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Abstract

Histograms are discontinuous between adjacent bins. We consider histogram smoothing using a cubic
spline function. Boneva, Kendall, and Stefanov (BKS) (1971) proposed the histospline and Schoenberg
(1972) formulated it. However, they did not show asymptotic properties of histogram smoothing estimate
using spline functions. In related research, Lii and Rosenblatt (L&R) (1974) set different conditions from
BKS to apply a cubic function for histogram smoothing and derived asymptotic properties. They showed
that the asymptotic integrated variance(AIV) and the asymptotic integrated squared bias(AISB) for
estimate are 0(#) and O (h®), respectively. However, they did not mention the theoretical equivalence to

the proposal by BKS. In addition, they did not show explicit AIV and AISB. Therefore, we reveal whether
there is a theoretical equivalence between the BKS and L&R models. We also derive an explicit AIV and

AISB of the estimate in the BKS and L&R models.
As a result, the BKS and L&R models were found to have the same equation and the AMISE of the
5V3+3 1

estimate has —
nh

i
for ATV and MhG for AISB. This shows that the histospline has a larger
30420

AIV and smaller AISB than the histogram. We also showed the explicit mean and variance related to the
asymptotic normality of the estimate.

To examine histograms and histogram smoothing by cubic spline functions in finite samples, we compare
numerical experiment of sample means and standard deviations of ISEs. The numerical experiment
indicated that the ISEs of the histospline were smaller, but the standard deviations of the ISEs were larger
than those of the histogram. In other words, we can enjoy a significant decrease in the bias of histogram
smoothing, while its variance increases. The entire ISE of a histogram smoothing estimate overcomes that
of the histogram.
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X

Cyi(x) = { Zh(x

E[f](x)] C1; (X)Z Wi 1P+ 1Py 1)

1
—Czj(x)z w;, (np, +np,+1)+—C3j(x)np]-
=1

—C“(X)ZWJ 1"2<f f(t)dt+f f(t)dt)

Biet1

- CZ}-(X)ZZ Wj'lE<Llf(t)dt+ me(t)dt) +C55(0) J;jf(t)dt-

(4.12)

2T, fQRREDD, 747 —HEIEX
DEPd 5L,

N-1 T 2
E[f®)] = Cli(x)z wj_lrk{hf(x) +hF' ()0 —x) + ! ;)C) h(x,f — 2xx +% + xz)
k=1

e
+f 6< )h(x,f+ xch? — BxE + h?)x + 3x,x° 7x3)}

- Cz,-(x)z W, {hf(x) + hf' () (x,— x) + f”;x) h (xlz —2x,x +h§+ xz)
=1

e
+fT()h(xl3+ x,h? = (3xf + h®)x + 3x,x% — x3)}

h
e [hf(x) +hf(x) (x,. -5- x)
')
+ 2

hz
h(sz 7xjh+? +(—2x +h)x +x2)

3

e 3 h
+f ()h{xffzxfh+x,hsz

6

3
+(—3x]2+3x,h—h2)x—i(—2xj+h)x2—x3}]. (4.13)

(4.13) Uz oVT, %=0, x;=x,+jh=jhlL L,
St L =), Bt 2= - TiGtwy, P =0 - T
HHZTEEAMHALTERYT S L,

. ui 3 1
e (R T
+(—3j2h2+3jh2—%h2)x+(3jh—;h)x2 —x3}.
(4.14)
L7255 T, fi(x) D34 7 Rk
Bias (ﬁ(x)) = E[f 0] -f®

+ (-3 4 3j2 - %hz)x+ (37 —;h)xz —x3},

(4.15)

Lhh. COZERD, € VBB B EERG
—3N4 7 A (AISB) |

Xj fw(x)z 3 1
AISB; = ('3h3——'2h3—'h3)
J -[c,-—h 36 { JrT iy

1 3 2
+ (—3j2h2+ 3jh? ——hZ)x + (3jh— Eh)xz —x3} dx

= 30240fm(x) . (4.16)



