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We study numerically the length distributions of the infrared monopole clusters in pu& QCD. These
distributions are Gaussian for all studied blocking steps of monopoles, lattice volumes and lattice coupling
constant. We also investigate the monopole action for the infrared monopole clusters. The knowledge of both
the length distribution and the monopole action allows us to determine the effective entropy of the monopole
currents. The entropy is a descending function of blocking scale, indicating that the effective degrees of
freedom of the extended monopoles are getting smaller as the blocking scale increases.

DOI: 10.1103/PhysRevD.69.014509 PACS nuntderll.15.Ha, 12.38.Gc, 14.80.Hv

[. INTRODUCTION with a great accuracy using the fact. The energy-entropy bal-
ance was also studied numerically for the monopoles in com-
The dual superconductor pictufg] of the QCD vacuum pact U1) gauge theory23] and in finite-temperature pure
is one of the most promising approaches to the problem ofU(2) gauge theory10].
color confinement. This picture is based on the existence of In this paper we mostly concentrate on the numerical in-
Abelian monopoles in the vacuum of QCD. The monop0|e§/estigati0n of the properties of the infrared monopole cluster.
are identified with the help of the Abelian projection method The length distributions and other properties of the UV and
[2], which is based on a partia' gauge f|X|ng of the(ﬂw the IR ClUSt.erS .Were St-udied.preViOUSIy in qu—14,18 )
gauge Symmetry up to an Abelian subgroup_ The monopo'eg] th|S publlcatlon we |nVeSt|gate thoroughly the propertles
naturally appear in the Abelian projection due to compacth the length distributions of the monopole clusters for vari-
ness of the residual Abelian group. ous lattice volumes and sizes of the extended monopoles.
There are various numerical indications that the mono- The plan of the paper is the following. In Sec. Il we
poles are responsible for the confinement of quafes a  describe the model and provide the details of numerical
review, see Re‘[g]) One of the most important observations S|mullat|0ns. Section Il .|S deVOte.d to the |nVe.St|gat|0n of the
is the monopole condensation in the low temperatemn- ~ Abelian monopole action obtained by an inverse Monte
finemenl phase[4,5] According to the dual Superconductor -Carlo method. The diSt_ribU.tion of the cluster |ength in the
mechanism the m0n0p0|e condensation gives rise to the fornfrared clusters is studied in Sec. IV. The knOWledge of the
mation of the chromoelectric string which confines the fun-monopole action and cluster distribution allows us, for the
damental color sources. This expectation is confirmed by th8rst time, to calculate the entropy of the lattice monopoles of
fact that the nonzero tension of the chromoelectric string i&/arious sizes. Our conclusions are presented in the last sec-
dominated by the Abelian monopole contributidiés-8]. tion.
In the numerical simulations one observes that the trajec-
tories of the Abelian monopoles form clusters, which can be
divided into two ensembles: finite-sized clusters and one Il. MODEL AND SIMULATION DETAILS

large percolating clustd©—11]. The percolating clustdror We studv the pure luodvnamics with the lattice
infrared (IF) clusteff occupies the whole lattice while the Wilson acti)(;n S(LFI)):—S(%Z?TrUZ where 8 is the cou-
finite—sized clusters have.an ultraviolétV) nature. The ex- pling constan,t andJp is the Su2), plaquette constructed
istence of the IR cluster is related to the monopole condenﬁom the link fields. All our results are obtained in the maxi-

sation[9]. The importance of the IR_cIuster fc_;r the conﬁn_e- mal Abelian(MA) gauge[15] which is defined by the maxi-
ment of quarks was also stressed in numerical calculatlonﬁ1izati0n of a lattice functional

[10]: the tension of the confining string gets a dominant con-

tribution from the monopoles belonging to the IR cluster,

while the contribution of the UV clusters to the string tension _ _

is negligible. The IR cluster disappears in the deconfinement R=Z Tr(o3U(s, ) o307 (s, 1)), (1)
phas€9,10], as expected. S,

