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In this paper, the operation of the stimulated emission in Cerenkov free-electron laser (CFEL) is
studied on the basis of the modulations of electron velocity and density by the electromagnetic
(EM) field. The influence of the electron relaxation, due to mutual electrons collisions, on the elec-
tron dynamics is taken into account. We investigate the growth characteristics of Cerenkov laser
operating in the small-signal and saturation regimes. In the saturation regime, the effect of velocity
reduction of the electron beam on the gain dynamics is demonstrated. We also show that our results
match with those of other well-known treatments in the small-signal gain limit. © 2011 American

Institute of Physics. [doi:10.1063/1.3630942]

I. INTRODUCTION

The Cerenkov free-electron laser (CFEL) is of high inter-
est to produce tunable radiation in the microwave''® and
far-infrared ranges''™'> or even in an optical wavelength
range.'®2! In the CFEL, an electron beam moves along a sur-
face of a dielectric medium by which the propagating velocity
of an electromagnetic wave (EM-wave) is slowed down. The
electron beam can transfer its energy to the EM wave when
the electron beam velocity matches with the phase velocity of
the EM wave. Downsizing of the scale of the electron acceler-
ators is essential for the compactness of the CFEL operated
with a moderate acceleration voltage (below 100 kV).

In a previous paper,” the present author introduced a
unified analysis to describe the spontaneous and stimulated
emissions of the CFEL operation on the basis of the single
electron model in the small-signal regime. The dynamics of
the EM wave were described by the Maxwell’s wave equa-
tion which includes the exciting current of electron beam;
thus, the spontaneous and stimulated emissions were investi-
gated basing on the utilized formulations of the electron
beam current. For the spontaneous emission, the electron
beam current was expressed as a sum of irregularly distrib-
uted electrons. For the stimulated emission, the electron
beam current was described corresponding to the modula-
tions of the electron velocity and density by the EM wave. In
these analyses, the average drift velocity of the electron
beam is approximated to be constant.

The dynamics of velocity and density modulations
should be influenced by the mechanism of so-called electron
relaxations resulting from the Coulomb scatterings
“collisions” among electrons.”** Initially, when the force
induced from the electric field starts to bunch the moving
electrons, dense and sparse parts in the electrons distribution
appear alternately. The asymmetric Coulomb forces exerted
on an electron by its neighbor electrons will act as damping
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forces for modulations of electron density and velocity. The
damping mechanism characterized by the so-called the relax-
ation time works to attenuate the modulated component to-
ward the average value.*>>2’

This paper aims at the saturation analysis of the interac-
tion between the EM wave and the electron beam in the
CFELs device. There have been many studies for the CFELSs
operated in the nonlinear saturation state.”* % To analyze the
saturation phenomena in the CFEL operation, the attenuation
effect of the average electron velocity due to the growth of
the EM wave amplitude should be taken into account. For an
illustration on how the gain in CFELs can be susceptible to
variations of the electron beam velocity, we recall the bunch
dynamics that provides the amplification. The forward elec-
tric field component of the transverse guided mode, pointing
along the direction of the electron beam, can decelerate or
accelerate the propagating electrons forming electron
bunches on the scale of the EM wavelength. A net amplifica-
tion can be observed when the velocity of bunches approxi-
mately fits with the phase velocity of the EM wave, and these
bunches are positioned within the decelerating phases of the
radiation wave. However, when the amplification of the EM
wave increases by receiving energy from electrons, bunches
must shift from the optimum driving phases. Therefore, this
mechanism of out-of-phase synchronization decreases the
amplification gradually.

Shiozawa®*** studied the variation influence of the elec-
tron drift velocity on the gain of the CFELs using the
coupled mode theory between the EM and the space charge
waves. Also, the effect of phase velocity fluctuations of the
radiation wave due to waveguide imperfections was investi-
gated by de Fuente e al.*

