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Abstract 

Object: To propose a new arterial spin labeling (ASL) perfusion-imaging method (alternate 

slab width inversion recovery ASL: AIRASL) that takes advantage of the qualities of 3.0T.  

Materials and Methods: AIRASL utilizes alternate slab width IR pulses for labeling blood to 

obtain a higher signal-to-noise ratio (SNR). Numerical simulations were used to evaluate 

perfusion signals. In vivo studies were performed to show the feasibility of AIRASL on five 

healthy subjects. We performed a statistical analysis of the differences in perfusion SNR 

measurements between flow–sensitive alternating inversion recovery (FAIR) and AIRASL. 

Results: In signal simulation, the signal obtained by AIRASL at 3.0T and 1.5T was 1.14% and 

0.85%, respectively, whereas the signal obtained by FAIR at 3.0T and 1.5T was 0.57% and 

0.47%, respectively.  In an in vivo study, the SNR of FAIR (3.0T) and FAIR (1.5T) were 

1.73 ± 0.49 and 1.02 ± 0.20, respectively, whereas the SNRs of AIRASL (3.0T) and AIRASL 

(1.5T) were 3.93 ± 1.65 and 1.34 ± 0.31, respectively. SNR in AIRASL at 3.0T was 

significantly greater than that in FAIR at 3.0T. 

Conclusion: The most significant potential advantage of AIRASL is its high SNR, which takes 

advantage of the qualities of 3.0T. This sequence can be easily applied in the clinical setting 

and will enable ASL to become more relevant for clinical application. 

 

Key Words: Arterial spin labeling, Magnetic resonance imaging, High field, Perfusion 
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Introduction 

 Arterial spin labeling (ASL) methods allow repeated noninvasive determination of cerebral 

blood flow (CBF). ASL has been used in numerous applications, ranging from basic 

neuroscience using animal models and human volunteers to clinical perfusion measurement 

[1-7]. ASL techniques can be classified as continuous or pulsed arterial spin labeling (CASL 

or PASL, respectively). Because the PASL approach is undemanding in terms of hardware 

performance (RF deposition limits) compared with CASL, PASL is easier to implement in 

clinical magnetic resonance (MR) systems. During the past decade, methodologies for PASL 

perfusion MR imaging have evolved from feasibility studies into the practical use stage. A 

weakness of the technique, however, is its low signal-to-noise ratio (SNR), which is caused by 

the small fractional effect of the labeled blood (<1% raw signal) and by T1 decay of the 

labeled arterial blood magnetization during transit from the tagging location to the tissue. As a 

result, there are few reports regarding the clinical application of PASL. 

 The recent development of high-field ASL at 3.0T enables increased SNR that is 

proportional to the main field strength. This provides an important advantage for labeling; 

because of the increase in relaxation time T1 with the high field, the loss of spin labeling 

during the transit time is decreased, and accumulation of labeled spins is increased over that at 

1.5T, producing greater perfusion signals in brain tissue while reducing the arterial 

transit-related artifacts and quantification errors. Therefore, the move to 3.0T high-field 
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scanners in standard clinical environments facilitates the progression of this method from the 

research and development stage towards clinical applications. Consequently, development of 

a new pulse sequence that makes full use of the characteristics of the high field is required for 

clinical MR systems.  

 The purpose of this study was to propose a new pulse sequence (alternate slab width 

inversion recovery ASL: AIRASL) that takes advantage of the qualities of 3.0T. AIRASL 

utilizes alternate slab width inversion pulses for labeling blood to obtain a higher SNR. We 

evaluated the feasibility and performance of AIRASL for perfusion measurements and 

performed a statistical analysis of the difference in perfusion SNR measurements between 

flow–sensitive alternating inversion recovery (FAIR) and AIRASL. 

 

Theory 

 The AIRASL sequence uses multiple narrow and wide spatially selective inversion recovery 

(IR) pulses to label the longitudinal magnetization of protons in the blood (Fig. 1, 2). 