The balance between energy and entropy of the elemen-
tary monopole trajectories plays an important role. For ex- . _ ~
ample, the compact (@) gauge model in four dimensions With respect to gauge transformations(s, u)—U(s,u)
has a phase transition associated with the monopole conder-Q(s)U(s, 1) Q'(s+ u). The local condition of maximiza-
sation. Actually the phase transition occurs at the point oriion can be written in the continuum limit as the differential
the phase diagram where the entropy and the energy of thgguation 6ﬂ+igAi)(AfL—iAfL)=0. Both this condition and
monopole trajectories are the same. The authors of[R2f. the functional(1) are invariant under residual (1) gauge
found the critical value of the (1) gauge coupling constant transformations”*®!(w) =diag('“®,e~'®).
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The next step is Abelian projection of non-Abelian link TABLE |. Simulation statistics.
variables to the Abelian ones after the gauge fixing is done:
An Abelian gauge field is extracted from tf®&U(2) link  Lattice B Blocking Number of
variables as follows: size factor configurations
29172 * 6 21-2.4 1 3000
D(s,,u):<[1 lets. w7 ¢ (S’M)Z 1,2) 8 2.1-2.4 1 3000
c(s.u) [1-[e(s,m)l"] 10 2.1-2.4 1 3000
u(s, ) 0 12 2.1-2.4 2 3000
( 0 . , 2 14 2.1-2.4 1 3000
u(s,p) 16 2.1-2.4 2 3000
where u(s, 1) =exp(i 6(s, 1)) represents the Abelian link 24 21-24 2,34 3000
field andc(s, ) corresponds to charged matter fields. 32SA) 2.1-2.6 2,3 950
The Abelian field strengtid,, (s) € (—4m,4m) is defined 48 2.1-26 2,3,4,6,8 2200

on lattice plaquettes by a link anglé(s,u) e[ —m,7) as
0,,(S)= 0(s, 1)+ 0(s+ p,v) — O(s+v,u) — 0(s,v).  The

. . Abelian action is related to the original non-Abelian action
field strengthd,,,(s) can be decomposed into two parts, g

S C, 6] [matterC and Abelian gaug# fields in Eq.(2)] as

6M,,(S)=§W(S)+ 2mm,,(s), 3 follows:

where 6,,(s) e[ —,m) is interpreted as the electromag- Z:f Du
netic flux through the plaquette ama,,(s) can be regarded
as a number of the Dirac strings piercing the plaquette.

The elementary monopole current is conventionally con- =J Due Sefl ], (7)
structed using the DeGrand-Toussdib6] definition:

f DCe SCaA5(X)App(U)

1 R Here and below we omit irrelevant constant terms in front of
k.(s)= Eewpga,,mpg(er M), (4) the partition functions. In Eq(7) the termd(X) represents
the gauge-fixing conditidrandA gp(U) is the corresponding
whered is the forward lattice derivative. The monopole cur- Faddeev-Popov determinant. Next step is to relate the effec-
rent is defined on a link of the dual lattice and takes valuedive U(1) action to the effective monopole action:
0,£1,=2. Moreover the monopole current satisfies the con-

servation law automatically, 2

’ s,u Kk, (s)=—o )
31K,,(s)=0, (5) # Kuls)
whered’ is the backward derivative on the dual lattice. Xf Dos(k,(s)—Ky(s; 6))e i 14 tS)

Besides the elementary monopoles one can also define
extended monopolegd]. In this paper we use the type-2 "
construction according to the classification of the extended _ H E H S o STt
monopoles adopted in R¢B]. Then® extended monopole is o 9uKu(9)0 '
defined on a sublattice with the lattice spacingna, where

ais the spacing of the original lattice. Thus the constructior\,\,herek#(s; 9) is the monopole current defined as a function
of the extended monopoles corresponds to a block spin trangs the Abelian fieldsg as shown in Eqs(3) and (4).
formation of the monopole currents with the scale factor Our simulation statistics is represented in Table I. The

