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a 日品、 I~u:e in a Sn:;u~e 

A 

Kanωaj;ua 

(Rec¥::i.ved April 10， 198C) 

Ab白u"acL Let X 1:日 acOIlrp:lex ~~pace (u'::" C0111plcx e.l.nd let }7 'bc clused. 

Sl1bsp日じ記 {or closf:yJ SUliγ'"'ianiJukl) 01: }l'. T'he purpose uf this paper to ShO""li1 the 

e.xif:;tence of a fU.ndanlcnt(;d s:ystern cf ¥vealdy l-coxnpletc (or holornorphically convex 

()f Stei.ロ)neighbm・hoodsf円ど出品chle-v-el 出子~t 1T c in ){ lJnder the condition 一hatth召

r estriction C YJ I子 01: c0rres:ponding Hn日 bm1Clle[YJ to :V is n，沼日thre，vvhen:: 1''" 

L~'， gi'¥ien by iJ1日立Ionoi.daltransUytluation (Jf ):'" 1Nith center x"" 

Il1ti"Gd¥lldJo:，" 

Let X be a 

sbowεd thf:~ 

Y is 8. closed Stein 

cip:::a:e and let be a 。f)(， Thefl Y~T， SJu auc'l IVI 

。正 frî~i;e\1 e;vピrycornpHct subsetひfY 
adrnil:s a fundalnental syst必rn01' Stein n日 in

In :-14l Siu shc川redthe ab仁川 res叫t Satz 

ar~:d. tht~ 出目。 gen合rZJ~.i:;;:;付 Dundle l.n. th日 Seit3(:~ のf Gnwen pp. 

F'tl.rt1"H:;I" l~iε:3hüv{ed 1n the 3石JJlepapel. that (~'!lery Stein ~::l:d]V~H>i日 adrmts a 

S1=研inn凶 ina cm日pl伝xSpaCE. On th巴 oiJコer Schnεider Sb.o'~N日d

tl"le abc~ve tI} .. :::or行1'11bv usin照 RichberピSt・円sult and the ut tlJe monoidal 

11日1thIs 0孜pεr'V'iγv一e三ShflU

?fι， thεr司巳 仏「代一寸;)又王i日t3:C設1t七:Jι口r壬d仁do:c;日unen叫i可alsY:31εI町γ仁01:

巴 弓叩弘〈心は:1一; 1θ肌肝vel~~et 巳、 i加l日.1 )( .s吋incにιc台 Yi弘ち

(2L 11! 

'vve sJJaU shov，f the ~，:~.xiste'11C倍。f ョ ftlndamental system ofStein 

x (~!， Theorem j¥'/Ior小，.)v{};r 11::"1 the c，ase vJ.herむ'( 18 ，8 

。t

we s!:wli also :;:110 '，'7 tt.e exietencロの{ョ fundam任-;ta¥

for th::e lcvel set y， in "i und日r:30[o.C 

Fe:γtl.~'~~;f3e e
 

t
1
 

のfth日 restricUonC of to Y 1" thが
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"9vh.ere }7 is by th日 monoidaltransrormation of X 'J'7ith center 

y (see 1， 

The a uthor 1S verv to K Sakai and C Watanabe undεr vvhorn he 
studied in tI1e Iast two yean" 

1< lPn2!ìiimlim:L i~ft l2s and t1118 ]F'tmdUl1lientali L:emiluas 

thls pape1C) YNe 13uppose tlca'l: spaces are aft reducεdム andhave 

the countable 

and be rεa1， 

2.nd th，u comむlexmanifolds are paracomp，acL Let R+ 

nurnher field 

13pace. '¥八ihenP is a C∞ f11nct1011on XB 

for slm1Jlicitv<we write that 

LetBbea つ linebundlε on space X. H U二日f113 th守

81机 emof transition functions 101" B respect to some covεi Uat of X， a 

metric on B vlith respect to th1S is of 

C'OO-functions defined on U，，" such that h日=1 C1B 12 

DEF1NIT!ON 1.1固 line A line bundle B on X 1s said to bε 

if i:or a suitable choic2 of and 1 

"vvith respect to {U(ρsuch that on 

εvery 

DEFIN!TION L2. ([7J， A space)( said be a 

spacετNith an 疋haustionfunction雪 ifthere exists a C∞-psh function 

'.v on }{ such that Ior肝 e:ryC E the levei set X c :二 ix巨)(;中(刈< c ) wbicre 
)(cCCXni四 nsthat X c 1S compact and contained in 巴interioro:f X， We may assume 

tha!: '11 > since、Necan ta1王位 exp守)instεad of 1~人

RElvlARK L Let X arld 

map and if Y is a 

then )[ becoτnes a 

In 

vi1 e assurrte that X is 

that is 

2Ldrmts a proper 

On the oth臼

τ01 S into son1C 

in ， iNe put ¥(1 τo )r) 

