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Basic Examination on Particle Swarm Optimization and

its Application to the Mixed Design Variable Problems
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Department of Human & Mechanical Systems Engineering, Kanazawa Univer sity,
2-40-20 K odatsuno, Kanazawa-shi, I shikawa, 920-8667, Japan

In this paper we examine the basic characters of Particle Swarm Optimization (PSO), and apply it the
mixed design variable problems. Some models of PSO have been proposed, but the basic characters of
PSO are not well described. PSO ismainly amethod to find aglobal or quasi-minimum for anonlinear
and non-convex optimization problem of the continuous design variables, and few researches of PSO
about optimization problems with the discrete design variabl es have been reported. In this paper we also
show the penalty function approach to treat the discrete design variables. To treat the discrete design
variables as penalty function, it is possible to treat all design variables as the continuous design vari-
ables. Asaresult, the penalty parameter for the penaty function is needed. Additionally, we also present
how to determine the penalty parameter for the penalty function. Through typical mathematical and
structural optimization problems, the validity of proposed approach is examined.
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Fig.1 Local optimum nature of discrete optimization

gooooobobbO0oooooooooobobo
o000y OOODOOOODOOOoDOOOoo
goooooboOoOoooooooobobbooogo
goooooboOoOoooooooobobbooogo
oooooobooOoOOoOo0oOooooboobooboboobooOoOoo
goooobDoo0oooooon
gpso000OO0O0OoOoDOOO0OObODOOOO0ODOOO
oooooobooOoOOoOo0oOooooboobooboboobooOoOoo
goooooboOoOoooooooobobbooogo
oooooOoobobooOOoOoooooooooesodd
gooooobobobobboo
gooooogoboooesoO00nonDOoOoOoOoDOO
oooooobooOoOOoOo0oOoooobooobobobooooo
gopso0b00O0oDOOO0O0ODOOOODOO
oooooboooo.0oo0oboboooboooDboo
oooooOooo0oDooOOoOooooogoeso0bOOOO
gooooobDDbbO0o0oooooon

20 Particle Swarm Optimization

opsoO0O0OOOOOOOOOOOOOOOOO
000000000000000000000000
000000000000 00000000oooo
OoOOooOOoopPsoDO0OO0Particle)d 0000
O0O0Op-best)D0O0ODO0OO0OO0OOOOOOO
OO0Swarm)OO OO Og-best)D0OOOO0OO0O
000000000000000000000000
000000000000000000000000
PSOO OO OO OParticle)D0 0000000000
O00O0O0Swarm)DOOO0OO0OO0OO0OOOOOO
0000000000000 00000oooon
2.10000000000k00000000000
O0dO00Xxs000Vi0OO0O0OD0Ok+1 00000
1000 vMooooooooooooooo

Xléﬂ - Xlé +V|c§+l (1)

Ve = W + e (Pl —X§) +Crp (P —Xg) )

002000000r0r,0([0,1) 000000000
q0c,00000000000000

qtc =4 ®3)
0000000qU0c00000000000wOO
0000000000000000 pfk0000d0k
000000000000 000O00000000
(p-best)00 00000 ps0k0000000000
000000000000 (g-best)D OO0
2.20000000000PSO000O0OOOOOO
oooooooo
OSTEP1)D 0000000 ODDOOOOO
OSTEP)0 00000000 OOONODOOO x5O0
O00vi0OOOOk=10000
OSTEP3) 000000000 DDDOOOOO
O STEP4) pf0 ps 00000
OSTEPS) 000000 ODDDOOOO10,020000
ooooog
OSTEP6)D O DO kOO ODOOOOODODDO k=k+10
OOSTEPS0D O DO O0DOO0OOOODDOON
ZJDP%DDDGED(DDDZDDDDDDde+1

