An Asymptotic Behavior of {f(nkt)}
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Abstract Let f(#)= Lip ¢ (6>1/2) and f(¢+1)=/(¢). Then if {n.} satisfies n../%,
>14+ck™%(c>0 and 0= a <1/2), the law of the iterated logarithms for {f(n.t)} is studied.

1. Introduction Let f(f) be a real valued Lebesgue measurable function on
(—o0, +00) satisfying the conditions

FFD=F(), folf(t)dt=0 and fO‘fZ(t)d¢<+oo,

and {#,} be an increasing sequence of positive integers. Then it is well known that the
sequence of functions {f(#n,1)}, although themselves not independent, exhibits the properties
of independent random variables.

In [3] we proved that if f eLip ¢ (6>0) and

1.1 Hper/m,>1+¢ (¢>0 and k=1),

then we have

’

_ N
1.2 },im (N log log N)"23 f(n.h)<C, a.e. t,
—w® k=1

where C is a constant depending on f and ¢ in (1. 1).
Recently, Dhompongsa [1] showed that if f&Lip ¢ (6>1/2) and {%,} satisfies the gap
condition

(L3 {nk+1/nk>1+ck—a, k21,

for some ¢>0 and 0<a <1/2,

then (1. 2) holds for some constant C >0.
The purpose of the present note is to prove the
TueoreM. If feLlip & (8>1/2) and {n.} satisfies (1. 3), then we have
_ N
]}Iim (N log log NY"'23, fmH)= I f 1, a et
—00 E=1
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where [~ 73, ancos 2zh(t+an), @=20,and 1 fI1 =3 a,-
h=1 h=1

2. Some Lemmas From now on let us assume that f belongs to the class Lip ¢
(6>1/2) and {#,} satisfies the gap condition (1. 3).

i. If fF(D~23 ancos 2zh(t+ay), @, =20, then the following facts are well known (c f.
h=1

[5] , Vol. 1);
2.1 S axlog(h+1)< +oo
h=1
and

2.2 | F(H— 3, ancos 2ahi(t+a,) | =O0(n °log n)
k=1
=o(n1?), uniformly in #, as n—-+oo,

For simplicity of writing the formulas we consider only cosine series. The general case
follows the same lines.
ii. Let us put
p(0)=0 and p(k)=max{m ; n,<2%} for k=1.
If p(R)+1<p(k+1), then we have

pl+1)-1

2 > mpgan/fwe > I A+om™)
m=p)+1

> 1+c{pe+1)—pB)—1}p~2(k+1).

Therefore, we have
2.3 pe+1)—p(R)=0(p*(k)), as k—oo,
Further, the following lemmas are proved (cf. [4] ).
LemmMmA 1. For anmy given integers k, j, q and h satisfying

PG+ 1<h=p(G+D<pR)+1<g=pk+1),
the number of solutions (n,, n;) of the equation
nq_ Ny=Np— ni,

where p()<i<h and p(k)<r<gq, is at most C27-*p*(k), wheve C is a positive constant
independent of k, j, q and h.
LEMMA 2. 'For any given integers k, j, q and h satisfying

PUHD<h=p(G+2)<pe+1)<g=p(k+2),
the number of solutions (n,, n;) of the equation

Ng™ Ny = Np,— Wy,
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where p(H)<i=p(G+1) and p(R)<r=p(k-+1), is at most C27*p*(k), where C is a positive
constant independent of k, 7, q and h.
iii. Let 8 be a positive constant satisfying
2.4 0 < Ydl-a) < B <2
and {g(k)} be a sequence of integers such that
2.5  plge)—-1) = ¥ < plgk).
Further, we put
plm+1)
An(t)= 3 cos 2am,t,
i=pm)+1

q(k)—2

Q)= 3, Auld).

m=q(k—1)

(2. 6)

Then we have, by (2. 4) and (2. 5),
2.7 F—plaR)—1)=p(q(R)—p(g(k)—1)
=0@*(q(k)= O(F*F)=0(FFY), as k—>+oo,
LEmma 3. We have