In this paper, we present an analytical model to describe
the amplification gain in CFELs with a planar waveguide
evolving from the small-signal regime to saturation. We start
with the Maxwell’s wave equation to describe the amplifica-
tion of the EM wave by the exciting electron current density
in a similar fashion with the analyses of the previous study
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shown in Ref. 22. In this analysis, we newly take into
account the electron velocity attenuation on the assumption
of large amplitudes of oscillating fields. Also, the electron
relaxation effect on modulations of electron velocity and
density is considered. In the small-signal regime, we show
that the operation of the stimulated emission with the spatial
variation can be classified into two regions. In the first region
of so-called transition state, the growth rate of the EM wave
increases as the electrons travel down the waveguide. In the
second region of so-called steady state, the growth rate does
not change for further increase in travel distance of electrons.
At saturation regime, the consequence of the reduction of the
electron velocity could be suppression in the growth rate of
the power gain in the steady state as well as in the transition
state. For the small-signal regime, we prove that our results
in the transition region agree well with those predicted from
other treatments of free-electron lasers.

This paper is composed as follows. In Sec. II, we present
the basic geometry of the CFEL configuration and formula-
tions for the EM wave amplification by applying Maxwell’s
wave equation. In Sec. III, the effects of the electrons relaxa-
tion and the velocity attenuation are introduced into the dy-
namics of the electron beam to obtain the radiation growth
characteristics. The spatially averaged gain is obtained and
comparisons between our results and those of other treat-
ments are introduced in Sec. IV. In Sec. V, conclusions are
given.

Il. CFEL MODELING

Before discussing the specifics aspects of the problem,
we review some basic elements of formulations that describe
the excitation of the EM wave by the current source of the
electron beam. The basic model of the CFEL as an amplifier
is illustrated in Fig. 1. In Fig. 1, an electron beam is running
with a velocity v, above a surface of a dielectric slab wave-
guide. In the low-gain regime, a feedback mechanism, e.g., a
Fabry-Perot resonator, is required to enable efficient opera-
tion. An EM wave propagates along the waveguide with a
phase velocity ve,, and penetrates partly into the vacuum
region to cross the electron beam. The interaction between
electrons and EM wave is induced when ve = vem. The
spontaneous emission (or an inputted EM wave) can gain
more energy from electrons to stimulate further Cerenkov
radiation. In the case of the slab waveguide, only the trans-
verse magnetic (TM) modes are excited because the exis-
tence of a longitudinal electric field is required to interact
with the electron beam.

lssieot B EM-field distribution

Z , Dielectric Degy Output wave
Metal

¥ _— Interaction region _’7=L

FIG. 1. Geometry of the electron beam-dielectric guide interaction in a

CFEL as an amplifier. If two mirrors are added at both ends, the CFEL de-
vice will work as an oscillator.
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The propagation constant f§ of the EM wave propagating
in the same direction of the electron beam is defined as

271 Neff

B = Voo negr = PR (D

where, ¢, 1y, and A are the dielectric constant, the perme-
ability, and the EM wavelength in free space, respectively.
nerr 1s the effective refractive index whose values are
obtained from the dispersion relation of the waveguide
yielded by imposing the continuity of the fields at interfaces
in Maxwell’s equations for the TM polarization. Values of
nege are influenced by the dielectric film geometry and the re-
fractive index of the film. Thus, the condition of synchro-
nism at which an electron feels a nearly constant electric
field can be written as
Vet =~ @)
Neff

where c is velocity of the light in free space.

We assume that the evolution of the electric field E of
the EM wave can be described by the classical wave
equation,36

OPE al. 1
VE — iyt gr = iy + —Vp, 3)
t &0

where ¢; is the dielectric constant in the i th layer and p and
J. are the charge and the current densities of the electron
beam, respectively. The right-hand side of Eq. (3) is the
source terms of the excitation of the forward propagating
wave. Since we are basically concerned with the gain of the
CFEL device, we neglected in Eq. (3), the contribution of
the charge density in the waveguide that represents the loss
mechanism “or the conductivity” in the waveguide material.