 In the first labeling period, a spatially selective IR pulse is applied to a narrow slab just 

slightly larger than the imaging volume. Immediately after the pulse, the spins within the 

narrow slab are inverted and uninverted spins from outside the volume begin to flow in. After 

the first interval IT, a second IR pulse is applied to a wider slab containing the narrow slab. 

The slab of tissue beneath the narrow slab but within the wider slab will be referred to as the 



5 
 

labeling slab (Fig. 2). Immediately after the second IR pulse, the spins in the vasculature 

located within the labeling slab are inverted, whereas spins in the imaging region revert to 

their original orientation. After a second interval IT, a third pulse is applied to the narrow slab 

in a manner similar to the first IR pulse. 

 In each inversion period, the orientation of inflowing spins tends to be opposite to the 

orientation in the imaging volume (Fig. 3a). Therefore, an intermittent bolus of labeled spins 

will flow into the narrow slab, where the imaging is performed. Although this concept of a 

train of inversion pulses producing a continuous-like ASL effect is similar to that described in 

a previous report [8], an AIRASL pulse sequence was not used in that study.  

 The required control scan is acquired using IR pulses with narrow selective pulses replaced 

with wider selective pulses and vice versa. In this control scan, inflowing spins tend to retain 

the same orientation as in the imaged volume (Fig. 3b). Perfusion-weighted images can be 

obtained by subtracting the control image from the labeled image. 

 

Single Compartment Model 

 Perfusion signal was simulated using the single compartment model, which is described by 

the modified Bloch equation. The rate of change in longitudinal magnetization, M, in the 

tissue voxel can be described as: ݀ݐ݀(ݐ)ܯ = ଴ܯ− ଵܶ(ݐ)ܯ− + (ݐ)௔ܯ݂ − ߣ݂  [1]						,(ݐ)ܯ
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where M0 is the longitudinal equilibrium magnetization of tissue, Ma is the longitudinal 

magnetization of the arterial blood, T1 is the longitudinal relaxation time of tissue, f is the 

cerebral blood flow (ml/100g/min), and λ is the brain–blood partition coefficient of water, 

which is assumed in this study to have a constant value of 0.9 ml/g [9]. For a full definition of 

the parameters, see Table 1. 

 Modeling of ASL signal for different ratios of slab width to flow velocity is very 

complicated. However, the most efficient labeling will tend to occur when the time for blood 

to cross the slab (labeling slab width / flow velocity) is equal to the time between inversions 

(IT). For the analysis in this work, we will assume this relationship recognizing that this will 

not be perfectly achieved in vivo and thus flow will tend to be underestimated. Under this 

assumption, the equation solutions are summarized in Eqs. 2, 3 and 4 as follows (see 

Appendix): 

∆ ଵܵ(ݐ) = ݁ି ౪షഃೌ೅భೌ೛೛ ൥ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ ∙ e൬ భ೅భೌ೛೛ି భ೅భೌ൰(୲ିఋೌ) − ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ൩ 
≥ ௔< tߜ)  [2]        .(ܶܫ

∆ ଵܵ(0) = 0																																																																	(0 < 	ݐ ≤  [3]											.	(ܽߜ
Where ∆ ଵܵ(t) represents ASL signal in the 1st period. 
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∆ ௜ܵ(ݐ) = 						 ݁ି(t−ିܽߜ(௜ିଵ)∗ூ்)భ்ೌ೛೛ ൦2ܯ݂ߙ଴ߣ ∙ ݁ିఋೌభ்ೌ ∙ 11ଵܶ௔௣௣ − 1ܶଵ௔ ∙ ݁൬
ଵభ்ೌ೛೛ି ଵ்భೌ൰(t−ିܽߜ(௜ିଵ)∗ூ்)

+	 ௜ܵିଵ൫(݅ − 1) ∗ ܶܫ + ௔൯ߜ − ߣ଴ܯ݂ߙ2 ∙ ݁ିఋೌభ்ೌ ∙ 11ଵܶ௔௣௣ − 1ܶଵ௔൪			(ܽߜ 	< 	t). [4] 
where ∆ ௜ܵ (t) represents the difference in magnetization between the control and labeled 

images from the i-1 to i-th pulse period where 1<i, M0 is the equilibrium value of 

magnetization, δa is the transit time between the labeling and imaging planes, T1app and T1a are 

the apparent longitudinal relaxation times of brain tissue and blood, f is blood flow, IT is the 

time between IR pulses and i is the number of the IR pulses in the sequence. 