N
IS Q= 1Q,1)12=0(N%7, as N—>+oo,
k=1

Proor, We have

q(k)—2
2 2 2 2
Q—1Q, = 3 @& —1a,l)
m=q(k—1)
q(k)—2 m=2 qlk)—2

+ 2 3 A S A+ 2 S Aphp

m=q(k—=1)+3 j=qlk—=1) m=q(k—1)+1

3m+r—2

Since for each 7, 0= <2, the functions (Asmsr 2 Ay), gqlb—1)+2<3m+7»<g(k)—1 and

j=qk=1)

k=1, 2, --+, are orthogonal and by (2. 5) and (2. 7),

qk)=2

2. 8) I3 1A Te=plg(R)—1D)—plg(k—1))
j=q(k—1)
=0(FY, as k—+oo,
we have
q(k)—2
I 2 S An 2 Al
=1 m=qk—1)+3  j=qk—1)
g(k)—2 m—2 5
<3 2 S A, 2 Al
k=1 m=q(k—1)+3 j=q(k—1)

q(R)=2

N
=03 k# 23 lALl)
k=1

m=q(k—1)+3
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N
=O(’a§1 k72 {p(q (B)—1)—p(gk—1)} )=O(N*7?), as N—+oo.

On the other hand we have

A= A =U,+ 7V,

where
pe+1) 7-1
U= 3 A{(cos dmn)l2 + 3 cos 2z(n,+n)t} ,
g=p(k)+1 r=p(k)+1
p(e+1) g—1

V= 3 S, cos 2z(n,— n)t.

g=pR)+2 r=p(R)+1

Since {U,} is orthogonal, we have, by the Minkowski inequality and (2. 3) and (2. 5),

N q(k)—2 2 N q(k)—2 )
13 3 U,13=3 3 1U.1]
=1 m=q(k—1) k=1 m=gq(k—1)
N ql(k)—2

=3 3 A{pm+D)—pm)P=0@**(g(N))

k=1 m=q(k—1)

=O(N@etDf) = o(N3,72), as N—-+oo,
In the same way we have
N glk)—2
SS IV, Ii=0N%%, as No+co,
k=1 m=gq(k—1)

On the other hand we have, by Lemma 1,

k=1
S [ Vo Vet |
j=1 0

k=1
= Cp(k){p(k+1)—p(k)} gl 27+ {p(G+1)—p()}

k—1

S Cpr(R){p(R+1)—p(R)} gl 27 R ().

Since p(G+1)/p()—1, as j— -+, we have

k-1

2 27 Rp ()= O(p*(k)), as k—+oo,

j=1

Hence, we have, by (2. 3) and (2. 7),
g(N) k-1
kzl 21 1 f V() Vi(t)dt | _O(E pr(R){p(k+1)—p(k)})

— O(p2“+1(q(N)))= 0(N(2a+l)ﬂ): 0(N3ﬁ~2)’ as N —+oco.

Therefore, we have
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N q(k)—2
1S 3 V, li=o@%?), asN-+oo,

k=1 m=q(k—1)
In the same way we have, by (2. 3) and Lemma 2,

N a() )
I3 Aphpy | 5= O(N*#72), as N—+oco,
k=1 m=q(k—1)+1
By the above relations we can complete the proof of the Lemma 3.
In the same way we can prove the following

Lemma 4. We have, for any M and N,

/
/

M
IS Q= 1a, 1005 < Cp=(M){p(M+1)—p(N)} ,
k=N

where C is'a positive constant independent of M and N.
iii. We have, by (2. 3) and (2. 7),

N-1 . N-1
2.9 kgl Bgp-1 5 = El {p(a(R)—plg(k)—1)}

N N
=0(2, P"(qR))=0(Z, k*)=O0(N**Y),  as N—>+oo,
k=1 k=1

3. The Estimations of Probabilities.
i. If xisreal and | x| <1/3, then we have
3. 1) exp{x— (x*+ | x 3)/2} =1 +x).

Hence, if | A | max | @nll »<1/3, then
N
exp( 3, {2Q,(H—@A2QL1)+ | 2Q, (1) 19/2} )

gﬁl (1+2Q,() .
Since {@,(#)} is multiplicatively orthogonal, that is, if 0=, <m, <---<mi,, then
I jlz[l Q(H)dt=0,
we have
/01 exp(él {AQu(H— (2@ (1) + | AQu(t) 19)/2} Ydt=1.

