftheLRLSlilterby
usingthemethodfbrupdatingtheeigendecompositionofrank-onematrix
updates,orbyusingtheleakyleastmeansquare(LLMS)algorithm,are
introducedtodecreasethecomputationaIcomplexityoftheLRLSalgo‐
rithm・Moreove喝bymeansofcomputerexperiments,ｉｔｉｓｓｈｏｗｍｔｈａｔｔｈｅ
ＬＲＬＳａｎｄｔｈｅＬＬＭＳalgorithmsyieldmorepreciseestimationparameters
thantheRLSalgorithmwhenthemethodofChandraseMramaduLismore
uSemthanｔｈａｔｏｆＬＳａｎｄＴＬＳ･Besides,itisdemonstratedthattheLLMS

algorithmcanbeefTbctivelyintroducedintoaDIoisereductioIDsystemfDr
noisyspeechsignalstosupportthetheoreticalresultsintＭｓｗｏｒｋ・

１Ｍ巴】｢Tb､、←AdaptiveIilters,computationalcomplexity,parameteres-
timation．

LINTRODUCTION

RecursiveleastsqUares(RLS)algorithmsarewidelyusedadaptive
filters・FastRLSalgorithmsbasedonQRdecompositionusingGivens
rotationsareknowntobenumericaUyrobustandtoownregularstruc-

tures,whichcanleadtoefIicientimplementations[1]-[3］

Altemativeoptimizationcriteria,howeveEhavebeenproposedin‐
cluding,ａｍｏｎｇothers,regularizedleast-squares,ridgeregression,and
totalleastsqUares(TLS)[4]-[7］I､[8]and[9Lanadaptiveridgere‐
g｢essionalgorithmwiththeexponentialweightingfactoいe､,thelealW
RLS(LRLS)algorithm,hasbeenproposedTheLRLSalgorithmis
numericaUystablefbrtime-varyingsi8malsevenintheworstcase,al-
thoughtheestimatedparametersbyusingtheLRLSalgorithmdonot
cClwergetotheoptimumvaluesintheLSsensebecauseoftheridge
pammeter[8],[９１

Ontheotherhand,ｉｎｃontrasttothestandardLSproblem,theTLS
fbnnulationallowsfbrenorsinthedatamatrix・HoweveEitstillshows

certaindrawbacksthatdegmdeitsperfblTnanceinpracticalsituations、

MoreexpliciUyぅassumethatAERNcx，zisagivenfUllrankmatrix
withルニ〃，bERkisagivenvectoEandconsidertheprobIemof
solvingtheinconsistc､tlinearsystemAb(k)母bintheLSsense・The
TLSsolutionassumesdatauncertaintiesinAandproceedstocolTect

Aand6byrcplacingthembytheirprOjectionsAandbontoaspe‐
cihcsubspaceandbysolvingtheconsistentlinearsystemofeqUations
Ａ士(ん)＝６.Thespectralnormofthecorrection(Ａ－Ａ)ｉｎtheTLS
solutionisboundedbythcsmallestsingularvalueof[AblAlthough
thisnolmmightbesmallfbrvectors6thatarecloseenoughtotherange

nPRoBLEMFoRMuL(TIoNANDITsADAPTIvESoLuTIoN

ASmM、ﾉRLSα"dLRLMlgMz〃ｍｓ

ＬｅｔＡＥＲん×ねbeagivenmatrixwithA＞〃andbEBkagiven
vector,bothofwhicharedefined,respectivelyぅｂｙ

皿T(i)＝Ｍ）

ＡＴ＝Ｍ１）

ｂＴ＝[｡(1)

．Ⅲ(ｊ－ｎ＋1)］

皿(A)］

｡(ん)］

u(j－１）

皿(2)．

`(2)．

（１）

(2)

(3)

wherethevectors皿('),ｉ＝1,2,…,Aconsistoftheinputsofanadap‐
tivefilteEandd(j),ｉ＝1,2,…,kdenotethedesiredresponse・

WethendefineacriterionoftheRLSalgorithmwiththeinitialcon-

ditiondiscussedin[2]as

min士(ん)ｌｌＷ(Ａｂ(k)－６)||;＋6入殿||士(k)''3（４）
Ｗ＝diag(､/下=了,,/ﾌ薩百,…,1),(O＜入≦1）（５）

whereMstheexponentialweightingfactorfbrprocessingtime-varymg
signals,and6isasmallpositiveconstant・Itssolutionvector金(ﾙ)sat-
isfies

(ATW2Ａ＋6入け)金(ｋ)＝ＡＴＷ2６． (6)

ThestandardRLSalgorithmisobtainedbysoIving(6)adaptivelyand
accuratelyasfbUows[1]：

[RLSaIgorithm］

Ｉ､itializetheaIgorithmbysetting

P(0)＝６－]I，金(o)＝ｏ （７）
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becauseoftheridgeparameterα[8],[9]・Moreovenitscomputational

complexityisontheorderof7D3fbrO＜入く１sincedirectcomputa‐
tionofthematrixinverseateachtimeisreqUired．

