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Abstract

The aim of this paper is to give an extension of the improved Sobolev embedding
theorem for single-valued functions to the case of vector-valued functions which is
involved with the three-dimensional massless Dirac operator together with the three-
or two-dimensional Weyl-Dirac (or Pauli) operator, the Cauchy—Riemann operator and
also the four-dimensional Euclidian Dirac operator.
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1 Introduction and Results

The improved Sobolev embedding theorem is the following inequality: For 1 < p <
q < 00, there exists a positive constant C' only depending on p and ¢ (and n) such that
17

lelly < CIVAIE 1l 60 (L)
for every C-valued function 1) on R™ which satisfies Vi) € LP(R™) and belongs to the
Banach space B%(&_Q)(R”), where V = (01,...,0,), 0 = 0/0z;, i =1,2,...,n. Here
with a < 0, BS, . (R") stands for the homogeneous Besov space of indices (a, o0, 00)
with norm

1l Ba, . = supt™*/?[[e"2]lo (1.2)
t>0

(e.g. [T, Sect.2.5.2, pp.190-192]). Here 2 stands for the heat semigroup acting on
the C-valued functions 1) on R”, where A is the Laplacian in R”, and ||e/2¢|| =
sup, |(e®9)(x)|. This was shown by Cohen et al. [CDPX] (cf. Cohen et al. [CMO])
and Ledoux [Le]. In fact, (1.1) is a very general inequality which covers not only



the classical Sobolev inequalities ||¢]|, < C||V¥||, with % = }D —L1<p<n, for
every function ¢ vanishing at infinity in a certain mild sense, but also the Gagliardo—
Nirenberg inequalities

1 1 T
< pla||pt-p/e)  Z — = T 1.
Wl < CUVOIGEIw "2, 2 =2 =0 (1.3)

In all the inequalities the functions 1 are supposed to be single-valued functions.
In this work we will show an inequality like (1.1) for the case where the v are vector-
valued functions. Of course, inequality (1.1) holds also if one replaces single-valued
functions v by vector-valued functions f, understanding their semi-norm ||V f||, on
the right-hand side of (1.1) in the sense of (1.11) as below. But what we want to have
is an inequality in the situation where the semi-norm concerned with the first-order
derivatives is related to the massless Dirac operator

a-p=a1p; tazpytazpy = a- (—iV) = —i(a101 + asds + a303), (1.4)

therefore, acting on C*-valued functions f(x) = ¢(f1(z), f2(x), f3(x), fs(x)) defined in
special 3-dimensional space R3, though not in general R”. In (1.4), a := (a1, a2, a3)
is the triple of the 4 x 4 Dirac matrices which satisfy the anti-commutation relation
aoy + apa = 20504 j,k = 1,2,3, where Iy is the 4 x 4-identity matrix. We are
concerned mainly with what are usually called “Dirac matrices”:

aj = ( 0 (of; > (G=1,2,3) (1.5)

gj

with the 2 x 2 zero matrix 02 and the triple of 2 x 2 Pauli matrices

(O e (U ) (2 0). s

In the beginning let us confirm the notations to be used about norms for vectors
and functions. First of all, the absolute value of a number ¢ := a + ib € C is denoted,
as usual, by |c| := va? + b%. Next, we shall use the standard notations of the ¢ and
£> norm for an m-vector a = (a1, as,...,a;,) € C™:

m
laler 1= (3" arl?) 7 = (lar? + lagl? + - + lamP) /7, 1< p < oo
k=1
lalee = VL la] = aa] VJaz| V-V al, (L.7)

where by V by V -+ V by, denotes max{bi,ba,...,bp}. The LP and L*° norms for a
C™-valued function f(x) = t(fi(x), fa(x),..., fm(x)) are given, respectively, by

/
1o = ( [17@thds) ™" 1<p<oc, (18)

In [IS] we considered the case m = 4 and introduced the semi-norm

1/p
(e p)flly = /wmp dr) . 1<p<oe,

3 4 3
(- p)f —Izajp] p=ZI(Zajpjf)k(w)lpZZI(Zajajf)k(w)p
k=1 j=1 k=1 j=1



for f(x) = Y(fi(x), f2(2), f3(x), fs(x)) defined on R3. The Banach spaces obtained
as completion in the norm | flla-p1p = (|5 + (e - p)f|B)/P of the linear space
C§°(R3; C*) and the linear space {f € C®(R3;C"); £, (avp)f € LP(R3;C*),j = 1,2,3}
were denoted in [IS] by Hj LP(R3) and H'?(R?), respectively. However, in the present
paper we denote them by ;pO(R‘g C*) and HAE P(R3; C*), respectively.
Note that
(- D) fllp < 3PV £, (1.10)

where

Vsl = ([ Ivs@lds) ", Vi@l - S =35 e

J=1 j=1k=1
(1.11)
A proof of (1.10) only uses that || 330", ¥, < mlf(l/p)(zz-":l |4 |ID)/P for single-
valued functions v¢;, j = 1,2,...,m, an inequality following from Hoélder’s inequality.
As is the case for the Sobolev spaces of single-valued functions, so does coinci-
dence hold for our Dirac-Sobolev spaces of vector-valued functions: H, iigo(R?’ ;CY) =
HYP(R3: CY) = Wah(R3;CY), where the last space is the Banach space of all f €
LP(R3;C*) such that (o - p)f belongs to LP(R3 C*). It is shown in [IS] that, for
l1<p<oo, H a”; o(R3; C4) coincides with Hy?(R3;C*), the completion of C5°(R3; C4)
in the norm || |1, := (| fI5+ IV £||5)/P, while for p = 1 the latter is a proper subspace
of the former.
With a < 0, let BgQOO(R";(C‘L) be the homogeneous Besov space for Ci-valued
functions f(z) on R" of indices (a, 0o, 00) with norm

I fllBe, . = supt™?|| Pif | co. (1.12)
’ t>0

Here P, := et™4 = 2, (I, : 4 x 4-identity matrix) stands for the heat semigroup
acting on the C*-valued functions f on R™, where A is the Laplacian in R”, et®
being the heat semigroup acting on the C-valued functions on R", and ||P;f|lec =
sup, | P ()]s = sup, Vi_y e ()]

With the notations above concerning vector-valued functions, it is easy to see the
following trivial version of (1.1) for C*-valued functions f holding : For 1 < p < ¢ < oo,
there exists a positive constant C such that

Ifllg < CUVFIEIAN p/&{q@ (1.13)
B3

for every C*-valued function f € BZ  (R™;C*) which satisfies ||V ||, < oo, there-
fore, in particular, for every f in the Sobolev space Hé’p (R™;C") = H(R™;C*) =
Whe(R"™; C") as well as in BZ, (R™;C").

Then the first attempt to get a version of (1.1) for vector-valued functions in our
sense was done in the paper [BES] where the authors showed, replacing the L? norm of
f on its left-hand side by the weak L? norm of f, the following inequality, which they
called Dirac—Sobolev inequality : For 1 < p < ¢ < oo, there exists a constant C' > 0
such that

[£llge < Cllter- p)FIB NI E) (1.14)



for every f € Bgéf&_q) (R3;C*) which satisfies (a - p)f € LP(R3;C*), therefore, in
particular, for every € H, iiﬁ,o (R3;,CHN Bgéf&_q) (R3;C*). As a result, this f belongs to
the weak L9 space with the weak L¢ norm defined by

Fllgoc := [sup wt|{lfles > u}]", (1.15)

where |{|f[pe > u}‘ = [ X{|f|oo >u} (¢) dz is the measure of the set {|f|pe > u} on
which u < |f(x)]e= := Vi_,|fr(x)], dz being the Lebesgue measure on R?, and yg(z)
stands for the characteristic function of a subset E of R3.

Now one may ask oneself whether or not, for any 1 < p < ¢ < oo, inequality (1.14)
can hold valid, if replacing the weak LY norm of f on the left-hand side by its strong
L? one as in the vector-valued version (1.13) of the original (1.1) but eqipping on the
right-hand side with either the first-order-derivative semi-norm ||(« - p) f||, as in (1.14)
or some other one related to the massless Dirac operator « - p. In particular, we ask
whether or not there exists a positive constant C such that

1—
I£lla < Cllta- D) FIB I 6% (1.16)

for every f € Bgé,(fofq) (R3;C*) which satisfies (o - p)f € LP(R3;C*). However, this
replacement does not work so well; indeed (1.16) cannot hold for p = 1, although it
holds for 1 < p < ¢ < 0o. A counterexample for this is essentially found in Balinsky—
Evans-Umeda [BEU], which we will refer to in Section 2 below. This suggest us that
in order to get an inequality like (1.16) with the strong L? norm of f kept on the
left-hand side, we have to replace the semi-norm ||(« - p)f]|, on the right-hand side
by a somewhat stronger one. This leads us to introduce a third semi-norm Mq.p.p(f)
concerned with LP-norm of the first-order derivatives of functions f = *(f1, f2, f3, f1) in
the space C§°(R?; C*). Noting that the massless Dirac operator (1.4) can be rewritten,
based on the representations (1.5) of the Dirac matrices o, j = 1,2, 3, as

0 0 P3 P1 —iDy
0 0 P1 +ipg —DP3
a-p= . : 1.17
P P3 P1 —tDP2 0 0 ( )
p1 tipy —P3 0 0

decompose it into the sum of its two parts:

a-p = (a-p)Pi3s+ (a-p)Pu
B 0 0 pytipy, 0 0 0 0 —py
pidip, O 0 0 0 —p; 0 0

where Pj3 := diag(1,0,1,0) and P4 := diag(0,1,0,1) are two projection matrices
acting on the space C* of four-vectors, which satisfies that Py3 + Pyy = I4, and define

Mapp(f) = [lI(a D) Paf[I2 + Il(cx - ) Paa F15] 7. (1.19)

At first sight, this introduction of the semi-norm Mea.p.p(f) here may appear to be
artificial but we shall see soon that the semi-norm turns out to be rather intrinsic.

4



Let us see how this semi-norm Me.p.p(f) in (1.19) is related to the other semi-norms,
(- p)fllp and ||V f|l,. We have from (1.17)

1(33 f3+ (I))1 —iDPy)fa

) o p1+ipo)f3 — P3 fa

(a-p)f = p3 f1 + (P —iD2) f '
(P1 +ip2)f1 — p3 f

so that, recalling the definition (1.9) of the ¢/’ norm, we have

[(-p)flie = Ip3fa+ (p1—ip2)fal’ +[(p1 +ip2) f3 — D3 fal?
+p3 f1 + (p1 —ip2) f2l? + [(P1 +iD2) f1 — P3 f2|”

= |(p1 +ip2)fi — 3 o’ + [(P1 —ip2) f2 + P3 f1l”
+|(py +ipg) f3 — p3 falP + |(p1 —ip2) fa + p3 f3|P,

where we have rearranged the four terms, when passing through the second equality.
Hence

[(-p)fIE = [1(01 4 i02) fr — O3 fallh + [|(O1 — iD2) f2 + D3 f1ID
+[[(01 +i02) f3 — O3 fullh + |(O1 — i02) fa + O3 f3][5 . (1.20)

Then one can calculate the right-hand side of (1.19) to get

Mepp(f)P = [([103f3]5 + [|(81 + i02) f3][B) + (10 f1l[5 + [|(01 + i02) f1][P)]
+[(101 = 302) fallp + 105 f3llp)] + [(1(81 — i02) foI5 + (|93 £2115)]
(101 + i02) 1l + 193 £1l1B) + (/1(0r — i) f2|lb + |05 f215)

+ (101 + i0a) fa]lb + 103 £3]1B) + (/[(Or — i) fall} + [0 fallp). (1.21)

We can compare (1.20) and (1.21) and recall (1.10) to show with aid of Holder’s
inequality that for 1 < p < oo,

27 =W p)flly < Mapp(f) < 27091, (122)

so that the semi-norm M.p.p(f) is an intermediate one in strength lying between the
other two first-order-derivative semi-norms ||(« - p) f||, and ||V f||,. We shall denote by
H}\K'WO(R‘Q’; C*) the Banach space obtained as completion in the norm || f||as,.p,1,p :=
(1115 4 Mypip(£)P)H/P of the space C3°(R3;C*). ;From (1.22) we see the following
inclusion relation among the three Banach spaces:

HyP(R%CY  C Hyp ((R%CYH < HP O (R%CY). (1.23)

Now we are going to see a significant character of the semi-norm My.p,.,(f) intro-
duced in (1.19), by considering the other decompositions of the Dirac opearator « - p
in (1.17) than the one (1.18). In fact, there are a few other decompositions:

)

a-p = (a-p)Puu+ (a-p)Po3

_ 0 00 —ps 0 0  p tipy O
= py, 00 0 1o poipp 0o o | 02



where P14 := diag(1,0,0,1) and P,3 := diag(0,1,1,0) are two projection matrices
acting on the space C* of four-vectors, so that P4 + Py3 = I;. Note that both the
operators (« - p)Pis and (a - p)Pa3 on the right are selfadjoint, i.e. ((a-p)Pia)* =
(- p)Pr4, ((a-p)P23)* = (o p)Pos.