The electric field of the EM wave E can be expressed in
the form

E =F(z)T(x,y) P 4 c.c., (4)

where F(z) is the field amplitude of the propagating wave
whose spatial variation is much smoother than the phase var-
iation of exp(—jfz). T(x,y) is the transverse electric field
distribution which is the solution of the homogeneous
equation

(V2 + o @] T(x,y) e 7% = 0, )
and satisfies the normalization condition in the form of

:J7 J7 <|Ty(x7)’)|2+|TZ(X,)’)|2>dxdy: 1. (6)

|T(x,y)|* dxdy

By substituting Eq. (4) into Eq. (3), by using relations of
Egs. (5) and (6) after multiplying both sides of Eq. (3) by
T*(x,y)exp [j(fz — wt)], and by neglecting the second deriv-
ative of F(z), we obtain the variation of the field amplitude
considering the spatial and time averages in the form of
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OF(z) 1 1 " [~ ([ o 1
=j= Y
0z ]Zﬁ ArAz Jz—At JO Jfoc J—oo Ho ot * €0 P
X T (x, y)e?* ! dx dy dzdt, (7)

where Az is a spatial interval to take the spatial average and
is sufficiently longer than the EM wavelength but the ampli-
tude of the EM field is assumed to be constant over the inter-
val Az. At is a time interval used to take the time average
and should be sufficiently greater than several EM oscillation
periods. Since the axial bunching is the key physical proc-
esses for the radiation generation, we consider only the axial
motion of the electrons. So that, given the beam is directed
along z-direction, the electron beam interacts with the longi-
tudinal electric field component E, and the transverse field
distribution T (x,y) is only taken into account on the right-
hand side of Eq. (7). From Eq. (7), the variation of the field
amplitude of the radiation wave can be written as

OF(z)
0z

=gF(2), ®)
and

B 1 I 1 1 ! Az o'} 00

§= _ﬁ m{mmjrm JO J—oo J—oc

an 1 ap * iBz—jwt
[MO a €0 82} Feboe davdy

(C))

where g is the spatial growth rate or the gain coefficient of
the guided wave.

From the continuity equation of charged particles
dp
ar’
we can get the relation of 9p/dz = (0J./81)(81/9z)
= (0J./01)/v}."® Since the electron velocity is almost same
as the phase velocity vem = ¢/ner as depicted in Eq. (2), the
term in the bracket [ | of Eq. (9) can be approximated to be
(1 + n%)1y0J./Ot. Then, Eq. (9) becomes

V.-J,=— (10)

(1+”fo)#01m 1 1JI JAZJOO
2p F(z)AtAz),_acdo )

X J 08J; T (x, y)efﬁ”wfdxdydz}. (11)

§=—

In our analyses, we subsume the amplification of the EM
wave (or attenuation) into the positive (or negative) values
of the gain coefficient.

lll. STIMULATED EMISSION AND AMPLIFICATION
A. Dynamic motion of electrons and gain coefficients

The effect of electron-electron collisions in the electron
beam is an important factor that influences the dynamics of
electrons. The electrons which are assumed to be uniformly
distributed in the electron beam will be subjected to symmet-
ric Coulomb repulsive forces from neighboring electrons.
After modulations induced from the longitudinal electric
field component of the EM wave, the separating distances
between electrons must be unequal. Then, each electron will
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be subjected to different Coulomb’s forces from the adjacent
electrons. These forces attempt to steer the electrons to its
initial positions and relax the electron velocity to its average
value. This process is termed as electron relaxation.
Variation of the electron velocity v can be described by
non-relativistic equation of motion for the electron,lz’zz’24

dv Oy Ov

e
oo Ve

[E,O egHiop) L o] YT ,
) T

(12)

where —e and my are electron charge and electron mass,
respectively. In Eq. (12), by the help of Eq. (8), the electric
field component E. in Eq. (4) is rewritten as E, eszti(@i=f2)
+c.c assuming E,y = F(0)T.(x,y). The first term on the
right-hand side of Eq. (12) represents that the modulation of
the electron velocity is effectively influenced by E. which
exerts the Lorentz force on the electron charge, while the sec-
ond term corresponds to the damping phenomenon of the
electron velocity to a timely averaged velocity v characterized
by the relaxation time 7.

Variation of electrons density N is introduced by help of

the continuity equation given by Eq. (10) such as'*?*%*
ON 0 N—N
Y __= — 13
ot 0z () T (13)

where N is a timely averaged electron density. The first term
on the right-hand side of Eq. (13) expresses the physical fact
that the total number of electrons must be conserved, whereas
any decrease in the electron number inside an arbitrary vol-
ume with time must correspond to a flow of electrons going
out through the surface of this volume. The relaxation effect
introduced by the second term on the right-hand side of Eq.
(13) will attempt to relax the electron density N at time ¢ to
the initial value N due to the coulomb scatterings among elec-
trons being unequally spaced. Since the velocity modulation
causes the density bunching in the electron beam along the
interaction region, we assume that the relaxation time 7 is
identical for the velocity and the density modulations in an ap-
proximate manner.