If we put, for x>0 and 1 >0,

N N
EQA,N,x)= [t;1€0,1] , 3 Q022+ 3 {AQ ®)+21%1Q,® 1}}/2] ,
m=1 m=1
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then we have, by Tchebyschev’s inequality,
3.2 | E(A, N, x) | Sexp(—1x),
where | E | denotes the Lebesgue measure of the set E.
ii. For any fixed §>1, we take an integer M (%) and real numbers A (%, k) and x(%, &),
1= h= 6%, as follows:

M(E)f=0*<(M(E)+1),
3.3 A(h, B)=2 [{log(h+1)+log log 8%}/6%]"2,
x(h, B)=(1+2%) {log(h+1)+log log 8%/A(h, k),
where # is any given positive number.
Then we have, by (2. 4) and (2. 8),
3. 4) max {A(k, B) | Qn | «; m=M(E), h< 6%}
= O(kOre =N =0(1), as k— oo,
Hence, we have, by (3. 2),

| E(A(h, &), M(B), x(h, B)) | = exp{—(1+7%) (log(h+1)+log log 6} ,
and this implies that

§ > . I E(A(h, &), M(k), x(h, B)) | <+o0,

k=1 h=@

Therefore, by Borel-Cantelli’s lemma, for a. e. ¢, there exists an integer %,(¢) such that %
= k,(t) implies

Mk
| 2 an S Qulht) |
r<o®  m=1
M(E)
=3 a (b, &)+ (0 k) S QL)+ Lk, B) | Qu(ht) 13}/2] .
=6 m=1

On the other hand we have, by (2. 1) and (3. 3),

lim Zkahx(h, E)/(6%og log 6)'2<(1+7) S ax/2.
k=1

koo p<y

By (2. 1) and Lemma 3, we have
Mk

)
(@ ()= 1@, 1251,

m=1

I 2 4, B

MRy

<2 a1 2 (@~ 1Q,1)1,
= m=1

=O(EM (B)*£72 67 #) 2= O (k¥ ~F )12, as k——+oco.

Hence, we have

co M(k)
SIS adh k) S (QLh-)—1Q, 12 13/(6%0g log 6%)< +oo,
m=1

|
k=1 h=ok
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By (2. 1), (2. 9) and (3. 3), this shows that, for a. e. ¢,

M(k)
S adh k) S Q) (ht)/(8*og log 6%
3 m=1

h=6
M) ,
~2 @A k) 3 1Q, 15/(840g log 6%
hs gk m=1

and thus, by (3. 4),

M(k)
2 a*(h k) 3 | Qo) | | {6%log log 6%)°—0,  as k—+co.
= m=1

Further, we have, by (2. 9), (3. 3) and (2.4),

©o M(k)
SIS a3 Agm-i(f+)15/(6%0g log §9<+co.

k=1 h=e* m=1

The above relations show that

_ M@E)P

lim S a, 2 cos 2an,ht/(6%og log %)
ko0 hgﬂk m=1

=0+ 2 a, a. et

h=1

1l

Since 7 is arbitrary, we have, by (2. 2), (2. 5) and (3. 3),

3.5 lle;n éakf(nmt)/(eklog log 6%)'?< 3 @, a.e. L
—>00 M= h=1

4. The Maximal Theorems. By (2. 3) we can take, for large %, an increasing
sequence of integers {m;,} , 0=7=F, as follows:
4. 1) plm; )= 0%+ { (6% — 69j/k} <p(m;e+1).
Then we have, for some constant C,

(4. 2) max {p(mst1)=p(min)}
=C(p*(m;)= 0(6+), as k—+0.

i. If we put, for ISh=6* and k=1,

n(h, k)= [{log(h+1)+log log 6%}/(8%*— 69]'"2,

*.3) {y(h, k)=3{log(h+1)+log log 6%}/ 5(h, k).