Foreachinstantoftimek＝１，２，…,ｃｏｍｐｕｔｅ

ｚ,(A)＝。(片)＿皿T(k)士(ルー1）（８）

ｇ(A)＝ｐ(ルー1)池(A)(入十皿T(A)ｐ(ルー１)皿(k))－１（９）

金(府)＝金(た－１)＋g(ハル(A）（10）

Ｐ(ん)＝入-1{Ｐ(ん-1)－９(A)皿T(A)Ｐ(A－１)｝（11）

ｗｈｅｒｃ

Ｐ－１(k)＝ＡＴＷ2Ａ＋6入ｋＩ
ＡＢ

＝ｚルガ秘(i)極γ(#)＋6入臆’ （12）
ｉ＝l

Intheabovealgorithln,itscomputationalcomplexityisontheorder

of"2sincethematrixinversionlemmacanbeappliedto(12)[llIn
addition,fastandnumericallystableRLSalgorithmswhosecomputa‐

tionaicomplexityisontheorderof〃havebeenproposed[2],[3｝
Ontheotherhand,acriterionoftheridgeregressionwiththeexpo-

nentialweightingfactordiscussedin[8]and[9]isdefinedas

min⑰(k)||ｗ(A金(A)－６)||:＋α||金(A)''3（13）

whereaisapositiveconstant・Itssolutionvector士(A)satisfies

（ATW2Ａ＋αI)企(A)＝ＡＴＷ26． （14）

Inordertoestimatejb(k)adaptivelyKl4)issolveditcrativelyas

③(k)金(A)＝０(A）（15）

⑪(ん)＝ＡＴＷ2Ａ＋α１
ＡＢ

＝ｚ入ﾙｰ`趣(i)迦T({)＋α’ （16）
ｉ＝１

ｋ

，(臘)＝ATW2`＝Ｚ入臘-‘`(#)秘Oi）（'7）
ｉ＝１

where

⑰(k)＝⑰－１(ん)[入⑪(ルー')企(ルー')＋`(A)､(A)］（18）

isobtainedbysubstimting(17)into(15).Ontheotherhand,since(16）

canbeexpressedas

A⑪(ルー')＝⑪(A)一弘(ハルT(A)－α(１－入)I

andsubstimedinto(18)toobtainaneqUationthatcanbeusedtoupdate

theparametervector

士(ん)＝[１－α(１－入)⑪-1(A)]企(ルー')＋⑪-1(ハル(ハル(A）（'9）

theLRLSalgorithmisObtainedasfbllows[8Ｌ[，]：

[LRLSalgorithm］

Imtializethealgorithmbysetting

②(O)＝α1,金(O)＝０． （20）

Ｆ〔)reachinstantoftimeルー１，２，．．．，ｃｏｍｐｕｔｅ

ｄb(ｋ)＝入③(ルー’)＋皿(A)皿T(k)＋α(１－入)Ｉ（21）

〃(ｋ)＝。(ん)＿皿T(A)金(ルー1）（22）

⑰(k)＝[1-α(１－入)⑪-1(A)]士(ルー’）

＋⑪~'(ハル(k)"(A)．（23）

TneLRLSalgorithmisnumericallystablefbrtime-varyingsignals

evenintheworstcase,althoughtheestimatedpammetersbyusingthe

LRLSalgorithmdonotconvergetotheoptimumvaluesintheLSsense

８.Ｅｘｊｅ"ｄｂｄＯ〃ｉｏ"q/Cﾉｾα"伽seﾉhJm"ｅＭ.α"`LRLMlgMZ伽

WeconsiderasimationinwhichtheuncertaintiesinAarevery

small,saybAisalmostknownexactlybWeassumefUrtherthat6isfar

fiPomtｈｅｃｏｌｕｍｎｓｐａｃｅｏｆＡ､Inthiscase,itisnotdifTiculttoimagine

thatthcTLSsolutionwillneedtorotate(A,b)into(A,b)andmay
therefbreendupwithanoverlycorrectedapproximationfbrA,。espite
thefhctthatAisalmostexact・Thesefactsleadtoamotivationthat

ChandrasekaranaaLhaveintroducedanewparameterestimationfbr-

mulationwithpriorboundsonthesizeoftheallowablecorrectionsto

thedata[7l

ThecriterionofChandrasekaranemLisexpressedas

min企(臘)max[||(Ａ＋Ｍ)金(A)－(､＋66)112
：||Ｍルニり,''66112≦〃6］（24）

whereAandMMefinedby(2)and(3),respectiveIyJtisassumed

thatthetruecoefTicientmatrixisA＋６Aandthattheupperboundり
onthe2-inducednonnoftheperturbation6AisknownLikeWise,itis

assumedthatthetrueobservationvectorisb＋５bandthattheupper
boundりbontheEuclideannonnoftheperturbation6bisknown､We

thenposetheproblem(24)offindinganestimatethatperfbnnsweUfbr

anyallowedperturbation(Ｍ,６６).Wenotethatif〃＝Ｏ＝り6,thcnthe
problem(24)reducestoastandardleast-squaresproblemTherefbre，
wewillassumethroughoutthatl7＞Ｏ[7]・

Accordinglylwemaydefinetheextendedcriterion(25)ofChan‐

drasekaranemLwiththeexponentialweightingfhctortofindare-
Iationshipbetweentheequationobtainedbytheextendedcriterionof

ChandrasekaraneraLandtheequationfiPomwhichtheLRLSalgorithm
isderived

ｍin企(町max[||Ｗ{(Ａ＋Ｍ)３６(k)-(6＋66)}''２
：||Ｍルニワ,''56112≦〃6]．（25）

I、(25),thematrixWisdefinedby(5).Weshowhowtoreducethe

min-maxproblem(25)toreduceittoastandardminimizationproblem
Tbbeginwith,ｗｅｎｏｔｅｔｈａｔ