M
02 o1pp+0o2D9 02 03 D3
P < 03 D3 02 o1py to2py 02
_ 0 0 p+ip, 0 N 0 0 0 —ps
0 —pg O 0 pL+ip, 0 0 0
=t (a-p)+(a-p)2, (1.25)

where note that (o - p)s is the adjoint of (o - p); as operators, say, in L2(R3;C*%), i.e.
(a-p)2=(a-ph”

M
0 01Pp1 +02Dy ) < 0 03 DP3 )
- = +
P < 01P1 +02 D2 0 osps 0
N 0 P; — P 0 0 P3 0 0
p1 +iDps 0 0 0 0 —p3 0
=t (a-p)3s+(a-p, (1.26)

where note that both the operators (« - p)s and (« - p)4 on the right are selfadjoint.

Then we can see in the following proposition that the semi-norm M.p.p(f) of f €
C5°(R3; C*) defined by (1.19), though with the rather artificial decomposition (1.18)
dependent on the pair (P13, P2g) of projection matrices, turns out to be meaningful
enough to have some universal character.

Proposition 1.0 The semi-norm Mq.pp(f) in (1.19) coincides with the ones to be
defined with the decompositions (1.24), (1.25) and (1.26):

M () = [l p)Praf |2+ [[(cr - p) Pas |77 (1.27a)

M) = (e ) fIE + [l p)af P17 = [1(a- P FIE + [l (- p)a* FIPIP;
(1.27D)

M (1) = [l - p)sfIL + (e - p)af 71V, (1.27¢)

More generally, in fact, every decomposition of «-p into its two parts, a-p = (a-p)s+
(a-p)g, such that each row of both the matrices (o -p)s and (- p)e contains only one
nonzero entry, defines the semi-norm Mg.p.,(f) which has the expression (1.21).

Proof. In fact, direct calculation of the right-hand sides of (1.27a), (1.27b) and
(1.27¢) in view of (1.24), (1.25) and (1.26) yields nothing but a rearrangement of the
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last member of the expression (1.21) of My.p:p(f). The assertion for the more general
case is evident. O

We note that (1.27a) says that our semi-norm My.p.(f), which is defined in (1.19)
by using the pair (Py3, Pay) of projection matrices can be defined by using another pair
(P14, Po3). However, among all three possible pairs of projection matrices, (Pi3, Pa4),
(P14, Po3), (P12, P34), whose sum becomes the identity matrix Iy, the decomposition
a-p=(a-p)Pi2+ (a-p)Psy to be defined with the remaining last pair consisting of
Py = diag(1,1,0,0) and P34 = diag(0,0,1,1), is not fit for our semi-norm Mq.pp(f),
since this decomposition does not satisfy the condition for the more general case in
Proposition 1.0. In Section 6, we shall come back to this decomposition to discuss the
issue.

The main result of this work is the following theorem.

Theorem 1.1. (with 3-dimensional massless Dirac operator) (i) For 1 < p < ¢ <
oo, a Ctvalued function f = '(f1, fa, f3, f1) belongs to LI(R3;C*), if f belongs to
Bgé,(fo_q) (R3;C*) and satisfies Mo.pp(f) < 00, and further, there exists a positive con-
stant C' such that :

1£1la < CMapip (P15 Nty (1.28)

Therefore this holds, in particular, for every f € HMZP 0(R3; CcHn Bgo/fgo_q) (R3;C*).

(i) For co > p > 1, the three semi-norms |[(a - p)fllp, Mapp(f) and ||V ], are
equivalent, so that the corresponding three Banach spaces in (1.23) coincide with one
another:

Hy"®%CY = HP (R%ECH = HP(R%:CY. (1.29)
Therefore assertion (i) turns out: For 1 < p < q < oo, there ezists a positive constant

C' such that
1o < Cllter D)1 gt (1.30)

for every f € Bp/(p Q)(R?’ C*) whose semi-norm ||(a - p)fllp, Mapp(f) or V£l is
finite. Therefore this holds, in particular, for every f in the above space (1.29) which

belongs to Bgo/fé’o‘” (R3;C*). (1.30) is equivalent to the vector-valued version (1.13) of
(1.1) with n = 3.

Similarly we can also show the following five results in related different situations.
First, replacing the Dirac operator «-p in Theorem 1.1 by the 3-dimensional Weyl—
Dirac (or Pauli) operator

—1
0-p:i=01p;+02py+0o3ps = < - E-?;pg pl_p3p2 > (1.31)

acting on C2-valued C*° function h := *(hy, ho) on R3, where the 0j,j =1,2,3, are
the Pauli matrices in (1.6), we have exactly the same result. For h := *(hq, ho) whose
four first-order derivatives (01 + i02)h1, Oshi, (01 — i02)he and Oshy are p-th power
integrable in R3, consider the semi-norm

Mypp(h) = [ll(o- D)PihIL + (o - p)Poh]2] /7
— (1181 + i) |2+ |93k |2 + (|01 — i02)ha2+ | Dsha|Z] P, (1.32)

7



decomposing o - p into the sum of its two parts:

P3 0 0 b1 —1 P2
c-p=(c-P)P+(c-p)P (m+w20)+(0 . )

Here P, = ( L0 ) and P, = < 00 > are two projection matrices acting on the

0 0 01

C? of two-vectors and note that Py + P, = Iy (: 2 x 2-identity matrix). By the same
argument as before around Proposition 1.0 for a - p, it is also seen that this semi-norm
My.p:p(h) defined by (1.32) with the decomposition (1.31) of o - p coincides with the
one to be defined with another decomposition:

R 0 P1 —iDo P3 0 . ' ‘
7 p_(pl‘f‘ipz 0 + 0 —p3 /) (0-p)1+ (0D,

. 1
e, Mypp(h) = [I( - phhlE + (o - p)ahl]""
The Banach spaces obtained as completions of C§°(R3; C2) by the norms || h|| Myplp =

(Hh\lerMap,p( )P and [|hlop,1,p = ([BlI+I(o-p)Allp)! /P are denoted by Hyf (R C?),

H'P « (R3;C2), respectively.

(o°p),0
Corollary 1.2. (with 3-dimensional Weyl-Dirac operator) (i) For 1 < p < q¢ < 00, a
C2-valued functions h = t(hy, ha) belongs to LI(R3; C2), if h belongs to Bgé,(fo_@ (R3;C?)

and satisfies My.p.p(h) < 00, and further, there exists a positive constant C' such that

[#llg < CMopip()P ] % (1.33)

Therefore this holds, in particular, for h € H}V’IZP’O(R?’; cAHn Bgo/%)o_q) (R3; C?).

(ii) For oo > p > 1, the three semi-norms ||(o - p)h|lp, Mepp(h) and ||Vh], are
equivalent, so that the corresponding three Banach spaces coincide with one another:

Hy?(R%:C%) = HyP (R%C%) = HP(R%C). (1.34)

Therefore assertion (i) turns out: For 1 < p < q < oo, there ezists a positive constant
C such that

Il < Clie - DRI, E, (1.35)
for every h € Bé’éf&‘q)(w;@) whose semi-norm ||(o - p)h|lp, Mopp(h) or ||Vh|, is
finite. Therefore this holds, in particular, for every f in the space (1.34) which belongs
to Bgé,(fo_q) (R3;C2). (1.35) is equivalent to the vector-valued version (1.13) of (1.1)
with n = 3.

Second, for C-valued C* functions 1) whose two first-order derivatives (01 — i02)v
and 03¢ are p-th power integrable in R3, consider the semi-norm

Mg, —ionyvonp(®) = [I1(01 — i) 0[5 + a5 [5] 7. (1.36)

The Banach space obtained as completion of CSO(R?)) by the norm [[9[|a,, 0,100, 10 =
(H%ZJHg + M((81—i82)V83);p(w) )1/p is denoted by O(RS)'

81 i9)V I3



Corollary 1.3. (i) For 1 < p < q < 00, a function 1) belongs to LY(R3), if 1 belongs to
Bgé,(fo_q) (R3) and satisfies M, —ian)vayp(1) < 00, and further, there exists a positive
constant C such that

6llg < C Moy —izgyvanin (01 11t (1.37)
Therefore, in particular, for every ¢ € HLP RN B%(&_Q) (R3).

Mo, —iog)vas,0
(ii) For oo > p > 1, the two semi-norms My, _ia,)va,:p(¥) and ||V fl|, are equivalent,
so that the corresponding two Banach spaces coincide with each other:

Hé’p(R?’; (CZ) _ Hl’p O(R?’; (Cz) (138)

Mo, —ivy)vogs
Therefore assertion (i) turns out: For 1 < p < q < oo, there exists a positive constant

C such that
[1la < CMoy iy 191 0 (1.39)

for every f € Bgé,(fo_q)(]RS) whose semi-norm My, _ia,)ve,p(¥) or [[Vfll, is finite.
Therefore this holds, in particular, for every f in the space (1.38) which belongs to
Bgéfggq)(]}%ia). (1.39) is equivalent to the vector-valued version (1.13) of (1.1) with
n=2.

Third, we shall consider the two-dimensional Weyl-Dirac (or Pauli) operators made
from two of the three Pauli matrices (1.6). There are the following three:

(0-p)@f = (01py +o2py)f = ( b fim b1 _in2 )( g ) , (1.40a)
(0-p)Vf = (o3P +o1Do) f = ( g; _pf)l >( jz; ) (1.40D)
(0 D)9 f = (03D +02p2) f = ( f}l) __2512 )( 2 ), (1.40¢)

for f :=*(f1, f2). As we shall see later in Lemma 5.1, these three operators (o-p)(®, (o-
p)®, (o - p)@ are unitarily equivalent, so that the three semi-norms ||(¢ - p)@ f|,,
(@ - p)O fllp, |I(o - p)Of|, are equivalent. Therefore we write any of these three
operators as (o - p)(2) so as to distinguish it from the three-dimensional Weyl-Dirac
(or Pauli) operator o - p in (1.31), and any of these semi-norms as ||(o - p)® f|, to
consider the norm || f{|,.py@ .1, = (£ + ||(o - p)@ f||£)1/p. What can be shown

(0-p)@), 0(R2' C?) obtained as

completlon of C§°(IR?; C?) in this norm coincides for 1 < p < oo with the Sobolev spaces

’p (R2?;C?) = HYP(R%;C?), but is for p = 1 strictly larger. Differing from Corollary
1 2 for 3-dimensional case, the following theorem for 2-dimensional case gives a true
extension of inequality (1.1) for single-valued functions to the case for vector-valued
functions.

just in the same way as in [IS] is that the Banach space HYP

Theorem 1.4. (with 2-dimensional Weyl-Dirac (or Pauli) operator) For 1 <p < ¢ <
oo there exists a positive constant C such that

Ifllq < Cli(o - p)© fl!p/quHBp/ffq) (1.41)



for every f € Bé’o/,%’o‘q) (R2; C?) which satisfies ||(a-p)(2)f||p < 0o. Therefore this holds,
in particular, for every f € H(lé%’p)(Q),O(RQ; CHn Bgo/ﬁfo_w (R%;C?).

Forth, from Corollary 1.3 or Theorem 1.4 we can get the following inequality in-
volved with the Cauchy—Riemman operator %(81 +1i0;) in R2.

