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In this paper, we study how we should treat a steady-state interface between homogeneous crystal and melt
phases, where steady temperature gradients are present at both sides. In particular, keeping the geometry of
Czochralski method in mind, we study a correction for the heat balance equation at the interface between
the two phases. We show that a netagive term proportional to the third power of the pulling velocity, which

is caused by the density difference between the two phases, is added to the heat balance equation.

1. Introduction
For a long time, it has been considered that the type of defects in the Si crystal grown by
the Czockralski (CZ) method with the pulling rate V' is determined by the temperature
gradient in crystal Gg or V/Gs. In Ref. 1, Voronkov suggested that the type of point
defects in the Si crystal is governed by V/Gs. As already known for the floating zone
method of Si crystal growth, the defects become interstitial if V/Gg is larger than a
certain value. In contrast, they become vacancies if V/Gg is smaller than that value.
Thus, defect free crystals can be grown in a limited range of V/Gs. Voronkov and Falster
later refined? the Voronkov’s work.! They made a detailed analysis giving a support to
Voronkov’s criterion.® Other groups have also analyzed the dependence of defects type
on V/Gg.* 0

V and Gy are intrinsically interrelated with each other. Taking account of their
interrelation, Vanhellemont have recently reconsidered the Voronkov’s criterion criti-
cally.” Abe and Takahashi have shown that the type of point defects is governed only
by Gg, which is inconsistent with the previous studies.' ® The discrepancy between the

two results is probably caused because the different geometries of apparatuses were
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analyzed together.

In the CZ method, the relationship between the temperature gradients and the
growth rate is given by the energy conservation law: ksGs — kG, = LpV, where
G, is the temperature gradient in melt, L is the latent heat, p is the density, and
ks and ki, represent the thermal conductivities of crystal and melt, respectively. In
this simplified conservation law, the density difference between the crystal and melt is
neglected, and Gy is sometimes treated as a control parameter. However, V' becomes
large with increasing Gg, so that Gs is not a parameter we can control directly. The
temperature gradients in the crystal and melt have been measured directly.®** Although
the correlation between G and V' is positive in Refs. 4-6,16,17, the negative correlation

d,'218 which is against with the simplified conservation of

between G and V' is reporte
energy at the interface. It is suggested that the negative correlation may be caused by
the mass transfer,'® but we think that the neglect of the difference of density between
the melt and crystal is one of the main reasons for the disagreement.

Previously, Mori et al*® developed a non-equilibrium molecular dynamics simulation
method of crystal/melt interface in the geometry of the CZ method using the Lennard-
Jones system. In the model, the pulling rate of the crystal is set to V5 and the total
amount of materials is conserved. Since the density difference between the crystal and
melt is taken into account, Vi, is given by Vi, = psVs/pL. The temperatures at the
crystal and melt side boundaries are kept constant by heat baths at the ends of the
system. The temperature gradients, G, and Gg, are determined as functions of the
interface position when the system reach to the steady growth. In this simulation, the
temperature gradient Gg was an increasing function of the interface position, but the
sign of correlation between Gg and Vg was not determined.

In this paper, we extend a previous hydrothermodynamic formulation? to the crys-
tal/melt interface in the geometry of the CZ method. We add the correction caused by
the density difference between the crystal and melt to the simplified energy conservation
law starting from microscopic conservation equations. In Sec. 2, we introduce model. In

Sec. 3 we show our results. In Sec. 5, we summarize our results.

2. Model
We consider a crystal/melt coexistence state and a flat interface moving steadily as
shown in Fig. 1(a). Mass flows in the melt and crystal at the interface are given by V,

and Vg, respectively. V7 is the the steady interface velocity. The pressures in the melt
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Fig. 1. Schematic picture of (a) system under consideration and (b) temperature distribution. V7,

Vs, and V1, are steady velocities of interface, the pulling rate, and the mass flow in melt, respectively.

The pressures at the liquid and solid sides are given by pr, and pg , respectively. The densities pg and

pL are also defined at both sides of the interface. For latter convenience, the temperatures 71, and Tg

at both side of the interface are introduced. we set x = 0 at the center of interface.

and crystal at the interface are given by pp, and pg, respectively. Figure 1(b) shows the

temperature distribution in our model schematically. Corresponding to the CZ method,

temperature decreases monotonically from the melt to the crystal.

