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Let 1<k, < o o o <k,<u be the positive integers and let ¢==*1, 1=1,.,q. We
denote by H, the set of all algebraic polynomials p of degree # or less, and then we
define the sets

H(brha) = (peH s cp®? ()20 for a<x=b i=1,.q} ,
F(Fiakay—  fectala b e fio(x) >0 for a<x<b, i=1,.,q] .

G. G. Lorentz and K. L. Zeller (1] approximated the function f in F (/el ’&]") by
the polynomials p in H,( ii::::quf ), and they investigated this problem, such problem is
called monotone approximafion problem, in detail.

In (1] they proved the following

Let feF( ]‘;;;:;fj ), peH(Fo ’,eq and f#p  then the set A(UP)=
{Xe[a,b]; | fx)-px) | = | f-p II} is compact and the function ofx) = SIGN [f(x)
-p(x)] is continuous on A(f,p). Conversely, if a polynomial peH ,( [gllqu ), a compact
set AC (a,b) and a continuous sign function ¢ on A are given, then there exists a
function feC(a,b] for which A =A(fp) and o(x) =SIGN[f(x)-p(x)].

However they left whether one can take f here to be continuously differentiable
with the properties &/*2(x)>0, a<x<b, 1=1,.,q9. We can give a solution for this
problem.

Theorem. Given a non—empty compact set AC [ab] and a continuous sign
function ¢, then for any peH, (k“ w%a)  k,<DEG P, there exists a feC?"V(ab] for

- €q

which A =A(£p), olx)=SIGN[flx)-p(x)] on A and /% (x)>0 for a <x <b, 1 =1,...,q.

First, we give a lemma. Let §> 0, n=1,2,..., then the function

5(x — )2
A®) =A(8,%)=A 5,x) = , <x<
( ) [0’/8] ( (x—a)2”+(x—,8)2" @ '8

has the followlng properties ;
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(@) Ma)=0, AB=6 0<Ax)< 6 for a<x<p,

(b) AP(=A?(P=0 for 1<k <2n-1,

(c) if ep™2(x)>0 for all a<x<p, i1=1,..,q, there exist §> 0 and §,> 0 for which
| A%(s,x) | < | p¥2(x) | for all o<x<p, i=L,.q or | %5, —x+a+h | <
| p*2(x) | for all a<x<p, i=1,..9.

Also, let y> 0, then the function

+8
) o A a+,8] (7,%), a<x< az
W6) =10 =1t (o (79)= \
¢ A [a+/9,ﬂj (y,—x+¥+ﬂ), Q;B<x§g,

has the following properties ;
@) w=uP=0, 0<ulx)<yfor a<x<p
) £ =sQ (=) =0 for 1=k <2n -1,
() if ep*?x)>0 for all a<x<p, t=1,.,q, there exists y>0 for which
| d52(yx) | < | p*d(x) | for all a<x<p, i=1,..,4.

Thus we get the following lemma.

Lemma. Let ¢p"?®%)>0 for all o<x<p, i=1,.,q, and let A (op (8x) and
u (48 (7%) be the functions defined as above. Then we have the following functions.

(1) Let fi(x)= p(x)+%—~/l(é\,x), then f, has the following properties ;
@ flQ=p@+3 A@=pO—F, |60 —pl) | <L for a<x<p,
(b))  ef1*2() =0 for a<x <pB, i=1,..,q,
) F*Na)=p*(a), /r*2(Q)=p"*() for i =l,..,q.

2) Let fo(x)=p(x) —~—+ A(6,x), then f, has the following properties ;
@) fld=0(a), LO=DA+T, | f2)—p0) | < for a<x<g and f, satisfies the
above conditions (1),(b) and (c).

() Let fa(x)=p(x) +%—u(7’-x ), 0 < y< 5, then f, has the following properties ;
(@ fa(a)“—‘p(a)-i-%y fa(,é’)zp(/?)—F%, | fa(x) —p(x) | <7§ for o<x<p, and f, satisfies
the above conditions (1) (b) and (c).

4) Let fi(x)=pkx) ——5—+ v(yx), 0< 7<5 then 7, has the following properties ;
(@ fid=p(a— f4(ﬂ) (P — 2, | fal) =) | <5 O for q<x<p, and f, satisfies
the above condltlons (1), (b) and (c).

Proof of Theorem. Given A and o then we can find the finite sets of points;
{aj};n:p {bj};n:1 CA such that d§01§b1 <a2§b2<' o o <dm§bm§b, A:U;’l:]Ajy
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A;=(a;b;)NA, j=1,..,m, and ¢ is constant on each A ; but ¢ changes its sign on the
successive A; and A;.,. Here we will assume that ¢eA and d&A, though we can
consider four cases such that (1) ¢ed and beA, (2) acA and bA, (3) a¢A and beA
(4) a¢¢A and bZA. Then

)

(@bINA=U" (bya;)u(bmb)o v, (cid).
We define the sets

A= {(b,,a;:)7=1,..m—1} ,B= {(c;,dJ;i=12,.},
Z= {xela,b6I\A;P%)(x)=0 for some i=1,.,q} ,
= U INZ#g, Qi= {IefhINZ=¢} ,

Bi= {IeBINZ+¢}, Bi= {IeR;INZ =g}

Here Z is finite, because 2,<DEG D. If /=[bj,a,,,)e £, we have

b;<z;=MININZ)<z;/=MAX(INZ)<a ;.
Then we define the sets

K= {(0,2,),(2],a,;0 (b0 0efh},
102: {[Zj:zjlj;[bjﬂjﬂjeﬂx}-

Similarly we define as following ;

c:;<z/=MININZ)<z; " =MAX(INZ)<d; for [=(c;d el
B.= {(cuz),(z/",dJ(ci,d e},
RB.= {[Ziﬂyzi/”];[ci;dij€£1} .

We also define as following ;

. :{ MIN((b, 061N 2) i (bW,b)N 2+ ¢,
“ if (bbbl z=4¢
@:{Ebm:‘zo]; , C= {[Za;b]}

To decide the required function f we will give f on each interval defined as above.

Since the total number of the intervals in &, &,, &, and @ is finite, we can take
the function f such as (1) or (2) in Lemma with a constant 6*>0. On A we take f such
that fix) =pk) +o(x)5*. On each interval in &, we take f such that it is continuously
connected with f defined on ¥ and it is given by (1) or (2) in Lemma with §*. On each
interval in &, we take f such that it is continuously connected with f defined on A and
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it is given by (3) or (4) in Lemma with §* and 0 <y<¢§*. On each interval in &, 8, and
© we take f such that fix)=p(x). Lastly, on each interval in ., &, and @ we take f

such that it is continuously connected with f defined as above and it equals to one of the
following functions;

) =p0) +-5-—ATx), S =pl) =5+ A5,

It is clear for this function f to satisfy the conditions required in theorem.

(g.e.d.)
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