Corollary 1.5. (with Cauchy—Riemann operator) For 1 < p < q < oo, there exists a
positive constant C' such that

10llq < Cl@r + ida)p 2/ ) /) (1.42)

Bgé (&—q)
for every ¢ € Bgéff;q) (R?) which satisfies ||(01 + i02)1 ||, < oco.
Finally, we are going to consider the four-dimensional Euclidian Dirac operator
4 4
B-D=> Br-pp=—1Y_ Bk (1.43)
k=1 k=1

with p = (py,Ds, P3,P4)s Pr = —i0k, k = 1,2,3,4, which acts on C*-valued functions
f(x) = Y fi(z), f2(z), f3(x), fs(x)) defined in 4-dimensional Euclidian space-time R*.
Here we are using the symbol § for a quadruple 8 := (51, 52,3, 84) of the Dirac
matrices which are 4 x 4 Hermitian matrices satisfying the anti-commutation relation
BiBr + BrBj = djrls, j,k = 1,2,3,4. As the first three of it, we take here, with the
same triple of Pauli matrices as in (1.6),

o= 0) u-129) (1.44)

9j

and, as the fourth 34, we adopt

L o 0y —1l5
B4 = Q5 = < 212 02 ) s (145)

o (B 02
1=\ o0, -L )

The oy is often written as “8”, but of course, different from our 5 on the left-hand side
of (1.41) above (e.g. [BeSa, p.48]). For this, see e.g. [W] where a5 is given as in (1.45)
and read in [ItZ, p.693] as as := i7" = ayasazay (see also [G]). Note that as the
five a, k = 1,2,3,4,5, are mutually anti-commuting, Hermitian matrices satisfying
ajap +apa; = 20,14, j, k=1,2,3,4, so are the four fi, k =1,2,3,4. (Here d;j, is the
usual Kronecker delta, one when the indices are the same, othewise one.) Therefore
B-p= Eé:l B - Py, is a selfadjoint operator in L?(R*;C*) as well as Zé:l QO Dge-
Then similarly to the 3-dimensional case before (see around (1.18)), we consider
the semi-norm Mpg.;,.,(f) as well as the semi-norm ||(5 - p) f|| concerning the first-order
derivatives of functions of functions f = *(f1, f2, f3, f4) in the space C§°(R*;C*). To
define Mpg.p.p(f), note first that the 4-dimensional Euclidian Dirac operator (1.43) can

but not the usual oy given by
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be rewritten, based on the representation (1.44) together with (1.45) for the matrices
Bk, k=1,2,3,4, as

0 0 P3—iPsy  P1—iD2
0 0 Py +ipy  —(p3+ipy)
p= . . . 1.46
g-p P3+tps  P;—tDP2 0 0 ( )
Py +ipy —(P3 —ipy) 0 0

Then decompose it into the sum of its two parts:

B-p = (B-p)Pi3+(B-p)Pu

0 0 p3—ipy O 0 0 0  py—ipy
_ 0 0 pytipy 0| | 0 0 0 —(p3+ipy)
py+ipy O 0 0 0 p,—ipy, O 0 ’
p1+ipy 0 0 0 0 —(pg—ipy) O 0

(1.47)

where Pj3 := diag(1,0,1,0) and Py := diag(0,1,0,1) are the same two projection
matrices acting on the space C* of four-vectors as before, and define

Moo (F) = (18- D) Piafll2 + (8- p) Pas f12] 7. (1.48)

Let us see how this semi-norm Mga.p,.,(f) in (1.48) is related to the other semi-norms
|(B-p)fllp and ||V f||,. However, we should note here that the latter ||V f||, differs from
(1.11), since in the present case we have the 4-dimensional gradient V = (91, 02, 02, 02),

so that [V f (@)}, == 31y 10, £ (@) = 322y Yokey 10; fi(@) P,
Then
Epz —1 P4§f3 =+ EP1 —1 P2§f4
, _ | (p1+ip2)fs — (P3+ipg)fa
(B-p)f = (P3 +ipg)f1 + P1 —i Do) f2
(p1 +ip2)f1 — (P3 —ipy) f2

so that, recalling the definition of the ¢? norm in (1.9), we have

(B-D)flpy = (s —ips)fs + (P1 =i Do) falP + [(p1 +ip2) f3 — (D3 +iDy) fal”
+[(p3 +ipy) f1 + (1 —iP2) fo’ + |(P1 +iP2) f1 — (P3 —iDg) f2|’

= |(p1+ip2) fi — (P3 —ips) Lol + [(P1 —iP2) f2 + (P3 +ipy) f1 P
+[(p1 +ip2) f3 — (P3 +ipy) fal” + [(P1 —iP2) fa + (P3 —i p4) f3]",

where we have rearranged the four terms, when passing through the second equality.
Hence

1(B-p)fIIs = [I(01 +id2) f1r — (O3 — i04) o[} + |(O1 — i) f2 + (D3 + i0a) fr|[}
H(O1 +i02) f3 — (05 + i0a) fall}) + || (01 — i02) fa + (O3 — iO4) ][}
(1.49)

Then one can calculate the right-hand side of (1.48) to get

Mﬁ"p;p(f)p
= (B -p)Pusflh+ (8- p)Pasfl})
= (01 +i02) 115 + 11(85 + i0a) f1]15) + (1181 — i02) fallh + [ (85 — i04) fl[D)
+ (101 + i0a) f3][b + 11(93 — i0a) f3][B) + (I1(Or — iD2) full} + /(05 + D) full})-
(1.50)

11



Similarly to the 3-dimensional case before (see (1.22), (1.23)), for the semi-norms
(1.49) and (1.48)/(1.50) we have with 1 < p < oo,

2~ U=WPD||(B-p) fllp < Mppp(f) < 2P|V f], . (1.51)

The Banach space H(l/fp)yo(R‘l;C‘L) /Hﬁ;'pyo(R‘l;C‘l) is defined as completion of the

space C3°(R*;C*) in the norm || f[l(g.p)1p = (IFIl5 + 18- D)FUDYP /NIt p10 =
(I£115 + Mg.p.p(£)P)/P. (From (1.51) we see the following inclusion relation :

HyP(RECY  C 0 HyP (RYCYH 0 HE (RYCY, (1.52)

Now we note the semi-norm Mpg.;,.,(f) has a significant character as that of M., (f)
in Proposition 1.0, by considering other decompositions of the Euclidian Dirac operator
B -pin (1.46), than (1.47), into the sum of its two parts:

My
B-p = (B:p)Piu+ (B p)Pes
0 0 0 p;p—ipy 0 0 p3—ipy 0
_ 0 0 0 —(pgtipy) | | O 0 py+ipy O
o ps+ipys 0 O 0 0 p;—ipy 0 0|’
py+ipy 0 0 0 0 —(ps—ips) 0 0
(1.53)

where Pyy := diag(1,0,0,1) and Py3 := diag(0,1,1,0) are the same two projection
matrices acting on the space C*? of four-vectors as before, and note that both the
operators (5 - p)Pi4 and (B - p)Pes on the right are selfadjoint, i.e. ((8-p)Pua)* =
(B-p)Pra, ((B-p)P23)" = (B p)Pos.

My
B.p = < 02‘ 01P1 +02 P2 )+< 02 0’3p3—if2p4)
o33 +ilapy 02 o1p1 +02D9 02
0 0 0 P1 —iD2
_ 0 0 pi+ipy 0
N P3 —i Dy 0 0 0
0 —(p3 —ipy) 0 0
0 0 P3 —% D4 0
+ 0 0 0 —(ps +ipy)
0 P1 —% D2 0 0
pi+ipy, 0 0 0
= (B-p)i+ (B p2, (1.54)

where note that (3 - p)2 is the adjoint of (3 - p); as operators, say, in L?(R3;C*), i.e.
(B-p)2=(8-pPh"

12



(3)

0 0 —il
B.p = ( 01p18r<72p2>+< ' 03 D3 l2p4>

01p1 +02D2 o33 +ilapy 0
0 0 0 pi—ips
_ 0 0 Py +iDy 0
- 0 P1 —i D2 0 0
Py +ips 0 0 0
0 0 P3 —i Py 0
0 0 0 —(p3 +ipy)
P3 +1 P4 0 0
0 —(P3 —iP4) 0
= (B-p)3+(B-pa, (1.55)

where note that both the operators (5 - p)s and (8 - p)4 on the right are selfadjoint.

Then we can confirm, in the same way as in Proposition 1.0 for My.pp(f) with
a - p, that the semi-norm Mq.p.p(f) of f defined by (1.48) with the rather artificial
decomposition (1.47) turns out to be equal to the ones to be defined with the other
decompositions (1.53), (1.54) and (1.55), taking account of the expression (1.50) for

Mﬂ-p;p(f)3

M () o= e D)PuflE + (- p) P f171/ (1.56a)

MP(F) = 18- P FIE+ [l P71 = (18- )ufIE + 18 - p)u* £I171/7:
(1.56b)

MO (£) =118 P)sf 15+ (8 p)af|PT?. (1.56¢)

Further, more generally, every decomposition of - p into its two parts, §-p = (3 -

p)s+ (5 p)e, such that each row of both the matrices (5-p)s and (5-p)¢ contains only
one nonzero entry, defines the semi-norm Mpg.p,.,(f) which has the expression (1.50).
However, as mentioned for the operator « - p after Proposition 1.0, the decomposition
B-p=(B-p)Pi2+ (B-p)Ps is not fit for the semi-norm Mpg.;,.,(f), to which we will
come back in Section 6 to discuss the issue.

Theorem 1.6. (with 4-dimensional Euclidian Dirac operator). (i) For 1 < p < ¢ <
oo, a C*-valued function f = *(f1, fo, f3, f1) belongs to LI(R* C*), if f belongs to
Bgéf&*q) (RY CY) and satisfies Mp.pp(f) < o0, and further, there exists a positive con-
stant C' such that )

Hf”q < CMB-p;p( )p/q”fHBp/I;pqq) (157)

Therefore this holds, in particular, for every f € HMB 0(R4; cHn B%.’é,(g;’@ (R%; C).

(i) For oo > p > 1, the three semi-norms (8 - p)fllp, Mppp(f) and |V f||, are
equivalent, so that the corresponding three Banach spaces (1.52) coincide with one
another:

Hy?RYGCY = Hyf  GRYECYH =

B-pip

(B "0 RECH. (1.58)
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Therefore assertion (i) turns out: For 1 < p < q < oo, there exists a positive constant
C such that

1£lla < CIB - DIyt (1.59)

for every [ € Bgéffo_q)(R‘l;C‘L) whose semi-norm ||(8 - p)fllp, Mp.pp(f) or [[Vfllp is
finite. Therefore this holds, in particular, for every f in the above space (1.58) which
belongs to Bgo/,(é’o’q) (R* C*). (1.59) is equivalent to the vector-valued version (1.13) of
(1.1) with n = 4.

We note here that the 4-dimensional Euclidian Dirac operator Ei:l Bk Py in (1.47)
turns, if 84 py = —iP40y4 is removed from it, the 3-dimensional massless Dirac operator
Z?:l a;p; in (1.17), which reduces Theorem 1.6 to Theorem 1.1.

Finally, as is the case for Sobolev spaces of single-valued functions, it is seen for the
two spaces of vector-valued functions which we introduced in (1.23) and (1.52) that
each of them coincides with the following two spaces:

Hyp o ®5CYH = Hyp (R%CY)

= {f € LP(R%CY); (- p)Pisf, (- p)Pasf € LP(R*CH}
{f € LP(R* C*); (a-p)if, (a-p)af € LP(R*CH};
Hyf 0 ®5CY = Hip | (RSCY
= {f € LP(R%CY); (B-p)Pisf, (B-p)Puf € LP(R;CYH}
= {f € LPRYCY; (B-p)if, (B-p)af € LP(RYCH}.

In each of these two formulas, the second space is the Banach space obtained as com-
pletion with respect to the norm || f|[as,.,,1p [resp. ||f|la.,,1,p] of the linear space of
all f € C®(R3;C*) N LP(R? C*) [resp. C°(R*;C*) N LP(R*;C*)]. In the third and
fourth spaces the first-order derivatives are taken in the distribution sense.

The proof of the improved Sobolev inequality (1.1) for single-valued functions in
[CDPX] and [CMO] was based on wavelet analysis, while Ledoux [Le|] made a different
approach by a direct semigroup argument. We do our proof, modifying the method
used by Ledoux so as to be able to apply to vector-valued functions.

The plan of this paper is as follows. Section 2 collects remarks to the results,
stated in Section 1, for vector-valued functions to compare them with the improved
Sobolev inequality (1.1) and the Dirac—Sobolev inequality (1.14) obtained in [BES].
Section 3 gives examples where the simple-minded, vector-valued version (1.16) con-
nected not only with the three-dimensional massless Dirac operator but also with the
four-dimensional Euclidian Dirac operator fails to hold for p = 1. In Section 4, we give
proof of Theorem 1.1, and in Section 5, proofs of all the other five Corollaries 1.2, 1.3,
Theorem 1.4, Corollary 1.5, Theorem 1.6. In Section 6 we make concluding comments
on the first-order-derivative semi-norm connected with the Dirac operators which we
have introduced in Section 1. It is defined at first with a rather artificial decomposi-
tion of the Dirac operator into two parts, but later turns out to be meaningful enough
to have universal character. The final Section 7 briefly summarizes all our results to
exhibit their significance and difference from the case of single-valued functions.
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2 Remarks

1°. Theorem 1.1 (i) (ii): We compare our inequality (1.28) with (1.16)/(1.30), the
trivial version (1.13) and the first vector-valued one (1.14) of inequality (1.1) shown in
[BES].