n—1 gauge configurations were generated with the help of the
() ey TS I T e standard Monte Carlo algorithm. In most simulations we use
ki (S)_i,j,Z:O kunst(n=Dptivtiptio]l. (© the usual iterative algorithm to fix the MA gauge. However,
in order to check the Gribov copy dependence of the MA
The Abelian dominance and the monopole dominance iyauge fixing we also use the so called simulated annealing
the infrared region of QCD imply that at least important (SA) algorithm with five Gribov copies. We refer the reader
infrared observablesuch as the fundamental string tengion for a detailed description of the SA method to REE7],
can be calculated using the Abelian fields or the monopolevhere the advantages of the SA method compared to the
degrees of freedom only. iterative algorithm are illustrated.
In what follows we discuss an effective model of the
monopole currents corresponding to pure(SUQCD. For-
mally, we get this effective model through the gauge fixing !As we discussed above, the MA gauge fixing condition is given
procedure applied to the original model. We integrate out alby the maximization of the functiondll) and therefore the use of
degrees of freedom but the monopole ones. An effectivehe local conditiorX=0 in Eq.(7) is a formal simplified notation.

9

s,u ky(s)=—
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FIG. 1. Distribution of the lengths of the monopole trajectories at var@dsr (a) elementary andb) n=2 blocked monopoles.

Ill. MONOPOLE ACTION FOR VARIOUS CLUSTERS both numerically{11,14] and analyticallyf13,18. The distri-
bution can be described by a power [&y,,~L~ 7", where

Itis well known that monopole trajectories can be SePay e powerr is very close to 3. This behavior indicates that

rated into the infrared and the ultraviolet monopole clusterﬁhe monopoles in the UV clusters show a random walk pic-
In gluodynamics. Each configuration contains typically Only{ure[lS]. In our simulations we mainly concentrate on the IR

one IR monopole cluster. This cluster occupies all volume o : :
. . ._monopole cluster because, as we have already mentioned in
the lattice and the length of the IR monopole trajectory is . L .
: : . the Introduction, the IR cluster is important for the confine-
proportional to the volume of the lattice. Besides the IR clus-
: . ) ment of quarks.
ter each configuration contains also a large number of shorter . mon
In general, the monopole acti@{" could be represented

monopole trajectoriefUV clusters. )
A simplest characteristics of the monopole trajectory is its2S @ Sum of-point (n=2) operatorsS; [4,20}:
length. Using a large enough number of the vacuum configu-
rations, one can construct a distribution of the lengdits ) Sk]=> f:S[k], (10)
of the IR and the UV monopole clusters. The length distri- i
bution is a function of the length of the monopole trajectory
which is equal to the number of clusters with the monopolewheref; are coupling constants. In this paper we adopt only
length L found in the ensembles of the vacuum configura-dominant two-point interactions in the monopole actiba.
tions. interactions of the forng~k,,(s)k,/(s")] [19]. Following
In Fig. 1(a) we show typical distributions of the elemen- Ref. [4] we derive the effective monopole acti¢h0) from
tary (n=1) monopoles. The distribution at each value of thethe configurations of monopole currents,,(s)} using an
coupling constanB has two peaks corresponding to the UV inverse Monte Carlo methadThe original monopole con-
monopole clusterg¢the peak at small) and to the IR clus- figurations were generated by the usual heat-bath Monte
ters(at largeL). We plot the distributions calculated at vari- Carlo algorithm of SW2) gluodynamics.
ous values of the lattice coupling constghtin the figure. The dominant term in the monopole acti¢hO) is the
The relevant value of3 is indicated near the peaks corre- most local self-interaction of the monopole currerg k]
sponding to the IR clusters. One can see that the leftmost ES,Mki(s). The contributions to the action from other in-
peaks, corresponding to the UV clusters, are almost indistinteractions are small compared to the leading term. As an
guishable in this figure. We also note that for all considerecexample we show the leading contribution and the full action
values of 8 the infrared cluster and the ultraviolet clusters associated with the IR monopole cluster 6=2.4 andn
can be unambiguously separated due to a wide gap between1,2 in Fig. 2. Moreover, one can find that both the mono-
them. pole action and the leading self-coupling contribution to it
A similar picture is observed for blocked monopoles. Thisare proportional with a good accuracy to the length of the
can be seen from Fig.(fh) in which we show typical distri- monopole loop.
butions ofn=2 blocked monopoles. In Fig. 3 we plot the ratidcS k]/L for various lattice vol-
According to Figs. {a) and Xb) the gap between IR and umes and blocking sizésOne can notice tha®/L depends
UV clusters becomes smaller as tieysicallattice size de- almost only on a produdi=a-n and does not depend on the
creases. At very small lattice size the gap between UV andariablesa andn separately. This was first observed in Ref.
IR clusters disappears and the IR and UV clusters cannot be
separated. This behavior of the monopole clusters leads to——
the deconfining transitio(fcrossover”) which takes place in  2The detailed algorithm is described in Appendix A of Réf9].
sufficiently small physical volumes. 3In this figure and all other figures below we plot all dimensional
The distribution of the ultraviolet clusters was studied quantities in units of the string tensioa,
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FIG. 2. The total monopole action and the contribution of the self-interaction term to the acti@n éeementary an¢b) n=2 extended
monopoles vs length of the monopole trajectory in the IR cluster as calculated*dattiee at=2.4.

