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Abstract

Path integral representations for generalized Schrodinger operators obtained un-
der a class of Bernstein functions of the Laplacian are established. The one-to-one
correspondence of Bernstein functions with Lévy subordinators is used, thereby
the role of Brownian motion entering the standard Feynman-Kac formula is taken
here by subordinate Brownian motion. As specific examples, fractional and rela-
tivistic Schrodinger operators with magnetic field and spin are covered. Results
on self-adjointness of these operators are obtained under conditions allowing for
singular magnetic fields and singular external potentials as well as arbitrary in-
teger and half-integer spin values. This approach also allows to propose a notion
of generalized Kato class for which an LP-L9 bound of the associated general-
ized Schrédinger semigroup is shown. As a consequence, diamagnetic and energy
comparison inequalities are also derived.



1 Introduction

1.1 Context and motivation

Feynman-Kac-type formulae proved to be a useful device in the analysis of spectral
properties of a wide class of self-adjoint operators. Besides their prolific uses in the
physics literature, functional integration poses remarkable new mathematical problems
which can be addressed in terms of modern stochastic analysis.

The Feynman-Kac formula is a functional integral representation of the kernel of

the semigroup generated by the Schrodinger operator

1
H= EPQ +V, (1.1)
for which it was originally derived. Here p = —iV is the momentum operator and

V' is a real-valued potential. The Laplacian gives rise to an integral representation
of the kernel of e in terms of the Wiener measure, while V' introduces a density
with respect to it. This implies that the ground state and various other properties of
H can be analyzed by running a Brownian motion under the potential V. Standard
references on applications to the spectral analysis of Schrodinger operators include
[Lie73, Lie80, Shi87, Sim&82|, with updated bibliography in [Sim04]. We also refer to
[DCO0] for an approach with the Feynman-Kac formula. While functional integration
can be extended to include several other operators also covering quantum field models
(see [LHBO09] and references therein), the analysis based on random processes having
almost surely continuous paths remained a basic feature.

In the mathematical physics literature there appear to be relatively few systematic
attempts in going beyond continuous paths to replace them with cadlag paths (right-
continuous with left limits), also allowing jump discontinuities. On the other hand, such
more general Lévy processes than Brownian motion prove to be useful in describing
important features such as spin in terms of path measures. Another source of problems
leading to paths with jump discontinuities are models featuring fractional Laplacians.

The aim of the present paper is to construct path integral representations for gener-
alized Schrodinger operators including both non-relativistic and relativistic Schrodinger
operators with vector potentials and spin. We propose a thorough study of this prob-
lem, extending the methods developed in [HLO8| to the case of Lévy processes with
cadlag paths.

By a generalized Schrodinger operator here we mean a Schrodinger operator in

which the Laplacian is replaced by a suitable pseudo-differential operator. Namely,



instead of the operator
1
S (p—a)?+V (12)

studied in [HLO8], where 0 = (01,09,03) are the Pauli matrices and a is a vector

potential, we consider a class of general self-adjoint operators of the form

v (5o b)) +v. (13)

where U is a Bernstein function on the positive semi-axis (see below). In particular,

this class includes not only relativistic Schrodinger operators

Vie-p—a)2+m2—m+V (1.4)
but also more general fractional Schrodinger operators

(o) v (15)

with @ € (0,2). The vector potential plays the role of magnetic field in appropriate
contexts, however, we will use this terminology for all cases we consider, even when
they may have other interpretations.

The application of functional integral techniques to relativistic Schrodinger opera-
tors, without magnetic field or spin, has been earlier on addressed in [CMS90]. The
process involved is closely related to 1/2-stable processes, which can be understood
in terms of a first hitting time process of Brownian motion. In the interesting papers
[ALS83, ARS91] a path integral for relativistic Schrédinger operators with vector po-
tential and spin 1/2 is presented, however, in a non-rigorous language. A functional
integral representation also has been established for the Schrodinger semigroup with
vector potential in [ITa86], applied in [Ich87] and completed in [Ich94], where, however,
the operator concerned was a pseudo-differential operator associated with the symbol
of the classical relativistic Hamiltonian defined through Weyl quantization. It should
be noted that the terms in (1.3)—(1.5) involving a vector potential cannot be defined as
pseudo-differential operators associated with simple and plain symbols. A further step
has been made by addressing various problems of potential theory and heat kernel es-
timates of more general a-stable processes [BB99, BJO7, BKM06, CS97, Ryz02, KS06,
GRO7, B09, KL10]; see also the influential early work [Bak87] involving the Cauchy

process. Such processes relate with fractional Schrodinger operators

1 a/2
(§p2) +V, 0<a<2, (1.6)



and are motivated by further models of physics, chemistry, biology and, more recently,
financial mathematics [BG90, BBACT02, EK95, MKO04].

Fractional Schrodinger operators and stable processes provide just one special case
of a sensible class of extensions. In the present paper we consider generalized Schro-
dinger operators obtained as Bernstein functions of the Laplacian to which we add an
external potential V' and, in various versions, a vector potential and a contribution from
a spin operator. In a sense, this is the greatest desirable generality as Bernstein func-
tions with vanishing right limits at the origin stand in a one-to-one correspondence with
Lévy subordinators. So our contribution may be more to mathematics than to physics.
However, as will be seen in this paper, it is more natural to consider the path integral
for generalized Schrodinger operators than the relativistic Schrodinger operators with
spin themselves. Subordinators are random processes with jump discontinuities and
can be uniquely described by specifying two parameters, the Lévy measure account-
ing for the jumps, and the drift function accounting for the continuous component of
the paths. Given a Bernstein function ¥ and a generalized Schrodinger operator HY

v .
tH™ can now be analyzed in terms

thereby obtained, the properties of the semigroup e~
of subordinate Brownian motion Byw. Here T is the subordinator uniquely associated
with W. Roughly speaking, Bpv is a cadlag process which samples Brownian paths at

random times distributed by the law of T}".

1.2 Main results

Throughout this paper we will use the following conditions on the vector potential.

Assumption 1.1 The vector potential a = (ai,...,aq) is a vector-valued function
whose components a,, pu = 1,...,d, are real-valued functions. Furthermore, we con-

sider the following regularity conditions:

(A1) a € (L} (RY))4.

loc

(A2) a€ (L (RY))? and V -a € L (R?).

loc

(A3) ae (L . (RY))? and V -a € L} (R?).

loc loc

(A4) d=3,a€e (L (R, V-aec L2 (R and V x a € (L2 (R?))3.

loc loc loc
Since we discuss several variants of Schrodinger operators, different by whether they
do or do not include spin, it is appropriate to explain here the notation. We define the
spinless operator through a quadratic form for a satisfying (A1) and denote it by

h = §(p —a)? (with no spin). (1.7)



We also define a Schrédinger operator with spin 1/2 through a quadratic form and will

be denote it by

hijo = %(O’ -(p—a))? (with spin). (1.8)

Using a suitable unitary map, we transform hy ;» on the space L*(R?; C?) = L*(R*)®C?
to a self-adjoint operator hz, on L*(R® x Zj). Here Zy = {—1,1} describes the state
space of a two-valued spin variable. Furthermore, we generalize spin from Z, to Z, and

denote the so obtained Schrodinger operator by
hz, (with generalized spin) (1.9)

acting on L?(R¢ x Z,), for d > 1 and p > 2. The relativistic versions of (1.7) and (1.8)
will be denoted by

W= =P —m, m >0,

h§712: Vie-(p—a))2+m?—m, m>0.

(1.10)

In this paper we will consider generalized versions of (1.10). Let ¥ be a Bernstein
function. Our main objects are
HY =V(h)+V  (with no spin),
(1.11)
H%’p = VU(hg,) +V (with generalized spin).

In particular,

U(u) =vV2u+m?—m
corresponds to (1.10). Under Assumptions (A2) (resp. (A3)), we will show that
Cg°(R?) is a form core (resp. operator core) of both W(h) and W(hz,). This is the
content of Theorem 3.3 below.

w
tH™ and

The key results of this paper are the functional integral representations of e~
e "%, derived under Assumption (A2) for bounded potentials V. They are presented
in Theorems 3.8 and 5.10, respectively. These are then further generalized to more
singular potentials in Theorems 3.14 and 5.14. Recall that the standard Feynman-

Kac-1t6 formula says that
(e V) = [ doy [[TBalg(BojeHietomite e Vo] (1.12)

Rd

with d-dimensional Brownian motion (B;);>o on Wiener space (Q2p, #p, P), where the
stochastic integral in the exponent is to be interpreted as a Stratonovich integral. For

HY = U(h) +V this formula modifies to (see Theorem 3.14 below)

- i ot o
(f, e—t(\I/(h)-i-V)g) — /dx E?gy [f(Bo)g(BTt\I')B_l s a(Bs)odBs , Jo V(Brw)d } o (1.13)
Rd



where T,Y is the Lévy subordinator on a probability space (2, .%,,v) associated with

V. In particular, it should be noted that the integrands change as

exp (—i /Ota(BS) 0 dBS) exp <—i /OT? a(B,) o dBS>
(- [ Vi) o (- [ V)

A similar situation occurs in the case including a generalized spin, see Theorem 5.14

and

below. By means of these formulae we are able to extend the definition of generalized
Schrodinger operators HY and Hipp to the case of external potentials having singulari-
ties.