To do so, first we collect the results of equivalence and non-equivalence among
the three first-order-detrivative semi-norms ||V f||, in (1.11), ||(e- p) fl|p in (1.9) and
Ma.pp(f) in (1.18), which are under relation (1.22). When 1 < p < oo, these three are
all equivalent, which we shall see in the proof of Theorem 1.1 (ii) in Section 3 below,
but different when p = 1. In this case p = 1, we showed non-equivalence between
IIVf|l1 and ||(a- p) f|1 in [IS, Theorem 1.3 (iii)]. Non-equivalence between ||(« - p)f]1
and My.p.1(f) can be seen in view of their respective explicit expressions (1.20) and
(1.21), and that between ||V f||; and Mq.p.1(f) in view of their respective definition
(1.11) and explicit expression (1.21), both from the fact that (2.2) below cannot hold.
In particular, the two inclusions in (1.23) are strict.

Next we going to observe the difference and coincidence among inequalities (1.28),
(1.16)/(1.30), (1.13) and (1.14). For 1 < p < oo, the first three, i.e. (1.28), (1.16)/(1.30)
and (1.13), are equivalent, and strictly sharper than and hence an improvement of the
last one, (1.14). The former is because of equivalence of the three first-order-derivative
semi-norms concerned as just seen above, and the latter because the L? norm [|f||,
on the left of (1.28) is stronger than the weak L? norm | f||4- on the left of (1.14).
For p = 1, (1.16)/(1.28) does not hold in general, and (1.28) is sharper than (1.13),
because the semi-norm Mq.p,.1(f) on the right of (1.28) is weaker than the semi-norm
IV f]l1 on the right of (1.13). In the case p = 1, however, two inequalities (1.28) and
(1.14) cannot be compared so as to say which of them is sharper, because My.p.1(f)
on the right of (1.28) is not weaker than ||(a-p)f||1 on the right of (1.14), though || f||,
on the left of (1.28) is stronger than || f|q.0c on the left of (1.14). As a result, (1.28)
for p = 1 is a new inequality for vector-valued version of (1.1).

2°. Corollary 1.2 (i) (ii): The same remark as 1° above applies to the case for the
3-dimensional Weyl-Dirac (or Pauli) operator o - p in place of the Dirac operator « - p.

3°. Corollary 1.3 (i) (ii): For p = 1, the semi-norm M g_;9,)va,);1(¥) in (1.36) is
bounded by the semi-norm ||V, i.e.

Mo—ian)vasn (V) < [V, (2.1)
but not reversely (See [St, pp.59-60, III, Propositions 3, 4, and p.48, 6.1] and [IS,
Lemma 4.3]). Therefore the Banach space H}VIIZ o000 0(R3 : C?) obtained as comple-

—i0z)VO3>

tion of C§°(R3) with respect to the norm [9lMoi0yyves 10 = 1Vl + Mo—in,)vosp(¥)
is strictly larger than the space Hé '(R3). Therefore for p = 1, Corollary 1.3 (i) gives
a slightly more general result than (1.1) of Ledoux [Le] though only in the case n = 3.
However, for 1 < p < o0, it is nothing but his result though our result only concerns the
case n = 3, since the semi-norm M g_;a,)va,;p (%) is equivalent to the semi-norm ||V ||,,.
In this sense, therefore our inequality (1.37) for C-valued functions 1 is more general,
though only for n = 3. Here it should be noted that it holds that for 1 < p < oo,

10191lp + 1029l < Cpll (81 — iD2) b, (2.2)
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for all ¢ € C$°(R?) with a positive constant Cp, but cannot for p = 1 (cf. [St, pp.59-60,
ITI, Propositions 3, 4, and p.48, 6.1] and [IS, Lemma 4.3]). Therefore (2.2) implies that
for 1 < p < o0,

3
(D105 lIp)t? < (3= + )=V By — ida)uh + |10z ]

=1
= (Cg/(p—l) + 1)(p_l)/pM(al—i82)\/83;p(w)7 (2.3)

IVl

so that the two semi-norms My, _ia,)va,p(¥) and ||V, are equivalent.

4°. Corollary 1.5: By analogous discussion made in Remark 3° to Corollary 1.3, (1.42)
is also more general than (1.1) with n = 2 for p = 1, but equivalent to it for co > p > 1.

5°. Theorem 1.6 and again Theorem 1.1: It can be seen that these two theorems hold
also for some different representations of the 3-dimensional massless Dirac operator
and 4-dimensional Euclidian Dirac operator than (1.17) and (1.46).

In fact, consider first the 4-dimensional Euclidian Dirac operators. Let 3 =
(81, B5, 85, B4) be another quadruple of anti-commuting, Hermitian 4 x 4-matrices sat-
isfying 375), + 6,85 = 20;x14, j,k = 1,2,3,4. Then Theorem 1.6 holds for the Euclidian
Dirac operator 8/ -p = Zizl By, Py with corresponding projections P{s, P;,. Indeed,
by the ‘fundamental theorem’ in [P, p.8] or [G, p.190], there exists a non-singular 4 x 4-
matrix S such that 5, = SBRS~! for k =1,2,3,4. So S is a similarity transformation
which maps C* one-to-one onto C*, and in fact can be take to be a unitary matrix,
because the f;, and ) are Hermitian. Then

B-p=8"1B"p)S, (B-p)Pis=S5""(B"p)P3S, (B-p)Pau=S5""(8"p)PsS,

where P[3 := SP1357! and Pj, := SP»yS~! are projection matrices acting on C* such
that P{; + P, = I,. It implies equivalence of the related semi-norms concerning /' - p
and S - p in the following sense:

(18~ ler—er) THI(B - D) Fllp < (B" PISHllp < (1S lev—en (5 D) s
(IS Hler—er) (B - D) Prsfllp < 18"~ P)Pis(SHllp < IS Nev—seo (B - D) Prsf Iy,
(IS ler—ee) (B D) Poaf lp < 1B~ D) Poa(SHllp < IS Nev—se0 (B - D) Poaf Iy,

with 1 < p < oo, where f = (f1, fo, f3, f4), which yields equivalence of the semi-norms
Mpgrpip(Sf) and Mpg.pp(f):

CglMﬁ-p;p(f) < MB’~p;p(Sf) < CpMﬁ~p;p(f)

with a positive constant C), depending on p. In particular, all this holds also for the
4-dimensional Euclidian Dirac operator Zizl Qg pj-

Though above we have dealt only the case corresponding to decomposition (1.47)
of B-p, the same is true for the cases correstonding to the other decompositions (1.53),
(1.54) or (1.55).

Next, for Theorem 1.1, the same is valid, if one may consider, for o/ = (o}, o4, o)
another triple of anti-commuting, Hermitian 4 x 4-matrices satisfying agaz + a%a;- =
20514, 4,k = 1,2,3, the Dirac operator o/ - p = Z;’Zl a;- p; together with the corre-
sponding projection matrices P[4, P, to introduce the related semi-norms.
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3 Counterexamples for p =1

Inequalities of the type (1.16), i.e. (1.30) of Theorem 1.1 for the three-dimensional
massless Dirac operator « - p, (1.35) of Corollary 1.2 with 3-dimensional Weyl-Dirac
(or Pauli) operator o - p, (1.59) of Theorem 1.6 with 4-dimensional Euclidian Dirac
operator (- p, do not in general hold for p = 1, although they do for 1 < p < oco. This
is why, for p = 1, we had to introduce the intermediate first-order-derivative semi-
norms Mey.p,p(f) in (1.19), My.pp(h) in (1.32), Mgy, (f) in (1.48). Here, before going
further, we keep Theorem 1.4 in mind that nevertheless it holds for all 1 < p < o0
with the 2-dimensional Weyl-Dirac (or Pauli) operator (o - p)®), i.e. (1.40abc).

In this section, following the idea in the recent paper [BEU] for the 3-dimensional
Weyl-Dirac (or Pauli) operator, we construct counterexamples not only for (1.30) with
a - p but also for (1.59) with - p, though the construction for both is only slightly
different. To the latter, as a matter of fact, we will come back in Section 6 to make
some important comments on the semi-norms concerned.

In [BEU], they observed, for the 3-dimensional Weyl-Dirac (or Pauli) operator o p,
that, for 1 < p < 3 with ¢ = gfpp, the following inequality:

1Pllq < C(P)lI(a - p)hllp (3.1)

holds for all h € C§°(R3; C?) with a positive constant C(p) depending on p. This is a
consequence from the usual Sobolev inequality together with the fact that, for 1 < p <
00, the two semi-norms ||(c-p)hl|, and || Vh||, are equivalent (cf. [IS] and Lemma 3.2 of
the present paper where analogous results are given for the Dirac operator « - p instead
of Weyl-Dirac (or Pauli) o - p). They showed also that (3.1) is untrue when p = 1,
by using a zero mode for an appropriate Wely—Dirac (or Pauli) operator constructed
by Loss—Yau [LoY] to make a sequence {h,} C C§°(R3;C?) such that {||(o - p)hnl|1}
is uniformly bounded for all over n, but that ||hy,||3/2 > (positive constant) - (log n)?/3,
concluding invalitity of (3.1) for p = 1. As a result, this sequence will turn out to
violate (1.35) in Corollary 1.2.

We will modify their argument so as to apply to our cases of Theorems 1.1 and
1.6 to construct an example. First we consider the case for three-dimensional massless
Dirac operator « - p and next for 4-dimensional Euclidian Dirac operator 3 - p.

An example for (1.30) of Theorem 1.1 with p =1 to fail to hold.
So with = € R? and |z| = (27 + 23 + 22)Y/2, let

1
1 ) 0
W= ppE 9|
0
1 0 1T3 11 + X9 1
B 1 0 1 il‘l — T2 —ixg 0
(1 + ‘x|2)3/2 113 1T + To 1 0 0
i.%'l — T2 —il’g 0 1 0
1
1 0
= = . , 3.2
A+ aPP? | iz 32
1r1 — X9
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where Iy is the 4 x 4-identity matrix. Then we can see e(z) satisfies the following

equation
3

= We(x), (3.3)

(a-ple(z)
and inequalities:

LV [img| V |iwy — o] _ 1V [z] V (aF + 23)"/?

le(2)]e =

(14 |z]2)3/2 (1+ |2]2)3/2
. (+ai+ad+ad)? 1 o
- (1+ |=[2)3/2 1+ |22
e, = bl w1+ @§)1P + (o] + 2f)0”
(1+ |[?)3a/2 (14 |2[2)3/2
1+ |x]2)9/2 1 g
= ((1 :y’x‘?))Sqm B (1 T mz) (1<qg=<2), (3.5)

where (3.5) is due to that a?/? 4 b9/2 > (a +b)%/? for a > 0,b >0 and 1 < ¢ < 2.

For each positive integer n, put f,(z) = pn(|z|)e(z), where p,(r) is a nonnegative
cutoff function in C§°(R) such that p,(r) =1 (r <n); =0 (r > n+ 2), and further
o (1) = [(d/dr)pn(r)] < 1 for all » > 0. Then it is evident that f, belongs to
O (R3; CH).

We are going to see that inequality (1.16)/(1.30) does not hold with any constant
C>0forp=1,q= % and hence g = % Indeed, there exists no constant C' such that,
for all n,

| alls/2 < Cllta- DYl Aull - (3.6)

First, we show that the sequence {(ap)f,,}2; is uniformly bounded in L!. Indeed,
since

(@ p)fa(@) = pallz))(a-p)e(@) + (o p)pn(|z])e(@)

= pulla) 5@ — ih(la) Srele)
1 o
) 0 ACI) 0
SEAFEEN I RN R TEN I
X1 — X9 —1x1 + T2

we can estimate the L! norm of (a-p)f,, noting p!,(|z|) = 0 for |z| < n and |z| > n+2
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and using polar coordinates, to get
{z€R3; |z|<n+2} (]- + |l"2)5/2
+f 2 + | = dg| 4] — i1 + |
{z€R3; n<|z|<n+2} ’[I}‘(l + |$’2)3/2
[ 32l +1) [ o + V3o
T Jalnre (14 |2[?)5/2 n<lz|<n+2 2] (1 + [z]? )3/2
B /"+2 3(\/51“ + 1)4mr2dr N /"+2 (r+ \[)471'7“
0 (1+41r2)5/2 n (1+1r2)3/2
n+2 9 n+2
< 1277/ Sdr + 471'/ 2dr
0 1+7r n

= 2Umtan~ (n+2) + 167 < 247 - g + 167, (3.7)

(e -p)fuli < dx

dx

where we have used that (r + v/2)r? < 2(1 4+ 12)3/2 and (v2r 4 1)r? < 2(1 4 r2)%/2 for
all » > 0. Thus we have shown the sequence {||(c - p)fyn|/1} is uniformly bounded.