[4]. Below we will observe this type of scaling in many other tions alone becomes unreliable at too small valueb ahd
monopole guantities. Another observation is that the monoene has to include higher-point interactidd$)].

poles obtained with the SA procedure have the same action The observatiorill) may have a physical meaning related
as that of the monopoles defined by the usual iterative gaugee a simple fact that the larger couplifig corresponds to the
fixing algorithm. smaller density of the monopoles. Thus Etjl) is in agree-

It would also be interesting to compare the monopole acment with the numerical fact that at large lattice couplifig
tion associated with the IR cluster and the action associategl.e., at small lattice spacing) the density of the monopoles
with the whole monopole ensemble. The simplest quantity tan the largest cluster is noticeably smaller than the total
compare is thd; self-coupling parameter which is a domi- monopole density21].
nant coupling in the action. In Fig. 4 we shdw for both
ensembles. First, we easily notice that the coupling constant
f, is independent of the lattice volume. Second, we see that
for large blocking scaleb the type of the ensembighe IR
cluster or the whole ensemblis not essential for the deter-  Since the density of the elementary monopoles from in-
mination of f;. However, at smalb values,b\Jo=<0.5, the frared clusters is finitgin terms of physical unisin the

type of the lattice ensemble becomes important, since in thigontinuum limit[21], we may expect that the density of the
region extended monopolesvith a fixed blocking scalé) is finite

as well. The finiteness of the density is consistent with the
observation that the monopole length distribution is localized
around a certain value of the monopole length,, (see Fig.
The observed difference between the couplings can be aft). As will be shown, this value is proportional to the physi-
fected by finite-size effects since the leftmost points in ourcal volumeV of the systeml,,,<V. Indeed, as one can
data correspond to elementgof sizea) monopoles. More- qualitatively find from Fig. 1, the position of the peak of the
over, in our studies we included only the two-point interac-IR length distribution increases as the physical volume of the
tions in the monopole actiofil0). However, two-point ac-

IV. MONOPOLE LENGTH DISTRIBUTION
FOR IR CLUSTER

fIR> % for b\/o=<0.5. (12)

LA B B L L L fj e
SIL [e -) e 24%al trajectories
3r * 48° Tterative T 2+ .;ee L) 484, all clusters -
{ 4
. n 24" Terative L g (@] 244, IR cluster
! e 32" Simulated Annealing K (=] O 487, IR cluster
=]
2F ; 1 ®
-
¢ - -
s 1 e 5
L W
1 C 2t . g % @E
i *® .0 F ® il
I . TN 0....|....|.....§|..EE|‘..E_
L » 0 1 2 3 4 5
- L e 1y v e e Ny g b
0 1 2 3 4 b 5

FIG. 4. The self-interaction coupling constdntas the function

of b calculated for the largest monopole cluster and for the whole
monopole ensemble on lattices*2dnd 48.