ｌｌＷ{(Ａ＋Ｍ)企(k)－(b＋６６)}''２

≦||ｗ(肋(A)－６)''2＋llWll211Mll211金(ﾙ)112＋llwll21156112

二||Ｗ(A金(A)－６)112＋〃||金(A)''2＋恥

whichprovidesanupperboundfbrllＷ{(Ａ＋Ｍ)企(k)－(6＋６６)川
becauseofllWll2＝lHoweverbthisupperboundisMIctachievable，
i,&,thereexist(Ｍ,６６)fbrWhich

llW{(Ａ＋Ｍ)金(k)－(b＋66))ル

ーｌｌｗ(脳(ん)－６川＋〃||金(ん)''2＋り6．

Toseethatthisisindeedthecase,wechoose6Aastherankonematnx

…,,諄鵲当川,識|訳
andchoose6basthevector

‘`｡－,,壼鵲)当川,ル
ForthesechoicesofperturbationsｉｎＡａｎｄｂ,itfbllowsthat

W(A企(A)－６)，ＷＭ･企(k),andW6b。

(26）

(27）
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arecollinearvectorsthatpomtinthesamedirectionHence Thus,when6wdoesnotbelongtothecolumnｓｐａｎｏｆＡｗａｎｄ〃

issmallerthanT,thesolution(34)to(25)iseqUivalenttotheLRLS

solution(14)obtaindbythecriterion(13)．

AccordinglylwhenweconsiderasituationinwhichAisalmost

knownexactlyandbisfar分omthecolumnspaceofA,inadditionto

theabovecase,wemayconcludethattheLRLSalgorithmgivesmore

accurateestimationparametersthantheRLSalgorithm．

11Ｗ{(Ａ＋6A｡)金(ん)－(6＋６６．)}''２

＝||Ｗ(A士(k)－６)＋ＷＭ･金(k)－W6boIl2

＝||ｗ(肱(A)－６)''2＋llwMo金(A)''2＋llw6boll2

＝11Ｗ(肱(片)－６)''2＋〃||金(ん)し＋り６

whichisthedesiredupperboundWetherefbreconcludethat CSbllze肋p〃e"伽o"sq/ZRLMlgDrir伽

ThecomputationalcomlexityoftheＬＲＬＳｈｌｔｅｒｉｓｏｎｔｈｅｏｒｄｅｒｏｆ

，n3sinceitreqUircstheinversionofthematrix⑪(A)ateveryinstant
oftimeThus,weintroduceanO(〃2)algorithmto叩datetheeigen‐
decompositionofrank-onematrixupdates[l2l2Thealgorithmde‐
velopedin[12]employsamethodtoupdatetheeigendecomposition

ofmnk-onematrixupdates[13],[14]andthefastmultipolemethod

(ＦＭＭ)[15]toupdateeacheigenvectonTherefbre,thecomputational

complexityoftheLRLSalgorithmmaybereducedtoO(､2)byusing
themethoddiscussedin[12]asfbUows．

LetQk-1DIc-1QXL1dcnotctheeigendecompositionof⑪(A－１）
Inaddition,lctQk-,Dk-1QHE1dcnotethceigendecompositionofthe
rank-oneupdate⑪(ルー1)＋入－１皿(ハルT(A).Themethoddevelopdin
[12]allowsustoupdateDk-1toDk_,[13],[14]andQk-1toQA-I
[12],[13]inＯ("2).Then,wecanrecognizethat

Q鵬＝Qk-I,Ｄ脆＝入Dk-I＋α(１－入)I． （35）

max,,`A,,2≦",,,,66,,2≦"611Ｗ{(Ａ＋Ｍ)士(ｋ)－(b＋５６)}ル
ー||Ｗ(肱(A)－６)''2＋〃||金(A)112＋恥（28）

whichestablishesthefbllowingresult・

Ｌｅｍｍａ２ﾉ：Themin-maxproblem(25)isequivalenttothefbl-

lowingminimizationproblemGivenAERkx稔,ｗｉｔｈｋｚｎ,DE
Rﾙ,Win(5),andnon-negativerealnumbers(Ｍ６),detennine,ifpos‐
sible,an金(ﾙ)thatsolves

min靴)(||Ｗ(Ajb(A)－６)112＋り||金(ん)''2＋り6)．（29）

Ｌｅｍｎａ２､lwiththefbrgettingfactor入＝１，i,e､,Ｗ＝Ｉ,coincides

with[7,LenⅡna31]・MoreoveLwhenweintroduceamatrixAw＝

WAandavectorbw＝Ｗ６，wecanrewritetheproblem(29)aｓ

min士(k)(ｌｌＡｗ士(A)－bwll2＋りll士(ハル＋り6)．（30）

Thisleadsustoupdate士(ルー１)tojb(ｋ)in(19)ａｓ

⑰(片)＝ｑ[１－α(１－入)D丙']ｏｒ金(ルー'）
＋いり丙lQH迦(ん)"(ん)．（36）

Sincethesolutionsoftheproblem(30)canbederivedinthesameway

bywhichthesolutionsoftheproblem(30)ｗｉｔｈＷ＝Ihavebeen

expressedin[7],wecanutilize[7,Ｔｈ3.6］tosolve(30)asfbllows．

・IntroducetheSⅥ〕ｏｆＡｗ

Therefbre,themethoddiscussedin[12]allowsustoupdate金(ルー1）
to企(A)inＯ(､2)inthisway
MoreoveEweexpressanO(､)algorithmtoupdatetheestimation

pammetervector士(ｈ)approximatelyThediscussedalgorithmisthe
lealWleast-mean-sqUare(LLMS)filterthatfilrtherstabilizesthedigital

implementationoftheLMSalgorithmJntheLIMSalgorithm,the
criterion

A耐=U[三ﾙ, (31）

ｗｈｅｒｅＵＥＲんｘｋａｎｄＶＥＲ，ｚｘ，zareorthogonal,andz
diag(ぴ,,…,ぴね)isdiagonaLwhere

ｍｚＤ２＞…ニヮ、＞0－

J(k)＝(`(A)＿皿T(A)生(ん)}2＋αLLMsll士(ｋ)''3（37）arethesingularvaluesofAw．
・PartitionthevectorUT6winto