Having the functional integral representations at hand allows us to construct a
strongly continuous symmetric Feynman-Kac semigroup for a large class of potentials
V' which we call U-Kato class. This will be dealt with in Theorem 4.8. Extension of
the standard Kato-class is also derived in e.g., [CMS90, Zha91] The generator of this

semigroup can be identified as a self-adjoint operator, which we denote by
KY (with U-Kato class potential). (1.14)

This offers then a notion of generalized Schrodinger operator with vector potential for
V-Kato potentials. As a further result, in Theorem 4.11 we show that the semigroup
e " is LP-L bounded for 1 < p < ¢ < 0.

Our results improve and generalize those of [BHL00, CMS90, ITa86, ALS83, ARS91,
Sim82, GV81|. Further applications to relativistic quantum field theory are discussed
in [HS09, Lor09a, Lor09b].

The paper is organized as follows. In Section 2 we discuss the details of the rela-
tionship between Bernstein functions ¥ and Lévy subordinators (7}");>o. In Section 3
we consider the spinless case. We establish the functional integral representation for
their semigroup and obtain diamagnetic inequalities. Furthermore, we show essential
self-adjointness of W(h) on C§°(RY). In Section 4, we define the space of ¥-Kato class
potentials and discuss their relationship with the Lévy measure of the associated sub-
ordinators. In addition we prove that the generalized Schrédinger semigroups obtained
for the W-Kato class is LP-L? bounded for 1 < p < ¢ < oo. In Section 5 we consider
generalized Schrodinger operators with spin. We extend 41 spins to spins of p possible
orientations by describing them in terms of the cyclic group of the pth roots of unity.
This gives rise to a random process driven by a weighted sum of p independent Poisson

variables of intensity 1. As a corollary, we derive diamagnetic inequalities.



2 Bernstein functions and Lévy subordinators

We start by considering some basic facts on Bernstein functions and their connection
with subordinators. For standard definitions and results on Bernstein functions we
refer to [Bochb, BF73, SSV10], for Lévy processes to [Sat99], to [Ber99] for a detailed
study on subordinators, and to [Huf69] for details on subordinate Brownian motion.
Bernstein functions appear in the analysis of convolution semigroups, in particular

they are a key concept in Bochner’s theory of subordination.
Definition 2.1 (Bernstein function) Let

B = {f € 0>((0, 00)) ‘f(x) >0 and (—1)" (Z—xf) () <0 forall n=1,2, ..., }

An element of & is called a Bernstein function. We also define the subclass

%Oz{fe%

Bernstein functions are positive, increasing and concave. & is a convex cone con-
taining the nonnegative constants. Examples of functions in %, include ¥(u) = cu®,
c>0,0<a<l,and ¥(u)=1—e"" a>0.

A real-valued function f on (0, 00) is a Bernstein function if and only if g, = e~/ is

w9 S0 for all

n =

a completely monotone function for all £ > 0, i.e., exactly when (—1)
integers n > 0. On the other hand, a result by Bernstein says that a function is com-
pletely monotone if and only if it is the Laplace transform of a positive measure, which
for each such function is unique. This leads to the following integral representation of

Bernstein functions.

Definition 2.2 (Class .¢) Let .Z be the set of Borel measures A on R\ {0} such
that

(1) A(=00,0)) = 0;

@ [ D) < oo

Note that each A € £ satisfies that fR\{O}(y2 A DA(dy) < oo so that A is a Lévy
measure.
Denote Ry = [0, 00). In the following proposition we give the integral representation

of Bernstein functions with vanishing right limits at the origin.



Proposition 2.3 For every Bernstein function U € By there ezists (b,\) € Ry x £
such that

U(u) = bu + / (1 — e ")A(dy). (2.1)
0
Conversely, the right hand side of (2.1) is in By for each pair (b,\) € Ry x Z.

For a given ¥ € %, the constant b is uniquely determined by b = lim, ., V(u)/u.
Moreover, since fli—i =b+ fooo ye V" \(dy) and fli—‘i’ is a completely monotone function,
the measure A is also uniquely determined; for details, see [BF73, Theorem 9.8]. Thus
the map %y — Ry x Z, U — (b,A\) with ¥ and (b,\) as in (2.1) is a one-to-one
correspondence.

Next we consider a probability space (£2,,.%,,v) given and the following special

class of Lévy processes.

Definition 2.4 (Lévy subordinator) A random process (1;)i>0 on (€,,.%,,v) is

called a (Lévy) subordinator whenever
(1) (T})¢>0 is a Lévy process starting at 0, i.e., v(To = 0) = 1;
(2) T; is almost surely non-decreasing in t.

Subordinators have thus independent and stationary increments, almost surely no neg-
ative jumps, and are of bounded variation. These properties also imply that they are
Markov processes.

Let . denote the set of subordinators on (€2,,.%#,,v). In what follows we denote
expectation by EZ [---] = [ ---dm® with respect to the path measure m® of a process

starting at x.

Proposition 2.5 Let U € %, or, equivalently, a pair (b, \) € Ry x £ be given. Then
there exists a unique (T})i>0 € .7 such that

Eo[e T = et (W), (2.2)

Conversely, let (13)i>0 € .. Then there exists V € Ay, i.e., a pair (b,\) € Ry x L
such that (2.2) is satisfied.

In particular, (2.1) coincides with the Lévy-Khintchine formula for Laplace exponents
of subordinators.

By the above there is a one-to-one correspondence between %, and ., or equiva-
lently, between %, and R, x .£. For clarity, we will use the notation T,¥ for the Lévy

subordinator associated with ¥ € 4,.



Example 2.6 (Stable subordinator) Let b =0, 0 < o < 2 and A € £ be defined
by
/2 1pw)(y)
(1 _ 04/2) y1+a/2 Y,
/2

AMdy) = T

where I" denotes the Gamma function. Then ¥(u) = u** € %, and the corresponding

subordinator T,¥ is given by

Eg [6*“7}\1/] _ eftua/Z.

Example 2.7 (First hitting time) Since ¥(u) = V2u+ m? —m € %, for m > 0,
there exists T}Y € .% such that

E[e 7] = exp (—t(m — m)> :

This case is thus related to the one-dimensional 1/2-stable process and it is known that

the corresponding subordinator T,¥ can be represented as the first hitting time process
T = inf{s > 0| By +ms =t} (2.3)

for one-dimensional Brownian motion (By);>o. In this case, moreover, the distribution

p(+,t) on R also is known exactly to be [App09]

L[t
p(r,t) = e™ exp (—5 (7 + mzr)) Lioooy(r), m >0. (2.4)

273

3 Spinless case

3.1 Generalized Schrodinger operators with no spin

Now we define the class of generalized Schrédinger operators on L2(R9), which we
consider in this paper. In order to cover interactions with a magnetic field we add a
vector potential to the momentum operator. Let d,, : Z'(R?) — 2'(R?), p =1, ..., d,
denote the derivative on the Schwartz distribution space 2'(R%) relative to the uth
coordinate. With the notation p = —iV and V = (04,,...,0,,), the Schrédinger
operator with vector potential a is formally given by %(p — a)?. We will define it as a
self-adjoint operator rigorously through a quadratic form.

Let D, =p, —ay,, p=1,...,d, where p, = —i0,,,. Define the quadratic form

p=1

with domain

Q(g) ={f e L’ RY)|D,f € L*(RY), p=1,...d}. (3.2)



10

It can be shown that, under Assumption (A1), the subspace (Q(q) is complete with
respect to the norm || f|l, = /q(f, f) + IfI> f € Q(q). Thus ¢ is a non-negative

closed form and there exists a unique self-adjoint operator h satisfying

(hf,9) =a(f,9), fe€D), geQ), (3.3)

with domain
D) ={f € Qa)la(f.) € L*®RY'}. (3.4)
The self-adjoint operator h is our main object in this section. We summarize some

facts about the form core and operator core of h [LS81].

Proposition 3.1 (1) Let Assumption (A1) be satisfied. Then C$°(RY) is a form core
of h. (2) Let Assumption (A3) be satisfied. Then C$°(R?) is an operator core for h.

Note that in case (2) of Proposition 3.1,

hfz%pr—a-prr(%a-a—(p-a))f'

Definition 3.2 (Generalized Schrédinger operator with vector potential and
bounded V) Let ¥ € %, and take Assumption (Al). Whenever V is a real-valued

bounded multiplication operator we call
HY =W (h)+V (3.5)
generalized Schrodinger operator with vector potential a.

Note that ¥ > 0 and W(h) is defined through the spectral projection of the self-adjoint
operator h. Furthermore, HY is self-adjoint on the domain D(¥(h)) as V is bounded.

3.2 Essential self-adjointness

Theorem 3.3 Take ¥ € H,.
(1) Let Assumption (A3) be satisfied. Then C§°(R?) is an operator core of U(h).
(2) Let Assumption (A1) be satisfied. Then C°(R?) is a form core of ¥(h).

PROOF. (1) Recall the representation (2.1). Since we have fol yA(dy) < oo and
floo A(dy) < oo by Definition 2.2, there exist non-negative constants ¢; and ¢y such
that U(u) < cqu + ¢ for all w > 0. This gives the bound

W (R)fI| < el fl + call £1] (3.6)
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for all f € D(h). Hence it can be proven that C5°(R%) is contained in D(¥(h)) and
(U(h) + 1)C5°(R?) is dense. Then (1) follows.

