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square functions of Marcinkiewicz type

by

SHUICHI SATO (Kanazawa)

Abstract. We consider the weighted Sobolev spaces associated with non-isotropic
dilations of Calderén—Torchinsky and characterize the spaces by the square functions of
Marcinkiewicz type including those defined with repeated uses of averaging operation.

1. Introduction. Let B(z,t) be a ball in R” with radius ¢ centered at x.
For 0 < a <2 let

00 2 dt 1/2
v = (Sl - § sl )

0 B(x,t)
where SB(M) f(y) dy denotes |B(x,t)|~? SB(W) f(y)dy and |B(z,t)| the Leb-
esgue measure. In [I] the operator Vi was used to characterize the Sobolev
space WLP(R™) as follows.

THEOREM A. Let 1 < p < co. Then f belongs to WYP(R™) if and only
if f e LP(R™) and Vi(f) € LP(R™); furthermore,

Vil = 1V fllp,

which means that there exist positive constants c1, co independent of f such
that

alVi(Hlly < IV Fllp < c2llVi(f)llp-

Let 8(R™) be the Schwartz class of rapidly decreasing smooth functions
on R™. Define

So(R™) = {f € S(R™) : f vanishes near the origin},
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2 S. Sato

where the Fourier transform f is defined as

f© = | f@e 8 de,  (2,6) =) a1y
k=1

Rn
We also write F(f) for f.For0 < o <n,n>2, let I, be the Riesz potential
operator defined by
(1.2) F(La()E) = @rle)f(©), €8
(see |28, Chap. V]). Let

9] 1/2
13 @ = (|0 - § ol 5
0

B(z,t)
Then we also find the following result in [I].
THEOREM B. Let 0 < a <2 and 1 < p < oo. Then

[1Sa(Hllp = [1f]lp-

Theorem A can be derived from this result with &« = 1 when n > 2.
The operator S, is a kind of Littlewood-Paley operator. Let ¢ € L*(R")
satisfy

(1.4) | ¢(z)dz =0.
R

Put v (x) = t~™)(t"'z). Then the Littlewood-Paley function on R” is de-
fined by

o0 1/2
(15) 0@ = (J1renr )
We can see that Sa(f) = gy (f), where
(1.6) P () = Lo(z) — D * La(),
with In 12
o—n - n/2—a/2
Lo(z) = 7(a) 2| ;o T(e) = m

and @ = xo, xo = |B(0, 1)|_1XB(0,1) (xE denotes the characteristic function
of a set E). We note that F(Ly)(§) = 27[€])™, 0 < a < n.

The square function S1(f) is closely related to the Marcinkiewicz function
on R!, which is defined by

oo

1/2
u(N@ = (§IFG +0+ Flo - 2P @R )
0
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where F(z) ={"__ f(y)dy for f € 8(R). It is known that
(1.7) () lp == (1 £l

for 1 < p < oo. Also, we consider a variant of u(f) which can be regarded
as an analogue of S7 in the one-dimensional case:
o0

1/2
v(f)(z) = ( [ 1) — F x(2)P dt) ,

0
where @ = (1/2)x[-1,1]- It is known that
u(f) = gp(f) with p(z) = xj—1,1)() sgn(z).
By inspection, we see that v(f) = g, (f), where VO () = (1/2)¢(z) —
(1/2)y W (z) with M (z) = zX(-1,1(®). This would indicate that the square
functions u(f) and v(f) are intimately related. For the Marcinkiewicz func-
tion we refer to [14], Zygmund [32], Waterman [31].

An interesting feature of Theorem A is that it suggests the possibility of
defining the Sobolev space analogous to W1P(R™) in metric measure spaces
in a reasonable way. In this note, we shall extend Theorem A to the case
of weighted Sobolev spaces with parabolic metrics of Calderén—Torchinsky
I3, @].

Let P be an n x n real matrix, n > 2, such that

(1.8) (Pz,z) > (x,z) for all z € R™.

A dilation group {d;}¢~0 on R" is defined by ¢; = t¥’ = exp((logt)P).

It is known that |§;z| = (62, 8;x)/? is strictly increasing as a function
of t on (0,00) when = # 0. Let p(z),  # 0, be the unique positive real
number ¢ such that |§,-1z| = 1, and let p(0) = 0. Then the norm function
p is continuous on R™ and infinitely differentiable in R™ \ {0} and satisfies
p(Aix) =tp(x), t > 0, z € R". We have the following properties of p(x) (see
B B

(1) p(—=x ) = p(z) for all x € R™;

(2) pla+y) < pla) + ply) for all ,y € B";

(3) p(x) < 1if and only if |z] < 1,

(4) c1p(x)™ < |z| < p(x) when |x| < 1 for some ¢y, 7 > 0;
(5) p(x) < |z| < cop(x)™ when |x| > 1 for some co, 75 > 0.
Moreover,

(a) |0px| > t|z| for all x € R™ and ¢ > 1;
(b) |6¢x| < t|z| for all z € R™ and 0 < ¢ < 1.

Let 6f denote the adjoint of §;. Then we can also consider a norm function
p*(z) associated with the dilation group {0; }+~0, and we have properties of
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p*(z) and J§f analogous to those of p(z) and &; above. It is known that a
polar coordinates expression for the Lebesgue measure

(0.9}
(1.9) \ fayde= 1\ | £(6:0)7"s(0)do(0)dt
R 0 gn-1

holds, where « = trace P and s is a strictly positive C° function on S"~! =
{|z| = 1} and do is the Lebesgue surface measure on S"~! (see [7, [16, 29]).
We note that the condition implies that all eigenvalues of P have real
parts greater than or equal to 1 (see [3, pp. 3—4|, [13, p. 137]). So we have
Y= n.