As already shown in Ref.,?* the system is modeled as a Navier-Stokes-Fourier liquid

including the interface. The general equations are given by

dp  Opu;

8puz 8pUZU] 80’2‘]‘
- Xi; 2
0 P o 9 i _ Ooiju, 9q;

where u;, x;, 0,5, X;, e, and ¢; represent the flow velocity vector, the position vector,

the stress tensor, the external force vector, the specific internal energy, and the heat

flux vector, respectively. In Eq. (3), uxuy is abbreviated as u?. The stress tensor o;; and
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the heat flux vector ¢; are given by

— 1) - I S L 4
p(SU + s (8% + oz, 3(5U &Uk) + C(SZ] Oy ( )

aoT
= —k’a—x] (5)

where p is the hydrostatic pressure, 7y is the shear viscosity, ¢ is the bulk viscosity,

and k is the heat conductivity. In the case of one-dimensional system, Eqgs (1)-(5) are

reduced to
dp  Opu
o + o 0, (6)
opu  O(pu*)  dp 0 ou
ot + or Oz * ox m oz (7)

;Q”+%) iﬂ@ﬁgu)}:_%?+éz@%%0+£«é§) (8)

where x is the coordinate perpendicular to the interface, the origin of the x coordinate
is set at the center of the interface, and 7, = 75/3 + ( is the longitudinal viscosity. In
the case of the steady growth, when we rewrite Egs. (6)-(8) in terms of z = z — Vit,

these equations are given by

dp dpu B
dpu d(pu2) _dp d du
_y e - By |
i€ & d e \Ma ) (10)

d P 5 d P 5 _d(pu) d du d dT
‘/Idz(p€+2u>+d [(p6+2 ) ]_ dz +dz nLdzu +dz kdz ’
(11)
3. Results and discussion

When we integrate Egs. (9)-(10) from the melt side to the crystal side at the interface,

we get the following equations:
psVs — pLVi = (ps — p) Vi, (12)
psV§ — pLVi — (psVs — pLVi)Vi = —ps + pr. (13)
Equation (11) is reduced as
(s + 58) (o 3] e 502) 5 ()

= —psVs + pLVi — ksGs + kLGL. (14)
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Comparing Eq. (14) with Ref. 24, a term —ksGs + k.G, is added in the right hand side

of Eq. (14). From Egs. (12) and (13), the difference between ps and py, is given by
ps—pr = L (15)

where vy, and vg are the specific volumes defined as vy, = 1/py, and vs = 1/ps. Eq. (15)

means that irrespective of the direction of the mass flow, the denser phase has higher

pressure than the other.

3.1 Correction for heat balance equation

When we eliminate Vi from Eq. (14), the difference in the specific enthalpies is given by

. 1 VL, — Vs
hs—hL—2(UL+US)(pS L) Vi — Ve

where the specific enthalpies, hg and hy, are defined as hg = es + psvs and hy, =

(ksGs — k1LGL), (16)

er, + prour, (see the detail derivation of Eq. (16) in Appendix A). The term proportional
to —ksGs+ k. Gy, is added in Eq. (16), which is different from a previous study.?* When
we assume that (ps — pr,)V; is enough small to be neglected.?* Egs. (12) and (15) are

reduced to
\%
=B _nh (17)
PL Us
Va2
ps — pL = (vL, — vs) <—) : (18)
s
Using Eqgs. (17) and (18), Eq. (16) is expressed as
Vi 1 s\’
tsGs — hGr = 2 |~ 1) + 502 =) (1) (19)
Us 2 Us

1
:%%{WV4@+§

(Z—i)z 1 vs?} . (20)

If the difference between the specific enthalpies (hr, — hg) is identified with the

latent heat L, Eq. (20) may be the heat balance equation with a correction caused
by the density difference. However, we need to consider the difference in the specific
enthalpies carefully. We expand hg and hy, around a point (7o, py) on the coexistence

curve. The difference in the specific enthalpy (hy, — hs) is expressed as

hi, — hs = L+ (11, — To) — cs(Ts — Tp) + vi(pr, — po) — vs(ps — po) (21)

where L is the latent heat defined as L = hy (T, po) — hs(T, po), and ¢, and cg are the
specific heats of the melt and crystal, respectively. When we use Eq. (16), we get the
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following expression:

ksGs — kG = psVs [L + e, (T, — Toy) — cs(Ts — To)]