Om X固 Sinceτo 7[ Is pTOper， X i8 a 

spaces凶If7[: X ー~ :17 lS a proper 

spHce 'Nith an exhaustion fUflction <T， 

space with eln exhaustion ftmction T[~cþ ， 

3ワace1L:3 

space. 'T'hen "vve CH.n 

this. By Remrnert x 
vinere "5 i8 a St~~in spaceε 

th日reεxistsa proper 

space Let (z 1，…， z，) b忠 coordinatesof a 

Since f i zz1215C∞~Sp8わ on ，{jJ is 

space ~ìÌ'lith an ex:b.austion 
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function ¥，11， 

10 thispaper内 'JVhe11a COIT¥rex space )( :lS 7 VVe It as a 

space the above remark. Hence we use the notation CE R， for 

the levむ1set with 3n exhelUstion fu口ction守 asanove. 

(1.11) Thcre 18 the 

sL 

theorem F on l-colTlpl切tespz~::\ご巴 This 

VvfW extended a N akano's rεsult fo1' more誌記neralcase [7]， 

p. 

THEOREM F. ( 

on X and let L be a 

Fよosuc，h tl 

st.{u:'e. 

linc bundle ノピ。 'Theη

。(Lタり =0
し?

all i与さCn とれ~ e~ry ~2叫んn'l'，dle .lJ: )( 

'fhe(rn:~'n] :F is nSf;d 3 ~寸'heorem :1ふ

(1.5) for the of a space }{ and a ciof3ed Y of X， tb記Y合

exi.sts the monoidal transfonmltloD of X with cのnt日rγsuchthat ó~he holumorphic fnap 

汀 :X →LYlS fifOl)el" ，and 7t: )(¥)/こ与}{¥}"- i[; l)vhef.:2ιJピ tS 

space :t1.1L1d 1/二 (see pp. Tb.εn Y' 13 :a:n♂ffective carth~r d:ivisor iL札。 at

each uf the i(leal sth~af of Y in_λ18 ge'日 行flDJl i-l 

not a 2.ErO 心n sp似:日 明在。 Inthe caSf: whel・行 X ic; a 

audV is a c10sεd. ::;ubman.ifold of 'V is nりn-sinSHuar，diviBOf on 

eleroぜnt'1!vhkh i8 

m.anifok1 

J:lJ1B.rdf /) 1 d )(・

1n 

cartier di札:.SOγ

vve t臼][(:，;th♂ li11巴 bUflcBe[ wher日 18an .effectiv:f; 

s.'paC[2 )(， ~\Vと

denote by CγJ 1 y i，.he n:~stricdon of C to J!ぺ ~rhe restrictio日 1η白羽)]3tl辺司

l:lml:ぉ[1ワilv 二 i'"C 'iJh町 ei. Y心 Xu:; indn呂iunr口叫ん

Under th日a:')sumntiurlofi:h庇 ne似 01C I y.we hι7ロ th仕 I()l:i()vvin'R"'t'(N-O 

じりR:'.fAL問、 tElVii¥IV¥. pp， }~'\~ i~leα と:"Zd aJ';'A! Y' be 

div2:-:;ι oμX 乙~{)itん 0: ，~t.J 'i:d s}';川びt/l ψhicrnaiう } / "O}7}X) a 

[JTJ be t-he ti:ne DZi:i也dle. ./*SSlCN1C th~2t ωtFictぬn
f子、司富 ・'

1. i"le:"l- t:!d-CTe λ了ISLSa 

仰向正 YanぷLげとよhes

日
円

U
ザ

L1 〔

Xwhi:h 'is on y， 

FUHiιIt S ]~:ShfìV~.A，ヮ p嗣 48~~~" L，(:.~nJ.IDa 11r arld its 

Jl' bヨピ告ぐlivecarlieγ (f l- l)ZSOr ぉ);~ L-et bc the 

th.i.u:-lhe 
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4 Kosaku }IOてTA

2ヲzen every C E R 松re a in X with Ucハy--

zvhich lws the 

(i) C 

IF品ereexists a 

[1 c - and vanishes 

官。η whichis 。n

7) FrmH Cornalba's Lerr:m2 al1d we 0 btain i:he two 

lemmmo;o 

LEMMA L1. Let X be a 

C be the line的mdle

resirictioηC 子 C

in X a 

and vanishes on Y 

(8011 U vvbch 

YコX¥Yi5 

πThen  '7'1日.can define that 

Hence v¥[e obtain the condusion. 

