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Some Remarks on Prime Divisors

Ryoichi NAGASAWA

In this note we discuss some aspects of the theory of prime divisors in commutative algebra
and also explain some simple proofs of known results. - We know many different kinds of
prime divisors attached to an ideal in a Noetherian ring. Recently, certain stable characters
of large powers of ideals were deeply studied and many interesting results were obtained by
various reserchers of this area.

These topics were systematically treated in [2] and [3]. Among various kinds of prime
divisors we are much interested in so-called essential prime divisors which are closely related
to certain ring extensions, and the prototype of these divisors may be found in [1].

Let X be a locally Noetherian prescheme and let Z be a subset of X stable under
specialization. Then we defined an Oy-Module H%,,(F) for an Ox~-Module F such that
H%,7(F) is quasi-coherent for any F quasi-coherent. For any point x in Ass (F) N(X—Z2),
let V', be the reduced subprescheme of X defined on £z, the closure of {x} andlet Z =ZNx. If
H%,;(F) is a coherent O y-Module, then codim (Z,, Y,) >2 for all x as above, and the converse
holds if every point of X has an open neighbourhood isomorphic to a subscheme of a regular
scheme ([1], (5. 11. 1) ). In particular, let R be a local ring, R* its completion and f the
canonical morphism of X’ =Spec(R*) to X=Spec(R). For any ZC X as above, Z'=f"(Z)
is also stable under specialization, and H,,(F) is coherent if and only if H. . (f* (F)) is
coherent. Here we remark that for a Noetherian domain R, H%,,(Ox) is the Oy-Algebra S,
where S is the intersection of all B, with P in X—Z. Thus, with the notation as above we
have the following :

For a local domain R, the overdomain S is finite integral over R if and only if Z contains
no prime ideal P such that the completion of R, contains a depth 1 prime divisor of zero. In
particular, R (1), the intersection of all R, with height P =1, is finite integral over R if and only
if height (P/Q) >2 for any prime ideals Q CP in R* such that @ is a prime divisor of zero and
height (PNR) >2(cf. [1], (7.2.3), (7.2.4)).

As in the above statement, a concept of essential prime divisors is naturally obtained and
its importance can be understood as well.

In the above statement, a certain gap may be found in the expressions of prime divisors,
but it would be resolved in the following :

Let P be a regular prime ideal in a local ring R. Then the completion (R,)* has a depth
1 prime divisor of zero if and only if there exist prime ideals Q*CP* of R* with P*NR=P,
Q*EAss(R™) and height (P*/Q%) =1.

This is a known result ([2], Corollary 10.16). 'We can prove the assertion by an indirect use
of ideal transform, but here we give a somewhat different proof. The theorem of transition(cf.
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(4]) will be be used tacitly in the following. For a Noetherian ring R, E (R) denotes the set
of prime ideals P of R such that (Rp) * has a depth 1 prime divisor of zero. Now let P be a
regular prime ideal in a local ring R. Let P* be a prime ideal which is minimal over PR* and
let T=(R"),.. Suppose that (R,)" has a depth 1 prime divisor of zero, P,. Let P, be a
prime ideal minimal over P,7"*. Then we see that depth (P,) =1 and height (P,) =height (P,).
Let P,=P,NT and Q*=R,NR*EAss(R*). Then S=T/P, is naturally isomorphic to the
localization of R*/Q™ at P*/Q*. Clearly P,&Ass(T), S*=T"/P,T* and P,/P,T*EAss
(S™). Since R*/Q" is a complete local domain, depth(P,) =1 implies dim S=1, hence height
(P*/Q*)=1. Conversely let P* and Q" be as in the statement (2). Put T=(R*),.. Since
Q*cAss(R™) and dim(7/Q* T) =1, there is a prime ideal Q' €Ass(T*) with depth(Q’) =1
and @QNT=Q"T. Let ¢ be an element of 7% with (0) : ¢=Q’". Then there would be an
integer £>0 such that ¢&p*T* and JT* - cDQ’—t—]T*gQ’ for any regular ideal JCP*R,.
Since depth (Q’) =1, we see that JT* : ¢ is P* T"*-primary andP* 7" € Ass (T */JT™), that is,
PR,=P*T*NR,=Ass(Rp/J). This implies that for any regular element ¢ in P, A= (Rp)*
has a prime ideal P'<Ass(A) such that PA is minimal over aA+P (cf. [3], (1.3)). Clearly
depth(P’) =1 and so PEE (R).