に蝿]=ｎ”（]2）
ｗｈｅｒｅｂｗｂ１ＥＲ淀ａｎｄｂｗ,２ＥＥｋ￣ね．

・Introducethesccularfimction

卯)=端,(刃`-伽圃十｡I)-興岫-差''Ｍ;Ⅲ）
・Define

『-1令芸:il:L
Assumethat6wdoesnotbelongtothｅｃｏｌｕｍｎｓｐａｎｏｆＡｗＪｆ
りくγ,thentheuniquesolutionis

塗(臆)=(A骨A"+αⅡ)-1A;１，`”（34）
whereaistheuniquepositiverootofthesecularequation

g(α)＝ol

1Thesolutionsintheothercasesweregivenin[71

isminimizedwithlespecttotheestimationpammetervector金仏)，
whereaLLMsisapositivecontrolparametemTheminimizationon(37）

yieldsthefbllowingtimeupdatefbrtheestimationparametervector

金(ｋ)：

[LLMSalgorithm］

Ｉnitializethealgorithmbysetting

金(O)＝０ (38）

Foreachinstantoftime,ルー１，２，…,ｃｏｍｐｕｔｅ

ｅ(ｋ)＝‘(ん)－mT(ん)士(ん-1）

士(k)＝(１－肌LLMS)金(ルー１)＋似e(ハル(ん)．

、
ｌ
い
“

羽
４
く
Ｉ

wherMisthestep-sizeparametelTheleakagefactor(１－’αLLMs）
associatedwiththefirsttennontherightsideofOIO)preventstheoc-

curenceofoverHowinalimited-precisionenvironmentbyproviding

acompromisebetweenminimizingthemean-sqUarederrorandcon-

tainingtheenergyintheestimationparameters[l1Althoughthees-

timationparametervector士(A)oftheLLMSalgorithmdoesnotcon-
vergetotheLSsolution,wecanexpectthatthevector金(片)of(40)ap-

ZThismethodhasalreadybeenindicatedin[6］
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proximatelyconvcIgestothesolutionoftheLRLSalgorithm,asshown
below

Takingthemathematicalexpectationofbothsidesof(15),ｗｅget

(40)canberewrittenas

elc(k)＝[１－’(αLmMSI＋皿'(k)ｕ'T(ん))]CA(k－１）

~似aILMsｴﾑLLMs+似e･(ﾊﾙ'(A).(47)
E陣(ん)金(ｋ)]＝Ｅ[O(A)]． (41）

lfwetaketheexpectedvalueofbothsidesof(47)withtheconmon

independenceassumptionofcA(k)and皿'(片),andtherelationFortherightsideof(41),weintroduceanassumptionthatthefilter

inpulu(j）andthedesiredresponsM(j）aresinglerealizationsof
joint1ywide-sensestationarystochasticprocesses,bothwithzero
mean,torewritethistermas

E[池(k)e･(A)]＝αLLMsｴ｡,LLMs

obtainedbyminimizingtheexpecteｄｖａｌｕｅｏｆ(37)withrespectto
工｡,LLMs＝Ｅ[金(k)],(47)canberewrittenas

ＩＦ

Ｅ[，(k)]＝Ｚ入臘-`E[｡(`”(i)］
ｉ＝１

ＡＢ

＝ｚ入ｋ－ｉｐ
ｉ＝１

E[c&(A)]＝[１－’(αLLMsI＋Ｄ)]ＥにA(ん－１)]．（48）

(４２）
Clearly;ftom(48),theboundednessoftheexpectedvalueofaUmodes

isguaranteedbythefbllowingconditiononthestep-size〃：

２
０＜〃＜ （49）

ハ＋αLＬＭＳ

wherepdenotesthecross-correlationvectorbetweenthefilterinput

andthedesiredresponse・Fortheleftsideof(41),weintroducean

assumptionthatthevector金(A)isstatisticaUyindependentfiPom③(ん）
torewritethistennas

Relation(49)isidenticaltotheconventionalconditionfbrthemean

valucE[金(k)]oftheestimationparametervector金(A)oftheLLMS
algorithmtoconvelgetotheWienersolution2Fw＝Ｒ￣'ｐ,although
anonzeroleakagefhctoraLLMsresultsinsomenonzerosteady-state
coefTicientbias[16］

AccordingIylwecanusetheLLMSalgorithmasanO(､)algorithm

totracktheestimationparametervectoroftheLRLSalgorithmap-
proximatelyHoweveLwesee,ｆｒｏｍ(48),thatwhentheeigenvalues
ofthecorrelationmatrixEarewidelyspreadwithp1＋αLLMｓ＜

内＋αLLMs，thetimetakenbytheaverageparametervectortocon‐
velgeisprimarilylimitedbythesmallesteigenvaluesandaLLMs．

E[⑪(A)⑰(ｋ)]＝Ｅ[③(k)]EPG(k)］

‐(酢M`'Ｗ''M)…
‐(≦加川)… (43）

whereEdenotesthecorrelationmatrixofthewide-sensestationary

stochasticprocessm(i).Thus,weobtainthefbllowingequationfbrthe
meanvaluez.,LRLs＝Ｅに(A)]withＯ＜入く１：