Ooo0o0 xsMo

X = X +wvg +(q —xg) (4)

dddoooooouoooooon400d edqd
goooobobobobobboo

@=ql +Cyly )

o Pl el

=28 (6)
Gh TG,

0000200000000000 xX00w 000
00000000000 0000000000000
O|ea-x| o000

RS

g xk) | wig

Fig.2 Neighborhood of PSO

®
2.4000000000O00O00 OPsOOOOOOO

0000000000000 000000D04000
00000g-x¥0000000000 00000
0000D0D0000000000050000r,r,0
[0,1))000000000000 000000000
q+c, 0000 (g+¢,)/2000000000000
PSODDONONOOOOODDDOOOOOOOODOD



ooooooOoOoOOo0oOooooboooooooooo
goooooecADDDOODOOO0O0O0OOoOoooooo
ooooooOoOOoO0o0o0ooobooboooooooooo
oooOooo@Guooooooo
2.5000000000pPSOCO0ODODOOOODO
oooooooobobObOoOoooooooooooo

_ Whax = Wi

W=W. min xk (7)

max
kmax

0000 W Ow,, 000000000000000
D0000 keOOO0O00000000 WO
wmmmmmmmmmmmmmm
o =09 (®)

mm—04 )
000000004000002000000000
00004000000 x§000000000000
0oooO0oOoO0ooogooo00nod
2.60000000000 0002000 p§fO00KkK
000000000000000000000000
000 (g-best)00000000010000200
000000000000000000000000
000000000Op-best00000000000
00000000000g-best0000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
0000002000 p§o

Vi =wvg +an(pg - x) +on(pg —x§)  (10)
0000000000000000 p, 000000
0000000000000000000

3o00O0O0Ooooo

0ooDo000ooooDoDoooooooooOog
0o0oDo000ooooDoDDoDoOooooooooOod
O000o000ooDOoooooooDoon
3.1IZIIZIEIEIIZIDDDDDDDDDDDDDDD@ED
0o00o0oD0ooooooDoDoooDoooooo o
f(x) - min
Subject to
XLrsxsxydOi=12--m (1)
x;0D; Dj(dj;,djz,+,djq) j=12,---,n
0k(X)<0 k=1,2,---,ncon
000 xOO0OO0OO0OO0OO0ODDODOOO0OOoOoOoooooOo
ddddd0odooooo f(xyooooooboobDobo

000xO000000000mO00000000
OD0x,0x,000000i00000000000
000000000000 000O000000000
D,0 j0000000000000n0000000
0000qD0D000D00000d,;0i000000
00 jO00000000000000000000
00d,;0d,0j=12.-..n00000000000
000000 g(x)00000000000000
O0Oncon0 000000000000

3.20000000000000000000000
000000000000000000000000
00O0O0O0000O000O0000000 00000

41 {Xi‘0-25(di,j+1+3di,j)}
¢7(X)—IZE d . -d 1 a2

ML

000d;0d;,0000000000000x00
oooooobbooogoooooboooogoooo
gooooOoOO0o000ooooooon

ncon

F(x) = f(x) +sp(x) +1 Y max[0, g (x)] (13)

k=1

oo000013000s000120000000000
ooobooooboooooooboooorbOOOOO
oooogonooobobbbboooi1200000
oooooooooooOooooooooooooao
oogooooooobboboooogogoooieoooo
goooDbDooo0oooooooobooboDo

F(x) > min

Subject to (14
XLS% <Xy i=12---,m

djisxj<djq j=12--,n

DDDDDDDDDDDDDDDDDDDDDDDD
000000000000003.8000000
3.3000000000000000000000
0120000000000000000000000
0000000@xO000000000000000
000000000000 ¢x 0000000000
00k000000000000000000000
0000 pso

Apg)<e (15)
00000000000000000 500000
00000000000 000000000000
00000150000000000013000000
00000000000s000000000000
000000000000000000000000
000000000000000000



[0O]

