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Abstract

In this paper, we give some functional equations with a parameter
¢ for Lauricella’s hypergeometric functions; they can be regarded as
multivariable versions of the Gauss quadratic transformation formula
for the hypergeometric function. These functional equations for ¢ = 1
are utilized for the study of arithmetic-geometric means of several
terms.
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1 Introduction

It is known that the hypergeometric function F'(«, 3, v; z) satisfies the Gauss
quadratic transformation formula:

1

(14 2)**F(a,a — 3+ %,ﬁ + 5;22) = F(a, 3,20; A

(1+ 2)2)'

When a = = %, this equality reduces to

I+2z 11
F(=. =
2 (2’2’

11 2

L1-2)=F(z,=,1;1—
=) =PG5 Bl

)),
which implies that the reciprocal of the arithmetic-geometric mean of 1 and
x € (0,1) coincides with F(3,% 1;1 — 22), refer to [HKM].
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In this paper, we give some functional equations with a parameter ¢ for
Lauricella’s hypergeometric functions Fp; they can be regarded as multivari-
able versions of the Gauss quadratic transformation formula. Our functional
equations for ¢ = 1 are given in [KS1],[KS2] and [KM], and they imply the
expressions of arithmetic-geometric means of several terms by Lauricella’s
hypergeometric functions Fp. We also show that each of our functional
equations admits no other parameters when we specify the transformations
of variables of Fp and an admissible factor to the product of power functions
associated with singular locus of F)p.

By considering restrictions of variables for our theorems, we obtain three
transformation formulas for the hypergeometric function F(a, 3,7;2). We
remark that they are not listed in [E] and [G], and that one of them was
recently found in [BBG].

For proofs of our theorems, we utilize yang [O1], which is a package
of computer algebra system Risa/Asir for the ring of differential-difference
operators.

2 Lauricella’s hypergeometric function F)

Lauricella’s hypergeometric function Fp of m variables zy,..., z, with pa-
rameters «, 31, ..., OBm, 7 is defined as

= (020 ) TS (87, m9) Y
) 11

Fp(a, 8,7;2) = m i
D(a 3 Y 2) (%ijl nj) Hj:1(17nj) j=1

N1,...,Nm >0

where z = (z1,...,2y,) satisfies |z;] <1 (j =1,...,m), B = (B1,...,0m),
v#0,—-1,-2,... and (a,n) = ala+1)---(a+n—-1)=T'a+n)/I'(«a).
This function admits the integral representation of Euler type:

Fp(a, B,7v;2) = F(a)];((vv)— 2] /0 t*(1 — )7 H(l — zjt)ﬁjt(ldi nk (1)

Jj=1

When m = 1, Fp(a, 3,7; z) coincides with the Gauss hypergeometric func-
tion F'(a, 3,7; 2), and when m = 2, Fp(a, 3,7; 2) is Appell’s hypergeometric
function F(a, By, B2, 7; 21, 22).
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Fact 1 (Proposition 9.1.4 in [IKSY]) The function Fp(a, 3,7;2) satis-
fies the integrable Pfaffian system

df = Qf(z)f, Q4(z) = Z A;dlog(z — z5),

1<i<j<m+2

where f = t(anfl?"'afm); fO = FD(Oé,ﬁa’Y;Z); fl = Zig_i? (1 § l S m):
Zmt1 =0, Zmio =1, and (m + 1) x (m + 1)-matrices A;; are given as

0-th i-th j-th
0-th
J-th B; —0Gi
0-th i-th
0-th 1
—5
O : (@)
—Bi1
' _ ki ‘
Az,m-l—l i-th 1_,y+ Z 514: (1 <@ < m)?
1<k<m
—Biv1
O : (@)
_ﬁm
0-th i-th
0-th
O O
Aime2 =i —aB —B o =B v—a—Bi-l —G - B
@) O
(1<i<m)

Here we correct A;; and A; ni1.) The singular locus of this Pfaffian system
J ,
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is U L CcC™, where

1<i<j<m+2
Lij ={lij = z — z; = 0} (2)

and Ly, 11, m+2 @ regarded as the hyperplane at infinity.

3 Transformation formulas

Theorem 1 The hypergeometric function Fp of 2 variables satisfies the trans-
formation formula

(1+Z1+22)CF (c c+1 c+1 c+1
— D

- 1_ 31_ 3
3 36 6 0 2 LTl TA)
cc+1 c+1 c+5
57 6 ) 6 ) 6 azivzé)a (3>
1+ wz + w?zy g 1+ w21 + w2y 3)
1—|—Zl—l—2’2 ’ 1—|—21+22

= FD(

€ (a5 = (

wherew = == 5 — (21, 22) 1s in a small neighborhood U of (1,1), and the
value of (FEE2)¢ at (2, 25) = (1,1) is 1. This functional equation admits no
other parameters when we specify the transformations of variables of the both
sides of Fp in (3) and an admissible factor to A(z) = al_[f:1 pi(2)%, where

p1(2),...,pe(2) are the irreducible factors of the product [T &4, of
1<i<j<m+2
the pull-back of €;; in (2) for m = 2 under the map &.