Next, we study how {f,}72; behaves in the norm of B2, (R%; C*) for large n. In
fact, we shall show

[fnllpz2, = O(logn). (3.8)
Here note that -2 = — §£1 = —2. Indeed, we have with (3.4)
2
Il HIPfo t / L (Do)
_ = su = Su su o0
nllB:2., t>g tJnl|loo t>g wp (47T7f)3/2 Yy o ay
[z —yP\Y2 > pa(lyl)
< ——=sup sup/ <7) e & d
(4m)p2 50 s at o —l(1+ y®) ™

1
< ——(2e 1ﬂsup/ dy,
@) I | Tl )

where the last inequality is due to the fact that s/2e=% < (2¢)~1/2 for all s > 0. Then
we use polar coordinates to get

1 (g)l/zsu /”*2 r2 0 /” 27 sin 0d0
(4m)3/2 \e p o  1+727 Jo (o2 +r2 - 2|z|rcos)1/2

27 2 )1/2sup /”*2 r2dr |:(’£L‘|2+7’22|CE7’C089)1/2}9:7r
0 =0

anHBgo%oo <

(4 )3/2 1472 |z|r
- / rlllel ) — [lel =l
(27T€ 1/2 ’33| 112
2 r((|lz) 4+ ) = ||lz] =7
o g [
=1 Va1V Vaa.
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Then we can conclude (3.8) above, noting

2(2me) 2V, 1 = sup / <2,
“ |z|>n+2 |.’L" 1+ 7"2
|1‘| 2 n+2 9
2(27‘(’6)1/2‘/@72 = sup — [/ ! ——dr + / |CC\T2 dr
wl<n+2 1|l 147 o) L1+7

< 2+1log(1l+ (n+2)?) = O(logn).
Thus, by (3.8) and since, as already seen above, the sequence {||(« - p)fnll1} is
uniformly bounded, we see the sequence {||(« - p)fn\|2/3||an1/3 } on the right-hand

side of (3.6) is of order O((logn)'/3), while, for the left-hand 81de, we have by (3.5)
with ¢ = %

1 2/3 n Qg2 2/3
s N A L e

n Apr? 2/3 n 2/3 ,
2 1L 2\3/2 > — /3 2/3 '
- </1 (1 +T2)3/2 dr) = (/1 , dT’) > (4m)*/*(logn) (3.9)
This means that inequality (3.6) or (1.16)/(1.30) with p =1, ¢ = 3 does not hold.

An example for (1.59) of Theorem 1.6 with p =1 to fail to hold.

This case is with z € R* and |z| = (22 + 22 + 22 + 22)!/2. We can use the same
arguments as above to construct a sequence {f,} in C§° (R4 C*) such that (1.59) fails
to hold for any fixed constant C, starting, instead of (3.2), from the following function

1
. 1 . 0
0
1 0 T3+ x4 1T1+ X2 1
B 1 0 1 1T1 — X9 —1x3 + T4 0
(1 + ’1“2)2 1T3 — X4 1T1 + X9 1 0 0
1T] — X9 —1T3 — T4 0 1 0
1
1 0
= 7(1 @2 | iws—aa | (3.10)
z'acl — T2
It can be seen that é(z) satisfies the following equation
. 4
(B-plé(z) = W‘f(ﬂ?)a (3.11)
and inequalities:
. 1V |izg — z4| V iz — 22 1
. = , 3.12
ol A+ePP = @+ PP (342
N 14 Jizg — 4|7+ |izy — 22|91+ (23 + 23)9? + (22 + 23)7/?
|6(CC)|£4 = 2\2 =
(14 |z[*)% (1 + [[?)%
(1 + |x|?)2/? ( 1 )3q/2
= 1<g<2). 3.13
= AP~ TP H=a=2) (319
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For each positive integer n, put f,(x) = pn(|z])é(x), where p,(r) is the same
nonnegative cutoff function in C§°(R) as before such that p,(r) =1 (r <n) ;=0 (r >
n+2), and further |p}, (r)| = |(d/dr)pn(r)| <1 for all » > 0. Then it is evident that f,
belongs to C§°(R*; C4).

We are going to see that inequality (1.59), corresponding to (1.16) in the case for
5 p, does not hold with any constant C' > 0forp=1, ¢ = % and hence = %. Indeed,
there exists no constant C such that, for all n,

1fallags < Cliter- YAl Il (3.14)

First, we show that the sequence {(3-p) f,, }°2 is uniformly bounded in L. Indeed,
since

(B-p)fu(z) = pullz)(B p)é(x) + (B P)ponllz]))é(x)

= pullel) ) = ire) e
1 of?
doulle) |0 (o) 0
(14 |x[2)3 | iz3 — 24 lz|(1 4 |x]2)2 | —izg+ax4 |’
ixl — X2 —i$1 + X2

we can estimate the L' norm of (3-p)f,, noting p/,(|z|) = 0 for |z| < n and |z| > n+2
and using polar coordinates, to get

A1 + |izg — z4| + |iz1 — 22])

18- ) fall < /{ i tEar da
+/ |J:|2+]—ixg—l—:m\—i—]—ixl—i—:zg\dx
{2€RY; n<|z|<n+2} |2|(1 + |2[?)?
401+ V2|z)) |z[* + V2|

dzx

< dx +/
/z|<n+2 (14 Jz[*)? n<lal<nt2 [2|(1 4 [z]?)?
/”+2 4(1 + V2r)2n2r3dr N /’”2 (r 4+ V2)2r%r3dr
0 (1472)? n (1472)?

n+2 9 n+2
< 8x? / dr + 27 / 2dr
0 1 + T2 n

= 167%tan"!(n+2) + 872 < 1672 - g + 872, (3.15)

where in the second inequality we have used that (r + v/2)r® < 2(1 4 r2)? and and
(14+/2r)r3 < 2(1+72)? for all » > 0. Thus we have shown the sequence {||(c-p)fnll1}
is uniformly bounded.

Next, we study how {f,,}52, behaves in the norm of B> (R*; C?) for large n. In
fact, we show

an”{ga(;foo = O(logn). (3.16)
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Here we note that £ = — él_l = —3. Indeed, we have with (3.12)
3

1 |z —y|?
4t

o = sup 2Byl = sup 32 / - ()| poed
[fnll g, Sup (| Pt frlloo sup s | Pr(|y))€(y) e dy

|z — y|2\1/2 _le—yi? on([yl)
sup sup (7) e 4t
(47)2 150 = / 4t |z —y|(1+ |y|?)3/2

1
< (2e)1/2 sup/ dy,
(47)? v Jylntez [2 = yl(L+]y|?)3/?

where the last inequality is due to the fact that s'/2¢=5 < (2¢)~1/2 for all s > 0. Then
we use polar coordinates and sin?f < sinf (0 < 0 < 7) to get

<

9 n+2 3 ™ 47 sin” 0df
allees < 2e)"1/2 / d /
[follpzs, < (4r)2 7(2e)” P (14 r2)3/2 " (|z]2 + r2 — 2|z|r cos §)1/2
9 n+2 73 ™ 47 sin 6d6
< 2e)"1/2 / d /
< (47r)2( €) sgp 0 (1 +r2)3/2 " o (|z|2 +r2 —2|z|rcos§)1/2
n+2 3 2., .2 1/2 1 9=r
_ AT e 1/28up/ r dr{(|$| + 1% — 2|z|rcos ) ]
(47r) o (1+7r2)3/2 ||r =0

(el + 1) — le] 1))
= dr
N (26 1/2 |:B| (1 +72)3/2

2,2
= [ sup V sup | /”+ (! +) —HCC’—T‘ dr
|z|>n+2  |z|<n+2 47(2e) 1/2 ]x\ 1—|—T2)3/2
= Vp1+ V2.
Then we can conclude (3.16), noting
41 (2¢)Y?V, 1 = sup / ————dr < 2,
(2e) B, 2 on 2 |x] 1+7,2 3/2
Iz 2r3 2 9|2
47 (2e)Y? V5, = sup {/ dr+/ 7dr}
BT = L WUy G Sy e

< 24 log[(n+2) + (1 + (n+2)%)1? = O(logn).

Thus, by (3.16) and since, as already seen above, the sequence {||(5 - p)fnll1} is
uniformly bounded, we see the sequence {||(8 - p) fn||3/ 4” fn||1/ y } on the right-hand

side of (3.14) is of order O((logn)'/*), while, for the left-hand Slde, we have by (3.13)

with ¢ = 4
a3, \3/4 / 1 (3/2)-(4/3)  \3/4
n > d Z 1+ |22 d
||f ||4/3 = </$|§n|€( )|44/3 5U) = ( el <n <1+ |33|2) 13)
nom2r3dr \ 3/4 3
(/0 112 ) = O((logn)~'*) (3.17)

for large n. This means that inequality (3.14) or (1.59) with p = 1, ¢ = 3 does not
hold.
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4 Proof of Theorem 1.1

Proof of Theorem 1.1 (i). We follow the lucid arguments used in Ledoux [Le]. The
proof is divided into three steps. In step I, we mention the weak-type inequality (1.14)
given by [BES] with the idea of [Le] to sketch its proof, for the paper to be somehow
self-contained. In step II we show the inequlity (1.28) in the special case under the
condition f € LY(R3;C?) and then the general case in step III.

I. So we begin with a sketch of proof of inequality (1.14).
To do so, assume that f satisfies My.p:p(f) < 0o. Note that this implies with (1.22)
that [[(a-p)flp < co. And further assume that our f satisfies || f| ;p/p-a) < co. We

may suppose by our convention (1.7) of notations and by homogeneity that

£l goro-a) = supt PP D P,fl o < 1. (4.1)
00,50 >0
Therefore |P;f|po < tP/2(1=9) pointwise. For u > 0, put ¢t = t, = u2@~D/P_ 50 that

| P, fleee < u. Hence that |f|pe > 2u pointwise implies that |f — P, flee > |f]oo —
|P;floo > u pointwise. Then

wl{{fle > 20} < wt{|f = P flew >}
_P poo — t'u,A p
w U
4

ut? / S i — e P
k=1

= v (1 Rflpde =g - P

IN

In [BES], it is shown that

\f— Pt f

with a positive constant ¢y depending only on p. Then by (4.2) and since ¢ — p+ p(p —
q)/p = 0, we have

b < cotu [l D) f1l,. (4.2)

(| flew > 2u}| < cout P22 / (- p)flLde = co / (- p) 1L, do.

This yields the weak type inequality (1.14), taking account of definition of || f| 40 in
(1.15).

II. Next we want to replace the weak L? norm on the left-hand side of (1.14) by
the strong L9 norm. Here we note with (1.22) that (1.14) holds also with Mg.p.(f)
in place of ||(a - p)f|l,. We show inequality (1.28) for f which satisfies Mq.p.(f) < 00
and (4.1), i.e. HfHBgé(&_@ <1, as in step I, and the extra condition f € LI(R3;C*). In
step III below, we shall remove this latter condition.

Then what we need to show is that there exists a constant C' (depending only on ¢
and p) such that

/ 14z < C Mapp )7, (4.3)
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which amounts to our goal inequality (1.28), if only f replaced by f/[|f|l ;p/0-a) in
(4.3). ’

Now, for u > 0, let t = t, = u?®~9/P again. Let ¢ > 5 (depending on ¢ and p) to
be specified later.