In our treatment, a basic task is to obtain the timely rate
of the stimulating current density shown in Eq. (11), which
can be written as

ol, e O(Nv)

o1 or (1

For this purpose, we propose that the modulated velocity can
be expanded as the first order approximation in a form of

v =19(z) + [u(z) elor=lot1/0z/v c.c.]. (15)

Similarly, the modulated density will be given as

N = N(z) + [n(z) UV e ], (16)

where u(z) and n(z) are spatially dependent coefficients of
velocity and density modulations, respectively. These coeffi-
cients are assumed to be a slowly varying in comparing with
the spatial phase variation of the EM wave. In Egs. (15) and
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(16), we consider that the average velocity 7(z) and density
N(z) of the electron beam are varied as the EM wave grows
at the expense of the kinetic energy of the electron beam.

Now, we will embark on getting the modulation indices
of the electron velocity and density u(z) and n(z), respec-
tively. By substituting Eq. (15) into Eq. (12) and by compar-
ing the fast and slowly varying components on both sides,
we can get a couple of equations as

ov(z)u(z) _ _ & E et /v (17a)
0z m,
and
_\Ov(z) 9 2
v(z) 2 o “”(2” e }7 (17b)
with
Q(z) = p(z) — o, (18)

where Q(z) is the wave frequency as seen by the electron for
which the exact synchronism is exhibited when Q(z) = 0.

By the help of Eq. (17a), after performing the integra-
tion from z = 0 to z = z and by taking into account the initial
condition of #(0) = 0, we can get u(z) as

u(z) = —— Ex
o omy [—jQ+ (gv 41/t

)] |:e(7jﬂ+g\7+l/‘r)z/ﬁ_1 ) (19)

From Eq. (17b), the variation in the average velocity of the
electron beam is given by

2(2) = 2(0) — € : |Ez|2
=70 -2() T

X [1 — 20~/ cos(Qz /) + e*@?“/f)ﬂ . (20)

N(0)BIE:[*
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According to Eq. (17b), the reduction in the electron ve-
locity shown in Eq. (20) is proportional to the EM field in-
tensity and is taken into account by counting contribution of
|u(z)|?. At saturation, the variation of the average electron
velocity has a significant effect on the relative angular fre-
quency Q(z) causing the phenomenon of limited gain.

By substituting Eq. (16) into Eq. (13) and by separating
the fast and slowly varying components, we can get from the
continuity equation:

(n2)] _ . . AN (2)u(z)]
SR — 1w+ 1 /0N Gu) - S
(21a)
and
I[N (z)¥(z)] B 3{[n(z)u*(z) + u(z)n*(z)}e*l’/ﬁf}
o o . @1b)

On the right-hand side in Eq. (21a), by neglecting the second
term in comparison with the first term, by putting
(oo + 1/7) =~ jpv and by performing the spatial integration
from z = 0 to z = z, we obtain

jN(Z)ﬁeEzo e(—jQ+g\7+1/z)z/fv -1

mo[—jQ+ (g + 1/7)] [jQ+ (gv + 1/7)]

n(z) =

—z/v|.

(22)
To get Eq. (22), we also used the initial condition of
n(0) = 0.

Here, it would be helpful to get an expression for
N(z)¥(z) by using Eq. (21b), such as

2jQ[1 + e~ 2 /D] — 4jQe= TV cos(Qz/7)

N()i(z) = N(0)¥(0) —j( ¢ )2[

mo

—2jZ e (evH1/eY sin(Qz/v)
v

The first term on the right-hand side in Eq. (23) represents
the unperturbed average current density corresponding to the
case of small-signal approximation, while the second term
corresponds to the variation of the average current density
due to a significant increase in the EM field amplitude in the
saturation regime.