Theorem 2 The hypergeometric function Fp of 2 variables satisfies the trans-
formation formula

1+ 2\ . ¢ 2e—1 2¢—1
(LR e By
c 2c—1 2¢—1 c+1
= FD(§7 4 4 9 ;21,2;), (4>

5 : (ZhZQ) = (Ziazé)a

,_ (VA=A = 23) — V-1(z1 — 2))?

oo 1+ Vaz) ’
o WO + V1~ 2)°

1+ vz2)!
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where z = (21, z2) 1s in a small neighborhood U of (1,1), the values of \/z1z2
and (@)%*1 at (21,22) = (1,1) are 1, and the value of \/(1 — 2¥)(1 — 22)
in the expression of zb is same as that of zy. Though z| and zi are exchanged
by the choice of branches of \/(1 — z%)(1 — z2), the right hand side of (4)
is single-valued by the coincidence of the parameters 31 and By of Fp. This
functional equation admits no other parameters when we specify the transfor-
mations of variables of the both sides of Fp in (3) and an admissible factor
to A(z) =a Hlep,-(z)ci, where py(2),...,pr(2) are the irreducible factors of
the product [T & of the pull-back of L;; in (2) for m = 2 under the

1<i<j<m+2

map &.

Theorem 3 The hypergeometric function Fp of 3 variables satisfies the trans
formation formula

1421420423 3 c c+2 ct+2 ct+2 c+2
< 4 ) e RS TR TR N
cc+2c+2c+2c+5 , , ,
T2 1 12 g )

1_2%7 1_237 1_23)

= FD(

()

€ (21,22, 23) — (21, 23, 23),
1-— 21— 29 + 23

/o 2
Zl_(1+21+22+23)’
1— _
ZéZ( Zl+2’2 Z3\9

1+ 21+ 29 + 23
(1—|—z1—22—z3 9

1+ 21+ 29 + 23
where z = (21, 22, 23) 1s in a small neighborhood U of (1,1,1), and the value of
(HEEt2tm)e/2 gf (29, 29, 23) = (1,1,1) is 1. This functional equation admits
no other parameters when we specify the transformations of variables of the
both sides of Fp in (3) and an admissible factor to A(z) = aHle pi(2)%,

where p1(2), ..., pr(2) are the irreducible factors of the product — [[ &4y
1<i<j<m+2

z

w~

of the pull-back of {;; in (2) for m = 3 under the map €.

Remark 1 The transformation formulas (3) and (4) for ¢ = 1 are utilized for
the study of arithmetic-geometric means of three terms in [KS1] and [KS2],
respectively. The transformation formula (5) for ¢ = 1 appears in [KM] as
Proposition 1, which is a key to express the common limit of a quadruple
sequence by Lauricella’s hypergeometric function Fp of 3 variables.
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4 Proof

In this section, we prove Theorem 1. Since we can show the others similarly,
we omit their proofs.

Let 2;(z) and (2(z) be the connection 1-forms in Fact 1 for

flz) = t(fo(ZlaZ2)aZl%(zla@)az‘z%(%@))a

02’1 82’2
f0<21722) = FD(Q751;527’Y;217Z2)7

and

0 g

- t 9o 0
z) = 21, 29), 21=— (21, 22), 2a=— (21, 2
9(2) (90(21, 22), 1321( 1, 22), 2(9,22( 1,22)),
go(z1,22) = Fpld, b1, 85,7 21, 22),
respectively. It is easy to see that the vector-valued functions

dfo 9fo 990 990
_t _t /0

satisfy the Pfaffian systems
df = 124(2)f, dg = 04(2)g,

respectively, where

2¢(z) = PQ}a(z)P*1 +dPP™',  02,(2) = POQy(2) P~ +dPP,

1
1 1

P = diag(l,—, —) = =

c1 c2 1
Counsider the vector-valued function

0Gy 0Gy

G = @Gy, —, —

(z) (Go, Oxy Oxsy

for the pull-back Go(x1,x2) of go(21,22) under the map

& (o) = (o) = ((

14 wzy + Wy 3 14 w2y + wrs 3
1+£L‘1+ZL’2 ’ 1+I1+l’2 ’
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It satisfies
G(1,1) = '(1,0,0) (6)

and the Pfaffian system dG = ¢ (z)G, where

_ _ 1
.Qg(l') = JQ.QQ(ZL‘)JQ ! + dJQJQ 1, J2 = ( tJ) s

(2,(x) is the pull-back of §2,(z) under the map £, and J is the Jacobi matrix
of the map £. The singular locus of {2;(z) consists of 12 lines p;(x) = 0
(t=1,...,12), where

+x1+ 2, pox) =21 —w, p3(x) =21 — w?,

(x) =1
pa(z) =29 —Ww, ps(T) =29 — w?, pe(T) = 11 — W,
( ) T — w2x2, Ps(ﬂf) =T — T2, pg(fﬁ) =x — 1,

po(x) =22 —1, pn(x)=1+wr + w?a,, pra(z) =1+ Wiz + wrs.