REiYIARK 20 Let X b宅 a

oI X勾 Thenthe rεstriction C 

LE:MMA 1.20 1ぷtX be a 

Let C be ihe 

αηd旨tY be closed su釘例dni117JdqfZI了。 Lei

diviso:γ 子 iissume tJ.ω t.he 

'The-n there exist a neセカborJwodU Y 

((J on U which is 

そhereexisE a U of V in X and a 

and vani8hes on 

ψ=石0 1[-1 on [1-Y where U 

011 Y. qJ is 

己。d.

function on U -Y. 

manifold and let Y be a cIosed Stein submanifold 

Y is 

thtzt 7?esfrictio幻[デザ CYJ io Y ηegaお;ve.Then 

cartier divisor Y A.ssume 

every c El~ there 官会tsa 

vanzsJ!l:2S 

PROOF. we put乙ニ

L日nma. Then therεexist a 

ぶ0¥1 U c which 1.8 

Ucニ π( TIl臼 smceπ: 

ハy==瓦

C0 which is 

there 

and 

Ior each level set For Vile can 

Uc of YC in X vvith Y Y.c and 

and vani.shes on Vle put 

， as in the of Lemma 

Uc of in X with 

Thisψi8 a desiI・edfunctioil， 

Y = Y c fo1' every C E R and a 

q.e.d. 

The lemma wil1 be used in 2， 

LEMMA 1.30 Let X be a めldand let Y be a divisoγ Let 
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[YJ be the corresjうondingline bundle. 

(1) Assume that [YJ is negative on X. Then there exisおametricβmction (t along 

the fibre 01 [YJ which is positive C∞-spsh on [YJ -X and vanishes only on X，ωhere X is 
regarded as the zero section 01 X in [Y]. 

(2) Assume that the restriction [YJ I y 01 [YJ to Y is negative. Then there exists a 

metricβmction (tαlong the fibre 01 [YJ I y which isρositive coo-spsh on [YJ I y - Yand 

vanishes only on Y， where Y is regarded邸 thezero section 01 Y in [YJ I y. 

(For the construction of the desired metric function， see [17J， pp. 7-8 and [15J， p. 13) 

REMARK 3. Let E be a holomorphic vector bundle on X. Then， if E is negative 

in the sense of N akano ( [7]， p. 175， 2.4)， its metric function along the fibre of E satisfies 

the same conclusion as Lemma 1.3 (1) ([17J， pp. 7-8). 

2. N egativity of the Line Bundle Corresponding to 

N on-Singular Divisor and Effective Cartier Divisor 

(2.1) The following lemma will play an important role for the construction of 

fundamental system of weakly 1--complete neighborhoods of each level set 瓦 ofa 

weakly 1-complete subspace (or submanifold) in a complex space (or manifold). 

LEMMA 2.0. Let X be a comρlex s仰ceand let Y beαωeakly 1-com，ρlete subs仰cewith a 

ρositive exha附 tionβmction01 x. Assume that the lollowing conditions are sati:ポed:

(1) there exist a neighborhood Uc 01 each level set Yc in X and a non-negative 

C∞ーρshβmction¥II c onιsuch that yc = {y E Y; ¥II c (y) < c f andιハY = yc lor 

eveη C E  R+， 

(2) there exist a neighborhood vc 01 each level set yc in X and a non-negative 

C∞ ρshルnction処 onvc which is C∞ーψ'shon Vc -yc and vanishes only on Yc， where 

vc n Y = yc lor every c E R+. 

Then there exisおawιakly1-comρlete ne会-;hborhood昭 01each level set yc in X with 
wc n Y = yc lor every c E R+. 