The time derivative of the current density 0J,/Jt shown
in Eq. (14) can be obtained by the help of Egs. (15), (16),
(19), and (22) such as

. 2 T
% — Jwe N(Z>EZ % {1 _ e[fQ—(gf’-Fl/r)]z/\’f}ei((ot—/}z)
ot my[—jQ+ gv+ 1/7]
e N(z)v(z) BE. {1 — el@—(g7+1/0)e/7
m,[—jQ + gv + 1/1] [—jQ + gv + 1/7]
_ el (gr+1 /0l /V} -5 4 o o4

Q% + (gv +1/7)7]

[Q + (gv + 1/7)7]

(23)

Since (—jQ + gv + 1/1) < fv, the first term in Eq. (24) can
be neglected, and we get more compact form for the time
variation of the current density as

8.]; o ezwﬁ(z)V(Z)ﬁEz
o my(1/72)[jQr — (gvt + 1)]2
X {1 = [1 = (jQc — gyt = 1)(z/v1)]
X e[iﬂr—(g"'fJ")]ﬁ}e’(“)’_ﬁ 2, (23)

As a result of variation in the average velocity ¥(z), the
relative angular frequency Q(z) defined in Eq. (18) as
Q(z) = f3(z) —  is also varied. Since values of Q(z) are
very close to 0, the relative variation of [0Q(v)/Q(0)]
becomes very large. The variation of Q(z) mostly affects on
the variation of the gain coefficient as shown in later. In Eq.
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(25), the term ¥(z)t gives the interaction length during the
relaxation time 7 and the relative variation of [0v(z)/v(0)]| is
much smaller than that of [0Q(v)/Q(0)|. Then, the variation
of ¥(z)t is insignificant in comparison with the variation of
Q(z). In following calculations, we count the z-dependence

Analysis of saturation phenomena in Cerenkov free-electron lasers
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By substituting the time variation of the current den-
sity given by Eq. (25) into Eq. (11) and by recalling the
expression of N(z)v(z) given by Eq. (23), we can express
the gain coefficient defined in Eq. (11) by the following
equation:

of the terms N(z)¥(z), Q(z) and g(z), while we put 8§ =81+ 8, (26)
¥(z) t & v(0)t as an approximation for simple treatments. where
|
1 4 1)’ oN(0)v 1—[1— (jQt — gl — 1)(z/ls)]el¥(8he+ 1]
o 2 (RN O50) [0 {1 11= 60 gl — Dk N o
m, []QT - (glsc + 1)}
with
0 w/2 5
él :J J |T:(X,y)| dXdyv
—wJ—w/2
and o
= =1+ 2 (5 ) rooNO)F )
0
5 {1 -1 = (jQr — glye — 1)(z/lc)] el (bt}
T
% Re [Qr — (gl + 1)]2[(977)2 + (glse + 1)2} (28)
2jQr[1 + e 28kt De/le] — 4jQre~(8hetV/he cos(Quz/le) . e 2| [
X 5 5 — 2jsin(Qrz/lg)e i be —
[(Q0)” + (gl +1)7] lse
|
with In the small-signal gain, since we can neglect the contribu-

0 w/2 A
& :J j T s

Here, I, = 7(0)7 is the distance that an electron travels dur-
ing the relaxation time 7. ¢; and &, are coupling coefficients
between the electron beam and the evanescent part of the
EM wave. By introducing the coefficients ¢, and &, the vari-
ation of the electric field over the cross-sectional area of the
electron beam w X w in the transverse x- and y-directions is
taken into account.

The gain coefficient g described by Eq. (26) is divided
into two different sub-coefficients. The first one is g; which
has a similar form to that given in Ref. 22 for the small-
signal approximation, while the second term g, is newly
obtained by counting the term of [n(z)u*(z) + u(z)n*(z)] in
Eq. (21b). It is worth to note that the saturation effect is even
included in the linear gain coefficient g;, whereas the relative
electron phase Q(z) varies spatially due to the variation of
the average velocity given by Eq. (20).

For the small-signal analysis, by considering gl < 1
and Q(z) ~ Q(0), whereas |u(z)|? ~ 0, the gain coefficient
g1 will be given by

o = (1 + nZy)e* uyN (0)¥(0) £,

(1= 11— 00z - 1) (et 1)
jQ(0)c — 1]

x Im{ ©°

(29)

tions of the term [n(z)u*(z) + u(z)n*(z)], thus we can assume
g =~ 0.