ＩⅡEXPERIMENT八LREsuIjrs

Inthissection,bymeansofcomputerexperimentswiｔｈＭＡＴＬＡＢ，

ｗｅｓｈｏｗｔｈａｔｔｈｅＬＲＬＳａｎｄｔｈｅＬＬＭＳａｌｇorithmsglvemoreaccu-
rateestimationparametersthantheRLSalgorithmwhenthemethod
ofChandrasekaraneraLismoreusefiUthanthatofLS､Inaddition，

wedemonstratethattheLLMSalgorithmcanbeeffectivelyintroduced

intothenoisereductionsystemfbrnoisyspeechsignalsproposedin
[10]and[111

(古ＲＭ）
１

ｴ｡,LRLS=了ニーフヅ,ａｓｈ→｡｡． （44）

Moreovenwegetthesimilarequationto(44)fbrtheLLMSaIgorithm
as

（Ｒ＋αLLMSI)工｡,LLMS＝Ｐ・

For工｡mLRLs＝｡､。,LLMsin(44)and(45),weobtain

aLLMs＝(１－入)α，Ｏ＜入く１．

(45）

』.〃Ｍｕｍｅ"､ﾉＥ、叩ルノ:Ｂａ幼ＰｍｃａＭ２ｇＥｊｇＢ"vα/"e⑰'１ｅａｄ
ｘ(E)＝１

Inthisexperiment,weconsiderasystemidentificationsempillus-
tmtedinFi9.1tosupportthetheoreticalresultsoftheprevioussection、

Theunknownsystemwasalowpassfilterofordern＝２９whosepass‐

bandwasfiPomthenonnalizedanguIarffequencyu＝OtoLAノーO47T
andwhosestopbandwasfmmLU＝0.57TｔｏリーフT・TnbleIIiststhe

coefTicientsofthelowpassfilterb

Theinputsignaltotheunknownsystemuo(j),ｉ＝1,2,…,ハand
theobservedinputsignaM(j),ｉ＝1,2,…,kweredefinedas

(46）

Therefbre,wemayregaId(46)asaguidefbrtheestimationparameter

vectoroftheLLMSalgorithmtoconvergetothatoftheLRLSalgo-
ritｈｍｗｉｔｈＯ＜入くlinthemeansense・

Tbgetaconditionaboutthestep-sizeparameter〃underwhich
themeanvalueE[金(片)]oftheestimationparamctervector士(片）
ｏｆｔｈｅＬＬＭSalgorithmconvelgestothesolutiｏｎ⑰｡,LLMs，we

decomposethesynmnetricmatriｘＲｉｎｔｏＥ＝ＱＤＱＴ，where
、＝diag(伽β2,…ハル,≦β２≦…二Aisthematrixofthc
eigenvalues,andQisthematrixoftheeigenvectorsoMIntroducing

theparametererrorvectorc麺(A)＝企(A)-25.,LLMs,anddefiningthe
rotaredvectors

u(i)＝ｕｏ(i)＋Ｍｉ） ＣＯ）

whereMi)denotedawhitenoiseprocessofzeromeanandvariance
ひ3.Theoutputsignalfiomtheunknownsystemdo(j),i＝1,2,…,ハ
andtheobservedoutputsignaM(j),ｉ＝1,2,…Jtweredefined,re‐
spectivelybas

eA(脂)=QTe垂(ん),皿'(A)=QT皿(A)，zhLmMS=QTz｡,LLMS

thenusingtherelation

‘(ん)＝皿T(A)毎｡,LLMS＋CO(A）

TU

d｡(`)＝ん｡(`)＝Ｅ
】＝１

⑳1ｕＷ－ノ＋1)， (51）
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Fig.1．Systemidentificationsetup．

且

1０
TABLEI

CoEFFIcIENTsoFTHELowPAssFILTER
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-0.02442499477047

-0.01760414047874

0.00757896430410

0.02238212553468

-0.00208414909154

-0.03175784245076
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Fig.２．Compansonofthesolution(34)withLSandTLSsolutions．
●

｡(i)＝dIo(i)＋Ｍｉ） (52）
６６Ｔ＝＿[⑳｡(1),､’｡(2),…,ＭＡ)]．（55）

MoreoveWeassumedthenormsllMIl2andll66112tobeestimatesof
〃andり6in(25),althoughthematricesMin(54)and5bin(55)were
differentftomtheoptimummatricesMoand6boin(26)and(27)，
respectively6

Intheexperiment,thesolutions(34)ｗｉｔｈ入＝１ofthecriterion
ofChandmsekaranαα1,wheretheestimationvalueウｏｆりｉｎ(25）

variedfTomlO-1IlMIl2tolOllMll2,werecomparedwithLSandTLS
solutionsAnindexparameterdefinedby

-片≦(…ア（，`）
hasbeenusedasthemeasureoftheestimationaccuracyTheensemble

averaginghasbeenperfbrmedoverlOOindependenttrialsoftheexper-
iment・

Whenweusedthcobservedinputm(j),whichincludedthenoise
tW),theLSsolutionwasnottheoptimumsolutionduetothecriterion
ofChandmsekamnaaﾉ.[7]・Inaddition,theusedsignalssatisfiedthe
conditionsfbrwhich(34)wasthesolutionof(25).Fig2indicatesthat

thesolutions(34)withappropriate7isperfbrmbetterthanthesolutions
ofLSandTLS

whereMi)denotedanothcrwhitenoiseprocessofzeromeanand
vanance⑦3.ThesignaMo(i)wasawhitenoiseprocessofzero
meanandunityvariancefbrthecorrelationmatrixEtohavethe
smallest2-inducednonnconditionnumber3X(E）＝（此)/(β,）＝