PROOF. Now fix an arbitrary c E R+ and take d1 E R+ such that d1> c. We put W 

=ι，n九 Thenby taking sufficiently small neighborhoods Ud1 and Vc of YC in X， 

without loss of generality we may assume that W is relatively compact in X. Hence 

for any d 2 < d 1 and for a sufficiently small ε> 0， the subset vliεof W defined by 

眠 =lxEW;¥Ilc(x)<d2，処 (x)<εf is relatively compact in W. Put φc-子炉 ¥IIc' 

where εis suitably chosen for c. Then the subset Wc = 1 x E W ;φc(x) < c f of W is 

relatively compact. Hence wc is a weakly 1-complete subspace with an exhaustion 

function (c一φc)一1 and Wcn Y=五 fromthat (t̂ =0 on Yc. From the construction 
C 

ofφc， for a sufficiently small c; we can obtain arbitrarily small Wc. q. e. d. 
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(2.2) Here we shall treat the case where a complex space (or complex manifold) is 

weakly 1-complete. Let X be a weakly 1-complete complex space (or manifold) with 

an exhaustion function qt and let Y be a closed subspace ( or submanifold). Then we 

can consider that Y is weakly 1--complete ( see 1， (1.3)， Remark 1， (1)). For， each level 

set yc becomes weakly 1-complete with an exhaustion function 苦， since yc is relatively 

compact in Y for every c ER， where iii =叫yandYC = {YEY;否(y)<cl.Then XcハY=

yc for every c E R where X c = { X E X ;甲 (x)< CI . 

In the following， we can assume without loss of generality that an exhaustion 

function is positive (see 1， (1.3) ). 

First we consider the case where X is a weakly 1-complete manifold . 

THEOREM 2.1. Let X be a weakly 1-complete manifold with an exha附 tionβmctionヨr

and let Y be a closed submanifold. Let [YJ be the line bundle corresponding to the 

non-singular divisor Y. Assume that the restriction [YJ I子01[YJ to Y is negative. 

Then lor every c E R+ there exisおasuffio仰のsmallweakly 1-complete neighborhoodι01 

YC in X with Ucn Y = Yc. 

PROOF. By Lemma 1.1， there exist a neighborhood U of Y in X and a coo-psh 

function ({J on U which is C∞ spsh on U -Y and vanishes only on Y. Then X cn U can 

be regarded as the neighborhood of yc in X. We put ({Jl = ({J IXcnu which is the 

restriction of ({J to X cハU. Since we can apply Lemma 2.0 for C∞-psh functions qt and 

向， there exists a sufficiently small weakly 1-complete neighborhood llc of yc in X 

with Uc n Y = Yc. q.e.d. 

Next for the case of a weakly 1-complete space， we obtain the following 

THEOREM 2.2. Let X be a weakly 1-complete comPlex s，仰ceωithan exhaustioれ舟nction

哩Iand let Y be a closed subsμce. Let [YJ be t，恥 linebundle corresponding to the々 酔ctive

caげたrdivisor Y. Assume that the restriction [子JI y 01 [デJto子isnegative. Then lor 

eveηC  E R+ there ιおお asufficiently small weakly 1-complete ne留hborhoodUc 01 yc in X 

with UcハY=五

PRuOF. Since Y is a weakly 1--complete subspace， we can apply Lemma 1.2 to Y. 
Therefore there exist a neighborhood 帆 ofyc in X and coo-psh function ({J on W c 

which is coo-spsh on Wc-Yc and vanishes only on yc for every c E R+. Then as in the 

proof of Theorem 2.1， we have the conclusion. q. e. d. 

(2.3) For the case of complex manifold， we shall consider the application of Grauert's 

method [3J. 

THEOREM 2.3. Let X be a comρlex manifold and let Y be a com仰:ctclosed submanifold. 

Let [YJ be the line bundle corres，ρonding to the compact non -singular divisor Y. Assume 



。nthe F，μnda1'izental Sj)stenz 0/βleighborhoods af a a Comp!ex St:zce 

f九'Uthe r::strictio幻[ 1 y 

co均vex

J?ROOF. Since Y is 

the se江seof Grauert 

x乙n)~。

[ lo:V is 7:he幻 lhere悶す a

there exists a 

円

m 

Satz 8 and [8J， p情 Theorem n固。11the 

。th日r]}，王 fromthe property of the mOl1oidai fJ) = (!) u 
where U 7r ( llndπ)( -) )じ F.rom con、leX

neighborhood of f X. q. e. d. 

for th\~ manifold case. Vofe tr弓日tthe 。fthe 
no1'111al bundle in the sense of Gnmert ([3J， pp. 351 ~353) 3nd a l-convex holomり

map ([6J. 