,1); note that a; #0 fori =1,...,7, a; =0 fori=8,...,12.
= go(1,1) =1, we have A(1,1) = 1. Thus A(z) should be

Alz) = ﬁ (piéf))q.

i=1

Consider the vector-valued function

0Fy, 0F)

F( ) (FO’ 8ZE1 8952

for
Fo(my,22) = A(z) fo(1 — 2,1 — 23).
It satisfies

7 7
PO = Y G S s g Bk

— a; 01y v = a0y gl
and the Pfaffian system dF = Qp(z)F, where

Qp(x) = QLA (x)J7 +d ) JT Q™ +dQQ™,  Jy = diag(1, 327, —313),
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A(x) 1
Q=57 AW =A@ | 25 1),
OA(x Olog Az

and 27(x) is the pull-back of £2;(z) under the map

(z1,22) = (21,22) = (1 — 3,1 — a3).
The singular locus of 2g(x) consists of 12 lines x1 = 0, x5 = 0 and p;(z) =0
(i=1,...,10).
Note that Fy(z) = Go(z) on U if and only if F(1,1) = G(1,1) and
Qr(x) = (x). By (6) and (7), we have

c1 Cp+cg c3+cr 3af o c—cw c5—cw?  3abs

3 1—-w 1—-w? v 3 1—w 1—w? y

—0. (8)

We compare the entries of £2p(z) with those of 2¢(z) by utilizing yang [O1],
which is a package of computer algebra system Risa/Asir for the ring of
differential-difference operators. We have a necessary and sufficient condition
for the identity 2r(x) = 2c(x) expressed as a system of 802 linear and 399
quadratic equations of 15 variables ‘v = (c1, ..., cq, a, b1, B2, 7, &', B, By, ).
The 802 linear equations include the followings 14 linear equations:

—c =y~ —¢co—Cr+ 30 +a + 0+, -9
—2¢4 — 205+ 30+ 30y — 3y —2d + B+ 5+ 29 =
—206 — 207 +3a+301+360—3y—a =B — B+ =
—cg—Ccr+30—a —fy— By +7 =
+orta +wl—(w+1)f—v = -1,
3a =301 +30, — 30, — 308, = —1,

of =201 =28, +2¢ = 1,
3a+30, -3y = -1,
3a+303; —3y = -1,
(W4 1)cg —wez =

)

0
1
0
1

0

co+c3 = 0

(W+ ey —wes = 0,
cs+cs = 0

0

weg — (W 1)er =
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Thus we have a 1-dimensional solution space of these 14 linear equations,
which can be expressed as

C1 Cl+1
Cy:o/:§’ ﬁ1:ﬁ2:ﬁ1: é: 6 )
c+1 c+5
v = 12 ) 7/2 16 , Cp=c3=cC4=0C5=Cg=cy=0, (9)

where we regard c; as a free parameter in C.

We can see that the solution (9) satisfies the 802 linear and 399 quadratic
equations and (8) by Risa/Asir. Hence Fy(x) = Go(z) on U if and only
if the condition (9) holds. Refer to [O2] for our computation by yang and
Risa/Asir. O

5 Restrictions

In this section, we derive some corollaries by considering restrictions of vari-
ables for our transformation formulas.

Corollary 1 (Theorem 2.3 in [BBG]) We have

1+ 22 CF(E,C+1,C+1;1—23)
3 3 3 2
cc+1 c+d 1—=2
- F(_’ ) ;( )3)
3 3 6 1422

for z sufficiently near to 1, where the value of (%)C at z=11s 1.

Proof. Put z = 2z, = 2, for the transformation formula (3) and use the
integral representation (1). O

Corollary 2 We have

1+2\*" ¢ 2c—1 A
< 2 ) G —sl=%)
¢ 2c—1 c+1 (1—z>2)
272 7 27 M4z 7

for z sufficiently near to 1, where the value of (=)™}

:F(

atz=11s1.

Proof. Put z = \/z1, 2, = 1 for the transformation formula (4) and use the
integral representation (1). O
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Corollary 3 We have

1+32 §F(E,C+2,C+2;1—22)
4 4" 4 3

c c+2 c—|—5.(1—z)2)
4 4 7 6 143277

:F(

for z sufficiently near to 1, where the value of (#)6/2 at z =1 1s 1.

Proof. Put z = 2 = 29 = z3 for the transformation formula (3) and use the
integral representation (1). O

Remark 2 The equalities in Corollaries 1 and 3 for ¢ = 1 are used in [BB]
to study modified arithmetic-geometric means.

Remark 3 It is written in [BBG] that Corollary 1 can not be deduced from
the cubic transformation formulas in [G]. The authors remark that our corol-
laries are not listed in [E] and [G], and think that Corollaries 2 and 3 can
not be obtained by classical results.
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