In a previous quantum mechanical analysis of the
CEFL,?! the authors proposed that the electron can be repre-
sented as a plane wave with a finite length. In that quantum
mechanical model, the electron relaxation effect is repre-
sented as a damping phenomenon on the time vibration of
the electron wave. The electron relaxation time was esti-
mated to be in the order of 107! — 107 s. The electron
relaxation time in the quantum mechanical model should be
smaller than that defined in this paper for the electron con-
sidered as a point particle. In Sec. II B, to get an appreciation
for the level of gain predicted in our calculations, we assume
that the relaxation time takes the same value as that obtained
in the quantum mechanical analysis for a preliminary
approximation.

B. Numerical examples and discussions

Now, we start to determine the gain coefficient given by
Eq. (29) under the small-signal approximation. Numerical
examples, depicted in Fig. 2, is used to explore the variation
of the gain coefficient g; with the normalized distance z/I..
In this example, we assumed that A= 1lcm, ng = 3.0,
& =01, t=10"s, and J=10*A/m?>,  where
J =eN(0)v(0) is the dc component of the electron beam
current density. In these examples of the small-signal
approximation, the average electron velocity is supposed to
be constant along the interaction length. In Fig. 2, the gain
coefficient increases almost linearly with the travel distance
of electrons z up to several times of /. and takes constant
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FIG. 2. Variations of the gain coefficient with the normalized distance z /.
for different values of Qrt in the small-signal approximation. The interaction
regions induced by the stimulated emission can be divided into transition
and steady states. In the transition state, the gain coefficient increases almost
linearly with the spatial variation. In the steady state, when the passing dis-
tance z reaches several times of the distance /g, the gain coefficient saturates
at certain values.

values for further distance increase. The behavior of the
interaction induced by the stimulated emission can be classi-
fied into two ranges. We call the former range “the transition
state” and the latter range “steady state”. As seen in Fig. 2,
the range of the transition sate or the steady state can be
determined by examining whether the interaction time
t = z/v is approximately shorter or longer than twice of the
relaxation time 27, respectively. In the transition state, as the
electron travels down the waveguide, the gain coefficient g,
increases with the enhancement of the electron beam modu-
lations. In the same time, the relaxation effect works to
reduce the modulations rate. In the steady state region when
the wave amplitude becomes sufficiently high with strong
bunching, any further increase in the modulation will be
eliminated by the relaxation effect, and the gain coefficient
becomes almost constant. We also can observe that the gain
coefficient have maximum values at Q(0)t = 0.6 in the
steady state.

In the saturation regime, let us discuss the spatial varia-
tion of the gain coefficient g described by Egs. (26)—(28). In
Fig. 3(a), we report variations of the gain coefficients g, and
g along the normalized distance z/l;. when Q(0)t = 1. The
velocity-related variation of the effective phase Q(z) is
shown in Fig. 3(b). In this example, we assume that the exist-
ing electric field of |E,o| = 10° V/m and the input power of
P(0) = 10* W with the coupling coefficient & = 0.01 m~2.
Other remaining parameters takes the same values used to
draw Fig. 2. The variation of the field intensity |F(z)[* is
traced along the axial distance by using the relation of
IF(2)]* ~ (1/2ne)\/ 1o/ 80 P(z).2"*** In Fig. 3(a), the gain
coefficient g; increases with increasing z/l. until the gain
coefficient reaches to a maximum value. After that, as the
power growth of the EM wave becomes sufficiently high at
the expense of the kinetic energy of electrons, out-of-phase
synchronization given by Q(z) between the electrons
bunches and the EM wave leads to significant degradation in
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FIG. 3. Numerical examples of the saturated gains and the relative angular
frequency with the normalized distance z /.. (a) Variations of the gain coef-
ficients g; and g,. A high input power of P(0) = 10> W is supposed to clar-
ify the saturation effect. g; increases along the electron beam and reaches a
maximum value and after that it will gradually decrease due to the shifting
of the averaged velocity of the electron beam from the synchronism condi-
tion. The gain coefficient g, is proportional to the power of the EM wave;
thus, it have the same behavior as for the gain coefficient g;. (b) The attenu-
ation of the wave frequency Q(z) as seen by traversing electrons vs. the nor-
malized distance z /.

the gain coefficient. Moreover, the gain coefficient g in the
denominator of Eqs. (27) and (28) also causes self-
suppression in the gain coefficient. Since the gain coefficient
g is proportional to the propagating power P(z), g will fol-
low the same behavior of g;.