Let

(1.10) B(z,t) ={y e R" : p(x —y) < t}
be a ball with respect to p (a p-ball) in R™ with radius ¢ centered at x. We say

that a weight function w belongs to the Muckenhoupt class A4,, 1 < p < oo,
if

[w] 4, = sup (]B|_1 S w(z) dx) (]B|_1 S w(z) /@1 dw)p_l < 00,
B B B

where the supremum is taken over all p-balls B in R™. The Hardy—Littlewood
maximal operator M is defined as

M(f)(z) = sup BTV If(y)] dy,
Te B

where the supremum is taken over all p-balls B in R" containing x. The class
Aj is defined to be the family of weight functions w such that M (w) < Cw
almost everywhere; the infimum of all such C' will be denoted by [w]4,. We
denote by L%, (or LP(w)) the weighted LP space with the norm defined as

17zt = 1w = (§ 1F@Pwi) o) "

R'n
See [2, 6, 9], B30] for results related to the weight class A,. The following
results are known and useful.
PROPOSITION 1.1. Let 1 <p < oo and w € Ap.

(i) The space 8¢ is dense in Lk,.
(i) The mazimal operator M is bounded on L%,.
(iii) If ¢ € 8, then sup;sq|f * @] < CM(f). Here and in what follows
pi(z) =t () ).
(iv) Fg*@)(§) = 9(§)(5;€) for g, €.
Let 3 € R and define the Riesz potential operator Zg associated with the
dilations ¢; by

(1.11) F(Zs(£)(E) = p*(€) " f(€)
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for f € 8§p. Let 1 < p < 00, @ > 0 and w € A,. Define the weighted parabolic
Sobolev space Wy * by
(1.12) WoP ={fe Ll :f=1I,(g) for some g € LP}
where f = Z,(g) means that
\ f(@)h(z)de = | g(x)Zo(h)dx for all h € .
R” R”
We note that the function g € L%, is uniquely determined by f, since Z, is

a bijection on 8y and 8¢ is dense in LP (w™?'/?), the dual space of LP(w),
where 1/p+ 1/p' = 1. We write g = Z_,(f). For f € Wiy¥ we define

(1.13) [fllp.aceo = 1 Fllpw + 12 () |-

We have analogues of Theorems A and B in the case of non-isotropic

dilations d; with weights. Let B(xz,t) be as in (1.10)) and

(1.14) Ba(f)(w)=<o§o(f(x)— } f(y)dy\2$)l/2, a0
0

B(z,t)

THEOREM 1.2. Suppose that 1 < p < 0o, w € Ap and 0 < a < 2. Then
feWy? if and only if f € LY, and B, (f) € Lty; moreover,

1 Z=a(N)lpaw = | Ba(F)llpw-
Let

00 1/2
119 Gl = ([ - § T | i)
0

B(z,t)
Then Theorem can be derived from the following result.
THEOREM 1.3. Let 1 < p < oo, w € Ay, 0 < a < 2 and let Cy be as

in (L.15)). Then
1Ca(Pllpaw = 1 fllpaws  f € So(R™).

The range of « in Theorem will be extended in Theorem [.2] by
considering square functions with repeated uses of averaging operation § f.

We consider square functions generalizing B, and C,, in (|1.14)) and (1.15]).
Let @ be a bounded function on R"™ with compact support. We say that

d e M « >0, if ¢ satisfies
(1) §pn D) dir = 1
(i) if @ > 1, then
(1.16) S O(z)xz*dr =0 for all multi-indices a with 1 < |a| < [a],
R’ﬂ
where z% = z{* ... 2% with a = (a1,...,an), |a| = a1+ -+an, aj € Z,
a; >0,1<j<n,and [0 =max{k €Z:k < a}.
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We note that M® ¢ MPif « > fand M* = MI if j < a < j + 1,
j>0,j€Z If iseven and 1 < a < 2, we have . In particular,
xo = |B(0,1)| " 'xp(o,1) € M* for 0 < o < 2.

Let & € M® and

o) 1/2
D) Gl = (1@ - o f@)F ) o aso.
0

We note that if & = yq in (1.17), we get B, of ([1.14)). Also, let & € M and
(1.18) N

1/2
Ho(f)(z) = ( S |Zo(f) () — Dy *Ia(f)($)|2 tﬁia) , O0<a<n.
0

If we set @ = xo in (|1.18)), we get C,, of (1.15]) for 0 < o < 2.
We prove the following.

THEOREM 1.4. Let H, be as in (1.18) and 0 < a < 7, 1 < p < o0,
w € Ay,. Then

1Ho(Nllpw = 1 fllpw, — f € So(R").
Applying Theorem we obtain the following.

THEOREM 1.5. Suppose that 1 < p < oo, w € Ay and 0 < a < . Let
Gy be as in ([1.17). Then f € Wy'? if and only if f € LY, and G (f) € Li;
furthermore,

1Z—a(F)llpw = Ga(f)llpo-
Theorems and follow from Theorems and respectively.

The proofs of Theorems [I.4] and will be given in Section [3] To prove
Theorem we consider the Littlewood—Paley functions

0 1/2
(1.19) w0 = (TIrsu@P )
0

where () = t~79(6; ') with ¢ € L'(R") satisfying ([.4). Then we can
see that Hu(f) = g, for some (@ analogous to the one in . We shall
prove Theorem [I.4] by applying Theorem [2.I] below in Section [, which is a
result for parabolic Littlewood—Paley functions complementing the bound-
edness result given in [25] and generalizing [22, Corollary 2.11] to the case
of non-isotropic dilations.

The proof of Theorem will be completed by applying Theorem
which provides the estimates

(1.20) [ llpw < Cllgy(F)lpw

under certain conditions. Theorem is deduced from Corollary which
is a result on the invertibility of Fourier multipliers homogeneous of degree 0
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with respect to 0} generalizing [22], Corollary 2.6] to the case of general homo-
geneity. Corollary will follow from a more general result (Theorem [2.3]).

Here we review some recent developments of the theory related to the
results given in this note after the article [I] (see also the remarks at the end
of this note).