(2) Note that [W(R)2f[? < e V2 FI? + eollf? for f € Q(h) = D(h'/?), and
Cs°(R?) is contained in Q(¥(h)) = D(¥(h)?). Since ¥(h)/? + 1 has also bounded
inverse, it is seen by the same argument as above that C°(R?) is a core of W(h)"/? or

a form core of W(h). qed

3.3 Singular magnetic fields

th

Before constructing a functional integral representation of e, we extend stochastic

2
loc

may be more singular than f satisfying (3.7) below.

integration to a class including L2 _(R?) functions since the vector potentials we consider

Let (B;);>0 denote d-dimensional Brownian motion starting at z € R? on standard
Wiener space (Qp,.Zp, P*). Let f be a Clvalued Borel measurable function on R?

such that

5 [ [ 17Bopas] < e (37)

Then the stochastic integral f; f(Bs) - dBy is defined as a martingale and the It6

isometry
t
— 53| [ Irmras
0

holds. However, vector potentials a under (A.1) of Assumption 1.1 do not necessarily

2

B /0 f(B.) - dB,

satisfy (3.7). As we show next, a stochastic integral can indeed be defined for a wider
class of functions than (3.7), and then fot f(Bs)-dBs will be defined as a local martingale
instead of a martingale. This extension will allow us to derive a functional integral
representation of e~ with a € (LIQOC(Rd))d.

Consider the following class of vector valued functions on R

Definition 3.4 We say that f = (f1,..., f4) € &l if and only if for almost every
r € R?, the equality

t
P* </ |f(Bs)|*ds < oo) =1 (3.8)
0
holds for all t > 0.

Let R,(w) = n A inf {t >0 ‘f; | f(Bs(w))|?ds > n} be a sequence of stopping times
with respect to the natural filtration .# = o0(Bs,0 < s < t). Let 1x denote the

indicator function on X. Define

fa(s,w0) = f(Bs(W)) 1R, (w)>s) (W)- (3.9)



12

Each of these functions satisfies [;* | fn(s,w)[*ds = [;™ | fu(s,w)|*ds < n. In particular,
we have E%, [fot ]fn|2ds} < oo and thus fot fn - dBy is well defined. Moreover, it can be

seen that
tARm t
/ fo(s,w) - dB, — / f(s,w) - B, (3.10)
0 0
for m < n.

Definition 3.5 For f € &), we define the integral

t
/ f(Bs) - dBs —/ fn(s,w) - 0<t<R,. (3.11)
0
This definition is consistent with (3.10).

Lemma 3.6 The space &, has the properties below:

(1) Let f € &oc. Suppose that a sequence of step functions f,, n = 1,2, ..., satisfies
f(f | fn(Bs) — f(Bs)Pds — 0 in probability as n — oo. Then

lim fn s) - dBs = / f(B in probability.

n—o0

(2) The following inclusion holds: (L?

loc

(RY))* C Sac-

(3) Leta € (L3

loc

t 1 t
/ a(Bs) - dBs + = / V - a(Bs)ds
0 2 Jo

PROOF. Property (1) is standard: see e.g., [KS91, Proposition 2.26, p.147]. To see (2)
take f € (L 1()C(]Rd))d, then

(]Rd)) and V -a € LL _(R%). Then

loc

< 0o almost surely.

Jasss | [ xmalrmoras] < e < o

and hence

t
Ep [/ Xg(Bs)\f(Bs)IQdS] <oo, £€>0, aezxeR?
0

for any indicator function x, of the set HZ =&, €], Hence fo Xe(Bs)|f(Bs)|?ds < oo
for almost all w. For each w there exists b(w) such that supy<,<; |Bs(w)| < b(w). Take

¢ = £(w) such that € > b(w). Then [J]f(By(w))l’ds = [y xe(Bs(w)If(Bs(w))Pds <
00, implying P* (fo |f(Bs)|?ds < oo) =1, thus (2) follows. To see (3), note that

E:}cj[ } /ds/ dyxe(sy)|(V - a)(Sy)\t( _?;|d//22

t

Xe(Bs)V - a(B
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for any indicator function x¢, whence it follows that ‘ f(f V. a(BS)ds) < oo for almost

every w. Thus (3) is obtained. qed
For a € (L}

loc

(R%))4 such that V - a € Li (RY), we denote

loc

t t t
/ a(B.) o dB, / a(Bs)-st+% / V- a(B,)ds.
0 0 0

Proposition 3.7 Under Assumption (A2) we have

(e ) = [ | doy [FBnlg(Byefietwmin]. (312

Ra
PrROOF. Equality (3.12) is well known as the Feynman-Kac-1t6 formula, which in
[Sim04, Theorem 15.5] was shown for a € L% _(R?), however, with V -a = 0. We

loc

provide a proof of (3.12) under Assumption (A2) for a self-contained presentation.
By using a mollifier we can take a sequence a,, € (C5°(R?))4, n = 1,2, ..., such that
Yand V-a, — V-ain L _ asn — co. Let xg = x(2'/R) --- x(z?/R),

loc

a, — ain (L
R € N, where x € C§°(R) such that 0 < x < 1, x(x) = 1 for |z] < 1 and x(z) =0
for |x| > 2. Denote h = h(a). Since xra, — Yra as n — oo in (L% )% and yra — a
)%, it follows [LS81, Lemma 5 (3.17)] that e th(xran) —y e=th(xra)

as n — oo and e (xr9) s ¢7h(@) a5 R — oo in strong sense. Furthermore, (3.12)

as R — oo in (L%,
remains true for a replaced by yra, € (C5°(R9))<.
Since xra, € (C°(RY))4 and yra, — xga in (L?)% as n — oo, it follows that

/0 vi(B.)an(B.) - dB, — / vr(B.)a(B.) - dB, (3.13)

almost surely and since V - (xra,) = (Vxg) - an + Xr(V - a,) = (Vxr) - a+ xr(V-a)
in LY(RY), it furthermore follows that

/0 V- (xr(Boan(B.))ds — / (Vxr(B.) - a(Bds + xa(B)(Y -a(B.)ds  (3.14)

strongly in L' (Qp, dP®). Thus there exists a subsequence n’ such that (3.13) and (3.14)
with n replaced by n’ hold almost surely. Hence (3.12) results by a limiting argument

for a replaced by yra. Let

Q. (R)={weQp| max B¥(w)< R},

o b M >

O_(R)={weQp| min B'(w)>—R)}

It e

and

1) = | [ xe(Baa(s) -ap, - [ av)-am.|
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We show that I(R) — 0 in probability as R — oo. Note that the random variables

maxg<s<¢ B¥(w) and ming<s<; B¥(w) have the same distribution and

PYQ_(R)) = P*(Q(R :lj (|B| < R) = <ﬁ/ _y2/(2t)dy>d.

Since xg(Bs) =1 forall0 < s <ton Q,(R)NQ_(R), I[(R) =0o0n Q (R)NQ_(R),

we have

R ¢
ovR 20 g ) .
V2rt Jr Y
Hence limg o, P°(I(R) > 5) 0. Thus there exists a subsequence R’ such that
f(f Xr(Bs)a(Bs)-dBs — fo -dB, almost surely as R' — oo. In a similar way it is

PR 2.9 = PR 2 2,9, (R o () <2

seen that fot Xr(Bs)V - a(Bs ds — fo V - a(Bs)ds as R” — oo almost surely for some

subsequence R” of R'. Moreover,

/0 V(B - a(B.)ds = }1% /O "Vx(B./R) - a(B.)ds — 0 (3.15)

in probability, and then for some Subsequence R’ "of R”, (3.15) converges to zero almost
surely. Thus [ xw(B,)a(B,) o dBs — [ a(B,) o dB, almost surely, and (3.12) holds
for any a satisfying Assumption (A2). qed

3.4 Functional integral representation

Now we turn to constructing a functional integral representation for generalized Schro-
dinger operators including a vector potential term defined by (3.5).
—tHY

A key element in our construction of a Feynman-Kac-type formula for e is to

make use of a Lévy subordinator.

Theorem 3.8 Let U € By and V € L>®°(RY). Under Assumption (A2) we have

_ ¥ ot <
<mﬂwm=/?@£{ﬂ%mwwk%fwmmeﬁm@”- (3.16)
R

Proor. We divide the proof into four steps. To simplify the notation, in this proof
we drop the superscript ¥ of the subordinator.
Note that (3.12) holds, since (A2) is assumed.

(Step 1) Suppose V' = 0. Then we claim that

(e ¥0g) = [ aaBgs, [TBlg(By)e o024 (317)
R4
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To prove (3.17) let E" denote the spectral projection of the self-adjoint operator h.
Then

(f.c ¥ Mg) = /S s Bl (3.18)

By inserting identity (2.2) in (3.18) we obtain

(et ®g) = [ B vals, Blg) B2 (£, )]

Spec(h)

—th

Then by the Feynman-Kac-1t6 formula for e™*"* we have

(foev0g) =2 | [ o [FBaggtim)e ]|
R

thus (3.17) follows.