(1＋ｏ:)/(1＋ぴ:)＝L
TheSNRsoftheinputtoandtheoutputfromtheunknownsystem

weregivｅｎｂｙ

SNR帝川･帥=鵲｝
sNLFn･因｡=臺雲(；

ThevaluesofSNRinandSNRoutwere30andOdBrespectivelylto

satisfytheconditionwherethesolutionofChandrasekaranejaLwas
moreaccuratethanthesolutionsofboｔｈＬＳａｎｄＴＬＳ,i・ａ,wherethe

matrixAwasalmostknownexactly§andthevector6wasfarfiPomthe

columnspaceofA
Inaddition,sincetheｍatricesAandbincludethenoisesMi)and

ud(i),ｔｈｅｍatricesMand6bofthetmematricesA＋Mandb＋６６
inc可maybeassumedtobe

UJ(i)＝[Ｍｉ)ハ(i－１),…,U弧(ｉ－〃＋')］（53）

ＭＴ＝－[Ｍ１),Ｍ２),…,Tj?`(ん)］（54）

３ThecorrelationmatrixRisillconditionediftheconditionnumberX(Ｒ)＝
ん/p1ortheeigerWaluespreadislarge[1],[4］

ＲＦ〃dtz"ze"ねﾉ五ｍ〃ん２:Adtzprive〃/e';ＥｉｇＦ"w]んe

Sp'℃ａｄｘ(R)三１

Inthisexperiment,weconsiderthesamesystemidentificationsetup
iUustratedinFi9.1.Onlytheinputsignaltotheunknownsystemuo(j）

ＵＵＵＵＤＢＵＵＢ

－■■■■■■■■■■■■－－－－－－－－－－d■■■－－－－－－--－－￣■■■■－－■■■■－－－－－－■■■■

MelhodofTLS

、ロロロ、、ＤＩＩ
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叫忘レニゼー８１

ｍロ］（茎）｝⑩
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－コ２

-19

-20

-21
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Numbe｢ofiterations,ｋａｎｄＳＮＲｏｕｔｏｆ－１０ｄＢｗｅｒｅｐｒｉｍａｒilydifferentfiPomthatinSec-

tionnI-ATheinputsignaluo(i)wasgeneratedby

Fig3、Comparisonoftheexperimentalresulten(k)oftheLRLSandthe
LLMSalgorithmswiththeRLSalgorithmofthesameinitialconditionfbr
b，＝０．

uo(i)＝?U(j)－Ｍ)(i-1） (57）

where⑪(j)denotedawhitenoiseprocessofzcromeanandunityvari‐

anccFrom(57),thcautocorrelationr趣｡(A)＝Ｅ[?`o(li”o(ｌｉ－Ａ)]is
givenby -16

-16.5

γ趣｡(O)＝１＋b:,γ“0(1)＝－６山γ鰹｡(A)＝O(Az2)．（58）
－１７

Thus,wecanobtaintheeigenvaluespread
-17.5

ｘ(E)＝ｘ(１３"｡＋凡辿)ｚ１－，８

、1．

、．．

｛|《

、
Ｎ
・

へ．．．、

ＲＬＳ

、(（ji:ﾐﾐﾆﾆﾆj二二些
ＬＲＬＳ

’
PＣ●■●■●◆■●▲●●●

５
９

８
１

１

［、己］〈】）←②

￣■巴

wherethecorrelationmatricesE鰹。andRm,処are(γ皿｡(lj-jl))and
ぴ31,respectively8
TheLRLSandtheLLMSalgorithmshavebeennumericaUycom-

paredwiththeRLSalgorithmfbreachofthreedifTerenteigenvalue

spreads・TheusedLRLSfilterwasthealgorithminSectionⅡ-Ａ・The

estimationvalueウwassettollMll2fbrtheLRLSandtheLLMSal-
gorithms・ＴｈeconstantaLLMswasgivenby(46)withMndausedin

thelRLSalgorithm・Theinitialvalue5fbrtheRLSalgorithmwasset

toaoftheLRLSalgorithmfbrboththeinitialconditionstocoincide・

nbleIIIiststheotherconditionsintheexperiment・Anindexparam-

eterE,(j)definedby

９．５

2０

20.5

2１

０ 200４００６００８００１０００１２００１４００１６００１８００Z000

Numberofite旧Iions,ｋ

Fig4Compansonoftheexperimental1℃sultE,(ｋ)oftheLRLSandthe
LLMSalgorithmswiththeRLSalgorithmofthesameinitialconditionfbr
b，＝０．４．｡(ﾙｵﾆ…Ⅲ，Ⅱゴルム

節(ルナ己(’一Ｍ=Lルポ
。＝0

ｉｓα,Figs3-5showthattheLRLSalgorithmgivesmoreaccuratees-
timatesthantheRLSalgorithm,MoreovenFig､３demonstratesthat

theLLMSalgorithmperfbnnsaswelIastheLRLSalgorithmsince
(１－〃(仇＋αLLMs))たof(48)is0.0084ｗｉｔＭ＝l000andthevalues
of/M1andaLLMsinTnbleⅡIncasesof61＝0.4,0.6,(１－〃(仇＋
αLLMs))んare0.O69andOl2withルー1000andthevaluesinTnblell，
respectivelyBFigs､3-5andthevaluesof(１－岬,＋αLLMs))膳fbr
6，＝0,0.4,0.6indicatethattherateofconvelgenceoftheLLMSal-
gorithmslowsdowniftheeigenvaluesofthecorrelationmatrixRare