 

Materials and Methods 

Numerical Simulation 

 We first used a numerical simulation to evaluate perfusion signal using Eqs. 2, 3 and 4 with 

the following parameters: IT = 600 ms. We calculated the perfusion signals of FAIR and 

AIRASL at 1.5T and 3.0T.  

 Second, we calculated the perfusion signal of AIRASL with the time between IR pulses from 

300 to 1200 ms at a blood flow velocity of 20 cm/s at 3.0T, respectively, in order to determine 

the optimal time between IR pulses. Because our simulations assume that the labeling slab 

width / flow velocity is equal to IT, these simulations for different IT should be considered as 

each having the slab width adjusted to meet this condition for the particular IT. 
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In Vivo Measurements 

 In vivo studies were performed to show the feasibility of AIRASL on human subjects and to 

verify consistency between the efficacy of the technique in vivo and the simulation results. 

Five healthy volunteers (five males, 27–30 years old) gave written informed consent before 

scanning, and all protocols were approved by our Institutional Review Board. 

 AIRASL and FAIR were obtained in subjects using 1.5T and 3.0T MR systems (Signa 

Excite HD, GE Medical Systems, Milwaukee, MI), using an eight-channel phased array head 

coil. AIRASL imaging was performed using a single shot echo planar sequence with the 

following parameters: field of view (FOV) = 240  240 mm; slice thickness = 6 mm; slice gap 

= 1 mm; number of slices = 7; repetition time (TR) = 4000 ms; echo time (TE) = 18.8 ms; 

matrix size = 128  128; scan time = 4 min; ASSET factor of parallel imaging = 2; narrow 

and wide spatially selective IR pulse tagging with tag thicknesses of 63.7 and 163.7 mm using 

hyperbolic secant adiabatic pulses; effective width of tagging slab = 50 mm; time between IR 

pulses (interval time: IT) = 600 ms; time between third IR and acquisition (post-labeling delay 

time) = 1400 ms. Conventional FAIR imaging used the same imaging parameters and times as 

that for AIRASL imaging, with the exception of interval time. The inversion time of FAIR 

imaging was 1400 ms. 

 Perfusion weighted images were calculated by pair-wise subtraction of the control and label 
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images followed by averaging across the image series using an in-house program written 

using an IDL software system (ITT Visual Information Solutions, Boulder, CO). 

  

Image Analysis 

 We measured the SNR of AIRASL and FAIR to evaluate the efficacy of spin labeling of 

blood in an in vivo study. SNR was calculated by dividing the average signal in the region of 

interest (ROI) within the brain by the standard deviation of noise in perfusion images. The 

foreground ROI covered the cortex of the middle cerebral artery territory in a section of the 

centrum semiovale. Noise was defined as the standard deviation in the region of the anterior 

horn of the lateral ventricle. 

 A paired-t test was used to compare each method and magnetic field in normal volunteers. A 

two-sided P value of less than 0.05 was considered to indicate statistical significance. 

 

Results 

Numerical Simulation 

 We simulated perfusion signals obtained by AIRASL and FAIR at 3.0T and 1.5T. Figure 4 

shows the dynamics of labeled arterial spin signal, showing the passage of labeled spins 

through the microvasculature at 1.5T and 3.0T. The signal obtained by AIRASL at 3.0T and 

1.5T was 1.14% and 0.85%, respectively, whereas the signal obtained by FAIR at 3.0T and 
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1.5T was 0.57% and 0.47%, respectively. The signal of obtained with AIRASL at 3.0T was 

double of that of FAIR at 3.0T. Figure 5 demonstrates the relationship between %signal 

change of AIRASL and the time between IR pulses. We decided to employ a time between IR 

pulses of 600ms because the optimal signal per square root of imaging time is obtained with 

IT in the 600-1200ms range (Fig 5). 