Theorem A was generalized to the weighted Sobolev spaces in [10]. Also,
Theorems A and B were extended to the weighted Sobolev spaces in [19] by
applying a theorem of [I7] for the boundedness of Littlewood—Paley functions
gy in on the weighted LP spaces, which is partly a special case of
Theorem 2.1

In [19] it was shown that the theorem of [I7] is particularly suitable for
handling the square functions in Theorem for the case of the Fuclidean
structures (with the Euclidean norm and the ordinary dilation). Some results
of [19] were generalized in [22] by introducing the function class M® and by
proving the weighted LP norm equivalence between gy (f) in and f,
part of which was not included in [17]; the estimates in in the case of
the Euclidean structures for a sufficiently large class of 1 and p € (1, 00),
w € A, were absent from [I7].

In [20] and [22], discrete parameter versions of Littlewood—Paley func-

tions gy (f) in of the form
= /
a(H@ = (3 1 rm@P)

k=—o00

are also applied to characterize Sobolev spaces. See also [10] and [21] for
applications of the square function

D@ = (Ve § a0 - sanasof F) "
0

t
Sn—1

in the theory of Sobolev spaces.

In Section [4] we shall establish another characterization of the Sobolev
spaces WP similar to Theorem (Theorem , which is novel even in
the case of the Euclidean structures. In Theorem the averaging operator
§ 5 f is used to define the square function B,(f) in , which is applied
to characterize Wy? for a € (0,2). In Theorem [4.2| we shall extend the range
of a by introducing square functions which are defined with repeated uses
of the averaging operation.

Finally, in Section [p] we shall illustrate by example how the Sobolev spaces
W't defined above can be characterized by distributional derivatives in
some cases, by the arguments similar to the one in |28, Chap. V, proof of
Theorem 3].
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2. Invertibility of Fourier multipliers homogeneous with respect
to § and Littlewood—Paley operators. We consider a majorant of 1
defined by

Hy(z) = h(p(z)) = S )WJ(:L/)!
p(y)zp(z

and two seminorms B, and D,, defined as

Bw)= | @)l de fore>0,
|z|>1

1/u
Du(y) = ( { |¢(x)\“dx) for u > 1.
|z|<1
In proving Theorem [T.4] we apply the following result.

THEOREM 2.1. Suppose that 1) € L'(R") satisfies (1.4]). Let € > 0, u > 1
and C; >0, 1 < 5 < 3. Suppose that

(1) Be(¢) < Cy;
(2) Du(y) < Cy;

(3) [[Hyllh < Cs.
Then gy defined by (1.19) is bounded on L%,:
21)  llggp(Nllpw < Cllfllpw  for allp € (1,00) and w € Ap,

where the constant C depends only on p, w, €, u and Cj, 1 < j < 3, and
does not otherwise depend on . If we further assume the non-degeneracy
condition

(2.2) sup [¢(6;€)| >0 for £ £0,

t>0
then we also have the reverse inequality of (2.1) and hence

190 () lpaw = [ fllpaw  for all p € (1,00) and w € Ayp.

By [25, Theorem 1.1|, which generalizes a result of [17] to the case of non-
isotropic dilations, we have the boundedness (2.1]) under conditions (1)-(3)
of Theorem [2.I] and the quantitative property of the constant C' specified
follows by checking the proof in [25]. The proof of [25, Theorem 1.1] is based
on estimates for oscillatory integrals in [18].

REMARK 2.2. If there exist positive numbers o1, o9 such that
[h(x)] < C(1+ p(x) )77 (1 4 p(z))™77°2  for all z € R,

then conditions (1)—(3) of Theorem are satisfied with some €, u and Cj,
1 < j < 3. To see this, the formula (|1.9) is useful.

To prove the reverse inequality of ([2.1), we apply a result on the in-
vertibility on weighted LP spaces of Fourier multipliers homogeneous with
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respect to ;. Let m € L®(R"), w € A,, 1 < p < oo. The Fourier multiplier
operator T;, is defined by

(2.3) Ton(f)(z) = | m(§)F(£)e*™ ") de.

R
We say that m is a Fourier multiplier for L%, and write m € M} (we also
write MP(w) for ML) if there exists a constant C' > 0 such that

(2.4) 1T (F)llpsw < Ol fllps for all £ €8,

We define |[m/psp(,) to be the infimum of the constants C' satisfying (2.4).
Since 8§ is dense in L%,, we have a unique extension of 7T}, to a bounded
linear operator on L%, if m € ME. We observe that M?(w) = M (w—7/?)
by duality, where w(z) = w(—=x). See [12] for relevant results.

We need the following result generalizing [22, Theorem 2.5] to the case
of non-isotropic dilations.

THEOREM 2.3. Let m be a bounded function on R™ which is continuous
on R™\ {0}. Suppose that m is homogeneous of degree O with respect to 6;
and that m(§) # 0 for all § € R™\ {0}. Also, suppose that m € M. for
all r € (1,00) and all v € A,. Let 1 < p < o0, w € A, and let F(z) be
holomorphic in D = C\ {0}. Then F(m(§)) € M.

For m € Mf, 1 < p < oo, w € A,, we consider the spectral radius
operator

K[

Ppw(m) = klggo [[m MP(w)"

To prove Theorem [2.3] we need the following.

PROPOSITION 2.4. Suppose that 1 < p < oo, w € A, and m € L>®(R").
Let m be homogeneous of degree O with respect to the dilations 07 and contin-
uous on S, Assume that m € M for allr € (1,00) and allv € A,. Then,
for any € > 0, there exists £ € M}, which is homogeneous of degree 0 with
respect to 6; and in C*°(R™\{0}) such that |m—{||« < € and p,,(m—L) < e.

To prove Proposition [2.4] we apply the following lemmas.
LEMMA 2.5. Let ne C®(R), suppn C [1,2], n>0 and §° n(t)|* dt/t=1.