Then we have, by (4. 2) and (4. 3),

max {7 ) An |l w; 1S RZ 0%, M0, =M=y, )
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=0k gHa10)=0o(1),  as k—>+o

By (3. 1), we have, for large %,

expln(h B) S An—r’h B) S AL)

M= Mo, M= Mo,k

<exp{y(h, k) mz (An—n(h, )AL =2 | 2%k, R)AS, 1)}

M= Mok

M

< 3 {1425k, B)AL)IY2.

= Mo,

Since both sequences {A,,(#)} and {A,n.1(2)} are multiplicatively orthogonal on the interval
(0, 1), we have

[rexpln(h &) 3 An—r(h, ) S AL} dt

M= Mo,x M= Mon

=f ﬁ {1+29(h, B)AL(2)}12at

M= Mo,

A

{1420, BAm@D)}dt [[To{1+20(h, B ()} di] =1,

where II, (or II,) is the product over all » such that
Mo =2mM =M, (or mpr=2m+1=1m;,).
If we put
E’(h, E, j)

= {t;t<[0,1], mz An()zy(h, B)+ 5(h, k) mE A% (1)} .

M= Mo m= Mo,k

Then we have, for any j,

| E’(h, k, j) | =exp{—3(log(h+1)+log log 6%)}
=C{(h+1)E}3, for some C>0.

Hence, we have

M 8

k
4. 4) S S I Ehk R, j) | <+co.
k=1 j=0 h=6*

On the other hand we have, by Lemma 4 and (2. 1),

SIS gl ) S (650 )— I A 12 1 5/(6%0g log 6%
k=1 h=6* M= Mo

=3 3 amh k)| S (A% I An 19 11,/(6¥l0g log 6% < +co.
k=1 h=6

= Moy

Thus we have, by (2. 1) and (4. 1), for a. e. ¢,
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23 anh, &) S, AL(RD(64l0g log 6%

M= Mo

~23 an(h B) 3 | Am I J(00g log 0%

M= Mo,k

~/ =1 2 an, as k——+oo,
h=1

Further, we have, by (2. 1),

1151;1 2 ay(h, B)(6%0g log 64* <3/ G—1 2 o

—>00 =1

<¢*

From the above two relations and (4. 4), we obtain

lim G S An(hD)(6%0g log 6%

lim sup 2, R
k—co oZj<k h=0

§4‘V 0—1 2 ahy
h=1

m= Mo,k

Therefore, we have, by (2. 2),

R D)
4.5) lim sup 2 f(n.t)/(6*og log 6%

k-0 0=j=k M= (Mo k)

a.e. t.

<4/ 6—1 h% @

ii. If we put

AG, k, = Zkahm_ Sup 2 Adht),

hs6

then we have, by (2. 1)

TAG, k. ) 1=(2 an) _sup S Al

h<6k

By the theorems of trigonometric series (c f. [5] vol. II (4. 4) p. 231 and (4. 24) p. 233) and

Lemma 4, we have, for some constants ¢, ¢ and ¢.
Mys1,e

S oA d=al 3 oAl

=M

sup

MypS M= My = Miin

ol 3 A1MZ26(l S Q1A DI 1A 109

< (6%%k72), for j=0, 1, -+, k, as k—>+o0.

Therefore, we have
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< 1 . 1/( pk £\2
51/0 max | AG, &, 1) | */(6%log log 6%?2dt

k
= § [ VAG, B, 1)1 4/(6"o0g log 6%Pdt< +oo,

||M8

and this shows that

lim max | A@, &, t) | /(6*log log %)Y2=0, a.e. t.

koo 0SjSE

By (2. 2), we have

D(m)
lim max  sup S f(n1)/(6%og log 69'2=0, a.e. t.

ko0 0SSk muSmEttas »=pim,,)

By the above relation and (4. 5) and (2. 3), we have

4. 6) hm 2 f(nrt)/ (6%log log 6%)'2

-0 gksms

<4/ 6-1 2 o, a. et
h=1

Since we can choose 6 as close as 1, by (3. 5) and (4. 6), we can complete the proof of the
theorem.
As a result in the opposite direction P. Erdds [2] proved that there exist a sequence
{n,} of positive integers with Hadamard’s gap and a function fe L%, 1) such that

N N
lim N3 f(n.t)=—+co, a.e. t.
N—eo k=1
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