DEFIN ITION 2圃L .L convex Let -[: X -> S be a 

map 01 manifolds. Then T i8 said 1:0 be l-cωtvex if there eJdsts n2al valued 

exhaustion CO'-function 守 :λ~ ->(ω c *) such that the restriction of τto; lJ!壬cf is 

propεr :tor日very ∞ぐ Cく九 and'J! ifJ 

"'¥llI1ere cド EAf¥J{OCil-。

on ヰ cI for 30m日←←叩く c cれ

TlIEつEEM2.4. Let X be a ι:x ma仰が:s/tt:.'.an(/ be a closer] 仰11011，ふらld

Let C he the line b川 COiY'j'V(!，ιか{'jnrlin.s'}"to lhe川悦問UaTrlizJisor iissul'rte 仇 th♂

.(:(.1ηditions a1怒

the ycstriction [ 1 v [ 
tht才re，ext8おG '}'Pl(びi -l 

ほstir，ptjrjnfflzonlJf，
the -restrz>:lion r to 17 is t:i"''O?>e:f二

'j~3tle幻 e0r21:V Cε11: there似 a

VJilh [] cIヘ)7" 'Uuhe'Ye}~ {y E 1.7; 

(}1:1ne7lsiol/illl ，~"":O}tlbりゐt ωlucible analvtic subsei 

e it~ 圃

S' 2))hich has a 

etJel'}' 

.!?H~OOF. ぅtπ:X →)( be れernonoidai tJ・3日sfonnationorムX-wi th center ii. 'We 

put YJ Yn 'Ivhere ls a Stein n羽 011'0111町 The r喝モ明偲削肌l巴，tれ1箱lctiωol.日.1of 

τCοiπ t.o )< i:，s下-，

di引

ワlη1[γJI 子 1 ¥ l、可:つ伊1明wλNヘ叩 w却ν3三 i正d丘臼ntify[ 

bundle on Y of the lineaf spacε L in the ~~enSr2 (1{ Grauert 

'1、ゼore立1! Satz 3.3 )，~心掛 ) T，l，re 込ntak行 a cC.Hlpac:t 

じ cf}7 c iL'， L， fi:u~eL. t'nc-'J. 1/1/(¥ 17 ~ 

e.xists a fUJ:lctior::，伊 onW 不<hi，jJ1.S (~.叩ハn W-~ andゃ 1C I今一予f ニ♂，
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the zero sεction of '1--;: ηC  I子 wetake a 

¥lV， of in L such that W1ハC 子 W Then 

for ε>0， 市 町 canchoose a of in L s1.1ch that ~ψ> ε 

on a w 1 I¥ C I - and ¥0収)<εona W2I¥ C YJ I i'，. On the otherっ haロd. sinceτO π 

( 1，勺 isa closed subset in S the proper theorem (C 4 Jヲ p. Theorem 

川 τoJI" ( 1うJ.sStein subset 1.n 5'0 In since T 0π(子cl二 τoπ( ハ

arld S c is Stein てOπis  Stein st:l.bset in ，S c. 明Te can take two 

11 c' artd in such that 1/ cf二コ and ' I¥τO π(1勺 I¥て O充

τO π Vc' and smaller neiεif  necessary， we can 

II of (-r 0 π ハY in (τo 8uch 

>εon ε (¥h ~ 1:勺 and <p収 <ε031

f. I¥ where Z"→ X i8 the can仁mical"-"''''.''''01"1/1，凡 thereis a 

canonical sεction s(刈 ofthe lĥ'ear space L in the sense of Grauert vrhich 

vanishes on Y anc1 is nowh 

3訪53幻).Tl町1碍er日]羽w吃εcan chose a cω丸)~1ロm吋qも叫s剖，沈ねt同ar凶"1笈l氏t β >0 s叩uc凶 t出ha叫tβ sUul ~ yη) ハT+肌Fドヘ= φ @ 

Tl'い羽v¥んVepl1!: 

ニ jxεAハ(τo ρ ξ 開120r

ρs ~XJ E andず)(ρ /_l 、¥ε1。

Uc is a of Yハ(てOけ l( Jn (τo Vc) with Y = ・Itis 

clear thatδUc Er ls strongly lY52udoC01Ivex。 Iqext，wε8h3.11shoVv thatでOπ|Z7c:Ucー》

i8 l-conveχmap， VI/e takヨ are.al ~lalvled C∞-:ful1ctionμ{ t ER; 

。手 fくと i→R such thatμ=0 for 0く t<~. 川 t)~ gnd〆 >0for ε>t>ε 
ーニ 2司

設ndμ(均一令ωVvh日nt一→ ε。WedeIIne a function '.jJ on 

μ( i" (ρ 

哩 for E UC I¥ jXEAハ(τO iP ε and iO(ρ くεi

o othervvis日.

