On Divergence of Fourier series

=& eng

HhRE

/ABIR: 2017-10-03

F—7—FK (Ja):

*—7— K (En):

ERE: /NS, B3

A—=ILT7 KL R:

=R
https://doi.org/10.24517/00011324

This work is licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike 3.0
International License.



http://creativecommons.org/licenses/by-nc-nd/3.0/

Sci. Rep. Kanazawa Univ.,
Vol. 15 No. 2, 57-59
December 1970

On Divergence of Fourier Series
Michitaka KOZIMA

Department of Mathematics, Faculty of Science, Kanazawa

University, Kanazawa 920
(Received 29 October 1970)

1. Introduction

Y. M. Chen [2] has proved that there exists a function of the class L(log+log*+L)!-¢
with the almost everywhere divergent Fourier series by construction similar to the
well-known classical example.

The purpose of this paper is to show that there exists an everywhere divergent
Fourier series of L(log*log+L)!—¢, by Y. M. Chen’s result [1] with respect to the best
possibility of the order of the partial sum of Fourier series of L(0, 2r).

2. The main theorem

We shall give the following theorém.

TueoreM. Let 1(2), @(¢) be defined for #=0 and satisfy the following conditions ;

(i) A(¥) is positive, decreasing to 0, convex, and —12/ (%) is slowly varying.

(ii) There exists a function ¢g(x)eL(0, 2z) such that for every point x=[0,
2m),

s (g)(x>>TCIE for infinitely many .
(iii) @(?) is non-negative and 9 (?) is increasing and convex.
(iv) _(ix)zx'(ix)o((ix)wa)eL(o, 97) for some §>0.

‘Then, there exists a function f(x)eL®(L)(0, 2z) such that the Fourier series
diverges for all x<[0, 2x).

3. Proof of the theorem

We put
¢(x>=20 A(4§) cos jx
]'_‘
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where this series converges for all x=(0, 2z) to a function o(x)eL(0, 2z) and is the
Fourier series of ¢(x), because 1(j) decreases to 0 and is convex.
Now we consider the function

FD=(* D= | vzt

We shall show that this function f(x) is satisfactory.
(1) The Fourier series of f(%) diverges for all x=[0, 2=).

Otherwiée, fhéré should be a xoe[O,i 2z) such that s.( ) (%) converges and let.

=5 (D=1 s(DIDeFs = s (a->e0)

1 . .
~ =2
where ¢(j)=[2 (71> for j= 0
' - 20) for j=0
Then by Abel’s transformation,
(151 (9) (%0) =P (W) T ——(5)—8/-1)+ 0 (1) =8, — Zemisi+ 0 (1)
=1 o . j=1
146))
~ 1 1 ) .
o(m){= ——=—} for 1 £j<n—1 1
where 8m={ eG+1) oD ) z0.
for j=n I

Since the matrix (¢.,;) satisfies the Toeplitz condition,
o(1)$.(g) (%)= s—s=0 (m—>00),
On the other hand,

p(m)54(0) (%) > ¢ (m) ,z(ln) = ; A l(ln) B ;

for infinitely many #. So we have the contradiction.
(2)  Ff)eLod).

In order to prove this, as #0(#) is increasing and convex, by Jensen’s inequality-

we need only to show that
p(x)eLO(L).

Since A(¢) decreases to 0 and —#2’/(#) is slowly varying, then

()=~ (I () as & +0

(A. Zygmund [3], p. 189).
Therefore
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[ e 10(g) (@)dx

< const. [T (— ) (5 KOO~ ) (W ()

< const. S:T )2 /1’( )(D(const ( )1+6)dx

< const. |7 (= 1)L Ly lyomnds < o
Q.E.D.
4. Corollaries
CororrARrY 1. Given any number ¢ (0<<e< 1), there exists a function of the

class L(logtlog+L)!~¢ such that the Fourier series diverges everywhere.

Proor. We choose 7 such that 0 <z<<e. We put 1(¥)=(log log £)—“-7 for {=3
and extend it to be convex for #=0, and put @(¢)= (log*logt#)!~¢, Then the conditions
(1) and (iii) are satisfied. The condition (ii) is Y. M. Chen’s remarkable result [1].
Since

— Lo L) 5 const. —L-ctog—Ly-1c10g 10g-LyTH T
as x¥—-0, the condition (iv) is satisfied.

CoroLLARY 2. If for any given positive sequence #,=o0 (log #) there exists a
function g(x)=L such that for very point x<[0, 27)

Sa (@) (X)>tn for infinitely many #,
then for any given number ¢(0<<e<1), there exists a function of the class L(log+L)!-¢
such that the Fourier series diverges everywhere.
The condition of this corollary is known as Zygmund’s conjecture.
Proor. As before, we choose 7 such that 0<<z<<e. We put A(¥)=(og )~ for
t=2 and extend it to be convex for {=0, and put @(¢)=(log+#)!—¢. Since

_(Lx)z ,1'( )(D(( )1+o) < const. i (log__i___) —{1+(e=n)}

as x—-+0, therefore the all conditions of the theorem are satisfied.
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