Ve (@ _ 1) (p—L tps —po) . (22)
PL 2

When py = (ps + pL)/2, the last term in Eq. (22) is eliminated. Here, we consider
Clausius-Clapeyron equation, dp/dT = L/Ty(vy, — vs). When pg is very close to pr,
the coexistence line is linear between ps and pr. The Clausius-Clapeyron equation is
approximated as
PL—Po _ _Ps—Po  _ L

Te(p) —To  To(ps) —To  To(vr —vs)’
where T°(pr,) and T°(ps) represent the melting temperatures at pr, and ps, respectively.
From Egs. (17), (18), and (23), ksGs — kp G, is given by

(23)

ksGs — kG = psVs{L" + cL[Tr — T°(pL)] — cs[Ts — T (ps)]}
1 (e +¢s)To [ ps S
S Vil G RN | 24
9 I+ oL pSVS7 ( )
where L* is given by
I — by (T()’pL —QFps> b (To, pL ;rps) (25)

Stability conditions of the crystal and melt phases, which are satisfied for the CZ
method, are given by Ts —T¢(ps) < 0 and 0 < 71, —T°(py,). Thus, we find that both the
second and third terms in the first bracket in the right hand side of Eq. (24) are positive
and the contribution of the last term proportional to V@ is negative. In Eq. (20), the
sign of the term proportional to V@ seems to reverse with the change in the magnitude
relation between pg and pr. However, when we take account of the difference in the
enthalpies more precisely, the dependence of ksGs — ki, GG1, is negative irrespective of the
magnitude relation between pg and pr, as shown in Eq. (24).

3.2 Entropy production

We also consider the entropy production. According to a standard method of nonequi-
librium thermodynamics,?® we start with the Gibbs relation T'd(ps) = d(pe) — udp,
where s is the specific entropy and p is the chemical potential. Using e = T's — pv + u

and Egs. (6)-(8), we obtain

dps  Od(psu)| ou\ ou 0 (,0T
T[at+ oe |~ \"az ) o " ae \Mar ) (26)
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where we used d/dt = 0/0t + u(0/0x) (see the detail derivation of Eq. (26) in Ap-
pendix B). We first rewrite Eq. (26) by z = x — Vt. Then, after we divide the equation
by T and eliminate V; using Eq. (12), we integrate the equation between the melt and

crystal at the interface. We obtain

Vs—Wu M [fou)’ L ko rdr\?
(SS_SL)US—UL —/I_ Ui <$ dZ+/I_ ﬁ E dZ, (27)

where I_ and I, indicate the melt and crystal sides at the interface, respectively. Al-

though the integration region in Eq. (27) is entirely different from that in Ref.,** the
meanings of both equations are same. In Eq. (27), the first term of the right hand side
is entropy production caused by viscosity in the interface region, and the second term
is that induced by thermal conduction. Since both of two terms are positive, the left
hand side of the equation should be positive in the steady state. Using Eq (17), we find
that

Vs — Vi Vi
L (sg—s1)— >0, (28)
Vs — UL Us

(ss —sL)

irrespective of the sign of vg — vr,. Thus, at given Vg, the temperatures and pressures
at the both sides of the interface are determined consistently with the second law of

thermodynamics. We expand s as
o0 AT — li
s=s + T, 272
where s° = s(Tp, po). Eq. (27) is expressed as

Cg ATS 2 Cr, ATL 2 Vg — Vg, L+ ou 2 Lt k dT 2
5 |\ 2 + — N = m\ = dz + — | 7 dz
2 TO 2 TO VS - VL I_ 82 1_ T2 dZ

/I+ o), +/I+ﬁ qT\,
I_ . 82 ® I T2 dz ®

Since Vs is in the right hand side in Eq. (30), the left hand side is positive for a pulling-

AT?, (29)

Us

~ (30)

up process and negative for a pulling-down process. Namely, cs(Ts —Ty)? < e (Ty, —Tp)?

for a crystallization process and cg(Ts — Tp)? > c(Ty, — Tp)? for a melting process.