(Step 2) Let 0 =ty <ty < -+ <tn, fo, fn € L*(R?) and assume that f; € L=(R?) for
7=1,...,n—1. We claim that

(1m0 - e,

Jj=1

fo(Bo) (ny By, > ~oa(B) OdBS]-

(3.19)
For a concise notation we write G;(-) = f;() (HZ TRRC —( *tifl)‘l’(h)fi> (). By (Step 1)
the left hand side of (3.19) can be represented as

B
/dCZ:L' E?gy |:fO(BO)6—ZfO 1 Oa(Bs)OstGl(BTtltO)] .
R

Let #F = 0(B,,0 < s <t) and #} = 0(T,,0 < s < t) be the natural filtrations. An
application of the Markov property of B; yields

(fo, H e—(tj—tjl)‘lf(h)fj>
j=1

_ /dx Eica(x)y {fo( ) —i fO s)odBs EO Tt1 fl (BO) —i [y to—ty a(Bs)odBs GQ(BTtTtl )}}
R

ail

= [aemt, [fo< g)e o alBodB,
Rd
th i1+Tt1

G2 (Bry, 11,1, )

Hence we obtain

(fo, H e—(tj—tjl)‘lf(h)fj>
Tiy—tq tTtq

/de?D?w {fO(BO) —zfo a(Bs) OdBSEO|:f1(BTt1) Ty,

a(Bs)odBs

GQ(BTtl +Ttg—1tq ):| :| :
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The right hand side above can be rewritten as

Ty —ty o
/51&7 ]Ealcj,gy |:f0(BO) —zfo La(Bs)odBs fl(BTtl)Elj:tl |:€—lf0 27" q(By) dBSG2(BTt27t1 ):|:| .
R

Using now the Markov property of T; we see that

<f07 H e_(tj_tjl)qj(h)fj)
j=1

z —i ° —1 a(Bs)odBs
= /dCZZL' IE’ng |:f0(B0) fo B ) ngf (BTt1 )]ES |: fT GQ(Bth)
R

]

T
i thtf a(Bs)odBs

- Ty _
= /glx E%Y {fo(Bo)ezfo a(BS)OdBSfl(BTn)e GQ(Bth)} '
R

By the above procedure we obtain (3.19).
(Step 3) Suppose now that 0 # V' € L™ and it is continuous; we prove (3.16) for such

V. Since HY is self-adjoint on D(W(h)) N D(V) the Trotter product formula holds:

(f,e"g) = Lim (f, (e /m¥We=t/mVyngy

n—oo

(Step 2) yields

(f; eftH‘I’g> —  lim dx E?gy [f(BO)g(BTt) 7zf0 (Bs) oste ;L:l(t/n)V(Bth/n)

n—oo Rd

= r.h.s. (3.19)

Here we used that V(Br,(-)(w)) is continuous in s € [0,¢] for each (w, 7) except for at
most finite points, since s +— Br,(-)(w) is continuous except for finite points. Therefore
>y 2V(Br,,,) — fot V(Br,)ds as n — oo for each path and exists as a Riemann
integral.

(Step 4) An application of the method in [Sim04, Theorem 6.2] will complete the proof
of Theorem 3.8. To do that, suppose that V' € L*> and V,, = ¢(x/n)(V * j,), where
Jn = nig(zn) with ¢ € C°(R?) such that 0 < ¢ < 1, [P(z)dx = 1 and ¢(0) =

Then V,(z) — V(x) almost everywhere. The function V,, is bounded and continuous,
moreover V,(x) — V(x) as n — oo for x ¢ 4", where the Lebesgue measure of 4" is

zero. Notice that
Ef, [Lsnen] =B [1{Tt>0} / L @)Pre = y)dy| + 1y (2)E) 1] =0
R

for # ¢ . Here Py(z) denotes the d-dimensional heat kernel:

A~

P,(z) = (21s) "2 exp(—|z[*/(25)). (3.20)
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Therefore 0 = fot dSEJJQ’(,), [LiBreny) = Ef;g [f(f dsl{BTsez/V}}, for x ¢ A, by the Fubini
theorem. Thus for every z & 4, and almost every (w,7) € Qp x Qy the measure of
{t € [0,00) | Br,(n)(w) € A} is zero. Hence [ V,(Br,)ds — [o V(Br,)ds as n — oo

almost surely under P* x 1%, x & A4, and
[ oz, [FTBTa( et Hramane iona]
Rd

— /de;gﬁy [mg(BTt)e*ifoTt“(Bs)Osteffot V(BTS)dS}
R4

as n — 0o0. On the other hand, e H¥(W+Va) _y o=t(¥(M+V) gtrongly as n — oo, since
U(h)+ V,, converges to W(h) +V on the common domain D(¥(h)). Thus the theorem
follows. qed

Setting a = 0 and ¥(u) = u®? for 0 < a < 2, we have the so-called fractional

Schrédinger operator with exponent «/2:

1 /2
H, = <§p2> LV, (3.21)

for which Theorem 3.8 holds for example. For analytic results on fractional Schrodinger
operators for some potentials, e.g., ground state and heat kernel estimates, intrinsic
ultracontractivity, and related Gibbs measures see [KL10].

For a self-adjoint operator T" which is bounded from below, we use the notation

&r = inf Spec T here and in Sections 5 and 6 below.

Corollary 3.9 (Diamagnetic inequality) Let ¥ € %,, V € L*(RY), and Assump-
tion (A2) hold. Then

_+HY _ 2
|(f, e g)| < (|f], e 29 (3.22)
and the energy comparison inequality Eyp2/2)+v < Ew holds.

PrOOF. By Theorem 3.8 we have
B z - ds
(Foe gl < [ doBEL, [1£(Bollo(Brp)le Y]
R

The right hand side above coincides with that of (3.22), and &y (p2/2)+v < Epv follows
directly from (3.22). qed

Remark 3.10 In Definitions 3.13 and 4.9 below, we shall define the generalized Schrédinger

operators with singular potential V' and see them also satisfy diamagnetic inequalities.
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3.5 Singular external potentials

By making use of the functional integral representation obtained in the previous sub-

section we can now also consider more singular external potentials.
Theorem 3.11 Let Assumption (A2) be satisfied.

(1) Suppose that |V | is relatively form bounded with respect to W(p?/2) with relative
bound b. Then |V| is also relatively form bounded with respect to W(h) with a

relative bound not larger than b.

(2) Suppose that |V| is relatively bounded with respect to W(p*/2) with relative bound
b. Then |V| is also relatively bounded with respect to W(h) with a relative bound

not larger than b.

Proor. By virtue of Corollary 3.9 we have
|(F, e Pg)| < (| f], e g)). (3.23)

Then the proof is parallel with that of [Sim04, Theorem 15.10]. qed

Corollary 3.12 (1) Suppose that Assumption (A2) holds and let V' be relatively bounded
with respect to W(p?/2) with relative bound strictly smaller than one. Then ¥(h) +V
is self-adjoint on D(¥(h)) and bounded from below. Moreover, it is essentially self-
adjoint on any core of W(h). (2) Suppose furthermore that (A3) holds. Then C§°(R?)
is an operator core of W(h) + V.

PrOOF. (1) By (2) of Theorem 3.11, V is relatively bounded with respect to W(h)
with a relative bound strictly smaller than one. Then the corollary follows by the
Kato-Rellich theorem. (2) follows from Theorem 3.3. qed

Theorem 3.11 also allows W(h) 4+ V' to be defined in form sense. Let V =V, — V_
where V, = max{V,0} and V_ = min{—V,0}. Theorem 3.11 implies that whenever V_
is form bounded with respect to ¥(p?/2) with a relative bound strictly smaller than
one, it is also form bounded with respect to W(h) with a relative bound strictly smaller
than one. Moreover, assume that V, € LL (R?). We see that given Assumption (A1),

Q(I(h) NQ(V,) D C(RY) by Corollary 3.12. In particular, Q(¥(h)) N Q(Vy) is

dense. Define the quadratic form

a(f, f) = ()£ (R) 2 F) + (V2 RV ) = (VIR V) (3.24)

on Q(¥(h))NQ(V;4). By the KLMN Theorem [RS78] q is a semibounded closed form.
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Definition 3.13 (Generalized Schrédinger operator with singular V') Let As-
sumption (A2) be satisfied and V = V| — V_ be such that V, € Ll (R?) and V_ is
form bounded with respect to \II(%pQ) with a relative bound strictly less than 1. We
denote the self-adjoint operator associated with (3.24) by W(h) + V, — V_ defined as

a quadratic form sum.

Since we need (A2) to show the relative form boundedness of V_ with respect to ¥ (h),
(A2) is assumed in Definition (3.13).
Now we are in the position to extend Theorem 3.8 to potentials expressed in terms

of form sums.

Theorem 3.14 Let Assumption (A2) be satisfied. Let V = V. — V_ be such that
Vi € Li,(RY) and V_ is infinitesimally small with respect to W(5p®) in form sense,

i.e., for every € > 0 there exists a non-negative constant b. such that
1
1/2
V22712 < e 002 2112 + ball P

for all f € D(¥(1p?)'/?). Then the functional integral representation given by Theo-
rem 3.8 also holds for W(h) + V. — V_.

PROOF. Write
Vi(z), Vi(x) <n, Vo(z), V_(x) <m,
Vin(r) = { n. (@) V+Ex; ; n. Vom(x) = { m,< ) V_Exg ;m'

The proof is a slight modification of that of [Sim04, Theorem 6.2]. For simplicity we
write just W for W(h). We see that

strongly as m — oo, for all ¢ > 0, and we also obtain
etV A Van = Vo) L omt(v Ve - V’), (3.26)

for all t > 0, in strong sense as n — 0o. On the other hand, we look at the convergence

of the expression
t
/R ddefgiy [e* Jo(Ven=Vom)(Brg)ds 1 (3.27)

Here I = f(By)e—*Jo ' alB)odB: g(B.). Decompose I into its real and imaginary parts,
and further into their positive and negative parts R/ = R, —R/_ and S = 1, -/ _.