FIG. 3. The ratioS/L, in physical units, as a function d&f for
various latticedN* and blocking steps.
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FIG. 5. lllustration of the Gaussian distribution of the IR monopole clusters 6éra®tce (a) for elementary monopoles @=2.4 and
(b) for blocked,n=2 monopoles a3=2.1. The original histograms of the length distribution in the IR cluster are shown by gray shading.
The averaged distributions are shown by circles, and the fits by the furi@domre represented by the dashed line.

system. Note that the physical volume of the system deenly on the physical size of the blocked monopole,

creases as the lattice coupliggbecomes larger. =y(b). On the other handg must depend both on the
The length distribution functior (L), is proportional to  physical size and the volume, i.et=a(b,V). Thus we as-

the weight with which the particular trajectory of the length sume the following parametrization of the IR monopole dis-

L contributes to the partition function. On the other hand, theribution at finite volume:

action of a monopole trajectory is proportional to the length

of the trajectorySx=L, as we have illustrated in the previous D'R(L)=exp{—a(b,V)L?+ y(b)L}. (14

section. Thus the monopole action contributes to the weight o

in a form of an exponential factore . Heref is a param- Then the peak of the distributiaf14) becomes

eter which is close to the self-couplifg according to Fig.

4. The entropy of the monopole trajectory also contributes to T v(0) _ (15)

the monopole length distribution, which is proportional to M 2a(b,V)

ub (with u being a positive numbgrfor sufficiently large o

monopole lengthL. Thus the distribution of the monopole The IR monopole density is given by

trajectories in the infinite volume limit must be described by

a function _Lmax_ v(b) 16
PRV ™ 2a(b, V)V’

DIR(L)xut-e =, y=Inpu—f. (12)
in the thermodynamic limitV—c and is expected to be
In this equation we neglect a power-law prefactor which isfinite. Hence we seé& ,,,«V. From Eq.(16) we conclude
essential for the distribution of the ultraviolet clusfeirs3]. that
The observed localization of the infrared cluster distribu-
tion implies a certain cut which depends on the volume of
the system. The simplest distribution of this kind may be

described by a function

a(b,V)=A(b)/V, a7
where the functionA(b) depends only on the size of the
blocked monopoleh. Equation(17) implies that in the ther-
modynamic limit the parametex vanishes and the finite-
volume distribution(13) is reduced to Eq(12), as expected.
Let us check the distributiofil4) numerically. We show
As we find below, the parametey which characterizes typical examples of the IR cluster distributions in Fig. 5. One
the cut due to the volume effect ig~2. Moreover, as we can see that these histograms have an almost symmetric
mentioned, the parameter characterizes the action and the Structure. But due to the lack of statistics, these histograms
entropy of the monopole currents and thus it must depen@annot be fitted by the functiofi4). In order to show that
the distribution of the lengths of the monopole trajectories
follows Eq.(14), we smooth the noise in Fig. 5 by increasing
“Below we work with the distribution of the pure exponential the bin size from the original size @i =2 to 5L =200(for
form (12). We also repeated our analysis with the prefadto?  the case presented in Figap] and tosL = 70([for Fig. 5b)].
included. We observed that the results with and without the powerThus, effectively, we average the data inside each coarser bin
law prefactor are the same within the small error bars. and, as a result, we reduce the noise.

D'R(L)=exp{— aL7+yL}, (13

wherea, y and  are certain parameters.

014509-5



CHERNODUBEet al. PHYSICAL REVIEW D 69, 014509 (2004

S _
300 - 3001+ _
200 - 2001+ |
Lo 1] -
@ 7x10 8x10 o 9x10 I1x10 ®) 2.5%10 3.0x10 ’Y 3.5%10 4.0x10

FIG. 6. The distribution of the parameterand y for elementary monopoles &= 2.4 on 24 lattice. The fits by a Gaussian function are
shown by the solid lines and the value of the errors are indicated by shadowed regions.

The averagedand suitably rescaledistograms and their figuration using Eq.(18). We generate a number of such
fits by the function(14) are shown in Fig. 5. One can see that configurations and then construct the distributions of the pa-
the averaged histograms are very close to the Gaussian diemetersy andy. These distributions are the Gaussian func-
tribution. Similar behavior can also be observed for all IRtions with the widths equal to the corresponding errors. We
monopole cluster distributions we have studied in this papemplot examples of the histograms farand y values in Figs.