Define a real function 1 in So(R™) by 1&(5) =n(p*(&)). Then
19w (f)

LEMMA 2.6. Suppose that m € L>®(R™), m € C*°(R"\{0}) and that m is
homogeneous of degree 0 with respect to 6;. Then m € MY, for all p € (1,00)
and w € A, and

paw = || fllpw  for allp € (1,00) and w € A,.

Il arp ) < C sup |(9e)*m (&)
1<p*(§)<2, |al<[y]+1
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with a constant C' independent of m, where (0¢)* = (0/0&1)* ... (0/0&,)*"
with a = (a1,...,an), aj €Z, a; > 0,1 <j<n.

Proof of Lemma 2.5, By [25, Theorem 1.1] we see that [gy(f)|pw <
C||fllpw for all p € (1,00) and w € A,. To prove the reverse inequality we

note that [|gy(f)|l2 = || f]|2. Thus the polarization implies that for real-valued
fihes,

4\ f@)h(z)de = | (f()+ h(z)?dz — | (f(z) — h(z))* da
Rn R” R
= § (9o (f + (@) dz — § (gu(f — h)(@))* da
Rn Rn

=4 S S f*wt(x)h*zﬂt(x)%d:v.

R™ 0

Therefore, by the inequalities of Schwarz and Holder we have

) 7@ do| < g6 (P lalge® o < Clgs(H ol Pl o
R’n

Taking the supremum over h with [[h||, -/ < 1, we find that [|f|[pw <
Clgy (f)|lpw, from which we can derive the desired estimates for complex-
valued functions. m

Proof of Lemma [2.6, Let 1 be as in Lemma and define by

F(Wm)(§) = p(€)m(§). Then gw(Tmf) = gwm(f)- So, by Lemma for
we Ay, 1 <p< oo, we have

(2.5) [T fllpw < Cllgu(Tmf)lpw = Cllgu,, (f)

Since ¢, € 80, gy, is bounded on L%,. To specify the operator bounds, we
apply the estimates (2.1)). It is sufficient to observe the following estimates:

(26) (@) = | § HEm©e " de]
Rn

p,w-

< C(1+ |z) DI sup [(9¢)*m(E)],
1<p*(£)<2, |al<[y]+1

which follows by integration by parts, with the constant C' independent of m.

Combining (2.5, (2.6) and the estimates (2.1)), we obtain the conclusion. m
Proof of Proposition . As in [11], [22], we take a sequence {gpj}?‘;l of

functions on the orthogonal group O(n) with the following properties:

(1) each ¢; is infinitely differentiable, non-negative and So(n) p;(A)dA =1,
where dA is the Haar measure on O(n);

(2) for any neighborhood U of the identity of O(n), there exists a positive
integer N such that supp(p;) C U for j > N.
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For £ € S" 1) let
mi(€) = | m(A)p;(A)dA.
O(n)
Then 7m; is C*° on S"! (see [11I, pp. 123-124]). For £ € R™\ {0}, let
3 (€) = 5 (5 )1 6)-
Then m; is homogeneous of degree 0 with respect to 6;, m; € C>°(R™\ {0})
and m; = m; on S L.
We prove
(2.7) pro(m;) <|mlleo, 1€ (1,00), v e A,
For this it suffices to show that
Im}llarrw) < CiRDH mk,
where C; is independent of k. This follows by Lemma since
sup [(96)*m;(©)*] < CEIH [mL,.
1<p*(§)<2,]a|<[¥]+1
To see this, it is helpful to refer to [I1, pp. 123-124].

Since m; — m as j — oo uniformly on S"! we can take £ = m; for j
large enough to get |[m — f|| < €. Let p € (1,00), w € A,. Confirming
that a result analogous to [22, Proposition 2.2] holds true in the setting of
non-isotropic dilations, we can find » > 1, s > 1 and 0 € (0,1) such that
w*® € A, and

1m = m)* gy < Nl —m5) P10 (12— 10 (| 0y
Thus
ppaw(m —mg) < |lm —my| 358 prws (m —my)”.
Since
Prows (M —m;) < prws (M) + praws (M)
(see Riesz—Nagy [15], p. 426]), it follows that

Pp,w(m - mj) <|m — mj”clxje(/)r,wS (M) + praws (mj))e

< lm = mj 1557 (prws () + [Iml] o),
where the last inequality follows from ({2.7)). Since ||m—m;||cc — 0 as j — oo,
for a given € > 0, taking £ = m; with j large enough, we have p, ,(m—¥) < e
and |[m —{l)|ec < €. m
Proof of Theorem . The proof is similar to that of [22] Theorem 2.5].
Let

6=} min m(©)
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Applying Proposition , we can find £ € MY which is homogeneous of de-
gree 0 with respect to d; and belongs to C*°(R™\{0}) such that ||m — || <
€0 and pp (M — £) < €. Let C : £(€) + 2€0e'®, 0 < 6 < 27, be a circle in D.
Apply Cauchy’s formula to get

2m i
1.8 F(Q) dC_EOS F(L(€) + 2€0e™)

(2.8)  F(m(Q) = 5— J = m(@) ™ o 2606 + () — m(€)

for £ € R™\ {0}. We expand the integrand in the last integral into a power
series by using

e do

et 1 & —0(¢)
2. - —
(29) 2¢0e? + £(€) — ~ 26 kzzo( 2¢pet? > ’
where the series converges uniformly in 0 € [0, 27] since
m() ~ e[ _ 1
2eget? -2
Substituting in , we have
1 < (m(&)—¢ k
(2.10) Fn(©) = 5= 3 ("9—) e,
T 2¢0
k=0
where
2 A ‘
Ni(§) = | F(U(€) + 2¢0e™)e " df
0

and the series on the right hand side of (2.10) converges uniformly in £ €
R™\ {0}, since

‘m — (&)

2¢€0

1 .
<5 @<+ 2¢0e”| < ||lm|o + 3eo.