Then by (3.25) and the monotone convergence theorem

t
/ dx]E:ggV |:6_fo(V+,n_V7,m)(BTS\I/)dS€RI+i| _>/
R4

t
def::g,, [6_ Jo(Vin=V-)(Brw MS?RL_
]Rd
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as m — oo. Similarly, the remaining three terms R/_, &I, and $I_ also converge.

t
Thus (3.27) converges to / dx B3 [ei Jo (V+’”7V‘)(BT§’)dSI} as m — 0o. Moreover,
Rd

t t
/ daEL [e— s (V+,n—v,)(BT3)ds[} . / R [6— J (V+—v,)(BT3)dsI]
Rd RY

as n — 0o, by (3.26) and the dominated convergence theorem. Thus the proof is

complete. qed

4 V-Kato class potentials

4.1 Definition of V-Kato class potentials

In this section we give a meaning to Kato class for potentials V' relative to ¥ and
extend generalized Schrodinger operators with vector potential to such V.
It is known that the composition of a Brownian motion and a subordinator yields

a Lévy process. Recall that for given U € %, the random process
Xt : QP X Ql, > (W,T) — Bth;(T)(w) (41)

is called d-dimensional subordinated Brownian motion with respect to the subordinator
(T,¥)¢>0- Tt is a Lévy process whose properties are determined by the pair (b, A) in (2.1).

Its characteristic function is
B [e6X] = ¢ V&2 ¢ e RY (4.2)
Assumption 4.1 Let ¥ € %, be such that

/ e & e < 0o for all t > 0. (4.3)
Ra

Let U € %, and (b, \) € Ry x .Z be its corresponding non-negative drift coefficient
and Lévy measure, i.e., U(u) = bu+ [ (1 —e ") A(dy). It is clear that if b > 0, then
(4.3) is satisfied. In the case of b =0 but fo (dy) < oo, since supu>0 U(u) < oo, (4.3)
is not satisfied. Thus ¥ obeying (4.3) at least satisfies fo = o0 when b =0. In
this case we have

1

w22 [ 0= = 0= [ > 0= [ )

2/u?

Thus in case b = 0 and fol (dy) = oo, assuming that there exists p(u) such that

f2/u2 (dy) > p(u) and f e~ PE)d¢ < 0o, we can make sure Assumption 4.1 holds.
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Under Assumption 4.1 we define

1 —ix-& — .
p(o) = g | e g (1.4

and -

(x) = / e Mp,(z)dt. (4.5)

0
The function p;(z) denotes the distribution density of X; in (4.1) and II(z — y) is the
integral kernel of the resolvent (¥(p?/2) + A\)~! with A > 0, i.e.,
1 —_—
(£ (w2240 0) = [ Falgo)e - ey
R xR4

Clearly, p;(z) and IIy(x) are spherically symmetric. For f € Cg°(R?) it follows that

B LX) = [ f@hn(a)ds (4.6)

Hence for non-negative f € C$°(R?), the right hand side of (4.6) is non-negative since
so is the left hand side. Thus pi(z) > 0 for almost every z € R% By a limiting
argument with f — 1, we also see that p, € L'(R?) and ||p;||f1re) = 1 by (4.6).

We moreover compute II, as

B 1 00 T(d_l)/2
H)\(.T) = (271') d/2 |x‘(d_1)/2 /(; o \I](TQ/Q) \/T‘x’J(d_g)/g(?”‘.T’)dr,

with the Bessel function given by

1= (3) ey [ e tmoran = 3 L E0 2y

n=0

Note that sup,q v/uJ,(u) < oo.
Let

1wy = D sup ()],

a€cZd 2€Ca
where C, denotes the unit cube centered at a € Z% We introduce an additional
assumption on the distribution density py.

Assumption 4.2 Let p, be such that for each 6 > 0, sup;q || 1{jz>51P¢|[11(z) < 00.

Let f be a real valued function on R%. When r — f(rx) is non-increasing on [0, 00)
for all x € RY, we say that f is radially non-increasing. In d = 1 for a radially non-
increasing L'-function f it can be seen, by the definition of [*(L>), that there exists a
constant Cs = Cs(f) such that for each § > 0,

M ai>ayflln ) < Csll fller- (4.7)
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In the general case d > 2 it can be also seen that (4.7) holds for all radially non-
increasing f, see [CMS90, p. 131, Corollary]. In particular, Assumption 4.2 is satisfied

whenever p; is radially non-increasing, since ||p||z1 = 1.

Example 4.3 (a/2-stable subordinator) In the case of ¥(u) = u®? 0 < a < 2, it
is clear that Assumption 4.1 is satisfied. It is also known that the distribution density of
Brw (which in this case is symmetric a-stable process) is radially non-increasing. This
is obtained by a unimodality argument of spherically symmetric distribution functions;
see [Kan77, Theorem 4.1],[Wol78, Theorem 2|, [CMS90, p.132], [Yam78, Theorem 1],
and [Sat99] for details on unimodality. Then Assumption 4.2 is again satisfied.

Example 4.4 Let ¥(u) = v2u+ m? —m, m > 0. It is clear that Assumption 4.1 is
satisfied. The distribution function p; of Byw is expressed as
t 2 2 2 2
—d mt ,—+/ (lz[2+t2)(p?+m?)
pi(z) = (27)  — —— / e™e dp,
o) = om) e [ e

see [HS78, (2.7)]. Then p, is indeed radially non-increasing.

The next proposition allows an extension of ¥(p?/2) to Kato class.
Proposition 4.5 Let V' > 0. Under Assumptions 4.1 and 4.2 the following three
properties are equivalent:

t
(1) lim sup/ E5Y [V(X,)]ds = 0,
0

0 yeRrd

(2) /\lim sup ((\I/(p2/2) + )\)_IV) (x) =0,

00 zeRd
(3) lim sup / Il (x — y)V(y)dy = 0.
040 Lerd |lz—y|<8
PROOF. The proof is similar to that of Theorem III.1 in [CMS90], and is therefore
omitted. qed

Definition 4.6 (V-Kato class) Let Assumptions 4.1 and 4.2 be satisfied. Write V' =
V. — V_ in terms of its positive and negative parts. The W-Kato class is defined as
the set of potentials V' for which V_ and 1oV, with every compact subset C' C R?
satisfy any of the three equivalent conditions in Proposition 4.5. Here 14 denotes the

indicator function of C.

By (3) of Proposition 4.5 we can derive explicit conditions defining W-Kato class
using the relation of the Lévy measure of the subordinator with the associated Bernstein

function.
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4.2 VY-Kato class potential and L”-L? bound

In this section we construct Schrodinger semigroups with W-Kato class potentials and
show their LP-L9 boundedness. References on the LP-L9 bound for semigroups with

usual Schrodinger operators with magnetic field include [Sim82, BHLOO].

Lemma 4.7 Let V > 0 and ¥V € HB,. Suppose that Assumptions 4.1 and 4.2 hold.
Suppose moreover that V' satisfies (1) of Proposition 4.5. Then fort >0,

sup E5Y [efot V(Xs)ds] < 00. (4.8)
z€Rd

PROOF. There exists s > 0 such that sup,cpa E?gy[fos V(Xs)ds] = € < 1 by (1) of
Proposition 4.5. Then by the Khas’minskii Lemma we conclude that

Sup Ea;?g/ |:ef(f V(Xs)ds] S (1 _ 6)71.
rER?

Consider the image measure p of (X;);>o on the space D([0,00); R?) of cddldg paths.
Then EZ [elo V(Xds] = BE0  [elo V(X45] and clearly (X;)i=o is a Markov process with

respect to p. Furthermore,
E: [efo%v(xs)ds] —E [efos V(Xs)dsE;(s [efos V(Xs)dsH <(1-e2

Repeating this procedure we obtain (4.8) for all ¢ > 0. qed

The next result says that we can define a Feynman-Kac semigroup for U-Kato class

potentials.

Theorem 4.8 Let V € By and suppose that Assumptions 4.1 and 4.2 hold. Let V
belong to V-Kato class and let Assumption (A2) hold. Consider

.Y t
Ui f(z) = E”];’g,, [6_2 Jo" a(Bs)edBs o= o V(BTS\I')de(BTﬂ

Then U, is a strongly continuous self-adjoint semigroup. In particular, there exists a

self-adjoint operator K'Y bounded from below such that U, = et

PRrOOF. Let V =V, — V_. Hence by Lemma 4.7 we have

d

1017 < / dr B, [ 20 Ve (X2 B, [0 V-]
R

d

<, [wER, [0 < Gl
R
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where C; = sup,cpa E5% [e2J0 V=(X)45] Thys U, is a bounded operator from L2(R%) to
L*(R%). In the same manner as in Step 2 of the proof of Theorem 3.8 we conclude that
the semigroup property U;Us = U, holds for ¢, s > 0. We check strong continuity of
U, in ¢; it suffices to show weak continuity. Let f,g € C°(RY) and we write T} for T,¥

for simplicity. Then we have
(f,Usg) = /deggy [f(BO)g(BTt)e—ifoTt a(Bs)odBs ,— [y V(Br,)ds |
R4

Since Ty(7) — 0 as t — 0 for each 7 € Q,, the dominated convergence theorem gives

(f,Uwg) = (f9).
Finally we check the symmetry property U; = U,. By a limiting argument it is

enough to show this for a € (CZ(RY))%. Let

By = By(w,T) = Bry(r)-s(w) — Bryr)(w), 0< s <Ty(7).