In order to justify the chosen value of the paramegéan 6(a) and Gb).

Eq. (14) we have also fitted the averaged histogram data by We have checked the applicability of Eq4.8) and the
Eq. (13) in which 7 is treated as a fitting parameter. The bestuse of the bootstrap method on a smaller?, 1Gittice.
fit (for B=2.4 andn=1 on 24 lattice, as an examplgives  Namely, we have generated length distributions using from
us the resulty=2.05(15). Fits of other histograms give us low statistics (2000 configurationsto high statistics (10
similar results. Thus we fix below=2. configurationy ensembles. We used the bootstrap method

The histograms in Fig. 5 were obtained with rather highalong with Eqs(18) to evaluate the coefficients and g3 for
simulation statistic§3000 configurations according to Table the distribution measured with the lowest statistics. On the
I). However, in order to get a perfect Gaussian, we needther hand, the high statistics distribution igamost per-
much more statistics which require a lot of CPU time. Tofect) Gaussian and therefore we get the desired coefficients
avoid this lengthy procedure we assuntieat the numerical directly from the fit(14). The comparison of the coefficients
data for length distribution of the IR monopoles are de-shows that the central values as well as the estimated errors
scribed by Eq(14). Then one can evaluate the central valuesfor the low and for the high statistics ensembles coincide
of the parametera andy using simple formulagvalid fora  with each other within a few percent. We illustrate our analy-

Gaussian distribution sis in Fig. 7 forB=2.1 andB=2.2 using the parameteras
an example. The values of obtained with the standard
1 1 B (L) 19 method are plotted vs number of configuratioNs, s, used
2 <L2>—(L>2’ Y (LZ)—<L>2' in the analysis. The horizontal lines represent the results

coming from the bootstrap method applied to the low-
where the averaging- - -) is performed using weights from

the histograms. RSN A L
To evaluate the errors for the parameterand y, we use v I 16’ lattice
the standard bootstrap method. Namely, we make a resam- 020 4
pling of the original length distribution of the IR monopole - 1
clusters,L,ax. We construct a resampled distribution by se- ! t s s S s 35 & |
lecting n¢y,¢ random values ok, wheren. s is the total I
number of the monopole configurations. Note that any ele- 0.15F & P=2.1, standard method
ment of the original distribution may enter the resampled : 2 B2 sandard method
distribution more than one time. { == 22 pvitran
After the resampled configuration is constructed we I ]
evaluate the values of the parameteraind y on this con- 0.10p= BB B By g g
0 25000 50000 75000 5, 100000

conf

SWe are checking this assumption on a smaller lattice at the end of FIG. 7. Check of the bootstrap method orf 14itice illustration
this section. with parametery (the explanation is given in the text

014509-6
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FIG. 8. (a) The fitting parametew as a function of the sizW/n of the coarse latticeb) the parametesr multiplied by the lattice volume
as a function of the lattice sizs.

statistic ensembléhe statistical errors are indicated by shad-pole density obtained from the IR monopole cluster distribu-
owed regions We conclude that the bootstrap method givestion, Eq. (16), with the direct observation of the monopole
reliable results using the distributions with low statistics.  density,

In order to confirm our expectatiofl7) we plot the pa-
rametera vs the ratioN/n in Fig. 8@a) for selected sets of 1
coupling constantg and the blocking steps of the mono- pIR:W<
pole, n. Since the volume of the blocked lattice is/n)#,
we expect that the parameiebehaves ag> (N/n) 4. This

behavior is seen in Figs.(® and &b). The parametew

) . .
multiplied by the lattice volume is almost independent of the 1€ the blocked monopole curréqif is defined by Eq(®).
lattice sizeN according to Fig. ). The normalization factor in Eq19) appears naturally if one