Note the ‘layer cake’ representation [LLo, p.26, Theorem 1.13] for any nonnegative
measurable function ¢ (x):

b(z) = /0 T ey (@) ds. (4.4)

In particular, we have

1@ = [ X @ds = [ X (e da),

so that by Fubini’s theorem

1
sl = 507 [ 1@k =iz [do [* s @ )

1

= o Owd(“q> / X{Ilen2u} (@) dT = /O {1 flea > 20u}|d(u?). (4.5)

For every u > 0 and for f(z) = !(f1(z), f2(x), f3(x), fa(x)), let
)

fu(@) ="(fur (@), fu2(2), fus(@), fua(a)),
fup(@) == (fu(z) —w) " A ((c = Du) + (fu(z) +u)” V (=(c— Du), k=1,2,3,4,
(4.6)

for any ¢ > 1. Here, as in (1.7), a V b denotes max{a, b}, while a A b denotes min{a, b}.
Notice that f, also satisfies the same condition as f. Each f, ;(x) satisfies 0 <
|fur(x)] < (¢ — 1u. It vanishes when |fi(x)] < w and is equal to (¢ — 1)u when
fr(z) > cu, and to —(c — 1)u when fi(z) < —cu.
We see that, since on the set {|fi| > 5u}, we have |f, ;| > 4u for each fixed k, and
that on the set {|f|g~ > 5u}, we have |fy,|p > 4u. We have

< fuk — € furl + €A fur — frl 12 fil, k=1,2,3,4. (4.7)

By noting the notation (1.7) of the ¢7/¢* norm of a four-vector we have

|70l = 200 at) < [T 1 2 s atu)

| 1Ak = dulatuty = [ vkl sl = du}aa)
7 Al = e sl =

IN

IN

+ /0 (VA D fup — fil > 2u)|d(u)
= J]. + J27 (48)

where we have used the fact that |P,, (f)|¢e < w, which holds by our choice of f in
(4.1).
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We shall estimate the last member J; + J5 of (4.8). First, to treat the second term

Jo, we confirm that

| fuge = frl = | Fure = FrlXqipe1<eur F 1 fuk = FrlXqpe eur < w4 [ Felxqpo)>cu}-

This is checked with (4.6) as follows. Indeed, we see (4.6) imply that
N _ | Fu) A (=fr@) + (e =Du), if fr(z) Zu
ate) = ={ CUSCRE TN HAO N
This further implies on the one hand that

fusle) = ) = { T RS AG S
so that |fy () — fr(z)| = u, if u <|fi(z)| < cu, and on the other hand that
Fusle) = ) = { TR T(eT ez Thee R 2 e
! —fr(x) = (c=Du < —fulx), if fi(z) < —cu,
so that |f, k() — fr(z)| <|fe(2)|, if | fx(z)] > cu. This yields (4.9).

Then, since efv2

Jao= / [{Vhor €™ | fuk — fil > 2u}|d(uf)
0

is positivity-preserving, it follows that

< /0 (VAL i ey = ] d(u?)

> e frlxqy
< 4 k| >cu} q
< /0 (/\/k_l " dm)d(u )

(4.9)

<t \fleq( | xtnasandtr >)d 1cq1|!qu

Here the last fourth equality is due to that

/et“A|fk\X{fk>cu}dﬂ? = /(/(et“A(f—y)|fk(y)!><{|fk(y)|>cu}dy>dﬂ?

= /!fk(y)\X{fk(y)|>cu}dy,

(4.10)

because the heat kernel e/ (x — y) satisfies [ e'v®(z)dx = 1 for ¢, > 0, and the last

second inequality is due to that Vi_,|fr(x)] < |f(2)]ee < |f(2)]ea by (1.7).
Next, as for the first term J; of the last member of (4.8), we have by (4.2)

’fu,k - 6tuAfu,k|pdx

ub

4
v / > | fuk — € fuplPda
k=1

= up/|fu_Ptu(fu)‘§de

VA fuk — €2 fun] > )| < / Vi,

IN

IN

N

< Cou™ "Mapp(fu)’
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with Cp := 2'=(1/P)¢y, where the last inequality is due to (1.22), so that
e / )0 Mo fu)? (4.11)
0

For (4.11), we want to show the following lemma.

Lemma 4.1. Let f ='(f1, f2, f3, f1) satisfy Mapp(f) < oo and ||f||B€<{(&_q) < 1. Let
Ju="(fu1s fu2s fu3, fua) as in (4.6). Then

/Ooo d(u?)u™ Mopp(fu)? = q(log ¢) Ma.pp(f)". (4.12)

Proof. For f, in (4.6) instead of f, we have by (1.21)

wa?P(fu)p
= / (|01 +i02) ful? + 03 fu,1|P)dx + / (|81 = i02) fuol? + 03 fu2|P) da
+/ (|(81 + Z'az)f%g Py \83fu73|p)dx + / (‘(81 — iag)qu‘p + ‘agfu74|p)d$
=: Fl(u)+F2(u)+F3(u)+F4(u). (4.13)
Therefore

o 4 oo
|t May (22 =3 [t (Fa(w) + Fafu) + Faw) + Fiw).
0 k=1 0

We compute the integral of the first term on the right-hand side concerning F (u).
Before that, we note that

Fi(u) = / (101 +02) funl? + 195 fun |P)de
u<|f1(z)|<cu
- / (101 + i) Ful? + |05 12 P)d (4.14)
u<|f1(z)|<cu

as the z-integration in the third member of (4.14) may be done only on the set {z; u <
|fi(z)] < cu} because fy1(xz) = 0 when |fi(z)| < u, and fy1(z) is constant (with
|fui(x)] = (¢ — 1)u) when |fi(z)| > cu. Further, the last equality in (4.14) is due to
the fact that 0;fu1(x) = 0;fi1(z), j =1,2,3, on the set {z; u <|fi(x)| < cu}.

Thus, through (4.14) we have

/00 duu F(u) = /00 d(uq)uq/ (|(01 +i02) f1|P + |03 f1|P)dx
0 0 u<| 1 (@) <cu

A @] gy
= o [ @@+l o) [0

i@ u

c

= g(logo) / 10y + i09) [P + |85 f1[P) (4.15)
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In the same way for Fy(u), F3(u), Fy(u) in (4.13), we can get
/00 d(u?)u~1Fy(u)
0
| dwnctR = atoge) [0 +i0) £+ 103
[ dwnutmiw = attoge) [(01 - 0 fi + 0u i

4(log ) / (101 — i00) fal? + |05 fo|P)

So we obtain

/OOO d(ut)u™ Mopip(fu)? = q(loge) [[[(a-p)Prsflh + (e p) P fIl}]
= q(log ¢)Ma.p;p(f)",
establishing (4.12) of the lemma. O
Then, noting (4.5)/(4.8) to put together (4.10) and (4.11) with Lemma 4.1, we get

7114 < Coal10g Mo £ + 5 5115 (416)

Thus, since || f||4 is finite by assumption, taking c sufficiently large in (4.16) and putting

C = %, we have shown the desired inequality (4.3) in step II. In the whole

209 g—1 cq—1
arguments in Step II we need the condition f € LI(R3;C%), i.e. that || f||; < oo, only
here in (4.16) so that we can obtain inequality (4.3) from (4.16).

I Finally we show that if Ma.pp(f) < oo and [|f| gr/ov-a)(rs,cey < 1, then f €

L(R3;C*), and that || f]|; < C Ma.p;p(f) with a constant C' independent of f.
We already know by the weak type inequality (1.14) that || f|/4,0c < c0. Therefore,
in view of the second member of (4.8), we may consider, for every 0 < e < 1,

u=1/e
N.(f) ;:/ {|£]ee > Bu}|d(u?) < oo, (4.17)

—e
Note that

oo 1718 < tim NP, (418)

By modifying the arguments in (4.8)7(4.10) and (4.16), we obtain

u=1/e 1

Coal1og M asp(1 + | 5 ([ 1@ X715y () ) )
L+l (4.19)

Ne(f)

IN

The layer cake representation (4.4) leads the second term I3 on the right-hand side to

/ / /X{m“’"”}( )XY flgoo >cu} (T)ds
/

dx
U= 5

dw/ d(uq)[/o X{f|goo>cu}<‘r)d8+/ X{\f|£m>s}($)ds}
uU=¢€ )

d

= C/ {L‘/ X{lflgoo>cu} uq /d(L‘/ Qdu/ X{|f‘£oo>5}(w)d8.

U

I, =

Q

m\H



Then by integration by parts we have

I

u=1
- C/ d / XU e en (@)(u)
o _1
q . —t
/d'r[ 1 q 1/C‘u X{|f‘[oo>3}(w)d$:|u:€
+/dx/5
_1
) / dx/ X1l >eu) (@ )d(“qu dz / x{|f\m>w}( z)d(u?)

+q—1[5q i / X{1 im0 >s) (@)ds = €1 1/ X{1 e 5} (@) ds|

1 wIrex (| f1yo > cup (%) du

< q_1 dx X{Ifleoo>cu}( z)d(uf q_lgq 1/ / X{|f|goo >cu} (7)du
cq cq 1

- / {1l > cua(ut) + 15— !{Iflzoo>cu}\du

=: I + Iz, (4.20)

where the last equality is due to Fubini’s theorem, so that Io < Is; 4+ Is2. Changing,
in I and Is9, the variable cu = 5s and writing u for s again, we see by (4.17) and by
the definition (1.15) of weak L7 norm,

1
€

Iy = qc—q /s‘ﬂf’ewzcu}‘d(“q)_

__a =5
- q—lcql _1

q—lcq 1{ /1
u=g

q_lcql{Ng )+ 12 /uzl (5u)~"d(u")

{[fle = Bub|d(u?)

cq 5q/“:§
q—l(c) u=ge

Ve 2 sy

ol

o =

IN

(50)~1(5u)? [{| flee > 5u}|d(u?) }

™ =

IN

o
= L (N 1 s [ 108 0] 7
qg 51 q logg
- q_lcq—lNE(f)+ — 1 a1 Hqu (4.21)
For I3» we have
cqg 1 & _
I = 1 1€q_1[ (cw) ™ [(cw)?|{| fle= > cu}|]du
cq 1 o0 _ q 1
< - q q = —_— q
- og—1lert Hf”q’oo/i (cu) ™ (q—1)2ca1 1A 11,00 (4.22)

Then

q

q
Iy < Ipp + 199 < pra

1
N:(f) + ﬁﬁ”f“q (71 + log 5)
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Therefore from (4.19)

Ns(f) < Il"'IQ
g 51
< Cog(log ) Mapip(f)” + g—Lci N:(f)
q 1 q 1 c
4~ TS P
b Il (= +1om )
< Lin(fH[cq(lo o4+ —1 1 (2 1o &) Mo ()7
> q—qu_l £ 0 g q—lcq_l q—l g5 a-p;p ;

where the last inequality is due to the fact that by (1.14) and (1.22) ||f|lg.00 < |[(cx -
P)fllp < Mapp(f). Then take ¢ large (if necessary, larger than the ¢ chosen once
already at the end of step II) such that 1 — ~4- 5% < 1 and we have with (4.18)

qg—1ca-1

q 1 1 c
7 < 9.90¢ Z , P )
1715 < 2 20% Coaloge) + 5 (=7 +1os 5 ) | Mapn(f) (4.23)

Thus, taking C' := 21920 [C’oq(log c) + qiilcql,l (qfll + log %)}l/q and noting homo-
geneity, we have shown the desired inequality (1.28), ending the proof of Theorem 1.1
(i)- O

Proof of Theorem 1.1 (ii). In case p > 1, in our previous paper [IS|] we have
shown that H;’,];,O(R?’;(C‘l) = Hé’p(R?’;(C‘l), so that the norms || f||ar.,,1p == (IfIp +
Mopip(f)")/? and || fllap1p = (If]lp + [l(c - p)fIIp)"/? are equivalent to the norm
1 £ll1p := (IfIIb + IV £]I5)Y/P. But this may not be sufficient to derive (1.30).

To show the assertion, we need show that for p > 1 the two semi-norms ||(a-p)f||,
and ||V f||, are equivalent. However, noting the two inequalities (1.22), we have only

to show the following lemma.

Lemma 4.2. For 1 < p < oo, there exists a positive constant C such that

IVfllp < Clila-p) fllp (4.24)
for every f € CS°(R3;C*).

Proof. We give two proofs.

(i) (A first proof with functional analysis) In the proof of [IS, Proposition 3.1}, we
had already seen this fact of the lemma. Here let us briefly sketch the argument.

Let f = (fu, fo, f3, f1) € C5°(R3;CY) so that (- p)f € LP(R%;CY), and

9="(91,92,93,94) == (- p) f = —i[o1 O f + c20af + 33 f],

belongs to LP(R3; C*).