Also, Ni(€) is homogeneous of degree 0 with respect to ¢; and infinitely
differentiable in R™ \ {0} and

sup |(0g)*Ni(§)] < €
1<p*(§)<2, |al<[y]+1

with C independent of k. Therefore, by Lemma we have || Ng|ap(w) < C
with a constant C' independent of k. Thus we see that

2(260)%”(”@ OF 1 vro o) | Nkl v (o <02(250)7’6”(7”_g)kHMP(w)v
k=0 k=0

and the last series Converges since ||(m — £)F|| Mp(w) < ek if k is sufficiently
large. From this and ( we can infer that F'(m) € Mi,. =

By Theorem [2.3] in partlcular we have the following.
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COROLLARY 2.7. Let 1 < p < oo and w € Ap. Suppose that m is homo-
geneous of degree 0 with respect to 0f and that m € M for all v € (1,00)
and all v € A,. Assume further that m is continuous on S~ ' and does not

vanish there. Then m~' € MP.

Proof. Take F(z) =1/z in Theorem [2.3| =

Applying Corollary 2.7] in the theory of Littlewood—Paley functions, we

can prove the following.
THEOREM 2.8. Let ¢ € LY(R™) satisfy (L.4). Suppose that ||gy(f)

<
Croll fllrws f €8, for all v € (1,00) and all v € A, and that m(§) =

§o 1p(8:€)|2dt/t is continuous and strictly positive on S™'. Let f € 8.

Then
[ fllpw < Cpwll g (F)llp.o
for all p € (1,00) and all w € Ap.
To prove Theorem we also need the following lemma.

f

LEMMA 2.9. Suppose that ||gy(f)|re < Crwp

lrw, f €8, forallr €

(1,00) and all v € A,. If m(€) is defined as in Theorem[2.8 and 1 < p < oo,

w € Ap, then m € M.
Proof. For € € (0,1), let

PO = | vl + )ity dy &
e Rn

where 1, denotes the complex conjugate. We note that

-1 6_1

TN = | DGHed(-5:6) T = | isre)

€

Therefore ¥  f = T . f. We observe that

|2 at
;=

e~ 1

0O s @)= | | vr Fily — ) dy 2

e R
0O« by de = | § s f)in hiy) dy
Rn € R”

for f,h € 8. Thus by the inequalities of Schwarz and Holder we have
| § s f@he)da] < | gu(£)w)ge(h) () dy
R” R”
< 9w (F)llpawllge (Pl 1y /2
< Cligy (D llpawll Pl v 70+

m(9(¢).
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Taking the supremum over functions h with |||, -/, < 1, we have

1T Fllpw < Cligu (H)lpw-

Letting € — 0 and noting m(® — m, we have

(2.11) 1T fllpw < Cllga (f)llp,w-
Since ||y (/)|Ipw < C||f|lpw, we see that m € M. =

Proof of Theorem|[2.8, Let m be as in Theorem [2.8] Then by Lemma[2.9]
m € MY, for all p € (1,00) and w € A,. So we can apply Corollary to m
to conclude that m™! € M% if 1 < p < oo, w € A4, and hence by (2.11]

”f| pw = ||Tm—1 mf”p,w < CHTmep,w < Cng(f)

for f € 8, which implies the conclusion. =

Proof of Theorem . It remains to prove the reverse inequality of .
If m(&) = §° 4h(8:€)|? dt/t, then by the non-degeneracy we have m(§)
# 0 for £ # 0. Therefore, by Theorem we only have to show that m is
continuous on S™~!. In [25], it has been shown that

|p7w

ok+1 dt
| 1006762 % < C min(155€l°,193:€1~)
2k

for £ € S ! and k € Z with some € > 0 (see [25, Lemmas 3.1 and 3.3]). By
analogues for 0 of (a), (b) for ¢; in Section [1} it follows that

9k+1 dt

S [h(57€) > — < C min(2k,27)

2k t

This implies that

-1
‘ n * dt T 7 * dt
S 1h(578))? i S [ (57€) 2 5 ase— 0
€ 0

-1 A
uniformly in § € $"1. We note that {*  [¢(6;€)|? dt/t is continuous on S"~
for each fixed € > 0. Thus the continuity of m on S™~! follows by uniform
convergence. m

REMARK 2.10. Let ¢U) e LY(R™) for j = 1,2,...,£. Suppose that 9
satisfies ((1.4)) and (1)—(3) of Theorem for every j, 1 < j < /. Let

U (z) = (W (2),...,9O (),
O(x) = (0 (@), 00 (@), F@)©) = (F)E), ..., F@D)(©).
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We further assume that

l
(212) sup 7 (7) (¢ |—Sup<z F(pD)( )1/2>0, Ve € R™ {0}
Let
Frw(x) = (f o (@), f o0 (x)
and
T o dt 12 J)
s = (JIrew@rG) 1o (Zuw )

Then by Theorem 2.1 we have ||gs (f)|lpw < C||f|lpw- We can also prove the
reverse inequality by adapting the arguments given above when ¢ = 1 for
the present situation, applying the non-degeneracy ([2.12)). Thus

(2.13) lgw (o = 15w

ExaMPLE. We give an example in the case of the Euclidean structures
(p(x) = |z|, 0¢(z) = tx) for which we can apply Remark to get the
norm equivalence in (2.13)). Let P,(x) be the Poisson kernel on the upper
half-space R™ x (0, 00) defined by

_ t _{ —2ntle] 2mi(é)
P(z) _Cn(]xP—l—t?)(”H)/Q —Rsne e dg.

F(pU))(€) = 2mig;e e,

We can see that all the requirements in Remark for ), 1 < j < n,
needed in the proof of (2.13) are fulfilled; in particular, (2.12)) follows from

[F(B) (€)] = 2mt|€le >,
Thus we have for ¥ = ((0/0x1)P1,...,(0/0xy)Pr).