In Fig. 4, we illustrate the variations of the gain coeffi-
cient g for different values of Q(0)t. The gain coefficient
no longer shows maximum values at Qt = 0.6 as occurred in
the case of the small-signal shown in Fig. 2, because the gain
cannot reach to the steady state under the reduction influence
of Q(z).

Next, in Fig. 5, we compare values of the gain coeffi-
cient g; in the saturation regime described by Eq. (27) and
that in the small-signal analysis given by Eq. (29). In the
case of the small-signal analysis, the gain coefficient
increases rapidly with the interaction length, because the
operation is in the transition state shown in Fig. 2. Under sat-
uration, by assuming that gl < 1, we also draw the gain
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FIG. 4. Variations of the gain coefficient g, with z// for different values
of Q(0)t in the saturation regime. Due to the attenuation of the averaged ve-
locity of electrons v(z), the gain cannot reach to the steady state region
observed in the small-signal analysis and its maximum values occur at larger
distances for larger values of Q(0)z.

coefficient g; as depicted by the dashed line. In the case of
saturation regime, it can be seen in Fig. 5 that the initial val-
ues of the gain g; given by Eq. (27) at the beginning of inter-
action is almost similar with or without neglecting the
condition of g/, < 1, while a slight difference is observed
after the gain reaches to the maximum value. Hence, we can
confirm that the effect of the variation of €(z) is more pro-
nounced than that of the term g/, appeared in the denomina-
tor of Eq. (27).

The given formulations of the gain coefficients in Egs.
(27) and (28) are used to get an expression for the spatial
variation of the power gained by the EM wave P(z), as

P(z) = P(0) exp U 2er + g2>dz] e

N7 T T T T T T

45 L — &, Eq.(27) [Saturation] : h

BT g, Eq.(27) with neglecting g/ * 1
“'5 g [ g, Eq.(29) [Small-signal] ]
°‘§ 30 |- ]
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FIG. 5. Comparison between the gain coefficient g; in the small-signal gain
and saturation limits. The small-signal case is represented by dotted line. At
saturation, numerical solutions to the gain coefficient given by Eq. (27) is
shown by solid line and by dashed line when the term of gl is neglected in
the denominator of Eq. (27).
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The factor 2 in the above equation corresponds to the fact
that the power of the EM wave P(z) is proportional to square
of the amplitude given by Eq. (8). Numerical examples of
the power ratio P(z)/P(0) versus the normalized distance
7/l are shown in Fig. 6. In these examples, we assume the
same parameters used to draw Fig. 3. In Fig. 6, we numeri-
cally calculate the power ratio P(z)/P(0) given by Eq. (30)
by the help of Eqs. (27)—(29) in the saturation and small-
signal approaches, respectively. For saturation treatment, we
also draw the ratio power variations when the coefficient Q
is considered as constant, i.e., Q(z) = Q(0), this case is
depicted by the solid line. As shown by the dotted line in
Fig. 6, the behavior of the gain coefficient in the small-signal
approximation predicts an infinite exponential growth in the
radiation power with the propagation distance as expected
from the relation P(z) = P(0)exp(2g1z). The operation of
saturation depicted by the dashed line, the power ratio
increases linearly and tends to decrease after reaching a max-
imum value when the suppression of growth rate becomes
sufficiently large. If the EM field intensity is not sufficiently
high keeping the average electron velocity ¥(z) almost con-
stant, the power ratio P(z)/P(0) can only vary linearly with
the traveling distance without declination, as shown by the
solid line in Fig. 6.