 

In Vivo Analysis 

 Perfusion images obtained by AIRASL and FAIR at 1.5T and 3.0T are shown in Figure 6. 

SNR in the territory of the middle cerebral artery obtained by AIFAR and FAIR are shown in 

Fig. 7. The SNR of FAIR (3.0T) and FAIR (1.5T) were 1.73 ± 0.49 and 1.02 ± 0.20, 

respectively, whereas the SNRs of AIRASL (3.0T) and AIRASL (1.5T) were 3.93 ± 1.65 and 

1.34 ± 0.31, respectively. At 1.5T, there was no significant difference in SNR between 

AIRASL and FAIR. At 3.0T, SNR in AIRASL was significantly better than that in FAIR (P < 

0.01). Moreover, SNR in AIRASL was significantly better at 3.0T than at 1.5T (P < 0.01). 

 

Discussion 

 The present study demonstrates the feasibility and advantages of acquiring ASL perfusion 

images using the AIRASL sequence at 3.0T. 

 The results of signal simulation for FAIR showed that the perfusion signal obtained by FAIR 
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was 0.57% and 0.47% at 3.0T and 1.5T, respectively. The perfusion signal obtained by FAIR 

only increased by a factor of 1.21 with an increased magnetic field strength at 3.0T. This 

finding indicates that it is difficult to obtain a large increase in SNR by increasing field 

strength alone. Therefore, while 3.0T MRI has been widely adopted, the clinical applications 

of FAIR remain limited. On visual inspection, the FAIR perfusion images obtained at 3.0T in 

the present in vivo study showed little improvement on those acquired at 1.5T. 

 In contrast, the results of signal simulation for AIRASL revealed perfusion signals of 1.14% 

and 0.85% at 3.0T and 1.5T, respectively. The SNR of the perfusion signal obtained in 

AIRASL was 2.27 (3.93/1.73) and 1.31 (1.34/1.02) times higher at 3.0T and 1.5T, respectively, 

than that obtained in FAIR. In AIRASL, the inflowing blood spins are intermittently labeled 

using multiple IR pulses. Therefore, when compared with FAIR, AIRASL enables more 

labeled spins to flow into static tissue in a single acquisition. The results of our in vivo study 

showed that both magnetic field strengths yielded a marked improvement in SNR in the 

perfusion images obtained using AIRASL, compared with those using FAIR. 

 In the technique of pulsed arterial spin labeling, high-field MRI is appealing because it 

provides increased SNR, as well as advantages in labeling because of the increased relaxation 

time T1 of labeled blood. Signal simulation revealed that perfusion signals obtained using 

AIRASL showed a similar increase at both magnetic field strengths, compared with that 

obtained using FAIR. The improvement of SNR in the in vivo study for AIRASL at 3.0T 
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approximated that of the signal simulation. In contrast, due to the limitations of SNR and 

short T1 value of labeled blood at 1.5T, there was only limited improvement in the SNR when 

using AIRASL at 1.5T. 

 Previous studies reported using physiological noise reduction or background suppression 

because of the low inherent SNR of PASL [10-12]. However, few studies have sought to 

increase labeling efficiency [13-15]. 

 AIRASL greatly improves image quality, although there are currently a number of 

drawbacks with this technique. First, because fresh blood spins flow into the imaging slice 

between the last IR pulse and acquisition, the high signal of the fresh blood spins remains in 

the imaging slice, and the high signal remaining in vessels may lead to overestimation of 

perfusion in the gray matter. Strong bipolar crusher gradients may be effective in decreasing 

vascular signals in the AIRASL sequence [16, 17]. Otherwise, using a longer delay time from 

the last IR pulse to acquisition may also be effective in decreasing vascular signals in the 

AIRASL sequence. Since the SNR is greater with AIRASL than with FAIR, AIRASL enables 

a longer post-labeling delay time from the last IR pulse to acquisition. In addition, by using a 

prolonged post-labeling delay time, the effect of transit time can be reduced. Because its SNR 

is high enough, it is possible to decrease the number of averages in AIRASL when compared 

with FAIR. And also, the FAIR width could be made larger but in many applications, 

geometry and hardware limit the feasible bolus width. Therefore, AIRASL enables multiple 
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measurements with different labeling. For example, a perfusion-weighted image can be 

obtained at multiple delay times to correct for transit time errors or to obtain a T1 map for 

CBF calculation. 