WATTA VHBIZE A A N T AL E 2 OB E ~Boneva, Kendall and StefanovA! & Lii and Rosenblatt®l € 7V 0G4~ 57
DEXY, &R THOAISBIX, V—~ ik LT,
B £ @)% = [ GO dx+ o] & T, aWar (3 9%) = g2 GOn @2
R "
AISB = 35];43 (4.17) o
5% 4 THIZ
72721, R(FH=[f"(x)"dxTdH %, 1o <
BT, SAEIZ O, 260'7(_711(2 1—1,k(Vk + Vir1), lZ z(Vz +Vl+1)>
h h?
var (f,60) = Var( e+ v,m)) = (5v3- 9)1—1 C1;(0C,;)f ) +0 <7>
ZTC, Cov(+) 28 L72b D% AlCov (+) &
+Var< Z z(Vz+Vl+1)> +Var(C3J( ) TZ} v
1 N—-1 N-1 1 N-1 1 N-1
+2€ov(—n W1 (e + Viey 1), Z z(Vz+Vz+1)> 2AIC0U<ZIZ Wi_ 1k (Ve + Vir1), le Wj,l(vl+vl+1)>
k=1 =1 k=1 =1
- 3-9\ 1
+2€o17(%l _lw, 1k + Viy 1), G002 ) =( 30 )Ef(x)h (4.22)
- THIZ
+2Cov(%ll:1 w; (v +v44), Cs5(x) ) (4.18) %5 1 .
o1 I 2Cov (2—2 1V FVig1), C31(x) )
N-1 h?
vor(3 s ) - (3= 000, W +o )
N-1 yas
=$CU(X)ZIVW<Z wj_l_kvk>+Var<Z Wj—1,ka+1> BrLC, = S
N1 N1 = 28100 [ =— ¥ Wiy (Vi + Vipr), C -(x)—’)
+2€ov<z Wj—1,ka'z Wj—l,k"k+1>}=2‘/§gc1j(x)2f(x)v <2le=1 -1k Vi F Vie 1), G0
k=1 k=1 \/_ 3
ZIC, Var () RS L7 b OEAIVar (1) &F ‘( 0 )n fGh (429
A&, %56 THD 5 THE FERIC
1 N-1 V31 1 N-1 y,
AlVar ZZ W]-_l_k(vk +Vk+1) E—hf(x)h (419) 2Cov ZLZ ij,l(vl +vl+1), C3j(x);)
k=1 1=1
H2IELE 1 HERERZ, =(3- ﬁ)%czj(x)cgj(x)f(x),
10 LT,
ar %Z w; (v +vi4q) ) 1 ,
=1 .
) N-1 N1 2AICov (%z w; (v + Vi), C3j(x);]>
= —C,(0)? [Var(Z ,lvl>+Var<z wj,,le) =1
o szl =1 _ <\/_10 3>n £Oh. (4.24)
+2Cov<z Wiy Vlﬂ)l = 2\/§ﬁ €y () 2f (), .
R n L7etinT, (4.19)~424) KLV, € B
o LT, 2B 2 WA g,
N-1 V3 V3 6 5/3-9 vV3-3 V3-3
1 31 i
AlVar(EZ wj, (v, +vl+1)> =\1/—5—Ef(x)h. (4.20) AlV;= (15 55t T30 Y0 TT1o ) AL
=1
85 3 HIE, = (5 \/1_0+ 3)lf(x)h. (4.25)
DEXY, ZFTOAIVIZY —< ¥R

i h
Var (C3j(x)%) = %63].(9{) War(v) = ;C3j(x)2f(x),
LefEh =[f f(dx+oMI XY,
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5v3+3\1
AIV-( T )E (4.26)

Frwdl, Flx) DAMISEIX
AMISE(f(x)) =AIV(f (x))+AISB(f (x))

(5\/§+3 1 +R(f”’) .
- 10 nh 30240

ko R, wH 2RI N7

(4.27)

3. R1. EXAMRTSA UHEEDMSED
FRODEERA
LA AT TA VHEEEDOMSED FROEH
ZOWVWTRT. T, CAMATIA VilEEED
NA T AZ (4.15) X b

Bias(S'pgs (%)) = \/_ (X) {(x] —;x]2h+ ;xlhz)

(3x ——h)x - X }
i)

=R =) =51 2) + 51— )
2T, OSIxj—xIShJ: 0,

" () 3 1
Bias(S' < nhf (h3 §h3+5h3)

= \/_ G )h . (4.28)

BWT, Mz onT (4.19) ~ (4.24) K oiE
HIZBWT, 0<lag-x|<hE D, Cy(x), Cyx),
Cyi(00) DRERHIEIZ B L C LRA ko 2 &,