3. Proofs of Theorems and We apply the following estimates
in proving Theorem

LEMMA 3.1. Let F be a function in C>°(R™\ {0}) which is homogeneous
of degree d with respect to 6;. Then for p(x) > 1 we have
(02)*F ()| < Capla)1
for all multi-indices a with a positive constant C, independent of x.

Proof. We write & = (8;;(t)), 1 < i,j < n. We have t¢F(z) = F(&z).
Differentiating both sides by using the chain rule on the right hand side, we
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have
14(8,)F(z) = [( 1> 5ij(t)a/axi)“j)ﬂ (6,2).
j=1 i=1
Substituting ¢ = p(z)~! in this equation, we have

(90)"F ()| gc(lb| sup 1|(8x)bF(x)|>( sup_ Gij(p(2) 7))
alplo)=

|al

p(x)’.

This implies what we need, since [0;;(t)] < Ct for 0 < t < 1 by (b) of
Section [Il =

Proof of Theorem . Let 0 < a <y and £, = F 1(p*(&)~). Then L,
is homogeneous of degree a—~ with respect to d; and belongs to C*°(R™\{0})
(see [, pp. 162-165]). Let ¢(*) = L — Lo % ®. Then Ho(f) = gye (f)-

We easily see that
(3.1) $@ @) < Cp@)*"  for p(z) < 2.

Since

Sl ) >

(@) = | (Lalx) = Lalz — ) @(y) dy,
o

and
(82)*Lal@)] < Cap(x)* 7711 for p(a) > 2
for all multi-indices a by Lemma using Taylor’s formula with (1.16]) and
noting that @ is compactly supported, we see that
(3.2) ) (@)] < Cp(a)* 71 for pa) > 2,

where a —v—[a] -1 < —v. By (3.1), (3.2) and (T.9) it follows that 1(®) € L!
(see Remark [2.2)). Also, we have

(F()(E)] = 1p"(&)"*(1 = B(E)] < Cp* ()& < Cpr(¢) Tl
for p*(£) < 1 by the analogue for p* of (4) for p of Section |1} So we have

9(1/1(6“))(0) =0, ie., 81/1(‘1) = 0; combining this with (3.1)), (3.2) and (5) for
p of Section [1| we see that conditions (1)—(3) of Theorem [2.1] are satisfied for
(@) Further, it is easy to see that

sup |F(4)(67)] > 0
t>0

for £ # 0. Thus all the assumptions of Theorem are fulfilled for (® and
the conclusion of Theorem @ follows by applying Theorem @ t0 Gya)- m

REMARK 3.2. If )(®) is as in (T.6), in the case of the Euclidean norm
and the ordinary dilation, to prove [|f|lpw < Cllgy@ (f)llpw: 0 < o < 2,

1 <p<oo,we A, we can also apply the polarization technique as in the
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proof of Lemma[2.5] (see also [19]) instead of using Theorem [2.1] with the non-
degeneracy condition ([2.2]), which is applicable in a more general situation
of Theorem . This is the case because F(1)()) is a radial function.

To prove Theorem we prepare the following lemmas.
LEMMA 3.3. Let 1 < p < oo, w € Ay and f € L. For a positive
integer m, let fn) = fXE,,, where
E, ={xeR":|z| <m, |f(z)| <m}.
Then fm) — [ almost everywhere and in L%, as m — oo.

LEMMA 3.4. Let p, w and f be as in Lemma 3.3 Let ¢ be an infinitely
differentiable, non-negative function on R™ such that p(§) =1 for p*(&) < 1,

supp(p) C {p*(€) < 2} and o(€) = wo(p*(€)) for some wo on R. Define
(9 e 8y by

() = p(62€) = (8748), €€ (0,1/2).
Note that ¢\ (€) = ¢/ ()¢ (€). Let fO = fxTF1(D). Then fO — f

almost everywhere and in LY, as € — 0.

Proof of Lemma[3.3 The pointwise convergence is obvious and the norm
convergence follows from Lebesgue’s dominated convergence theorem since

Proof of Lemma . If f €8, we easily see that f(& — f pointwise as
€ — 0. Therefore, for f € L%,, we have

Jimsup 79— g <[ umsupif =) — 7 -mf|

e—0 =0
< C|M(f = h)llpw < CIF = hllpaw

for any h€8. As 8 is dense in L%, it follows that lim sup,_q | f(©) (z) — f(z)| =0
a.e., which implies pointwise convergence. Norm convergence follows from

pointwise convergence and the dominated convergence theorem since | f (€)| <
CcM (f) S L{)U. ]

Proof of Theorem. Define fp, = (f(m))(e) for f € L%,. Then fy,  €8p.
By Theorem we see that

(3.3) 1Ga(fme)llpao = 1 HaT-afm) lpw = 1T fne

where I[(;/Q)(f) = F 1D (p) B« f, B € R, for f € LE, and we have used
the equality Z_, fin,e = I(_GO/CQ) fm,e. Using Lemma we see that fp, . — f(e)

in L%, since

1 fme = FQllpaw < CIM (fimy = Plpas < CllFmy = Fllpsw

p,ws
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and also fr,c — f (©) pointwise, since
(@) = FO@) = | o) = £ () — ) dy
< fomy = Pl (§1571CO) @ = ) () 77 dy).

Thus fi,e — P * frn,e — O — @, % f(© ae. as m — co and by (3.3) we have,
via Fatou’s lemma,

1Ga (D lpaw < lim inf [|Ga(fin.e)

pw

< Climjnf |7 = CIZ 7 1 pw

where the last equality follows since I(_eo/f) is bounded on L%,. Thus we see

that Go(f©)) € L%,. In fact, we also have the reverse inequality. To see this
we first note that

(3.4) 1Ga(f'9) = Galfme)llpw < IGa(fD = fine)lpw

= |Ga((f = fom))D)llpyuw-

Since

(Fiey = o) = D (Fiy = Fam)'@ = (f = fon)) D = Bex (f — fm)'@ ace.

as k — oo, by Fatou’s lemma we have
(3.5) 1Ga((f = Fm)lpw < lim inf {|Ga ((fi) — Fm) o
Since (f(x) — f(m))(e) € 8o, by Theorem H we have
1Ga((Fry = Fom) Dl = 1 Z-a((Fry = Fom)) )l
HI“/Q)(( = f)®)
Since f,,,) — f in Li,, this implies that
m (| Gal(fr) — Fom)Dllpw = 0.