Although the SNR is superior with AIRASL acquisition than with conventional single pulsed 

FAIR, the quantification of AIRASL signal may be complicated by the uncertainty of the 

multiple inflow function during label periods. Theoretically, if we obtain the flow velocity of 

the carotid artery during the label periods, the calculation of blood flow may be possible using 

Eq. 27. However, for the time being, the qualitative use of AIRASL may be more practical in 

the clinical setting. 

 Another problem with AIRASL is that the repeated IR pulses for labeling blood may lead to 

underestimation of perfusion. In patients with severe obstructive internal carotid artery 

disease, the presence of collateral blood flow may increase the transit time of the labeled 

blood flow to the brain tissue. In the case of marked slowing of blood flow velocity, the 

second IR pulse is applied to the inversion area before blood labeled by the first IR pulse has 

completely flowed into the imaging slab, thereby enabling labeled blood to be re-inverted. In 

addition, the third IR pulse is applied to negate signals from blood labeled using the second 

IR pulse. Therefore, in perfusion studies of disease with long arterial transit time, such as in 

stroke patients, the time between each RF pulse application to excitation should be considered 

to avoid loss of the labeling effect. AIRASL will be velocity sensitive, but may be useful in 
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applications where a good estimate of bolus width is available or when relative blood flow is 

required. For example, high SNR relative blood flow AIRASL may be highly useful for the 

purpose of neural activation imaging in a functional MRI study using human volunteers and 

for clinical perfusion measurements in patients with brain tumors and degenerative brain 

disease where relative blood flow may be diagnostic.  

 

Conclusion 

 This study characterized the AIRASL perfusion-imaging sequence at 3.0T and demonstrated 

that the most significant advantage of AIRASL is its high SNR. This sequence can be easily 

applied in the clinical setting and will enable ASL to become more relevant for clinical 

application. 
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Appendix 

To derive an expression for the signal difference between control and labeled spins, we begin 

with the Bloch equation for longitudinal magnetization of brain tissue water corrected for the 

effects of arterial and venous flow: ݀ݐ݀(ݐ)ܯ = ଴ܯ− ଵܶ(ݐ)ܯ− + (ݐ)௔ܯ݂ − ߣ݂  [5]				.	(ݐ)ܯ
Because the perfusion signal is obtained by subtracting two images acquired with arterial spin 

tagging states but with identical blood flow, the signal from each compartment is defined as 

the difference in magnetization in i-th interval between the labeled and control scans: 

∆			:݈ܽ݊݃݅ܵ	ܮܵܣ ௜ܵ(ݐ) = (ݐ)௖௢௡௧௥௢௟ܯ	 − .	(ݐ)௟௔௕௘௟ܯ [6] 
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The difference in magnetization of arterial blood between control and labeled states can be 

expressed as follows: 

(ெ೎೚೙೟ೝ೚೗(୲)ିெ೗ೌ್೐೗(୲))ௗ௧ =
− ቀெ೎೚೙೟ೝ೚೗(୲)ିெ೗ೌ್೐೗(୲)ቁభ் + ݂ቀܯ௔௖௢௡௧௥௢௟(t) − ௔௟௔௕௘௟(t)ቁܯ − ௙ఒ ௖௢௡௧௥௢௟(t)ܯ) −  ௟௔௕௘௟(t)). [7]ܯ

First, z-magnetization of the 1st period is considered as: 