6
+(-3x2+3 h—lh2
X T exh =y

|c1;(0| <
€, (0| < % (4.29)
€500 <
THHIEDPD
v ( 9 5v3-9 3(3-v3)
ar SBKS(x) +
3 2
3- V3\ 1 16\/— 9\ 1
> )-hf()=<T ) — f(x). (4.30)

PEXDR1 AR ENT

4.4, HHER. EXMRTSA U EL&RICED
HEEEDREFHDILH
L2 AT TA OO T
HRWERE LT, LAMNATIAL VHEER

L&RICE BHERDFEFETH D EERT,
(2.5) ANDBLA AT ITA VifEER :
(xj— x)(ij_1 +x; — 3x)
h2
—m, (x— xj_l)(2922+ Xj_1— 3x)

S prs(x) = mj_q

+—J(x —x)(x Xj_ )

(2.4) ReHs|r s,

mj=ZA;i1di, (4.31)
AL dilt (2.4) ROGDEETLE b 0L
XL,
m:%mm—gﬂxg—%x
dy = 23—h (G=1,..,N-1, (4.32)
=5 Gy = Gy ),

Thb, TD72H, (4.31) RIFLTOXIHITE
Ehabo

N
3
m; = ﬁz A G — Gy (4.33)

2T, FiLofifEftozo
{3(’5 X 1) Z(x - xj—l)}A,-;
h i

hz h j—1,ir (434)

E¥ 5, (433, (434 RNZ2HWT 2.5 X%
HEMRD L,

6
S’ prs(x) = F(Gj - Gj—l)(xj —x)(x~ x}'—l)

. {3(xj—x)2_2(xj— )] =

N
3
+ ﬁzbj,i[((‘;ﬁl -G+ (G, —Giy)]
=

1
=5(6-6.4)

1 6(x—x-_ )2 6(x—x-_ )—h
+71(GJ' Gj1)[— hzj =+ ;11

3 = 3(x—xj_1)2 1
te2 (= x-0) {475
i=0

e J - (=)

[Gip1 — 26+ Gy
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h3

{qx;@ 6(x mx%}: 1 (G G y).

(4.35)
(3. 1) XDaqj; & VT (4.35) K& #FHT 5 &,

+rg-4qze@ 1%24%06”)

N

3
Gj,1)+ﬁ2a G —26G; +Gi_q]

i=0

+%(GJ—GJ—1)[—6(x_hfj_l)2+6(x_)z_1)_h]
+%{(’f—x 1)+§}EN:A, [Giyy— 26, + Gy,
+h2{2(x ' —( J—x)——}iA-_ L Gy — 26, + G,y
+[9(x—h’3f )y 6(9‘ %; J]EL:A (G~ Gi_y)

9(x; — 6(
{("73") ’fhz X)}Z 116G =Gy (4.36)

(4.36) KOH 3~ T7THIZOWT,
6(x Xj_ )2+6(x X 1) h]

1
S’ pis(x) = h (Gj -

+h2[u—(x %, 1)+g} A Gy — 26, + Gy
2(x;—x) h) <

+h2{ h —(X —X)—E}ZA 111 i+1 ZGi+Gi—1]
9(x—x;_4 2 6(x X = o

+[ - ]Za 16— Gry)

9(x;— 6

P?ﬂ— mﬂz GG

=% (G- G,-_l)[—6(x —h’zfj—l) +6(X—xj—1)— h]

h
3(x— xl-,i)2 3(x—x

h: T hZ Zh]ZA { G =G

6("_’“—1)2 3(x—x 1) 1 1
* ER T ZA (6= Gioa)

+M-M_LIZ (G = G

h3 h?

+3®—ﬂiﬂaﬂ02421“m 6,
(4.37)
Z 2T, 3CHk4)D (12) 5, p228 DA R &2 AV T,
yi=Gi THHID

X2n, I,

Gi— GL1=f(x)h+O(h2)
Lz, if* (2D T 3CRK()
—1/3“(3?)67"
WT (4.37) ﬁ%%fﬁ?% L,

B 6(x— x]-,l)2 N 6(x —x;_4)— h] FOOn

@D~@®

h3 h

2
+ S(X_hjj’l) 3 ;zx Zh}z L fCOR
2 n
+ 6(x_hj’_1) —S(X;sz }z At f OO
=0
+ G(th_a 9 —Sj(ﬁl—:x)—;—hIZAﬁﬁ,if(X)h
+3(xjh—_3x o ZhIZ i f COR
3(x—x}-_1)2 2(x—x_,) 3(x— xj_l)z 6(x—x;_,) 3
= h3 - h2 + "3 - h2 +ﬁ
2(x—x-_1) 2 6(x—x-_1)Z 6(x—x»_1) 1 _
B e ALt
(4.38)
PbkXb, (4.36) A
N
1 3
S'BKS(X):E(Gj_Gj—l)"‘ﬁZa ilGiy1 =26+ G 4],
i=0