Then for each 7 € €, ES 4 B, for 0 < s < T; with respect to dP*. Here Z dy
denotes that Z and Y are identically distributed. Let

1 ~ - _ -
lj=5 (a(fﬁ + Brj/m) +a(r + Bn(j—l)/n)) (Brjjn — Bry(i-1)/n)-

Then 377 I; — fOTt a(z + B,) o dBy in L2(Qp,dP) as n — oo. Thus there exists a
subsequence {Z;il i} of {377, Ij}, such that Z;L/:l I; — fOTt a(z+ B,)odB, almost

surely and
(f,Ug) = 11_r>n E?;’?w {/Six f(z)e™ Sl o V($+§Ts)g(x + ETt)}
n o0 R

by the dominated convergence theorem. We reset n’ as n. Changing the variable z to

y=x+ §Tt, we have
(f,Uig) = lim Ez., [/Rfyf (y — Br)e  Zi= leh V(y‘ETﬁgTs)g(y)} ,

where

1 ~ ~ _ _ ~ _
I; = 3 (a(y — Br, + Br,jjn) + aly — Br, + BTt(j—l)/n)) (Btyjjn — Bry(i-1)/n)-

Since Br, — B, 4 Br,—1,, we can compute lim, oo Y7, 7] in L?(Qp,dP°) as

T
0

nlggoz;[j = —/ a(B,) o dB,.
]:



25

Then we have

T ot <
(f, Utg) _ /gx E?gy [f(BTt)eJrzfo (l(Bs)OdBSe Jo V(Br,—1,)d g(I)} ‘
R

d .
Moreover, as Ty — T, = T;,_, for 0 < s < t, we obtain

(f, Utg) — /gx E?gy [f(BTt)e_i fOTt a(BS)oste— f(f V(BTs)d8:| g(a;) _ (Utf, g>'
R

Since U, is a strongly continuous self-adjoint semigroup, its generator KV is a symmet-
ric closed operator and there exists a € R such that (—oo,a) includes the resolvent of
KY by the Hille-Yohsida theorem. Then the spectrum of KV is included R, and hence
KY is self-adjoint. qed

Definition 4.9 (¥-Kato class Schrédinger operator) Let Assumptions 4.1 and 4.2
be satisfied. Let V be in U-Kato class and take Assumption (A2). We call K¥ given in
Theorem 4.8 generalized Schrodinger operator for W-Kato class potentials. We refer to
the one-parameter operator semigroup {e_“{wP :t > 0}, as the W-Kato class generalized

Schrodinger semigroup.

For U-Kato class potentials V' condition (2) of Proposition 4.5 implies that V_ is
infinitesimally form bounded with respect to ¥(p?/2). In this case ¥(p?/2) + V can

be defined in form sense.

Theorem 4.10 Suppose that Assumptions 4.1 and 4.2 hold. LetV be in V-Kato class
and take Assumption (A2). Then

KY=W(h) +V, ~ V.. (4.9)

PROOF. The proof is similar to that of Theorem 3.14. In the same approximation of V'

t(U(h) + Vi = Voim) —t(W(h) + Vi — V)

as in the proof of Theorem 3.14, we see that e~ —e

as n — 0o, and then et (V) + Vin = Vo) o—t(W0) + Vi = Vo)

the other hand Feynman-Kac formula of I,,,, = (f, et F Vin = V*””)g) satisfies that

as m — oo strongly. On

lim lim I, = /deﬂlggy [f(x)efifoTt a(Bs)odBs ,— [ V(BTs)g(BTt) )
R

m—00 N—00 d
Hence the theorem follows. qed

Put K for the operator defined by K'Y with a replaced by 0.
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Theorem 4.11 (LP-L9 bound) Let V' be a V-Kato class potential and assume (A2)
to hold. Suppose that Assumptions 4.1 and 4.2 hold. Then e " s a bounded operator
from LP(RY) to LYRY), for all 1 < p < q < oo. Moreover, |e™ " ||,q < le5,4
holds for all t > 0.

PROOF. By the Riesz-Thorin theorem it suffices to show that e & " is bounded as an
operator of (1) L®(R%) — L*(RY), (2) L}(R?) — L*(RY) and (3) L}(R?) — L>®(R%).
Since

e f ()] < e V| £ (), (4.10)

we will prove (1)-(3) for e *%¢ in a similar way to [Sim82]. qed

5 The case of operators with spin

5.1 Generalized Schrodinger operator with spin Z,, p > 2

Besides operators describing interactions with magnetic fields we now consider opera-
tors also including a spin variable. The Schrodinger operator with spin 1/2 is formally

given by
1

e = 50 (0= a))? (5.1

on L*(R3;C?), where 0 = (01, 09,03) are the Pauli matrices

o1 o —i oo
T ool 2T ool BT o~
Note that under Assumption (A4)

el =50 —a-pf + (o= 300 - o (Vxa))f (62

holds for f € C?°@Cg°(R?). In order to construct a functional integral representation for
e~z we make a unitary transform of the operator hy, on L*(R?; C?) to an operator
on the space L?*(R?® x Z,). This is a space of L?>-functions of x € R? and an additional

two-valued spin variable 6 € Z,, where
Lo ={—1,1} = {61,05}. (5.3)

Also, we define on L*(R? x Z,) the operator

1

(h2af)(2,0) = (0)(2,0) = 3005(2) (2,6) = 5 (1) = 00a(0)) (2, =0), (5.4
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where © € R?, 6 € Zy and (b1, bs, bs) = V x a. The operators hz, and hy o are unitary
equivalent, as is shown in [HLOS].

Next we generalize the operator hz, on L*(R3xZ,) by considering a similar operator
on L*(R? x Z,) for d > 1 and p > 2. Define Z, as the cyclic group of the pth roots of
unity by

Z, = {0y, ...09}, (5.5)
where
Re!
6P = exp (27?2—) , aeN. (5.6)
p

In what follows we fix p > 2 and abbreviate Hép ) simply to 03 for notational convenience.
Consider the finite dimensional vector space ¢*(Z,) = {f : Z, — C} equipped with the

scalar product (f, 9)e,) = ’;:1 f(05)g(05).
Now we consider the Schrédinger operator with spin Z,. We define a spin operator

with its diagonal part U and off-diagonal part Ug, 5 =1,...,p — 1, separately.
Definition 5.1 (Generalized spin operator) We define two functions below:

(1) (Diagonal part) Let U, : R? x Z, — R be such that maxgez, |U,(z,0)| is a

multiplication operator, relatively bounded with respect to %pQ.

(2) (Off-diagonal part) Let W5 : R? x Z, — C, 1 < 8 < p — 1, be such that
maxgez, |Ws(x,0)| is a multiplication operator, relatively bounded with respect
to sp?. Moreover, let Uz : R? x Z, — C be defined

1 -
Us(w,0a) = 5 <Wg(x,9a+5) + Wp,g(x,ea)) . a=1,.,p, f=1,.,p—1

(5.7)

Furthermore, we call My : L*(R? x Z,) — L*(R? x Z,,),

p
Mz, : f(@,02) = Y Us(@,02) f(2, Oucr) (58)
B=1
the generalized spin operator on L?*(R¢ x Z,).
Below we will use the notation
up(r) = max|Us(z,0)[, 1<7<p. (5.9)
ELp

Clearly, ug(x) is a multiplication operator relatively bounded with respect to %pZ, ie.,
there exist ¢z > 0 and bg > 0 such that

1
lusfll < 05|!§p2f|\ +osllfll, B=1,...p, (5.10)
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for all f € D((1/2)p?). These definitions of Uy cover, in particular, the Z, case of the

Schrodinger operator associated with spin 1/2.

Example 5.2 (Spin 1/2) Let d =3 and p = 2. Define
1
Wl(x,Q) = —§(b1(ilf) + 29b2(:v)), 0 e Zs.

Then #; = —1, 6, =1 and by (5.7) we see that

1
Ul(x,e) = §(W1($,091) + Wl(x,H)), 0 c ZQ.

It is straightforward to see that Wi(z,00,) = —3(bi(x) — i6by(x)) = Wi(z,6), hence
the off-diagonal part is Uy (z,0) = —1 (b1 (x) — i0bs(x)), while the diagonal part is given
by Us(z,0) = —356bs(x), both of which coincide with the interaction in (5.4)

Example 5.3 Let p > 2, and W3(0) = W(0) = —5(by +i6b,) for 1 < 3 < p—1. Then

1 —_— 1 Bosp—0,_o
UB(QQ) = 5 (Wg(@a_Ha) + Wp_g(ga)> = —5 (b1 + Z—’_ﬁprg) . (5.11)
This gives one possible generalization of the case of spin 1/2 of Example 5.2.