Since —Af = (a-p)%f = (a-p)g, we have A(0; f) = il 01+ ap0s + 303059, (j =
1,2,3), where the derivatives are taken in distribution sense. Then we can show for
each j = 1,2,3, k = 1,2, 3,4, that there exist constants C} 3;, k,l = 1,2,3,4, such that

0 fr, Ad)| < [(Cimallgrlly + Cinllgallp + Cinsllgsllp + Cjrallgallp] |1 Adll

4
< COQ_Nal)PIAdly = Cligllplle ]l
=1
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for all ¢ € C$°(R3) with C := (Zle Cj7klp/)1/p,, where the last second inequality is
due to Holder’s inequality with 1% + 1% = 1. Hence [(0;fr, V)| < C|lgllpll¢|ly for all
Y € LP(R3), since for p > 1 the space A(C§(R?)) is dense in L (R?), so that d; fy,
belongs to LP(R3) for j = 1,2,3, k =1,2,3,4, and

10 fxllp < Cliglly = Cli(e- ) flp-

This proves the desired inequality (4.24).

(ii) (A second proof with pseudodifferential calculus)

To show the assertion, we have only to show that for j = 1,2,3, —i0;/(a - p) is a
bounded operator on LP(R3;C?). To see it, since (a - p)? = —A, we note that

. . . 3
—i0;  —i0; _ —i0; —iapOp
Oép_ —A (Oé p)_(—A)1/2k_1 1/2_ Zak‘ RRkv
where Ry = %, k = 1,2,3, is the Riesz transform which is a pseudo-differntial

operator having symbol i /|¢|, and if 1 < p < oo, we have ||[Rig|l, < C|lg|l, with
a constant C' > 0, e.g. by the Calderon-Zygmund theorem [e.g. S, 4.2, Theorem 3,
p.29] or by Fefferman’s theorem [Fe, Theorem, a, p.414]. Therefore we obtain for each
7 =123,

1[=i0;/ (- D)) fllp < 3C?( flp-

This proves (4.24), again showing the lemma. O
Thus we have proved Theorem 1.1 (ii), completing the proof of Theorem 1.1. [

5 Proof of Corollaries 1.2, 1.3, Theorem 1.4
Corollary 1.5 and Theorem 1.6

Proof of Corollary 1.2. Let h := *(hy, hs) be a C2valued function and put f

Y(f1, fa, f3, fa) with fi = hy, fo = ho, f3 = fs = 0. Then (1.33) is nothing but (1.28).
This proves Corollary 1.2 (i). (ii) can be seen as in the proof of Theorem 1.1 (ii). O

Proof of Corollary 1.3. Let 1 be a C-valued function and put f = '(f1, f2, f3, f1)
with fo = 4, fi = fs = f4 = 0. Then (1.37) is nothing but (1.28). This proves
Corollary 1.3 (i). (ii) can be seen as in the proof of Theorem 1.1 (ii). O

Proof of Theorem 1.4. The proof is divided into two parts (a) and (b). First in (a),
we show (1.41) for the operator (o - p)(® in (1.40a), and then in (b) for the other two
(0-p)®, (¢-p)© in (1.40bc).

(a) The case for (¢ - p)@ in (1.40a): First we are going to show (4.16) with - p
replaced by (o - p)(a) in (1.40a), and then the proof proceeds to use almost the same

arguments as in steps I, II, III of the proof of Theorem 1.1 (i). In step II we shall
not need introduce some other semi-norm like M, y@.,(f) than [|(a - p) @ f|l,, and

have only to go with the semi-norm ||(o - p)@ f||, for C?-valued functions f(x) =

Y f1(x), f2(z)) on R2.
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L. In the same way as before, we can show an inequality corresponding to (1.14), i.e

that there exists a constant C' such that || f||400 < C|| (U-p)(a)ng/quH;;%/gZ) for every

f ="(f1, f2) which satisfies (¢ - p)(® f € LP(R?;C?) and belongs to B%(&_Q) (R2; C2).
II. This step contains a slight improvement in its own. We want to replace the

weak L? norm by the strong L? norm. Under the same hypothesis as in step I above
but with || f[| zp/-a) < 1, We are going to show the following inequality:

/ Lz < Cll(o - p) @ fIE (5.1)

with a constant C' independent f, a sharper inequality than the previous (4.3), assum-
ing the extra condition f € L(R?;C?), which will turn out to be unnecessary in step
III below.

To this end, we can proceed as in II of the proof of Theorem 1.1 (i), Section 4, to
obtain an anlogous version of (4.8) :

—|fll = h q > 20u}|d(u?
sl = [ sl = 200} da)

< / V2 k= €A Fo ] > ubld(u?)
0
+ / (V2 L fuk — ful > 2u}ld(u?)
0

= J] + Jb,

where A is the Laplacian in R?, f(z) :='(f1(z), f2(z)) € LY(R?; C?) with 1Nl goro-a) <

1 and fu(z) == *(fu1(2), fu2(x)) is given by (4.6) with the subscription moving over
{1,2}, not {1,2,3,4}. By the same arguments used before to get (4.10) and (4.11),

respectively, we have Jj, < qfqlcql_l |l fIZ and

o< G / d(u)u (o - p)@ fu2
0
o / d(uyu= [} (D1 + i) fur |2+ (D1 — i) fua 7]
0

Noting that

/ d(u?)yu~ ) Oy + i0a) fun |l = / (81 + i00) fun (2)Pde
0 u<|f1( )\<cu

alloge) [ 101 +i02) i (@) da
q(log c)||(0r +id2) 1|5,

d(u?)u q/ |(O1 +i02) f1(x)|Pdx
u<|f1(z)|<cu

and in the same way
/ d(ut)yu~1) By — i0n) fua |2 = q(log )| (Or — idn) fall?.
0
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we have J| < Cyq(logc) ||(o - p)@ f|h. Thus

QOquHq < Ji+Jy < Coq(log)||(o - p) >fHP+——HfH

whence we get the desired inequality (4.1), taking C = M

209 g—1cq9-1

for ¢ sufficiently

large.
II1. Finally we remove the condition that f € LI(R?;C?) assumed in step II. In
fact, we show that if ||(¢ - p)(® f|| < oo and [ £l go/o-ap < 1, then f € L(R?;C?).

The proof proceeds in the same way as in I1I of the proof of Theorem 1.1 (i), Section
4. Indeed, with the corresponding N.(f) as in (4.17) and (4.18), we can show, instead
of (4.19),

u=1/e 1

(/\f(:r)\zoo X{|f]oo >cu} () dx)d(uq)_

N:(f) < Coq(loge)l(o - p)(a)ng +/

Estimating, in the same way as before, the two terms on the right-hand side, we can
obtain the desired inequality || f||§ < C||(c-p'®)f||5. This shows (1.41) in Theorem 1.4
for (o -p)@ in (1.40a).

(b) The other cases for (o -p)®) and (o -p)(© in (1.40bc): Each of these two cases
is reduced to the case (a) for (¢ - p)(® by a linear transformation. The idea is based
on the following lemma.

Lemma 5.1. The three 2-dimensional Weyl-Dirac (or Pauli) operators (o -p)®, (o -

p)®, (o -p)© in (1.40abc) are unitarily equivalent. In fact, there exist unitary 2 x 2-

matrices N, N’ such that for f = '(f1, f2) and h = t*(hy,he) :== Nf, h = t(hy,ho) :=
N'f,

- p)Dh = (0-p)Nf=N(o-p)Pf, withh="(hi,ho)=Nf, (52)

(0 p)Dh = (0-p)INf=N(c-p)9f, withh="(h1,hs)=N'f. (53)

p Take matrices N = L ( 1 7)) n = L (1 hich i

roof. Take matrices N := vAGEEEIL =\ y 1 ) whichare uni-

11 (101 , 1 1 1
tary. We have N7* = 7 < P ) (N")7L 7 < 11 ), and
1 /1 - 01 02 1 1 0 01 — 10
V21l i 0y —01 01 + 10y 0 ’
L 1 -1 81 —182 L 0 81 - iag
\/5 1 1 iag —81 2 1 81 + 182 0 ’

Taking into account the definition (1.40abc) of (o -p)@, (o-p)®, (o -p)© yields (5.2)
and (5.3), showing Lemma 5.1. O

[\

Now we continue the proof (b) of Theorem 1.4. Take the same matrices N and
N’ as in Lemma 5.1, which we see reduce the cases (o - p)® and (o - p){© to the case

(0-p)@.
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Note the bounds of the matrix norms of them and their inverses that for 1 < r < oo,

INllerser < V2, |IN7Y oo < V2;

IN'lerser < V2, [(N)Hlermser < V2. (5.4)
It follows that if h = Nf or h = N'f, then
£l < V20l Bl < V2 £ (5.5)

First, we treat the case (o -p)® with N. We have by (5.2) in Lemma 5.1 and (5.4)
(o - p)Whlly = [N(o - ) fllp < IN[lvsserll (o ) fllp < V2II(0 - )P flp- (5.6)
We note that P, commutes with N to get
[(Peh)()]ee = [(PN f)(2)]eee = [(NPf) ()]
<INl | (Pef) (@) ]ee < V2I(Pof)()eoe
whence
17l go/w-ar = sup||Pihlloc = supsup |(Ph)(z)]e
00,00 >0 t>0
< V2supsup|(Pof)(@)]e= = V25up | P flloo = V2IIf gorio-ar - (5.7)
t>0 = >0 00,60
Then, since we already (1.41) holds for (o - p)(® with A in place of f, we combine it
with (5.5), (5.6), (5.7) to get
1£lla < V2IIRllg < V2CII(o - D) RIE AN 0%, < 201 - p)® FIR AL,

p/p q) BP/(p q)

which yields the desired inequality (1.41) for (o - p)®).

Next, as for the other last case (o - p)(c), exactly the same arguments apply to it as
those just made in the case (o -p)®) above, with the matrix N, relation (5.2) replaced
by the matrix N, relation (5.3).

This completes the proof of Theorem 1.4. O

Proof of Corollary 1.5. (1.42) follows from Corollary 1.3 (1.39) because our function
W(x) = ¥ (z1, 22) here is independent of x3, or from Theorem 1.4 (1.41) for h = t(hq, hs)
Wlth hl = 0, h2 = ¢ OJ

Proof of Theorem 1.6. The proof is done by analogous arguments used to prove
Theorem 1.1. We only note that Lemma 4.1 is replaced by the following lemma, which
can be shown in the same way as before.

Lemma 5.2. For f ='(f1, fo, f3, f1), one has

/0 A My ()P = 9108 &) Mpip (). (5.8)

Here we only note with (1.50) that the proof turns out to deal, instead of (4.13),
with

Mﬁ-p;p(fu)p
- /(‘(81 + iag)fu,l‘p + ‘(83 + i84)fu,1]p)dx —l—/(|(81 — iag)fu72|p + |(33 — ia4)fu72|p)dﬂ§

+/(](81 + iaz)fujg‘p + ‘(83 — i84)fu,3‘p)dl‘ +/(\(81 — Z'82)fu,4‘p + ‘(63 + i34)fu74]p)dac
L]
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6 Concluding Comments

We have originated a version of improved Sobolev embedding theorem for vector-
valued functions involved with for the three-dimensional Dirac operator D = « - p, the
three-dimensional Weyl-Dirac (or Pauli) operator D = o - p, and the four-dimensional
Fuclidian Dirac operator D = § - p. To this end we have introduced in Section 1 the
corresponding first-order-derivative semi-norms Ma.p:p(f), Me.p:p(h) and Mg.p.p(f) by
decomposing them into two parts: D = D1 + Dsy. Although the used decomposition
looked to be artificial, it turns out there are other meaningful decompositions which
give the same semi-norms as thus defined. In fact, we have characterized, in Proposition
1.0 for « - p and its counterpart for o - p and S - p, which kind of decompositions are
fit for our semi-norms at all. It turns out that they should be those which satisfy the
condition that each row of the matrices of both the parts D1 and Do contains only
one nonzero entry. Why one needs this condition is simply because our proof given in
Section 4 needs it.

In this section we will make some further comments and observe that after all this
semi-norm is of reasonably good and optimal choice, having intrinsic and universal
character and being an intermediate one in strength lying between both the semi-norm
I D) Fllps 1 - DAl or (8- p)flly and the seminorm [V £y, [IVA], o [V£]],,
respectively. We describe only with the 4-dimensional Euclidian Dirac operator, as we
can deal with the other two operators just in the same way.