From τo Jl: ー isa l-convex rr~， ap W1Ul respect ヰヘ

Hence thεresult oi Siu mロdKnorr-Schneider ( p. 

p. Satz 3.4)， 'Ne obtain a 

UcI¥ 二 Yc for every c吃庇 Sinceちニ f!)uc'υc 13 a hO.¥Olilorptncally convex 

OぱfEz ; i恒nXζ γvli~出11 Uc(ハ，Y 瓦?ピ forεV台ry C ER号弘，玖入ザv点7

the印川o叫)n8町t廿rlω1に凶Cぴtωtiぬor日1of the r口leiほg凶h凶11吠均bコ}心r出'1士わh吋10∞O但吋仁dωi必8Uιlんca印nd防Wa肌m凶1吋doぱ c=凹 p卵包hfunction 伊

011 W， no dimensionai irreduc:ible cornpact subset of Uc interseds vlIth 

p， 的。 Sincethere holds J(: X¥Y ニヰ X¥y， no 

din，cnsional irreducible subset 0'[ Uc in仁ersects'with J:;; for every 

C sR. q，e.d， 



on the Fundamental System 01ルighborhoods01 a Subs，μce in a Complex 51戸zce 9 

REMARK 4. K. Takegoshi showed the same conclusion as Theorem 2.4 under the 

assumption that there hold (2) and (3) of Theorem 2.4 and the normal bundle Ny of Y 

in the linear space is negative in the sense of Grauert [3J， where Y is a closed 

submanifold of a complex manifold X ([16J， Corollary of Theorem 2). On the other 

hand， to the contraction problem， we can apply a 1-convex holomorphic map with 

relation to Ohsawa's Theorem (see [9J， [10J) ([9J， ~ 5， Proposition 5.1). 

3. The Fundamental System of Neighborhoods of a Subspace in a Complex Space 

(3.1) First， we shall show the existence of fundamental system of Stein neighborhoods 

for each level set χin complex space X where Y is closed Stein subspace of X. 

For this proof we shall use Schneider's method [12]. 

THEOREM 3.1. Let X be a conψfωs仰ceand let Y be a closed Stein subs仰ceof X with 

aρositive C凡 spshexhaustion ルnction (jJ・ Thenthere existsαStein neighborhood [ん

ωith UcハY= ~ foreveηc ER +， where yc = {y E Y; (jJ (y) < c f • 

PROOF. Nowby the monoidal transformation of X with center Y， we consider an 
effective cartier divisor Y on X. Then there exists a proper holomorphic mapπ:X→ 

X such thatπ: X\Y~ X¥Y. Y is given by {fi=Of on Ui where {Uif is a suitable 

open covering of Y in X and each fi is a holomorphic function on U i. Then [YJ has 

the transition function g ij = fi 0 fj -1 and an hermitian metric {h i f along the fibre by 

positive C∞-functions hi on Ui such that hj= 1 gij 12hi on U/i Uj. Hence we obtain 

1 fi 12 h i = 1 fj 1 2 1 g ij 12 h i = 1 fj 1 2 h j on Uρ Uj・ This enables us to define a 

Coo-function g on X by setting g = 1 fi 12 h i on U i・ Onthe other hand， by Richberg's 

result ([11J， Satz 3.3) (jJ is extended to a positive coo-spsh function φon a neighborhood 

Z of Y in X withφ ly=(jJ・ Weput甚之 φOπon Jr-1(Z). Then (t is a C∞-spsh on 

Jr-1(Z) -Y. Again， we put面=よ 1where J = -log ( 1 fi 12hiekる)on U i for a natural 

number k. Then the Levi form L (qr) of qr is as follows: 

L(面)= L:~盟主- dzAzD+2 .!γ1 L: ~! dzα12 

α，β azαazβαβ (ct )α azα 

a2φ 
+kL:一一一一一ご- dzNdz 

α，β az αaz βα  
on Jr-1(Z)-Y. 