∆ୗభ(௧)ௗ௧ = − ∆ௌభ(௧)భ் + ݂ቀܯ௔௖௢௡௧௥௢௟(t) − ௔௟௔௕௘௟(t)ቁܯ − ௙ఒ ∆ ଵܵ(ݐ),    [8] 

where T1app is given by 1ଵܶ௔௣௣ = 1ܶଵ + ߣ݂ 	,														[9] 
and the inflowing spins in acquisition of the 1st interval are written as follows: 

௔௖௢௡௧௥௢௟(t)ܯ = ௔,ଵ଴ܯ ௔௟௔௕௘௟(t)ܯ				, = ௔,ଵ଴ܯ ൬1 − )eିߙ2 ౪౐భ౗ା ಌ౗౐భ౗)൰			(δୟ ≤ ݐ <  [11 ,10]   ,(ܶܫ

where ߜ௔ represents transit time (delay time), and we assume that the label duration (labeling 

slab width / flow velocity) equals IT. 

Then, by substituting Eqs. 9, 10, 11 into Eq. 8, we obtain the following: 

∆ௌభ(௧)ௗ௧ + ∆ௌభ(௧)భ்ೌ೛೛ = f(ܯ௔଴ − ௔,ଵ଴ܯ ൬1 − eିቀߙ2 ౪౐భ౗ା ഃೌ౐భ౗ቁ൰).        [12] 

where, ௔଴ܯ = ߣ଴ܯ . 
By substituting this equation into Eq. 12, we obtain the following: ∆ ଵܵ(ݐ)݀ݐ + ∆ ଵܵ(ݐ)ଵܶ௔௣௣ = ߣ଴ܯ݂ߙ2 ∙ eି൬ ୲்ଵୟା ఋೌ்ଵ௔൰																						(	ߜ௔ <  [13]												.(ݐ
Then, the general solution is as follows: 
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∆ ଵܵ(ݐ) = eି ౪షഃೌ೅భೌ೛೛ ൥ଶఈ௙ெబఒ ∙ eି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ ∙ e൬ భ೅భೌ೛೛ି భ೅భೌ൰(୲ିఋೌ) + ܯ +  ଵ൩.     [14]ܥ

where ܯ	and	ܥଵ represent initial value of z-magnetization and arbitrary constant in the 1st 

period, respectively. 

 

Where S1(t = 0) equal 0, then: 

ଵܥ = − ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ .       [15] 

When we substitute ܥଵ into the general solution, we obtain the following: 

∆ ଵܵ(ݐ) = ݁ି ୲ିఋೌభ்ೌ೛೛ ൦2ܯ݂ߙ଴ߣ ∙ ݁ିఋೌభ்ೌ ∙ 11ଵܶ௔௣௣ − 1ܶଵ௔ ∙ e൬
ଵభ்ೌ೛೛ି ଵ்భೌ൰(୲ିఋೌ) − ߣ଴ܯ݂ߙ2 ∙ ݁ିఋೌభ்ೌ

∙ 11ଵܶ௔௣௣ − 1ܶଵ௔൪ 
≥ ௔< tߜ)  [16]        .(ܶܫ

Next, we consider the signal change of z-magnetization in the 2nd interval. If we define the 

ASL signal with the following equation: 

(ݐ)ଶܵ∆			:݈ܽ݊݃݅ܵ	ܮܵܣ = (ݐ)௔௟௔௕௘௟ܯ	 − .	(ݐ)௔௖௢௡௧௥௢௟ܯ [17] 
we have to note that the signal is obtained from the opposite subtraction between control and 

labeled states. Then, we can derive the following equation: ∆ܵଶ(ݐ)݀ݐ + ∆ܵଶ(ݐ)ଵܶ௔௣௣ = f(ܯ௔,ଶ଴ − ௔,ଶ଴ܯ ቆ1 − eି൬ߙ2 ୲୘ଵୟା ఋೌ୘ଵୟ൰ቇ)					[18] 
This formula is identical to the equation [12]. The arterial inflow spins are also inverted in the 
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2nd period after 180 pulse as follows: 