It would be useful to point out that the evolutions of the
power and the gain with the interaction length shown in the
numerical examples of this section are well-matched with
those expected from the analytical results in Ref. 28 in
which the effect of beam thermal spread is taken into
account. However, the initial energy spread should be one
cause of the electron relaxation mechanism in the present

paper.
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FIG. 6. Spatial variation of the power amplification P(z)/P(0). The small-
signal gain is depicted by the dotted line, whereas the power amplification
increases in the form of the exponential function. In the case of the satura-
tion regime, the power amplification increases almost linearly with the nor-
malized interaction length z/l;. and decreases after reaching a maximum
value as shown by the dashed line. In the saturation regime, if the averaged
electron velocity is not significantly reduced, the amplification power would
simultaneously vary linearly with the interaction length as shown by the
solid line.
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IV. SPATIALLY AVERAGED GAIN COEFFICIENT

Here, we take the spatial average of the gain coefficient
over the interaction length, whereas the interaction length is
considered to be the waveguide length L. By neglecting the
small contribution of g;, the spatially averaged gain can be
written as

2[1 _ e(/'Qfglf’fl/f)L/f'] 4 {(/Q — g1 — 1/7)(L/V) [1 + e(/‘Qfgﬁfl/f)L/f’]}

Phys. Plasmas 18, 093106 (2011)

JLgl (z)dz = (1 + mge) poed &,

. L/ xf@L),

(€29

where f(Q, L) is the dispersion function defined as

F(Q,L) =Im

We suppose that the relaxation effect caused by Cou-
lomb repulsive forces among electrons can be neglected. In
other words, the relaxation time becomes infinitely long in
Eq. (32). When the relaxation effect is neglected and taking
the condition of g;L < 1 for the small-signal approximation,
the dispersion function reduces to

2{1 — &7} + JQAT{1 + &/2T}
(/Q)’ (AT)’

1 |[sin®(QAT) sin(QAT)
T QAT (QAT/2)? QAT

F(QAT)|pr . = Im

; (33)

where AT = L/v is the interaction time counted as the time
interval for passing the waveguide. The dispersion function
shown in Eq. (33) is well-known dispersion function in the
theory of free-electron lasers. The dispersion function
f(QAT)|sr, is an antisymmetric function for QAT, and its
absolute value takes the maximum value at 0.135 at
QAT = *£2.6.

In the previously performed analyses,”’37 the authors
assumed the linear distribution of the electron beam on the
assumption of small amplitudes of oscillating fields. The
basic feature of these analyses is to calculate the averaged
variation of the energy carried by the electron after travel-
ing a certain distance basing on the single electron model.
In Refs. 33 and 37, by using the symbols of the current pa-
per, the power exchange with the electron beam has been
derived as

AP = L AT % |EPF(Q, AT)

2y (34)

|AT<<‘:‘

By replacing the electron beam current in term of current

density / = [|  Jdxdy and by using the relation of P(z)
~ 2+/80/ tohert |F (z) |, the power gain parameter G = AP /P
given in Refs. 33 and 37 is the same as [1/(1 + n2;)](g x L)
in our analysis of the small-signal approximation with
neglecting the relaxation time effect. Note that if we neglect
the contribution of the electron density modulation, the term
of Vp in Eq. (9) can be dropped and the power gain of the
well-known previous analyses™~’ is exactly coincided with
that derived in this paper.

X

Q= g7 = 1/0)(L/v)’

(32)

V. CONCLUSIONS

We have investigated the stimulated emission of the
CFEL in the small-signal gain and saturation regimes on
the basis of the excitation of the EM waves by the current of
the moving electron beam. The spatial growth rate of the
gain is described using the modulations of the electron veloc-
ity and density by the EM field. We introduced the effect of
the attenuation of the average velocity and the relaxation
phenomenon into the dynamics formulas of the electron
beam. In the small-signal approach, the interaction regions
of the stimulated emission are categorized into the transition
state and steady state basing on the interaction time is shorter
and longer than the relaxation time, respectively. In the tran-
sition state, the growth rate is increased with the interaction
time, and the relaxation time is of less importance. In the
steady state, the growth rate becomes constant and is charac-
terized by the relaxation time. In the saturation regime, we
demonstrate a concrete reduction tendency of the growth
rates due to the attenuation of the averaged velocity in the
electron beam. In the small-signal approximation, we show
that our results well match with those by other treatments
based on completely different theoretical bases.
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