where (Zb…，z n) are local coordinates for some open covering of X. Since事is

C∞ spsh on Jr-1(Z)-Y， there exist a relatively compact neighborhood Uc of Jr-1(Yc) 

in Jr-1(Z) and a natural number k1 depending only on Uc such that UcハY=

Jr-1( Y c) and L (事)>0on Uc- Y for every k孟ん Then盃isa C∞ spsh on Uc- Y and 
vanishes only on Y since fi=O on iJρ Y. Since π:主¥YコX¥Y，we can take a 

COO-psh function qr with qr 0 π 苦. Hence we can see that qr vanishes only on Y and 

C∞-spsh on Uc-Y， where Uc=π(U c). For the two functions φand qr， we set ρ=  
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併をーψ，whereεis chosen 011 C and ε> o. The function ρis 

on U VVe put εis the compact 

subset ()f if we tal!i::eε of Lemma. 2.0). FIenceεis 

a Stein vJith a C∞ spsh e又haustionIlmむtiOi1 (c [ jJ. 

andι五εハlF==Y c since ¥lJ' vanishes on iγ。 IVloreover，for a 

ε1" smai1. Here we clenote im:tead 01' e • This 

our theorem. 0. e. d. 

smallε 

t11:三

REMARK 5. Let X be a manifold and let be a c10sed Stein submanHold. 

Then Rernark 2， Lemma 1.1 and result Sat we have the sarne 

conclusion as 1、heorern3.1. 

フ!1ewant to consider the as sa]τ1e as Theor吃阻13.1 for holomor回

Bui: in this case， wεC2i11 not 

Therε20re VI叩 shallconsider thε 

under 30mεcoロditionsfor space. 

PRoposrrI仁川 3.2. jLet' X be a 5仰 and Y be closed )[. l~et 

ihe line bundle ず-ierdivisoγ 3.7• .i.'iSSU1/r1-8 伐材 tJze 

conduions are 

Y お

I-P( 

Then 

J回 trictionC 

exist 

to J( is 

c 0 a1rul 

二 o eVel)J c witlz c 0> c > 0) u)here 
eve1'"y c ，'tvlte:re c 0> c > 0， theYt2 exists a 

in X wuh Ucハ y~ ::=:. 

}~ such that 

SnU7"ii 

r~ROOF， :Let J{: )(-→ be the monoidal transforrnation of )( v[ith center Y. Since Y 

is convex and π13 pr叩 εr，""v"ile 仁;，m consider that Y 18 

effective cartier divi80L Then from Lemrna 

。iミinX 'Nith ハY= 1';; and a C坦 functionψon

H{ -YC and vanish田 onlyon On the otheγho.n札 since Y is 

convex，むyRemJτ1ert'sreduction 

propεm3p ・

From thむ εxactsequence 

。 →→  

w告のbtaina suriectiv合目lap

/f10 ( 一→ H"O 山。

巴

such that c- lYξJ( ; 

少の C>O )， 

12く CL 
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such that f; I y， ヱノプι(i:;:.-:: l~ … for eveηrεiNith 

τh8n ;;; is 1:1 C叩 -pshfunction on 1~ ， Forε〉。

ζ。押ψよexS/:JjllCe Cin the FぉndarnenialSystem o/lVeighborhoods 0/ a SubslJace in 
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Hencピ .l，is extend己dto 

Co> c>-o. 
引lese] 

n Wr. 

Vc ハ IVc. UC=川区 n ゃい 1s

compact in il cハWc for sufficien日ysmaHε> 0 (see the proof of Lernm31 

2固(1)a:nd I¥ Y == YC since rtニ oon トIenc日 isa l-complete 

rhood (Jf }~ ¥Nith an exhaustion function (c φ 凶 Moreover，f01ち a

， Uc 1"， sl11a!l in){， YNe conclucl伝 th日

q.e.d. 