According to our discussion above, the fitting parameter Notes thab=na and 4(N/n)* are the lattice spacing and the
must be a function of the blocking sitealone and does not number of links of the coarse lattice, respectively.
depend on the volume of the lattice. In Fig. 9 we show the If the fitting function(14) describes the data correctly, one
parametery is indeed independent of the lattice sixe should observe the same infrared monopole density obtained
The fitting parametera and y are shown as functions of from the fits of the monopole distributiori$4), (16) as that
the physical scalé in Figs. 1Ga) and 1@b), respectively. obtained in a direct wayl9). This is indeed the case accord-
The paramete shows the scaling behavior in a sense that iting to Fig. 11a).
depends on the blocking stepand lattice spacing only in We note that the value of the blocked monopole density
the form of the producb=n-a. quoted above is about 30% larger than the value of density
[21] of the elementaryinfrared monopoles in the continuum
limit.
The monopole density is known to be sensitive to the
. . details of the gauge fixing procedur2l]. In order to check
The simplest physical observable of the monopole entne effect of the gauge fixing we compare in Fig(Hithe
semble is its density. It is interesting to compare the mono;nfrared monopole density obtained using the SA and itera-

(19

> |k§?’<s>|>.
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V. MONOPOLE DENSITY AND ENTROPY
A. Monopole density
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tive gauge fixing algorithms. One can see from this figure
that at largeb there is practically no difference between the
monopole densities obtained with the use of the different
algorithms. However, there exists some difference at simall
since the SA monopole density is smaller than the density
obtained with the help of the iterative algorithm. This slight
dependence of the density on the gauge fixing algorithm at
smallb may explain the discrepancy between our results and
the results of Ref{21] mentioned above. Another source of
the discrepancy is the qualitative difference between the el-
ementary and the blocked monopoles. Since the dzage
taken to be independent of the lattice spacnghile a tends

to zero in the continuum limit, the elementary monopoles

FIG. 9. The illustration of the independence of the fitting param-are expected to be more affected by the ultraviolet lattice
eter y on the lattice sizelN.

artifacts.
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FIG. 10. The fitting parametef®) « and(b) y as a function ob for various lattice volumedl* and monopole blocking steps

B. Monopole entropy results are presented in Fig. 12. The entropy shows an ap-

The distribution of the monopole trajectories dependg®roximate scaling behavior in a sense that the entropy de-

both on the monopole action and on the monopole entropy a%ends only on the scale and is independent of the lattice

we have already discussed in Sec. IV. Therefore the knowlgp"’lcmg"71 and the blocking facton separately. One can also

edge of the distribution and the monopole action allows us t potice that the entropy is independent of the volume of the
tg t th A £ th | P s, If th Rattice. The largest scaling violation happens at small block-
extract the entropy ot theé monopole currents. e mono-ng sizesn= 1,2 where the finite-size artifacts are expected to

poles make a simple random walk on the four-dimension e strong
hypercubic lattice, the entropy factor for elementary mono- .o entropy factop is a descending function of the scale

poles is expected to be equal to sever; 7, since there are |, Ag discussed above, one can expect that the fagtor

seven choices at each site for the monopole current to ggnhould be equal to seven for elementary monopoles. How-

further (the monopole trajectory is obviously nonbacktrack-eyer, we seq.>7 for small values ob from Fig. 12. We

ing due to the presence of the magnetic charge explain this smalb behavior as an artifact of our numerical
The entropy factop of the infrared monopole trajectories procedure adopted in this paper. Indeed, we used the qua-

can be obtained from the IR cluster distribution and thedratic monopole action. However, at small higher-point

monopole action according to E(L2), interaction terms are essential and thus the monopole action
o cannot be reliably described by the quadratic terms only
pw=ertt (200 [19,20.