)

Thus by [3.4) and (3.5), it follows that Go(fme) — Gao(f©) in LL, as
m — oo. Therefore, letting m — oo in (3.3]), we have

W

p,w:

(3.6) 1Ga(F N = 1257 Ol
Suppose that f € WP and let g = Z_,(f). We show that
(3.7) 76219 = g

as follows. For h € §g we have

{9 9T (h) da = n%gnwg gm.cTa(h)dz = lim {Z{/?) (g, )hda

m— 00

=22 (¢! da.
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Also,

{9 9Zo(h) da = 1i

im
m—00

V gm.cZa(h) da

= lim Sg(m)Ia(h(E))d:c:SgZa(h(e))daj.

m—r0o0

By the definition of g = Z_4(f), § 9Za(h\9) dz = { fh(9) dz. Thus

99Za(h) dz =\ 0D dw = Tim \ fn) 0! da

m—00

= lim | frchde={fnde.

Therefore
52&6/2)(9(6))h do = Sf(ﬁ)h dx for all h € 8,

which implies that 7% (99)) = f(©). Since Ic(f/ ? and I(fc/f) are bounded
on L and the mapping f — f(©) is also bounded on L%,, by Lemma we
see that
(€/2) )y — TE/Dp(e/2) () — 15 (¢/2)7(e/2)
o () = T2 1577 (9) = lim Z2.7 10 (gme)

= lim Im.e = 9(6)7
m—oo

which proves (3.7)).
By (3.6) and (3.7), we have

1Ga(F Dpaw < Clg'lpw < CIM(G)llp < Cllgllp-
Letting € — 0 and applying Lemma and Fatou’s lemma, we have
(3.8) 1Ga (N lpw < CNT-a(f)lp,w-

Conversely, let us assume that f € L%, and G,(f) € L%,. By Minkowski’s
inequality we see that

(3.9) 1Ga(F NDpaw < CIM(Galf)lpaw < ClGalf)
Applying and , we find that

sup |22 F O <C sup [1Ga(F)lp < ClGalf) o
€€(0,1/2) €€(0,1/2)

pw-

Therefore, there exist a sequence {e}, 0 < ¢, < 1/2, and a function g € L%,
such that ¢, — 0 and I(_E(’;/Q)f(ﬁk) — g weakly in L%, as k — oo and

(3.10) 19llp.0 < CllGalf)]

p,w-
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We now show that f = Z,g. By Lemma fler) — fin L% So, for
h € 8y we have
| fhde = lim | fnds = Jlim lim S Fmeyhdz
k—o0 Rr

k—o00 m—>00
R

= lim lim | Z_o(fin.e,)Za(h)dx

k—o0 m—00
Rn

o . (ex/2)

= | Tl e

= lim | ZY2(FNTa(h) dr = | gZa(h) da.
k*}OORn Rn

This implies that f = Z,g by definition. By (3.10) we have

IZ-afllpw = l19llpw < CllGal(f)llpw,
which combined with (3.8)), completes the proof of Theorem . "

4. Characterization of Wy, ” by square functions defined by re-
peated averaging. Let & € M!. Define Al f(z), j > 1, by Alf(z) =
f* @gj)(:z:), where

W (z) = d(x), IV (2)=Px---xD(x), j>2.

We also write A;f(z) for A} f(z). Let I be the identity operator and k a
positive integer. We consider

(1) (- Ay 3 ¥ (4) s

k
= f(z) - 5 ) wf@)= | (@) flz —y)EP () dy

for appropriate functions f, where

(42) K®(@) =~ 3 (1) 7 () e,

]:

—_

and we have used the equation

k
(4.3) | KB (@) dw = =) (-1 (k> =1.

Define

0o 1/2
1y B = (TI0- a0 ) a0
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If & = xo = [B(0,1)] 'xp0,1) and k = 2 in ([4.4), we have

1/2
EP(f)(x) ( ‘f )=2 % fWdy+ § (Naws y‘ t1+za> )
B(z,t) B(z,t)

where (f) gy = &B(y,t) f. Also, let

1/2
as U@ = (§I0- M TE@F )

0

where 0 < o < 7y, f € 8. Using (4.1), we can rewrite Eék)(f) in (4.4) and
c(zk)(f ) in ([4.5)) as follows:

[ 1/2
o EOOE@ = ([ - KO 0P )
0

00 1/2
an  uPEE = ([0 - KOO )
0

where K*) is as in ({.2)).
As applications of Theorems[T.4] and [T.5| we have the following theorems.

THEOREM 4.1. Let 0 < a < min(2k,7), 1 < p < oo, w € A, and let U

be as in (4.5). Then
IO (Dl = 1f s f € So(R™).

THEOREM 4.2. Let 1 < p < oo, w € Ay and 0 < o < min(2k,~y). Let
E® be as in . Then f € Wyt if and only if f € L%, and EY )(f) € LE;
moreover,

1Z-a(Hllpaw = IEL ()llpw-

Proofs of Theorems and 4.4 Using the expressions of E( )(f) and
(k)( f)in (4.6)) and (4.7), we can derive Theoremsandfrom Theorems

and |1 respectlvely, if K® e M1 gince then K® e M for a €
o3k 1))
To show that K*) e M2k~ first we easily see that K is bounded and

compactly supported. Since we have already noted (4.3)), it remains to show
that

(4.8) S P K® () dy =0 if1<]a| < 2k.