を土T1a11

of tbis 

on 

function on 

φ:苧ト4dp

ThenφIS a 

tおsu川U?

su("h lhat 

'{onte'jyS(;;'ctD 

Eん

i'jVt'(?tllÆCJ~b!e 

THEOP.':eM Undcr the aboue conditic'J!/5 in) 

the t;)仏コω co'n，，;liiioTz

λis a tlCI}''''!'teU 

Thc'n there exists a 

パ Y 1'c and 1>&0 

1AJilh l.λJ<:: 

and c with co>c">c>Owe pnt :Vc'ニコ π 吋k二 and

31i1Ce U c' 呂 '-"'''!"'''"''''_ in (Jcl' i~3 aJ合心

of YC il1 λ011 the uther from the similar 

constnJctionηf an exhal18tion funむtio川口nl.J c" -as (竹山fP'r心 3.2~ ¥ve I.-::an iiIld.乱

YC inι， such thatγ}'~ ， 'uhere JB 

εxhaustion functlon of weakly if 

n庶民.~.eゐ~，3arY1 .¥;売中 r日pl.HceιTCβa smallerγhoodwitholLrt a mentiIon of iL 

First 1)11日己haHonハ;/eth.at Jor e'v日ry a [l c'''"-a [IcハY th日re~ exL~ts an ele日ient

汀。 suchtha仁託収 =0:)，Byιs  Le、xn:rnato };"'cr J' "¥"re h~e~ve 

for fixed 

defined frorn the 

らじ U，

'V c" uJ l~! in .}{ ildth "1'./ }{ l' t~t，'~ch 工 hat C i，，~倍。れ
九 】 『 ‘ 一

COfttCJ.ins ，U二'. iTi"J.e ト'0ha坦，i:1 tha1t: ，an f:x:1b.auE:tion ft':lnctic:i1φっfU 

~=~ t (~;，ee the oI t:':Tr心)::0:31O，on:~.2). Then by SatzL4 in t11ご1ρ倍>E:'o:Ist

a f7 1n ， and eHecti.ve cartkr divisor Z' D可¥11配 bis Steil1 such 

tht:rt ;1.."ハ('コ f ' 稿、 11'1民杷 c nea了 C20 tiv;-u. Z .~;:"ハ U，. i8 an 

日1バユsetU1: U Jii、¥.2 ゆ I-{er久 ι1" a 1 

1i1lr..tb an ;~!x~haustion Itlflction 口 1_(t)-l and we denote 

to "Z. "]'heXt j r::，ince主zis [1(.1;)._告別 fU.n.ctionon 2; eUii.cl f ".l'() Z. 

e-<:.;氏。y:tl>， いざ i::iSteL~L illr，う 1DUtB = rz'] the 

Vi/己 co，:nsù~ie:( r:t1e (~x.act s，守01.1日白ce

。一一
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where L = [ L C'= [YJ I 

Lc'. Frorn we obtain a exact sequence 

一→ HU
'(ι，ば??川一乙〉

and c' is the dual bundle of 

lll(Uc'~ (L~~'" })一→ z

Theorem F to L 0'， if 'Ne take rrt 

Hence the map f i" by Cartan' s Th.eorem 

ヰO.5ince f isεthere 

③ such that f ( = s. By virtun:: of the 

we have 

，. From this 

). Then this 's' gives a 

LJTl ，f 
'f¥，7ile nave Jt1'. UCI，? 

can find an e1eη1ent S E 

exists an element S of ( Uc' ，。ι
natural for every 111，ミ1，where fy" the 

s can be reぽarded as an element 

011 Uρ; which 

n
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outside Z. Since Zハ Uc ニ!王。~ ~ go 訟Iu， i" the 

18 due to [2J， Lemma 7 YNe pは仏 =πthen

we tal淀川(ゆみ ([Jlr ゐ Hencelor every 

ハY，there exists an element品。ε

00. On the other since Y i8 convex and 8ince the conditio工I(jJ lS 

'Nith the sim.ilar property as the above for we can find a180 an elerGent 

every pomt x 1 onθ I¥ Y. Hence is a convex o:f 

in X 80 that I¥ Y = Y~. from thεconstruction of 

， theI冒eexists a C凡 functionon which is C∞ Th日11no 

dimensionaI in司educible of intersects V¥Jith -yc ( [4]， 
仏乙fムpro'pmiItlcm3 ) . q. e. d. 

REMARK 6. ln the case of convex Y which i8 an efIective 

cartier divlsor， showed that fmε'\lery~ c巳R 制 lchlevel set 五 ha8t11日 sarne

conc1usion as Theorern :t3 under the that 出e 1合striction[ 1. y of the 

lin日 bundJ臼 toY 18 and Hl Y， o YJlv吋 μ))=0Ior every μと;

i8 th記 duaibundle of [ I y ( Theorem 1， pp. 491-493 and 

Relnark 1 ;. 
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