Definition 5.4 (Schrédinger operator with generalized spin) Let h be the gen-
eralized Schrodinger operator defined in (3.3). Under Assumption (A1) we define the

Schrodinger operator with generalized spin Mz, by
hz, =1&h + Mz, (5.12)

Above we made the identification L*(R? x Z,) = (*(Z,) ® L*(R?). Formally, hz, is

written as

(thf)(l", Oo) = (%(p - a($>)2 + Up(z, 904)) f(z,0) + Z Up(z,0a) f(2,0015) (5.13)
5=1

We introduce assumptions on the generalized spin:

Assumption 5.5 Let Ug be defined in Definition 5.1, ug by (5.10) and cg by (5.9).

We consider the following conditions:

(U1) X% s <1

(U2) ug € L®(R?) for B=1,...,p
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Assumption (U1) is a sufficient condition for self-adjointness of Schrodinger operator
with generalized spin. (U2) is a stronger assumption than (Ul). (U2) is used to con-
struct a functional integral representation for the Schrodinger operator with generalized
spin. Although (U2) can be relaxed, we do not consider weaker conditions here; see
[HIL11], where we shall discuss relativistic Schrodinger operator with spin 1/2 under

weaker conditions than (U2).

Theorem 5.6 Let Assumption (A2) and (U1) be satisfied. Then hyz, is self-adjoint on
(*(Z,) ® D(h) and bounded from below. Moreover, it is essentially self-adjoint on any
core of 1 @ h. In particular, (*(Z,) ® C5°(R?) is an operator core of hz,.

PRrRoOOF. It can be seen that

Zg(l‘,@a) (Z W5($,9a+5)f(x,9a+ﬁ)> = Z (Z Wp—ﬁ(xvgv)g(x7gw+ﬁ)> f(z,0,)
a=1 B=1

B=1 =1

for every € R%. Then it follows that

(g(ZE, ')7 Mpr(‘Tv '))ZQ(Zp) = (MZpg(xv ')7 f(xa '))ZQ(Zp)

and Mz, is symmetric. Its norm can be estimated as || Mz, f|| < > 25, (1 ® ug) f|| by
Definition 5.1. Then with hg = %p2 and E > 0, we have by the proof of Theorem 3.11,
lug(h + E)~"gll < [lug(ho + £)~"|glll, and hence

p p
1Mz, £l < Nlug(ho + E) 1@ (h+ BV <D call(1@h)f|l + b f]
p=1 p=1
with a suitable constant b. Thus the claim follows from the Kato-Rellich theorem. ged

Definition 5.7 (Generalized Schrédinger operator with spin) Suppose that As-
sumption (A2) and (U1) hold. Recall that &, denotes inf Spec(hz,). Let ¥ € %, and
put
hy, if é"th >0,
hz, = (5.14)
th — éath if éoth < 0.

We call the operator
Hy =V (hg,) +V (5.15)

generalized Schrodinger operator with vector potential a and spin Z,.

Corollary 5.8 Suppose that Assumption (A2) and (U1) hold. If V € By, then
(*(Z,) @ Cg°(RY) is an operator core of U(hg,).

PROOF. Since hy, is essentially self-adjoint on (*(Z,) ® C§°(R?), the corollary can be

proven in the same way as Theorem 3.3. qed
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5.2 Functional integral representation

In this subsection we give a functional integral representation of etz by means of
Brownian motion, a jump process and a subordinator.

Let (N )0, B = 1,..,p — 1, be p — 1 independent Poisson processes with unit
intensity on a probability space (Qy,.Zy, i), i.e., p(N} = n) = e~'t"/n!. Define the

random process (NV;)i>o by
p—1
N, =) BN/ (5.16)
B=1
Let #N = o(Ny,t < s) be the natural ﬁltration Then since NV, is a Lévy process, it

is a Markov process with respect to 7#;". We write E,[f(N; + «)] as ES[f(N;)]. Also,
ES[1ny=a) = 1. Define

[t = Y g (5.17)

It can be seen that

B | [ ovoaw| — | [Cavas). (5.18)

The next lemma is an extension of a result obtained in [ALS83, HLOS].

Lemma 5.9 Suppose that Assumptions (A2) and (U2) hold, and
t A
/ ds/ dyPs(z — y)|logug(y)| < oo, B=1,...,p—1, (5.19)
0 R
where P(x — 1) is the heat kernel given by (3.20). Then
(. P g) = o1 Z / ar By, [FBo O la(Bubn)e] . (520
Rd
where S = S, + Sepin and
¢
Se = —2'/ a(Bs) o dBs,
0

¢ p—1l it
Sspin = _/ UP(BS7 eNs)dS + Z/ 10g<_U5(BS7 eNs—))stﬁ
0 5= Jo

Here we take log z with the principal branch for z € C.
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PRrROOF. First assume that the diagonal part U,(z,0,) and the off-diagonal part
Us(z,0,) are continuous in z and a € (C5°(RY))4. Since from (5.19) and (5.18) it
follows that

t+ t R
i | [ ou(-UnB b 01aN2 | < [Las [ Pt plogustolay < .

we note that

t+
/ |log(—Us(Bs, 0. ))|dN? < oo (5.21)
0
almost surely. By the estimate |cSepin| < ¢||tp]loot + ZZ;II | log ||lus||s, [N/ and the
equality
p—1 p—1
Eg exp <Z7‘5Nf>] = exp <tz " —1) )
B=1 B=1

for rg € R, we have for ¢ > 0,

< exp (t <cuupuoo + S (sl - 1))) , (5.22)
B=1

where ug is given in (5.9). Denote

B35, e )

w w w+
Ziu] :—z’/ a(BS)odBS—/ U, (B, O, ds+2/ log(—Us(Bs, O, ))dN?

and let
Pig(z,0,) = Ejﬁ,’i‘u [eZ[valg(Bt,GNt)} .
Let g € (*(Z,) @ C§°(R?). By using the Schwarz inequality and setting ¢ = 2 in (5.22)

we have the estimate

p—1
[Peg|l* < exp (f <2||u,,||oo + > (lusllz — 1))) lgll*.
B=1
Thus P; is bounded. We show now that {P; : ¢ > 0} is a Cy-semigroup with generator
—(hz, +p—1),ie, (1) Po = I, (2) P,P, = Py, (3) Pyg is continuous in ¢ and (4)
1
hm (Ptg g) = —(hz, + (p — 1))g in strong sense. First, (1) is trivial. To check (2)

notlce that
P/P,g(x,0,) = E}S, [ez[o,ﬂEg;ft [e710 g(BS,HNS)]] . (5.23)

By the Markov property of B, we have

t+s
(5.23) = EB3, [ez[ovﬂ exp (—z/ a(B,) o dBr>
¢

exp(/ Uy(Biir, On,) dr—i—Z/ log(—Ug(Bytr—, On,_ ))de) g(Bt+s,€NS)]].

(5.24)

E)
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Furthermore the Markov property of N; yields that

(5-24) ESJCD(;M [ Z[O’t]ez[t’t“]g(BtJrs?9Nt+s)} = Ps+t9(1’,9a)'

This proves the semigroup property (2). Next we obtain the generator of P;. An
application of the It6 formula (see Appendix A) yields that

p—1 t+ p—1
dNt = Z/ ﬁstﬁa deNt = Z(QNH-B - gNt)
p=1"0 B=1

and
t 1 t
dg(Bubn) = [ VoBuow)-dB.+ 5 [ Ag(Box)ds
0 0
+Z/ 9(Bs,On,15) — 9(Bs, 0n,))dNJ
t 1 t
de?on = / eZ0s (—ia(By)) - dB + 5/ eZ051(—iV - a(By) — a(By)?)ds
0 0

¢ p—l g
_/ eZ[O’S]Up(BsueNS)dS+Z/ eZ10.5-] (elog(fU,e(Bs,eNr)) _ 1) stﬂ'
0 0
B=1

The product formula (see Appendix A) d (eZ04lg) = de?l4 - g + e”04) - dg + de?io - dg

furthermore gives

t
1
d (e?0g) (By, Oy,) = / e {‘Ag(Bs, On,) — ia(Bs) - Vg(Bs,0x,)
0

(o

t
+/ eZno, Sl Vg By, 0n,) —ia(Bs)g (35,9N5)> - dB;
0

l\DIr—t

—iV - a)(B,) — za(Bs)* — Up(Bs,eNs)) g(BS,QNS)} ds

p—1
- / e10.-] (9(33,9st+ﬁ)el°g(7U5(Bs’9NS*))—Q(BS,QNFD dN.
p=1"0

Taking expectation values on both sides above yields

L= = [ as [ TG, 600
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Q
—~
VA
~
I

1 1 1
eZ10,5] <§A —ia(Bs) -V + 5(—@'V ~a)(Bs) — 5@(35)2 — U,(Bs, 9Ns)> g(Bs, 0n,)

+ Z 62[073] (g(BS7 0N9+6)€10g(_Uﬁ(Bg70NS)) - g(B57 QNS)) ’
1

1

(=09 +a)(B) ~ 5a(Ba)? ~ Uyl Basx) ) (B )

F T

G(0) = (%A ~ iaf

N | —

)V o+

+Z —Us(Bo, On,)9(Bo, Ong+5) — 9(Bo, On,))
= —(th + ( - ))g(([), 9&)-

Note that Ug(x, ) and a,(z) are continuous in . Therefore G(s) is continuous at s = 0
for each (w,7) € Qp x Qy, and E57 [G(s)] is continuous at s = 0 by the dominated

convergence theorem. Thus

lim — (f, (Pr—=1)g) = (f, =(hz, + (p = 1))g)

t—0

follows. Finally, the strong continuity (3) follows from (2) and (4), and hence
PP, g = et g, (5.25)