4. Discussion

We estimate the correction term for the CZ-Si using Eq. (24). In the case of Si,*"
ps = 2.305kg/m? and pr, = 2.520kg/m?. The second and third terms in the first brackets
in the right hand side of Eq. (24) are neglected under assumption of a non-singular
interface. When we use L* = 1.787Jkg™!, ¢, = 946 JKg 'K}, ¢g = 1000 JKg *K~1,
and Ty = 1685K,%" (cr, + cs)To(ps/pr, — 1)?/2L* is estimated to 6.7 x 10%. Thus, if Vj is
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in the order of a few mm/s, the the effect of the correction is less than a few percent.
Unfortunately, the effect of the correction term is small in our estimation for CZ-Si, but
there may be other materials which the correction term is important for.

In the above estimation, there are problems we should consider carefully. The geome-
try we dealt in this paper is suitable for unidirectional solidification in a thin rectangular
parallelepiped cell such as a Hele-Shaw cell, but we should have considered the radius
ratio of the radius of crucible R and that of growing crystal r in the case of CZ-Si
growing in crucible. In addition, we neglected the effect of thermal radiation. In this
paper, we did not take account of these effects to estimate the effect of the correction
term on CZ-Si for simplicity. However, when we try to apply our result to experiments
more precisely, we need to consider those problems more carefully. Thus, we think that
the derivation of the correction term by using the condition for crucible condition and

considering the effect of thermal radiation are future problems

5. Summary

We have successfully extended a hydrothermodynamic formulation to the crystal/melt
interface in a geometry of Czochralski method. As a result, we calculated a V* dependent
correction term to the latent heat in a heat balance equation. In other words, we have
incorporated the effect of density difference between the crystal and melt into the heat
balance equation. The correction term gives a negative contribution to the latent heat.
We also study the entropy production. In Eq. (30), the integration range is different
from our previous study, we obtained the same magnitude relation between cs(Ts —Tp)?
and c,(Ty, — Tp)?.

There were a lot of studies whose constituent equations including microscopic con-
tinuum conservation equations such as Refs. 28-33. However, they did not concern the
heat balance equation. Furthermore, they relied on numerical calculations to treat the
complicated geometry. For example, a free surface on the melt was sometimes taken
into account, and the heat radiation was incorporated in them. Namely, the heat bal-
ance equation cannot hold in its native form. Such complications lost thermodynamic
transparency. In particular, the entropic considerations were not given, but I think that
our approach to give additional terms one by one to a simple model helps insights and

develops concept.
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Appendix A: Derivation of Eq. (16)
By using Eq. (12), Eq. (14) is expressed as

Vs — Vi
e et GR) = (et 52|

+ (,Oses + %Vsz) Vs — <pL€L + %Vf) %23

= —psVs + pLVL — ksGs + kLGL. (A-1)
The terms proportional to e5 and ef, in Eq. (A-1) are reduced as
Vs — ptVi Vs — pLVi
[_PS S — PLVL I Vs} pses — {_Ps S — PLVL + VL:| pLer
(s — pr) (ps = pr)
Vs — VW1 Vs =W
_ PSPL( S L) (GS . 6L) _ ( S L) (68 _ eL)- (AZ)
Ps — PL Us — UL
When we similarly reduce the terms proportional to psVs/2, Thus, Eq (A-1) is given by
Vs =V 1
(szvi) {(ES — eL) + §(VS2 — VLQ)} = —psVs + pr. VI, — ksGs + kLGl (A-3)
By using Eq. (A-3), Ah = hg — hy, is given by
Ah =eg — e, + psvs — pruL
Vg — v VE - V2
(s m ) (VL — psVs) — (ksGs — kLGL)] — 05 — W) + psvs — prur,
Vs =L 2
vV, — v Vs (V& -V (vs—wp)
=—————(ps —pL) — — ksGs — kL GL) . A4
Vo Ve (ps — pL) 5 VS_VL(S s — kLGL) (A-4)
The first and second terms in the fourth line in Eq. (A-4) are reduced as
(vsVL — v Vs) (Vg - W2)
Vi — Vs (ps — pr) 5
VL — Vs)? —
= <2(;L—_§S)>(UL + Us) = M(UL + Us), (A5)
where we used Eq. (15). Thus, Ah is given by
1 vg — U
Ah:z—@L+v9@m—ﬂm)—Eil—iﬁ(@cg—leg. (A-6)
2 Vo =11