Thus the proof is complete.

There would be many interesting results concerning essential prime divisors. Particularly,
we are interested in the behaviour of asymptotic prime divisors under finite ring extensions.

Let A be any finite ring extension of a Noetherian ring R in the total quotient ring F (R)
of R. Then, for a regular element a=R, Spec (A)—>Spec (R) yields a surjective mapping
E(aA)—>E (aR), where E(aR)=E (R) NAss{R/aR), etc. This is a characteristic property
of essential prime divisors. In other words, a prime divisor P of aR is essential if and only if
for any finite ring extension A in F (R), there is a prime divisor @ of a4 with QN R=P.

Moreover there is a finite extension A in R[1/a] for which E (a4) = Ass (@A) holds{cf. [3],
(8.4) ). This result may be one of the most beautiful results of recent years in the theoy of
prime divisors, and it may be clarified through an affine description of H%,,(O), that is, ideal
transforms. Suppose that R is a local ring with regular maximal ideal M. Let B be the
product of all R*/Q, where @ runs over the primary components of zero in R*. Let Z be the
subset of prime ideals P in Spec (B) with height (P) >2. Then HY%,,(0) with Y =Spec (B)
is made into Spec (T"), where T is the intersection of inverse images of all Bp, P€ Y —Z in the
total quotient ring F (B) of B under the canonical homomorphism F (B)—>F (B). Since B
is a complete semi-local ring, 7 is finite over B. Let A be the inverse image of 7" under the
canonical homomorphism F (R)—F(R*)—F(B). From our construction of T, we can
prove directly that A is a finite ring extension of R in the total quotient ring F (R), and for any
regular element g of A, every prime divisor of ¢A is essential, that is, P(A) =FE (A), where
P (A) denotes the set of P in Spec(A) such that P is a prime divisor of some regular element.
Thus the local case is directly proved in a strong form without making use of ideal transform.
Similarly, we can treat the semi-local case. But the similar result would not be true for the
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global case, and it may be true for only finitely many regular principal ideals. Infact, let a, ,
--+,a, be regular non-units of a Noetherian ring R and let @ be their product. With respect to
this element a, construct a finite ring extension 4 in A[1/a] as stated above. Then each prime
divisor of @;A is a prime divisor of @A, hence a essential prime divisor (Cf.[4], (12.6) ). In
particular, if R is a Noetherian domain such that the set of normal points in Spec (R) is open,
then R[1/a] is normal for some a, and there is a finite ring extension A in R[1/a] with
E (aA) =Ass(A/aA). Then we have P(A) =E (R) since A, is normal for any P in P (A)-Ass
(A/aA). Here we should note that the derived normal ring of R is not necessarily finite over
R, and in fact, there is a Noetherian domain R such that R[1/a] is normal as above and for
some prime divisor P of aR, the completion of R, has a depth 1 prime divisor @ with height
(@)>0. For a bad Noetherian ring it may be impossible to find a finite ring extension 4 with
Ass (A) =E (A). The proof for the global case can be easily reduced to the (semi-)local case.
The crucial point is to construct a finite ring extension B in F (R) such that the essential prime
divisors of aB form an isolated subset in Ass (B/aB), that is, any prime divisor P which is
contained in an essential prime divisor of B is essential, and this can be settled by using the
local case. An elegant and systematic treatment of the above result may be found in [3], and
there the concept of essential prime divisors is extended for arbitrary ideals of Noetherian
rings. For any ideal I of a Noetherian ring R, the so-called Rees ring R (I} of R with respect
to I is defined as R (I) =R[ %, It] with ¢ an indeterminate and #u=¢"'. Since »R (I) is a regular
principal ideal, we get the set E(uR(I) ), and E (I), the set of essential prime divisors of 7,
is defined as the set of prime ideals @NR, QEE (uR(I) ). Here we should note some
difference between R (I) and the graded ring G(I)=R[IT]. We consider a ring extension
R[%] with # an indeterminate and an extended ideal /= (I, #)R[«]. Then u is a regular
superficial element of J such that J": u=J""" for any #>0.

Putting t=#"", we obtain the Rees ring R (I) =R[u] [Ju *]=R[u, It], and in fact, JR (I) =
uR (I) is the principalization of J.

Thus, R(I) is a substitute for neighbourhood rings, and Spec (R{(I) ) is a nice affine part
of the blowing up Proj (R[«] [Jz]), where J=(I, u) R[%] and z is an indeteminate.
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