By a similar approximation argument as in the proof of Proposition 3.7, (5.25) can
be extended to a obeying Assumption (A2). Finally, we extend (5.25) for Uz given in
Definition 5.1. By using a mollifier it is seen that there exists a sequence U, én)(x, 0,),
n = 1,2,3,..., such that they are continuous in = and converge to Us(x,0,) for each
x as n — oo, and ||U[§n)(-,9a)||OO < ||Us(+, 0a)||co- For each fixed 7 € Qy there exists
r1 =7r1(7),....,rnr = (1), where M = M (1), such that

p—1 M
-1 pt+ B
62§:1 o log(~=Ug(Bs,0n,_))dNs HH Uﬁ BT‘L79N )) (526)
B=11i=1
Then for each 7 € Qy,
lim eXb=t Jo T log(=US" (Bubn, )ANS _ [Y5ZY fiT log(~Ups(Bs O, ))dNS (5.27)
n—oo
In the same way as above we can also see that e~ Sy U5V (Bodnds _y o= Jo Up(Ban)ds o

n — oo almost surely. Therefore by the dominated convergence theorem (5.25) holds
for such Ug and U. qed

e 2a%
Now we can state and prove the functional integral representation of e tH,
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Theorem 5.10 Let ¥ € B, and V € L®(RY). Let Assumptions (A2) and (U2) be

satisfied, and suppose

[otrvr [as [ apuo-plogusl <o p=lip-1. 629

R 0 R

where p(r,t) is the distribution density of T,Y on R and ug is given in (5.9). Then
foe M g) = Z / Az B, [V F(Bo,Ono)g(Brs,On,0 )", (5.20)

where SY = Sy +SY + SY,. and

spin

t T,
St =~ [ ViBras, st =i [ atp)ean,
0 0

(

Tt\I/ T\I/+
_ / (U (Bs,On,) — &, ds+z / log(—Us(Bs, 0, ))dN?
0
v if éoth < 0,
Sspln = Tt\Il
[ (o) ds Z / log(—Us(B,. 0, ))AN"
X if &, > 0.

PROOF. Since from (5.28) it follows that

Y+
]Expf:;?Xl/ [/0 Hog(_Uﬁ’(BsﬂeNs)”stﬂ]

< [otrtyr [ ds [ Pula—y)ltogustuldy < .
R 0 R4

we notice that fOTt\PJr |log(—Ug(Bs, 0n,_))|dNP < oo almost surely. Using Lemma 5.9
we obtain similarly like in the proof of (3.16) that

(fe % Z / def;i‘fXV Wl)Tf’ f(BO,HNO)g(BthJ,HNTE,) S H55m | (5.30)

Let 0=tg <t; <--- <t, =t. We show that

(fo, H e(tjtj—l)‘l’(th)fj>
P —_— w '
= Z/dwEﬁifxu [ " fo(Bo, O, (Hfa Bry, O ¢)> S+ apin

. (5.31)

|
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This can be proven in the same way as in Step 2 of the proof of Theorem 3.8 with the
d-dimensional Brownian motion B; on (Q2p, #p, P*) replaced by the d 4+ 1 dimensional
Markov process (By, Ny) on (2p X Qn, Fp X Fy, P* x ) under the natural filtration.
Note that when V' is continuous, by the Trotter product formula and (5.31) it follows
that

(f’e_tHippg> — lim <f’ <€—<t/n>w(th)e—<t/n>V>" g)

n—00
- z,0,0
- > [,
R4

- -y Liv(B
[e(p_l)Tt\pf(BoaeNo)e = < T}IZ/n)g (BTt,QNTt\I,> S\PJ“ngm]

x,x T /D 0\ v
_ Z/Rd B, |07 F (Bo,Ong)g (BrssOny ) 7] -

Hence the theorem holds for continuous V. This can be extended for V € L>(R?) in
the same way as in Step 4 of the proof of Theorem 3.8. qed

Remark 5.11 In the case of ¥(u) = v/2u + m2—m, the distribution of T, is explicitly
given by (2.4).

Now let h%p be defined by hz, in (5.12) with @ and Ug, = 1,...,p — 1, replaced by
0 and |Ug|, respectively, i.e.,

3
L

(hz, f) (2,0a) = %p2f (#,00) + Uy (2,00) [ (2,60) = p_|Us (z,0)[f (2,0045) . (5.32)

1

™
Il

Let
h%p if é"h% >0,

hy = (5.33)
h%p - gh% lf gh% < 0

An immediate corollary of Theorem 5.10 is

Corollary 5.12 (Diamagnetic inequality) Under the assumptions of Theorem 5.10

we have hz, — @@h% > 0. Moreover,
P

(1) z'fé"h% >0, then

(1.7 0m)e)g) | < (yf| (v (2,)+) 4 |> (5.34)
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(2) if é"h%p <0, then
()

<& .
+V T (th —gh%p ) +V

< (yf|,e—t(“’(%)+v)|g|) (5.35)

and g\y (@)

PRrRoOOF. Note the estimate

exp <p2_1 /OTt\I’Jrlog (—Ug <9N§_)> de)
B=1

p—l Tt\I/+
< exp (Z / log |Us (eNB ) de§> _
=170 .

(5.36)

Let ¥(u) = u and then T,Y = ¢. Theorem 5.10 and (5.36) imply that

20

[ (e "ng) | < (1], lg]). (5:37)
This further implies &, < &, , thus hz, — &g > 0 holds. (5.34) and (5.35) fol-
low similarly by Theorem 5.10 and the estimate (5.36). &, (1) +v < cf‘q,(th) Ly and
< i i . . -
&, (h)sv = é"\y (th—é”hg ) are an immediate consequence of (5.34) and (5.35), re
spectively. ’ qed

Theorem 5.13 Let Assumptions (A2), (U2) and (5.19) be satisfied. If |V| is relatively

bounded with respect to W h_%p with a relative bound b, then |V| is relatively bounded

with respect to ¥ (h_Zp) with a relative bound not larger than b.

PrROOF. We prove the theorem in the case of éah% < 0; the case é”‘h% > 0 is simpler.
P P

By assumption we have for every ¢ > 0,

VA< b+ o)lw (R,) Il + . (5.39)
In virtue of Corollary 5.12 we have
—1 —_ —1
VI (v (h, — &,) +B) S _IvI(2 (78,) +5) 17l

il N nal

By (5.38) the right hand side of (5.39) converges to a number smaller than b+ ¢ as
E — oco. Thus

(5.39)

VA< G+ (e, — & ) Fl+ el (5.40)

follows with some constant ¢,. Let X <Y and X < 0. From (2.1) we see that

V(u—X)—T(u—Y)=0bY —X)+ /OO e~ — ==X \(dy), u>Y.
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Hence sup,>y [¥(u — X) — ¥(u —Y)| < (Y — X). From this and &y < &, we
obtain that
sup |V (u — éaho ) = W(u— 6y, )| < V(Eh,, — é"hgp).

u>£}hZ

Thus the spectral decomposition yields that
10 (hz, — &ng VIl < [W(ha, = &, ) FIl + U (Ehs, — Epg IS

Then the theorem follows together with (5.40), since € is arbitrary. qed

We have the immediate consequences below.

Theorem 5.14 Let Assumptions (U2) be satisfied, and suppose that V is relatively
bounded with respect to W(h_%p) with a relative bound strictly less than 1. Moreover,
assume (5.19).

(1) Let Assumption (A2) be satisfied. Then Hipp is self-adjoint on D (VU (hz,)) and
essentially self-adjoint on any core of ¥ (h_Zp) In particular, under Assumption
(A3) the operator Hiyp is essentially self-adjoint on C§°(R?).

(2) Let Assumption (A3) be satisfied. Then the functional integral representation of
_tHiI’p . .
e is given by (5.10).

PROOF. (1) is trivial. (2) is proven in a similar way to the approxiamtion argument
in Step 4 of Theorem 3.8. qed

A Appendix

Let F € C*(R). The differential of the transformed process dF(L;) can be computed
by the following It6 formula.

Proposition A.1 (Ité formula) Let .#; = o((Bs, N?),0 < s <t,8=1,...,p) be the

natural filtration. Consider

t
Li:/ f%s,w)ds—l—/ (s,w) - dBy —I—Z/ hZ (s, deﬁ 1=1,...,n
0 0

where f'(-,w) € Li.(R) a.s, g* € ioc and hiy(s,w) is adapted with respect to F, left
continuous in s and fg+|hiﬁ(s,w)|d]\ff < o0 a.s. Take F € C*(R™). Then for the
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random process F(L;) the expression

F(Ly) — Z/ L) fi(s ds+2/ Fij(Ly)g'(s) - ¢’ (s)ds

2,7=1

+ Z/ -dBg + Z/ F(Ly_ + hg(s)) — F(L,_))dN?
holds. Here F; = O;F and F;; = 0;0;F.

Furthermore, the following form of the product rule holds.

Proposition A.2 (Product rule) Let (L;)i>o and (My;)i>o be two random processes.
Then LM, — LoMy = fot dL, - M, + f(f Ly-dM, + fot dLg - dMg, computed by the rules
dtdt = 0, dB/"dt = 0, dB!'dBY = 6,,dt, dN*dN} = 0, dN®dt = 0, and dN*dB, = 0.

For proofs see, for instance, [[W81, LHB09].
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