%Y, TNEL&RIC K B HEE= (OCH(4), p.229)
LFETH B UL, HiBIEBAVR STz,

4.5. %2. EX MR TS A U DOERIEMMEDER

LRI EIEN S, E A MAT TS VOl
EHPED WAL, L&R (1974) D Theorem 4. 12
BWORENS, IhEEFE 2T, TFHELGHD
IR KB 2R,

4285 OAMISE (f (x)) DEHH» 5, K E Ui
B b AT T A VRO TBias{fj(x)
=Elfi(0)]-£f)TdH V, hx0(n?), xEBIZ &
LC a=to & x5, Vu{f()-f@}o T3t
VahBias{f;()}& 72 2 S L AURE N L 2w (4.15)
XD,

\/_f”’(x) {(1 —gx]2h+1x hz)

3
3=}

(4.39)

+ (—3ij +3x;h— Ehz)x + (3xj -

zzT, o r=r(g-0rs,
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£ (&) 3 1,
3 {7 - gmnegm)

1 3
+ (_3sz + 3xjh—zh2>x + <3xj - Eh)xz - x3}

Vnh

=+nh

" (x) 3 3 2 1
! 6x {(xj—x) —5h(x—x) +§h2(xj_x)}

= m@ﬁ(ﬁ— §r2+ %r) (4.40)
% 72, Vahlf;(0 - F O} D 53 #lz 2 TIZAMISE
(F0) D5 EIE (4.27) K&,

5vV3+3
TRRASL (4.41)

THbo

a>%0) & &, Bias{fj(x)} £ 0 b ¥ VIEADIL
WA= FROFVRHRNZ E00,FHE0 &% b,
UEXD, X MATI4 v OREERMEICDO W
T & DRI 2 ZBIASEEH S 7z,

5. HEXRER

LANSTTIAERCADNATTA VOFEREAR
BT EEHCEDORELZ LT 5720, #ii
TR (DUFE, ISEEER) 120w T EER
#179. 22 TlX, MISEDZ H) % ISED A
¥ L AR A TR L 72 E#E[-3,3] o R #E IE
BLO AN (0,1) IZHE 5 FEARIZDOWT, HEAY A X
n=100,200,500,10005000& % % 3 %, ¥ ¥ IF it
Leave-one-out CV? Ik WEET 5, LA NF T
LEELADMARTITA v ZENZENIZOWTISEDE
By Ialb—T a3 r&10000E 47y, ISEDEAR

K2 ISEEATHOHEXRER

Fiy L R FEEE R T 5,

K1iE n=200DL A TFLLELANATT
4 ¥ OBEEBAE R TR T EMVEO TR,
WAL A VAT TAL v Thbo

F 213, ISEDOREAR O FAEEBHRE R % R T
B ED B WIZ EISEIX 0 138720, L
THDP NS WHIZTHRETIWTH S, LA NTT
LECRAMATSA4vDELE LY, EARY A N
KELBRDBIZONTISER/NEL 2D BERY A
ZIZEHHT, CAMATITA Y OFHISEIR/N
SV, LALARDS, BERYA AKREL LI
ONTMHZEDISEEIT/NE L BB,

F 313, ISERH#EAR 2O BHEETER T RT,
FHT, LALMNFFLELANAT T ¥ THE
L THEAVNEWHICTHET N TH B, LA MNT
SHELAMATIA T DEL LY, EARYA
AHKE L B BIZONTISEEER 2T/ E L %