widelyspreadwithp1＋αLLMｓ＜く内＋αLLMs・

Ontheotherhand,Fig6showsthattheaverageerrors〔,(ｋ)ｏｆ
ｔｈｅＬＲＬＳａｎｄｔｈｅＬＬＭＳａｌｇｏｒｉｔｈｍｓａrelargerthanthoseoftheRLS

algorithmsincetheLRLSandtheLIMSalgoritbmsdonotminimize
nL,（(i)becauseof(13)and(37)．
AccordinglylwecanconcludethattｈｅＬＲＬＳａｎｄｔｈｅＬＬＭＳａｌｇｏ‐

rithmsgivemoreaccurateestimationparametersthantheRLSalgo-
rithminapplicationsdealingwithsystemidentificationwherethenoise

hasbeenusedwithT＝５０asthemeasureofthesmoothedestimation

accuracy・Anotherindexparameterと,(j)definedby

（(j)＝(｡(j)＿皿T(j)士(j))２，ｊ＝1,2,…,A

＆仇÷三嘆Q-Mﾕルム
ｈａｓａｌｓｏｂｅｅｎｕｓｅｄｗｉｔｈＴ＝５０toobtainanothercharacteristicof

thealgorithms・TheensembleaveraginghasbeenperfbnnedoverlOO

independenttrialsoftheexperiment．

Ⅱﾙhenthenumberofiterationskincreases,thefactor6入化ｉｎ(6)
colwergestoObecauseofO＜入く１．Thus，thesolutionofthe

RLSalgorithmcomesapartfi･omtheoptimumvalueinthecriterion

ofChandrasekarane'αLinthisprocess,althoughtheinitialvalue5
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predictionelmrfilter(LPEF)[1],thcreconstructednoise,andtheen‐

hancedspeechsignal,respectivelyHLpEF(z)andHNRF(z)denote
thetransferfimctionsoftheLPEFandthenoisereconstructionfilter

(NRF),respectivelybThesystemproposedin[11]includestheALE4fbr
theinputoD(j)totheNRFtohaveonlyfewspeechcomponentsSince
aspeechsignalinputtotheLPEFisknownasthestationarysignalina
shorttimeinterval,mostofitcanbepredictedbythelinearpredictolz
Ontheotherhand,thenoisebecomesthewhitesignalbytheLPERIf
thebackgroundnoiseisassumedtobegeneratedbyexcitingalinear
systemwiththewhitenoise,itcanbereconstructedfiPomthewhitened

noisebyestimatingthetransferfimctionHNRF(z)ofthenoise-generと
atingsystem・ThismethoddoesnotreqUirethepriorestimationofthe
noisespectrum・Inaddition,theenhancedsignaldoesnotinvolvethe
musicaltones[10],[11）

Inthesystem[10Ｍ11]ofFig7,theLMSorthenormalizedLMS

algorithm[1］isusedfbrtheNREThus,thepoweroftheenhanced
speechsignal52(i)maybecomesmallsincetheNRFwiththeLMS
algorithmopcratesfbr52(i)todeclease・clearly§fiFomthepreⅥous
sections,５２(i)oftheLLMSalgorithmisgenerallylargerthanthatof
theLMSalgorithmbecauseofaLLMs＞OInaddition,wecanexpect
thattheLLMSalgorithmwillgivemoreaccurateestimationparameters
ofthetransferfimctionHivRF(z)ｗhentheclTorintheinput1D(j)is
muchsmallerthanthetrueinputu)(j)andthecleanspeechsigmals(i）
islargerthanthebackgroundnoisees(i)．

Thenoise-reductionsystemwastestedunderartificiaUynoisecon-
ditionAllsounddatapreparedinsimulationsweresampledby8kHz・
AsthespeechsignaLaJapanesesentencepronouncedbyamalewas
used・TheevaluationindexesfbrthenoisereductionabilityareSNRIn
andSNR8ut,whicharegivenby

、

、

偽い〉い》囎隠、

ＲＬＳ
、

、。・・

<ｼﾞﾆﾆﾆﾆﾐﾐ二二二二j二』』』11ミミLニミルム
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Numberofite旧tionsok

Fig.５．Comparisonoftheexperimentallcsulte,(ん)oftheLRLSandthe
LLMSalgorithmswiththeRLSalgorithmofthesameinitialconditionfbr
6，＝0．６．

７

6.5

６

5.5

ロロ］（二）守妙 '二鵠l
lE是三潟)｣

SNR{､､＝101og1o
4.5

SNR6ut＝101og1o４

3.5

Thenoisees(i)wasgeneratedastheresponseofthefilterwiththe
fbllowingtransferfimction：

３

0２００４００６００８００１０００１２００１４００１６００１８００２０００

NumberofiteIations,ｋ
１

１V(z)＝，－２７cos化-,＋７２z-2

towhitenoiseTu(j),whereγ＝0.9,andＯ＝穴/4.Incidentally§
thenoisees(i)ismodeledonthemmelnoiseofanexPresswayThe
adaptivealgorithmfbrtheALEandtheLPEFwastheLMSalgorithm
whichwasgivenby

Fig.６．Comparisonoftheexperimentalresult(,(片)oftheLRLSandthe
LLMSalgorithmswiththeRLSalgorithmofthesameinitialconditionfbr
b，＝０．

Ｍｉ)inAismuchsmallerthanthesignaMo(i)andthenois…(i)in
DislargefbrbtobefarfTomthecolumnspaceofA．

