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OnSomeFormulasoflntegralGeometryontheSphere.

TakashiNAKAJIMA*

(ReceivedOctoderl4,1965)

L・A.Santal6hasdemonstratedmanyfineintegralformulasOnthe

surfaceofconsantcurvatureandonthegeneralsurface・Inthepresent

paperweshalldemonstrateintegralfOrmulasonthespherebyanelementary

methodusedbyW・BlaschkeandL．A.Santal6．Thismethodisvery

simple.andlesScomplicatedandapplicabletointegralgeometryonthe

generalsurface.

§1.Theformulaofthecurvewhichintersectswiththedomam．

Bythetermdomainwewilldesignateaboundedsmallerregionofthe

surfaceontheunitsphere,limitedbyafinitenumberofclosedcurves

withoutdoublepoints(astotheterminogyusedhereinrefertothe"Intro-

ductiontoIntegralGeometry''byL．A.Santal6).LetKbeafixeddomain

andLbeamobilerectifiablecurvewhichisnotagreatcircleOnthe

sphere.LetSbethelengthofLand/bethelengthofZ,insideK

Thenwewanttoevaluate

theintegral
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WeconsiderthemobilegreatcircleCwhichinter-

sectsLinsideK

WeassumethatPisthepointatwhichZ,inter-

sectswithCinsideK.

Nowweconsidertheintegral
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(図1）

where"meansthenumberofintersectionpointsofZ,withCinsideK

FirstleaveLfixed,thentheintegralgives

I=2J"L

OntheotherhandleavegreatcircleCfixed,thentheintegralgives

*D"α〃"ze"qfM"肋g"､α"Cs
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I=4JS''@'C

where9isthelengthofCinsideKButwehavethefollowingformula

byL.A.Santal6.'

J"c="F

whereFistheareaOfthedomainKHenceweobtainthefollowing
formula:

J"L=2施肌

Thisformulahasthesameformasthatforthecaseoftheplane.(See
D

Blashke'),53)

§2.Formulaofsmallcircleonsphere.

LetKbetheintersectionofaunitsphereOwithafixedplaneE,

whichdoesnotcontainthecenterofthesphereOandletCbethegreat

circleonthesphereO・weassumethatthepointsAandBareintersection

pointsofCwiththecircumferenceofK

ZAOB=PutZAUB=G).Put、

Wewanttoevaluatethe

integral
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LetPbeapointonthe

chordABandconsider

theintegral (図2）

I==〃"c
PEAB,C･Kベ0

FirstleaveCfixed,thentheintegralgives

dC=21s心s伽号dc=2＄伽号dC.I==

WemayalsoleavethepointPfixedandweget

I==施血P==7rF

whereFistheareaofK

Henceweobtaintheformula
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Jsin%CiC==F"",,,,,(2')

NowweconsiderthesphericalcrownmadebyplaneEwhichcutsthe

sphere.WehavethefollowingformulabySantal6

J"dc=聴凡

whereIFbistheareaofthesphericalcrown.

By(2.1)and(2.2)wegettheformula

ルーs加号)dC=羅帆-号)

(1)

(2)

(3)

W･Blaschke.

L.A・Santal6
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