Appendix B: Derivation of Eq. (26)

Gibbs free energy G(= uN) is related to energy F, pressure p, volume V', temperature
T, and entropy S as ulN = E+pV —T'S. The equation is expressed as pu = pe+p—Tps.,
where we define s and v as s = S/N and v = V/N = 1/p. Thus, we obtain the following

relation,

pdp + pdp = d(pe) + dp — psdT — T'd(ps). (B-1)
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On the other hand, dG is given by dG = —SdT + Vdp+ pudN. Since dG = udN + Ndu,
we obtain the Gibbs-Duhem equation, Ndy = —SdT + Vdp. When we use p, the Gibbs-
Duhem equation is expressed as

pdp = —(ps)dT" + dp (B-2)
From egs. (B-1) and (B-2), pudp is given by udp = d(pe) — T'd(ps). Thus, we obtain the
Gibbs relation,

Td(ps) = d(pe) — pdp. (B-3)

Since d/dt is related to 0/0t and 0/0x as d/dt = 0/t + u(0/0x), from Eq. (B-3) we

obtain

dps dps)|  dpe dp
T{at+uax - a Mar (B-4)

In the left hand side of Eq. (B-4), the second term in parenthesis is expressed as

d(ps)  O(psu) ou
“or ~ oz P or (B-5)

Equation (B-4) is modified as
T [8p3 N 8(,03u)} _dpe  dp T ou

ot ox | dt at oz
_ [ 0(pe) | O(pe) dp  Op du
—[ 5 +u o | M E—Fua—x +T'088_x' (B-6)
Since pe = pT's — p + pu, we obtain the following relation,
Tps 2t = pe 0ty 0 00 (B-7)
Poor ~— "or " Par  PMar
Equation (B-6) is given by
dps  O(psu)|  O(pe) J(pe) dp  Op ou
T{at o | T o T ar Mo Thas) T,
~ J(pe) d(pe) dp op Ju  Ou Ju
o o M\a T ae) % TP e

(B-8)
By using ud(pe)/0x + pedu/dz = d(peu)/0x, Eq. (B-8) is expressed as

dps  O(psu)|  O(pe) = O(peu) dp ~ Op ou ou
T[8t+ o |~ o T or Mo tar] tPar ey (BY)
From Eq. (6), dp/0t is given by
o0 _ o o

ot~ or  “or Por
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From Egs. (8) and (B-10), Eq. (B-9) is expressed as
T [8,03 N 8(psu)} :8(/)6) d(peu) +pa_u

ot Ox ot Ox Ox
__ O (e 0 (et O
T\ 2 ) aw\2) "o
0 ou ou\ ou 0 (, 0T
+ pe (UL%) u+ (UL%) e + 9 <k%) . (B-11)
When we use Eq. (7), we obtain the following relation,

0 ou\  Opu  O(pu?)  Op
Iz (UL%) = o + o7 + P (B-12)

Equation (B-11) is expressed as

ot 0 (578 (o) 5 00
+ <HL%> % + 8% (k:g—z) : (B-13)
In Eq. (B-13), the first and third terms in the right hand side are transformed as follows:
u% = puaa—? + u2%. (B-15)

Thus, Eq. (B-13) is expressed as
2 3 2
{8@5‘ N 8(psu)] u?*dp 0 (pu ) +u8(pu )

20t Ox \ 2

ou\ Ou 0 oT
+ (UL%) % + % (k%) , (B-16)

By using Eq. (6), the terms in the right hand side in the first line in Eq. (B-16) are

ot ox 20t oxr\ 2 o

eliminated as follows:

2 3 2 2 3 2
wop 90 (&) L) i opu 0 (&) 220 g gar

20t Ox \ 2 or 2 0r Ox
Thus, we obtain Eq. (26).
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