金(j)＝金(i－１)＋〃e(i)皿(i）

ＣＡＣ'"αﾉＥ３､叩/ａﾊﾉb舵ReZ！ｍｉｏ"/MVmqy⑰eec/ｉｓ：g7zah

Inthisexpeliment,weconsideranoise-reductionsystem[10],[11］
asanactualexampleillustratedinFig7toreduceabackgroundnoise
inanoisySpeechThissystemusesanoisereconstructionmethod

basedonalinearprediction,asystemidentification,andanadaptive
lineenhancer(ALE)[lLalthoughthemethodproposedin[10]does
notutilizetheALE

Thenoisyspeechisrepresentedas

where

金(i)＝[ﾊ'(i),ﾊ2(恥..,As(j)]Ｔ

皿(i)＝[d(i￣△Ｍ(ガー△－１)，…，`(ｉ－△－ｓ＋1)]Ｔ
ｅ(i)＝。(i)＿皿T(6)鈍一,）

fbrtheALE

金(j)＝[ﾊi(i),ﾊﾑ(小..,AZ(j)]Ｔ

池(i)＝[`'(i－１Ｍ'(′－２),…,｡'(ｊ－Ｌ)]Ｔ
ｅ(i)＝d'(j)一匹T(j)士(j－１）

４１nthissystem,theALEworkstoestimatethespeechs(i)bysuppressing
thenoisees(j)[111

雌)＝ｓ(i)＋es(i）

wheres(j)andes(i)areacleanspeechsignalandabackgroundnoise，
respectivelyThesignaM(i),６s(i),and§(i)aretheoutputofalinear
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｡(i)=s(i)+eJi）

Fig.７．Simulatednoiselcductionsystem．
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Fig.８．Wavefbrmsofthesinmlationresult.（a)CIeanspeech.（b)Noisy
speech(SNRli､＝５dB).(c)EnhancedspeechwiththcLMSalgorithmasthe
NRF(SNR8ut＝５９５dB).(｡)EnhancedspeechwiththeLLMSalgorithmof
aLLMs＝OOO1astheNRF(SNRAut＝6.20dB)．

thatwiththeLMSalgorithmastheNRF・Wecanconcludethatthesc

resultssupportthetheoreticalresultsintheprevioussectionsinthe
mann＿

IVCONCLUSION

Inthiswork,wehaveexpressedthatthereisacasewheretheeqUa-

tionobtainedbytheextendedcriterionofChandrasekaranemLwith
theexponentialweightingfactorisidenticaltooneobtainedbythecri‐
terionoftheLRLSalgorithm･Inotherwords,wehaveexplainedthat

itispossiblefbrtheLRLSalgorithmtogivemoreaccurateestimation
parametersthantheRLSalgorithm・Inaddition,someimplementations
oftheLRLSfilterbyusingthemethodfbrupdatingtheeigendecom-

positionofmnk-onematrixupdates,orbyusingtheLLMSalgorithm，
havebeenintroducedtodecreasethｅｃｏmputationalcomplexityofthe

LRLSalgorithnL

MoreoveLbymeansofcomputerexperiments,wehaveshownthat
theLRLSandtheLLMSalgorithmsyieldmoreaccurateestimationpa‐

rametersthantheRLSalgorithmwhenthemethodofChandrasekaran
emﾉ.ismoreusefUlthanthatofLSandTLS,Besides,wehavedemon-

stratedthattheLLMSalgorithmcanbeefTbctivelyintroducedintothe

noise-reductionsystemfbrnoisyspeechsi印alsproposedin[10]and

[11]tosupportthetheoreticalresultsinthisworkinthemain
Futureissuesinvolveastochasticinterpretationoftheexperimental

resultsshowninthisworkanddevelopmentsofsimpleandfastLRLS-

likefilterswhosecomputationalcomplexityissmallerthanontheorder
ofn2andwhoserateofconvergenceisfasterthanthatoftheLLMS
algorithmfbrcorrelatedinputswhosecorrelationmatrixRhasthewide
eigenvaluespreadｗｉｔｈｐ１＋αLLMｓ＜＜此＋αLLMs．

fbrtheLPEF[101,[l1lTheadaptivealgorithmfbrtheNRFwasthe

LLMSalgorithm,5ｗｈｉｃｈｉｓｇｉｖｅｎｂｙ

金(i)＝(1-〃αLLMS)鮒－１)＋似e(i)皿(i）

where

途(j)＝[ぁ,(i),ｆ２(恥..,伽(j)]Ｔ
皿(i)＝[⑰(j)血(i－１),…,､､(ｊ－Ｍ＋1)]Ｔ
ｅ(i)＝。(j)－皿T(i)士(i－１)．

ThedifTerencebetweentD(i)and⑩(i)isunknowninthesystemof

Fig7・Thus,ｔｈｅｐａｒａｍｅｔｅｒａＬＬＭｓｏｆｔｈｅＬＬＭＳａｌｇorithmwasset
toMO1ftomsomeexperimcntssincctheupperboundりonllMll2of
(25)wasunknownnblemliststheeachparameterintheexperiment・
nlblelVandFig､８showthesimulationresult・ＷeseefmmnblelV
thatrheSNR6utwiththeLLMSalgorithmastheNRFbecomeslalger

thanthatwitM]eLMSalgolithmastheNREastheSNRlngetslarger
thanO・Inaddition,Fig8showsthatthepoweroftheenha､cedspeech
sigmalwiththeLLMSalgorithmastheNRFissomewhatlargerthan

sTheLMSalgorithmfbrtheNRFwastheLLMSalgorithmwithaLLMs＝O
intheexperiment．
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