; - — True
---- Spline

X1 HEERER (n=200)

n=100 n=200 n=500 n=1000 n=5000

X NI T A 0.02783 0.01785 0.00924 0.00561 0.00180

LANATTA v 0.02387 0.01516 0.00782 0.00457 0.00143
R 3 ISEEEREOHEERER

n=100 n=200 n=500 n=1000 n=5000

LA NTT A 0.01693 0.01051 0.00472 0.00241 0.00051

LANATTA ¥ 0.02388 0.01482 0.00684 0.00345 0.00081




SUATIA VEBIZE A AN T LWL 2 O iEE ~Boneva, Kendall and Stefanov®! & Lii and Rosenblatt® 7V OB RS~ 61

bo BARTA ZIZHHLT, CAMNTTLDHH
ISEEL#ERZIZ/NE V. L2 LA, BERY A
AWK E L B BIZONTHH OISEAE MR 7= D 7%
3hEL b,

6. KmcER

AWZETIE, CA NS T LDARAT T4 Vb
12 B89 5BKS + Schoenberg & L&R® 2 2 & [t
ZOWTHOFREMNZRL, 72, CAMATI5A
R EOWNERB 2RI TER Lz, 72,
HRERIZBIALA NS FLELANATIA
v OWEEREE % KT 5 BIWT, BEEREIT-
720 REARFMEE LT, —BWRIEEEOTT
(DBKS + Schoenberg & L&RD [ 44, @k X b
AT 54 ORI HRAMISE, LA MA TS
A Y OMSED FR, @HB) & B K% OB 7R 1 72 i
JIE B & GEWH L 72 (OBKS + Schoenberg &
L&R DA WT, Srs() 2BV TL&RIC
X BHEEm e HHAW 272 & 128 Brs(x)=S"Lr (%)
ThbZlrmlizcc QLA MNATIAL VD
AMISEIZDWC, AMHEATSEEL - =g )3 f 7
A B pocdy 5 = L &R L7z, S OAMISE
ITE R b2 T LD AMISE,, (F0)) = 2+ 5202 k1
W3 5L, 5HEIEINT 5—F, ZF AT RAH
AP LTw5b, QLA MATS AL Y DOMSED
EBIZOWT, 0<|wj-x|<h& 52 &, S HOHA
(BB 1) LrGy, A T RAHEDYRRLL s T
HbHIEERRLIZ, @UIRNZEHIIEHREIZDO W
T, BELIZBI LA NATIA Y oIERMEC
B L Tl hxO(n®), xEBIZ X L T, r=
P -0 B L, a=tol Bavmo- e} S

N<\/_hf (x)h3(3 §r2+l )_5‘/_+3f({])>, a>%0)<‘_‘_c‘:§5i

F{f}(x)—f(x)}—)N( Smf(s,))f&)é L &R
L7z

i BREELA R O Y12 oW T, ISEDEARF &
WHERAEIZOVWTDY I 2 b —Y 3 VREENS
LARNTFILLELAMATSA L DEL SO
b, ISEDEARTY & MR EIIEAY 4 A05K

EL BB ONTEDHEI/NEL BB EA DA
TIA4 DN, EORERY A XOKHZHISEME
BhEL, BRI AL QHEEREN RS
ND, MHEDISEEIIEARY A AP KEL R BIT
EhiEoTw{, 7z, ISEREMEFAE, FEARY

WKEDHLLFT RN T LDOTMEIZNE W
B, AT A XK EL % ZIFEWMEHEDHEITLED
WTWLo TDTERS, LXAMRTTA Vide
A5 HED SoEIIEMT 555, N4 T R
AT B0 AT AW ORI RAHEERE N T
THEBOHPRKREWD, &KDISEIZe A 27
FLEDBWBENDL Z EDGh ol

ZZFET, CANSF5LEIRDATIA Vil
TP T A MEIC O WTHm L2 AT 54
VB OWILE 4k, 5K, & LT o —#%
LFEH & ZoWEMEEIZ OV TIEH LM Eh
TWhniew, ZOEMPESHOPETD 5,

=3

DX 7500 IIBITANIRE, A 754
VAL OHEE R TOEKE LIIBT
LS b L&, HWEHEEZEDOEVI,

2) Leave-one-out CV&1d, ¥ VIREMEEHE DO —>TH
B BRI, BEAL S 1 O F—F EREH L,
BODF—5 M TA NS ARMEL, KEM
L7zF =7 HTEDLA NI L% T 5, DL
LEF=FHTEICHYEL, ZTROEHEIZOW
THEHE2HEHNT 2. TOBERFEYER/MET 5 &
IR VIEERD, ThAHEEY ViEE T 5Tk
THb, LA NI ADOYEITIE, BRROZZGE
DR EN, EARY A Xn, CUYBUIBITAE
& vy, € VIEhE % &, unbiased CV (UCV) 13,
2 n+1

mym*:m—1m"n«n—nhkvﬁ~
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