So consider the 4-dimensional Euclidian Dirac operator D := - p in (1.46) and
its decomposition into the sum of its two parts : D = D; + Dy. Ignoring the order
of the pair (D1, D2), we regard the two decomposition (D1, D3) and (D2, D) as the
same. Then there are totally % .27 = 64 decompositions including the trivial decom-
position with (D1, Dy) = (D,0) or (D1, D3) = (0, D). The set of all decompositions
of D = - p is denoted by Decom(D). Let Decom;(D) be the subset of all (D1, Ds)
in Decom(D) which satisfy the condition that each row of D1 and Do contains only
one nonzero entry. It is seen that Decom; (D) consists of % .24 = 8 decompositions
of D. The decompositions (1.47), (1.53), (1.54) and (1.55) are examples of elements
of Decom; (D). With the decomposition (1.47), i.e. ((8 - p)Pis, (5 - p)P2a), we have
defined the semi-norm Mpg.p,.1(f) by (1.48), that is,

Mg p(f) = [11(8-D)Piafllp + (B~ p) Paaf I ] /7. (6.1)

We have shown Theorem 1.6, a version of improved Sobolev embedding theorem for
vector-valued functions, that inequality (1.57) holds with this semi-norm Mg.p,.1(f) for
1 < p < oo, and also seen in Section 3 that in case of p = 1 one cannot replace the
semi-norm Mpg.p,. ,(f) on the right by a weaker one ||(8 - p)f]p, though one can for
1 < p < 00. Actually we have

(D1, D2) € Decomy(D) = Mp.p;p(f) := Mpyvpaip(f) = [ID1flp + ||D2pr]1(/p- |
6.2

Thus our semi-norm Mpg.p. ,(f) is characterized as the one associated with Decom; (D).
At this point also notice that this semi-norm has the very expression (1.50) with sym-
metric arrangement of eight terms in its last member. Inequality (1.51) shows that
Mg p(f) is lying in strength between the semi-norms [|(8 - p)f||, and ||V f]|,. Notice
that the condition that each row of D1 and Do contains only one nonzero entry is satis-
fied by neither the 3-dimensional Dirac operator (1.17), 3-dimensional Weyl-Dirac (or
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Pauli) operator (1.31) nor 4-dimensional Euclidian Dirac operator (1.46) themselves.
Otherwise, our proof could establish for p = 1 inequality (1.28) of Theorem 1.1, (1.35)
of Corollary 1.2 and (1.57) of Theorem 1.6 with the semi-norm |[(a-p)f|l1, [[(c - p)h|1
and ||(8 - p)f]l1 in place of Mu.p:1(f), Mop(h) and Mg.p.1(f) on the right-hand side.
But this is not in general possible because we have counterexamples as given in Section
3.

In K&hler Geometry and/or Spin Geometry (e.g. [Fr], [LawM]), the four-dimensional
Fuclidian Dirac operator D appears as an operator acting on the Clifford algebra
CL(R*), which is canonically isomorphic to the exterior algebra A*(R?*) = A*(T*(R%)).
On this A*(R%), in turn, there act two canonical first-order differential operators,
namely, the exterior derivative d : A*(R*) — A*(R?*) and its formal adjoint d* :
A*(R*) — A*(R*), which satisfy d> = d*2> = 0. Then the fact is that the Dirac
operator D is considered to decompose into their sum: D = d 4 d*. In passing, it is
conversely along with such a decomposition that the Dirac operator of even infinite
dimension is defined on a Fock space in [A1, 2].

In this connection, notice that Decom;(D) contains two pairs (Di, D2), (1.53)
and (1.54), which satisfy the one condition Dy = Dj, but neither of the elements
of Decom; (D) satisfy the other condition D? = D3 = 0. We ask: how about the
inequality

1£la < OMpypp (P11 000 (6.3
like (1.57) for the decompositions not belonging to Decom; (D), to hold with a fixed
constant C' > 0 for all functions f(x) = !(f1 (), fa(x), f3(x), fa(x)) on R* ? To answer
it, consider the following three decompositions D = - p = D; + Dy in Decom(D) \
Decom; (D) which are typical in some sense :

(4)
My

B-p=(B-p)Pi2+ (B8-p)P3u

0 0 00 0 0 pg—ipy Py—ipy
_ 0 0 00 n 0 0 pr+ip; —(p3+ips)
p3+ips PpPr—ipy 0 O 00 0 0 ’
p1+ipy —(P3—ipy) 0 O 00 0 0

(6.4a)

s () = (B-p)Prafll1 + [[(B-p)Paafllr
= [[(01 +i02) f1 — (03 — i04) fal1 + [|(O1 — 02) fo + (05 + i04) f1]]1

+ [|(O1 + 102) f3 — (03 + @04) fall1 + [|(O1 — i02) fa + (O3 — i04) f3]]1 ;
(6.4D)
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0 0 P3 —iPy P —iD2 0 0 0 0
B.p= 0 0 0 0 " 0 0 pi+ipy —(P3+ips)
0 —(p3—ips) 0 0 py+ipy 0 0 0
=:(B8-p)s +(8-ps, (6.5a)

ML (F) =118 p)sfll + 13- Pl fIla
= [[(01 +i02) fillr + [|(F5 + i04) fillr + [[(O1 — iD2) foll1 + [|(T53 — i04) f2[I1
+[[(01 +i02) f3 — (03 + i04) fall1 + [|(O1 — i02) fa + (T3 — i04) f3][1;

(6.5b)
(6)
Mg
0 0 P3—iPy  P;—iDg 0 0 0 0
gop=| " 0 0 —(pg+ipa) | 0 0 py+ipy O
0 p—ips 0 0 py+ipy O 0 0
0 —(p3—ips) 0 0 p; +ipy 0 0 0
=:(B-p)r+(B-p)s, (6.6a)

M () = 18- p)rfll + 18- p)s s
= [|(01 +1i02) f1ll1 + [[(03 +i04) f1ll1 + [|(O1 — iD2) fall1 + [|(F3 — i04) f2ll1

+ 11(01 +i02) f3]| + [[(03 + 104) fall + [|(Or — i02) fa + (95 — i04) f5]]1 -
(6.6b)

Here the first decomposition (6.4a) and the second (6.5a) enjoy the same property as
the Dirac operator D mentioned above in connection with Kéhler Geometry and/or
Spin Geometry. Further, the former (6.4a), which we have already referred to in Section
1 below Proof of Proposition 1.0 and also below equations (1.56a, b, c), has a beauty
of symmetry. The latter (6.4a) has another beauty that each nonzero entry of (5 - p)g
is either of the two Cauchy-Riemann operators in the variables (z1,z2) and (x3,x4),
while that of (3 - p)s either of their adjoints. The third decomposition (6.5a), which
is a slight modification of (6.4a), looks artificial, lacking in beauty of symmetry and
satisfying neither (- p)s = (3 p)7” nor (8- p)7 = (- p)s? = 0.

Our answer from the present paper is affimative for 1 < p < 0o, as already shown in
Theorem 1.6 (ii), because, for any decomposition (D1, D3) € Decom(D), the semi-norm
Mp,vp,:p(f) is equivalent to the semi-norms [|(8 - p)f||, and ||V f]|, as seen in (1.51).
However, as for p = 1, it will be negative, so long as one requires that D2 = Dy? = 0.
Thus the problem is when p = 1.

Comparing with the semi-norm Mg.p,.1(f) in (1.50) for p = 1, we note (cf. (1.51))

18- D) fllh = M), (F) < ME) () < MED () < Mapa (F) < |Vl (6.7)

where these three semi-norms are not equivalent to one another. Hence we also real-
ize that M (f) is next weaker than Mg.p.1(f), and Mésr))l(f) is next weaker than

©) B-p;1
Mﬂ-p;l(f)'
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Proposition 6.1. For p = 1, inequality (6.3) does not hold with the semi-norm
Mp,vp,1(f) replaced by Méi)),l(f) in (6.4b) and Mé5111(f> in (6.5b) corresponding
to the decompositions (6.4a) and (6.5a), respectively.

The proof of Proposition 6.1 is omitted. We give only some notes here. As to
M /gi)),l( f) in (6.4b), the asertion is clear, because the last member of this semi-norm

is the same as (1.49), namely, MY () = [|(8-p)fll1- As to MY (f) in (6.5b), w
can show the same sequence {f,}5° used to construct the counterexample in Sectlon

3 violates inequality (6.3) for p =1, ¢ = 5, so that p = -3.

It should be probably approriate to mention here Whether the present work has any
connection with those of [BoBr| and [LanSt]. They proved an inequality of the form

[l (n-1) < C ([l dully +[|d"u][1)

holds with a constant C' > 0 for all smooth m-forms u on R", when m is neither 1
nor n — 1. For m = 1, it holds with ||d*u||; replaced by ||d*u| g1, and for m =n — 1,
with ||dul||; replaced by ||dul| 51, where H! is the real Hardy space. This looks a little
similar since (1.57) implies that ||f|, < CiMpgpa(f) + C’2Hf||Béé(olo_q) with constants
C1, Cy > 0. But we don’t know whether it is related to our resfﬂts, partly because,
though it will be the case n =4, m =1 and ¢ = %, so that if our paper should have a
relation, as Proposition 6.1 above says, inequality (6.3) fails to hold for the semi-norms
M(4), (f) in (6.4b) and M(5). 1(f) in (6.5b) in place of Mp, p,.1(f).

Finally, as for the third semi-norm Mg (6 ) 1(f) in (6.6b) associated with the decom-
position (6.6a), it is not clear whether or not (6 3) holds, although we learn in Theorem
1.6 that it holds for its next stronger semi-norm Mag.p,.; (f), but in Proposition 6.1 above
that it does not for its next weaker semi-norm M éi)xl( f). However, it should be proba-
bly noted here that the sequence {f,} used to construct the counterexample in Section
3 does not violate but keeps inequality (1.57) with semi-norm M [g(_?);l( f) in place of
Mg (f). Needless to say, this sequence {f,} of course keeps inequality (1.57) safe,
though.

7 Summary

In this work we have extended the improved Sobolev embedding theorem (1.1), which
originally is for single-valued functions, to a vector-valued version, (1.28) and (1.30),
which are connected with the three-dimensional massless Dirac operator a-p in (1.4)/(1.17):

t<p<g<oo: flle £ CMapp(F/ U100, (1.28)
1<p<g<oo: |fly < CllD)fIBIAILE", (1.30)

where f(z) = '(fi(z), fa(x), f3(z), fa(x)) are C*-valued functions on R3. The first-
order-derivative semi-norm Me.p.,(f) on the right of (1.28) is at first defined by (1.19)
with the rather artificial decomposition (1.18) of - p into the sum of its two parts, but
then can be seen, through its explicit expression (1.21), to coincide with the ones to be
defined with the other decompositions like (1.24), (1.25) and (1.26), just as clarified in
Proposition 1.0. This will reveal the semi-norm M. (f) to have an intrinsic meaning.
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When 1 < p < ¢ < oo, the semi-norm M., (f) is equivalent to the semi-norm
(- p)fllp as well as ||V f]|,. Therefore, in this case it is no wonder that inequality
(1.30) holds, because (1.28) is reduced to (1.30) which is also equivalent to (1.13). It
also is an improvement of the (1.14) that has the weak L9 norm on the left-hand side.

But when p = 1, these three first-order-derivative semi-norms are not equivalent
to one another, cf. (1.22). In this case, (1.16)/(1.30) does not hold in general. A
counterexample is given in Section 3. Further, for p = 1 two inequalities (1.28) and
(1.14) cannot be compared so as to say which of them is sharper.

Analogous improved Sobolev embedding theorems are also given for the three-
dimensional Weyl-Dirac (or Pauli) operator o - p in (1.31), the Cauchy—Riemann op-
erator 3(81 + i0>) and the four-dimensional Euclidian Dirac operator 3 - p in (1.46).
Here, for the last one (- p, in the same way as for « - p, the semi-norm Mg, (f),
which is defined at first by (1.48) with the rather artificial decomposition (1.47), turns
out to coincide with the ones to be defined with the other decompositions like (1.53),
(1.54) and (1.55), and so to be meaningful. Noted is in Section 2, 5° that all the results
are also vaild for the other represntations of the three-dimensional massless and the
four-dimensional Euclidian Dirac operators.

However, exceptionally for the two-dimensional Weyl-Dirac (or Pauli) operator
(o - p)®@ in (1.40abc), we have proved an inequality which is just expected as (1.16)
forall 1 <p<gq<oo:

1£lla < Cllto - D) P FIB Ay % (141)
for C2-valued functions f(z) = {(f1(x), f2(z)) on R?, which might be said to be a true
extension of the single-valued (1.1) to the vector-valued version.
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