௖௢௡௧௥௢௟(t)ܯ = ௔,ଶ଴ܯ ቀ1 − 2αeି౪శ౅౐౐భ౗ ቁ , ௟௔௕௘௟(t)ܯ = ௔,ଶ଴ܯ ܶܫ)								 < ݐ ≤  [19]  (ܶܫ2

Therefore, from the equation [18] and [19], we can obtain the same differential equation as 

that seen for the 1st period. ∆ܵଶ(ݐ)݀ݐ + ∆ܵଶ(ݐ)ଵܶ௔௣௣ = ߣ଴ܯ݂ߙ2 ∙ eି൬ ୲୘ଵୟା ఋೌ୘ଵୟ൰																					(ܶܫ < ݐ ≤  [20]												.(ܶܫ2
Since the signal of end of the 1st period should be same as the initial signal of the 2nd period, 

the relationship: S2(t = IT) = S1(t = IT) is used. 

∆ܵଶ(ݐ − (ܶܫ = ൥ଶఈ௙ெబఒ ∙ eି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ + ଵܵ(ܶܫ) + ଶ൩ܥ = ଵܵ(ܶܫ). [21] 

where ܥଶ represents the arbitrary constant in the 2nd period. 

ଶܥ = − ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ.  [22] 

Therefore, 

∆ܵଶ(ݐ) = ݁ି t−ܽߜ೅భೌ೛೛ ൥ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ ∙ eቆ −݌݌1ܶ1ܽ 1ܶ1ܽቇ(t−ܽߜ) + ଵܵ(ܶܫ) − ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ൩ . [23] 

The signal of the 3rd period can be considered with the same equation used the first period, but 

with a different start signal, where S3(t = 2*IT) = S2(t = 2*IT). Therefore, 

∆ܵଷ(ݐ − 2 ∗ ௧ୀଶ∗ூ்|(ܶܫ = ൥ଶఈ௙ெబఒ ∙ eି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ + ܵଶ(2ܶܫ) + ଷ൩ܥ = ܵଶ(2ܶܫ).  [24] 

where ܥଷ represents the arbitrary constant in the 3rd period. 

ଷܥ = − ଶఈ௙ெబఒ ∙ ݁ି ഃೌ೅భೌ ∙ ଵభ೅భೌ೛೛ି భ೅భೌ . [25] 
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∆ܵଷ(ݐ) = ݁ିt−ܽߜభ்ೌ೛೛ ൦2ܯ݂ߙ଴ߣ ∙ ݁ିఋೌభ்ೌ ∙ 11ଵܶ௔௣௣ − 1ܶଵ௔ ∙ ݁൬
ଵభ்ೌ೛೛ି ଵ்భೌ൰(t−ܽߜ) + ܵଶ(2ܶܫ) − ߣ଴ܯ݂ߙ2 ∙ ݁ିఋೌభ்ೌ

∙ 11ଵܶ௔௣௣ − 1ܶଵ௔൪			 (2ܶܫ < ݐ ≤  [26]  	.(ܶܫ3

Finally, we obtained the general solution of the AIRASL signal for i-th period as follows: 

∆ ௜ܵ(ݐ) = 						 ݁ି(t−ିܽߜ(௜ିଵ)∗ூ்)భ்ೌ೛೛ ൦2ܯ݂ߙ଴ߣ ∙ ݁ିఋೌభ்ೌ ∙ 11ଵܶ௔௣௣ − 1ܶଵ௔ ∙ ݁൬
ଵభ்ೌ೛೛ି ଵ்భೌ൰(t−ିܽߜ(௜ିଵ)∗ூ்)

+	 ௜ܵିଵ൫(݅ − 1) ∗ ܶܫ + ௔൯ߜ − ߣ଴ܯ݂ߙ2 ∙ ݁ିఋೌభ்ೌ ∙ 11ଵܶ௔௣௣ − 1ܶଵ௔൪			(ܽߜ 	< 	t). [27] 
If ߜ௔	= 0 and i = 1, this Eq. 27 is in agreement with the general solution of FAIR in a previous 

report [18]. 
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