R”
This can be shown as follows. Since @ € M, we have {y*®(y)dy = 0 for
|a| = 1, which implies that 8?43(0) = 0 for |a| = 1. Thus near £ = 0, we have
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k
(49) 1= KDY =1+ Y (17§ )ey = (1 - b6 = e

Also, by Taylor’s formula we see that

(4.10) FEM)E =14+ > Cut"02F(KM)(0) + O(&*).

1<]a| <2k

From (4.9) and (4.10) it follows that
Y Cat"0eF(KW)(0) = O(IE[*").
1<]a|<2k
This implies that OfF (K K®))(0) = 0 for 1 < |a| < 2k, and hence we have
@.8). =
REMARK 4.3. In the definitions of EC(v ) and U in and (4.5 ., if we

assume only that @ belongs to M?, then we have analogues of Theorems
and for the range (0, min(k, 7)) of a.

5. The Sobolev spaces W ”* and distributional derivatives. In R?,
we consider P = diag(1,2), §; = diag(t,t?). Then v = 3 and

1
p(xy,x2) = \f\/{];% + /@t + 422,

p* = p, 6f = &;. Under this setting, let Wi,* be the weighted Sobolev bpace
on R? defined in Sectlonvvlth 0<a<3,1<p<oo, we Ay Then W 2P
can be characterized by using distributional derivatives as follows

THEOREM 5.1. Let f € Ll with 1 < p < oo, w € A,. Let (0/0x1)?f,
0/0xaf be the distributional derivatives in 8' (the space of tempered distri-
butions). Then f € WP if and only if (0/0x1)2f € LY, and 0/0zaf € LE,;
further,

IZ-a (2w = [(8/021)* llpw + 10/ 02 f|lp,w-
Proof. Suppose that f € WP, Let g = T_o(f) € LE,. Then
(5.1) \fhde =\gTy(h)dz  for all h € Sp.

Let k(&) = —4n2¢2. Let gm.e = G(m) * F1(¢©)) be as in Section [3 Then by
(5.1) we see that for h € 8,

(5.2) | f(0/021)’hdx =\ gT,((0/0x1)*h) dw = \ gTo(Th) du
= lim lim ng Lo(Tih) dz = lim lim STk(p*)q(gm,g)hda:.

e—0 m—o0 e—0m—o0

Since k(p*)~2 is homogeneous of degree 0 with respect to &; and infinitely
differentiable in R? \ {0}, by Lemma the multiplier operator T (,«)-2 is
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bounded on Liy. Thus Ty,e)-2(gm,e) = Ti(p)-2(g) in Liy as m — oo and
e — 0 since gm — g in Lp as m — oo and € — 0. Therefore, by . we
have

(5.3) \ £(0/021)*hdx = Ty, py-2(g)hdz  h € S,
which implies that

(5.4) S (0/0x1)* dx = STk( 2(g)dx  for all ¢ € 8.
It follows that

(5.5) (0/021)*f = Ty(pry-2(g) in 8.

To see (5.4), substitute ¢ — FHp(671€)(€)) for h in (6.3), where ¢ is as
in Lemma [3.4] and let € — 0.

Let £(¢) = 2mi&,. Then, arguing similarly to the above and noting that
£(p*)~2 is homogeneous of degree 0 with respect to §; and infinitely differ-
entiable in R?\ {0}, we see that Ty,«)-2 (9) € L, and

~\ 00200 dx =\ Ty(p)2(g)0dz for all ¢ €,
which implies that

(56) 8/8x2f = Tg(p*)—z (g) in 8,.
Combining and , we have
(5.7) 1(0/021)* fllpw + 10/0z2 fllpw < Cllgllpw = CIT-2(f)llp-

Conversely, suppose that (9/0z1)%f =: © € L%, and 0/0xaf =: = € Lk,
Then, for h € 89 we have

\£(0/021)*hdw =\Ohdx, —\fo/0wshdx =\Zhdz,
and hence
(5.8) | f(Tuh — Toh) dz =\ f((8/0x1)*h — 8/dx2h) dz = | (O + Z)h da,
where k(§) and () are as above. Let
k() —0(&) _ —4m*&f — 2migs

N(&) = =
NG AGE
Then, substituting Z(k) for h in (5.8), we have
(5.9) | fTnhde = (6 + 2)Ty(h) dx.

We note that the functions N and N~! are homogeneous of degree 0 with
respect to 6; and infinitely differentiable in R?\ {0}, where N(¢) = N(=£).
So, T';-; is bounded on L%, by Lemma Substituting T\ —1h for hin (5.9)),
we have

(5.10)  \fhdz =\(0+ Z)Tn-1(Ta(h)) dz = \T5_, (6 + Z)Iy(h) da,
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where the last equality follows as (5.3), since T%_, is bounded on L%, By
(5.10) we see that f € WaP and
Io(f)=T51(0+5)
and
IZ-2(f)llpw < Cll8llpaw + ClI=llpaw = Cll(8/021)* fllpaw + €110/ 2 f | pw:

which combined with ([5.7)) completes the proof of the theorem. m

We conclude this note with two remarks.

REMARK 5.2. To characterize the (unweighted) Sobolev spaces WP
we can also apply the square functions of Luzin area integral type instead
of Littlewood-Paley function type (see [26]). In [23], certain (H') Sobolev
spaces were characterized by using square functions of Luzin area integral
type. The characterization of those Sobolev spaces by square functions of
Littlewood—Paley type analogous to Theorem is yet to be proved.

REMARK 5.3. Let us consider another square function of Marcinkiewicz
type:

1/2
Dalf)(@) = (§ 11a(f)(@ +y) = La(H)@) Py 2 dy)
RTL
where I, is as in (L.2)). Let 0 < a < 1 and pg = 2n/(n + 2a) > 1. Then it
is known that the operator D, is bounded on LP(R"™) if pg < p < oo ([21])
and that D, is of weak type (po,po) ([8]). In [24] analogues of these results
were established in the case of dilations §; = t© when P is diagonal.
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