_ . At large b the entropy facto20) is smaller than seven.
We calculate numerically the parametgrandf to find the  Formally this means that the motion of the blocked mono-
entropy factoru for various scaled and lattice sizes. Our poles is constrained. We have fitted the entropy by a function

T T T T T
1.00 ® @ = 1.00 3 o o Monopole density from
E @ E F f’ e iy fits of length distributions
P o ] Pr « 24* n=2
- 0% 1 r > 24 =3
O 48’ n=2, standard : r 24" n=4
® 48’ n=2, from fits Ee 0 48" n=2
0.10 ¢ O 48" n=4, standard ] 0.10 2 48 n=3 E
- 48", n=4, from fits “s ] Foo 48’ n=d o
O 48" n=8, standard s O 48" n=6 #
® 48" n=8, from fits ] L % 48" n=s
< | | eo-e 324, n=2, Simulated Annealing *
— 324, n=4, Simulated Annealing
0.01 : | . i 0.01 . —— : i
@ 0.1 1.0 b 10.0 ®) 0.1 1.0 b 10.0

FIG. 11. (a) Comparison of the infrared monopole density obtained from the fits of the monopole distribd#pnd.6) with the density
obtained in a direct wayl19). (b) Comparison of the effect of the gauge fixing proceduterative vs simulated annealingn the infrared
monopole density.
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s VI. CONCLUSION
< NIV We studied numerically the distributions of the infrared
: = o monopole currents of various blocking sizesn the lattices
L F 0 24 ned 1 with different spacings and volumesN. The distributions
; A48t =2 ] can be described by a Gaussian ansatz with a good accuracy.
: ¢ 4sj,n=3 ] The ansatz contains two important ternig:the linear term
s S j;,f;’ ] which has information about the energy and the entropy of
5 o 4ns ] the monopole currents; an@i) the quadratic term which
i - Fitfreeq ] suppresses too large infrared clusters. The linear term is in-
— Fiq=1 ] dependent of the lattice volume while the quadratic term is
Ly eeeemesy ] inversely proportional to the volume. The monopole density

0 i 2 3 4 5 b determined from the parameters of the Gaussian fits coin-
cides with the result of the direct numerical calculation.

FIG. 12. Entropy facto vs b. The dashed line represents the ~ We also studied the action of the monopoles belonging to
fit by Eq. (21) with free g parameter and the solid line corresponds the infrared clusters and compared it with the action of the
to the fixed parameteq=1. total monopole ensemble. It turns out that the self-coupling
coefficients for both these ensembles are almost the same at
large b. However, as the blocking scaleis decreased the
self-coupling coefficient for an infrared monopole cluster
gets noticeably larger than the coefficient for the total mono-
pole ensemble. This can be explained by the fact that the
where u.., C and q are fitting parameters. The best fit is self-interaction coefficient is related directly to the monopole
shown in Fig. 12 by the dashed line. The corresponding besiensity.
fit parameters argu,,=1.6(4), C=1.7(5) andq=1.2(2). The knowledge of both the coefficient in front of the lin-
The most interesting fitting parameter gs, which is the ear term of the Gaussian distribution and the monopole ac-
asymptotic value of the entropy in the infrared limbi*’>  tion for infrared clusters allows us to determine the entropy
—o according to Eq(21). Unfortunately, the value of the factor of the extendetblocked monopole currents. We have
asymptotic entropy is obtained with a big error bar in thenumerically shown that the entropy of the blocked monopole
above fit. In order to increase the accuracy we notice that theurrents is a descending function o¥na, indicating that
powerq is very close to unity. Fixingj=1 in Eq.(21) and the effective degrees of freedom of the blocked monopoles
repeating the fitting procedure again, we get=1.15(25) are getting smaller as the phyglcal plasswal plcture': the
andC=2.2(1). Thecorresponding best fit curve is shown in Monopole becomes a macroscopic object and the motion of
Fig. 12 by the solid line. such a monopole is close to a straight line.

The fact that the asymptotic value of the entropy is very
close to unity in the limitba*?>— o may have a simple ex-
planation. The monopole with a large blocking stzebe- M.Ch. acknowledges the support by JSPS grant No.
haves as a classical object and its motion is never a simple01023. T.S. is partially supported by a JSPS Grant-in-Aid
random walk. The predominant motion of the lalgeaono-  for Scientific Research on Priority Areas No. 13135210 and
pole is close to a straight line. (B) No. 15340073.

pM=p.+Cu9, (21)
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