Find x={-10,12 (16)

f(x)=x* —§x3 -2x% +8X - min (170

gbboooobobooobbOsds=zjoobooogn
godooooooooooboobob3awgogg

Augmented objective function
15

10

5

A
\ 1 2 3

-5t  Original function

Fig.3 Augmented and origina objective function
0030 0000000000000 00O0OD0OOn
goobooobooboooobooooboobooo
OO000000000o0oO0o0oooOoooooood
0000000000000 O00O00O0Oooooon
odddoooooowkoooooooo rx)bo0O
0000000000000 O00O000OO0OO0oooon
gooooobboooooboboooooooooa
gdooOooooooooopsoooooOoooOon
ooooooo
gbobobooowoooooo f(xyooooboooaoao
0000000000000 0D0000 F(x)oood
O0D0000O000O000O0O00O00O0O0oOoooon
gooooboooboboooobboonnobaasa
O0o00o0oODoDOoDoOooOoooooon

9= fep)]

[F (o) (8

D0D00e00000000000000 |F(p})|sen
D00D0000D00D000000000000PS0D
D00000000000000000000000
D0000000D0000000000000000
D000D0000000000000000D00150
D00000000000000000000000

Augmented objective function
15|

10 j 10
5

Auglrsnented objective function

odooooooooooobobobbobobobosad
do0o0o0o0o0oboooooooo4doOoa
. 4000000000000 000DOOOO0OO
0300000000 00oooooooogsooao
do0o000o0ooooooooooobooooooaad
U xyooooboboooboooobaooooan
do0d0o1l20000 000000000000

Sy =1+@(xq) O d =1,2,---,agent (19)
Uiy dddb0O000ooooooooooao
dd0OD0egent 000 OO ODOODOOOOOOOOO
uooobuobobodib0syoboooooboaoboan
agooo

Snitial = MIN{S, S, Sagent} (20)
godoooboboooobobobboooooooooa
do0o00do00oooobooooooooooooooaad
do00o0ooooooooooooooan
3.500000000000 OODbOOobOOosOnO
dodoooooooooao

O s=sxexp(l+g@ pg)) D)
gogooobooooobobooooooooooaa
ds50000o0s50000booogooooooooao
gogoooboboooobobobboooooooooa
dooooooooon p;DDDDDDADDDlSD
do0o0000ooooooooooooooooooad
goooooobbbooooooooooooA O
doooobooobooepson00onooonoooooad
gooooboboooooooood pgDDSDDD
godooobobooooboboboooooooooa
dooooooooo

F(x)

New augmented objective A 62. 5
Al

s=sxexp(L+¢(py))

!
]
]
1
i
L [}
Old augmented objective 1
[

-2 -1 e 32 -1 1 / 2 3
4 Original function -9 Original function
s=2

Fig.4 Augmented objective function for various penalty parameters

-2

X
0.3 -0.2\\_0. 0.1 0.2
A
Fig.5 Update of penalty parameter
Augmented objective function f‘olégme”ted objective function
15|
80 /
10
0
° 0
N f
-1 1 / 2 3
i 5Original function 2 —— /‘ 1 2 5
S= Original function

s=100



3.600000000000000018000000
000000000000 p§s0000000000
000000000000000000000000
0000002000000000000000000
000000000000000000000000
000000000000400000000000
00000000 ps000000000000000
00000000000000000000000
000018000000 py0 00000000000
000000000000000000000000
000000000000000000000000
0ooooo
3.7000000000008hin0000 0000
000000000000000000000000
000000000000000000000000
0000000000001300000000000
000000s00000000000000000
000000000000000000000000
s00000000000000000000000
0s0000000000000000000000
0000000000000000000
000000000000000000000000
0000000000s0000000000000
000000000000000000000000
PSOOODOOOODNOOOONOOOOOOOOOO
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
00000000000000000000000
shin0D0OODDODOD0D00000000000000
000000000000000000000000
000000000000000000000000
ooooo
3.80000000000000000000000
0000000 ps000000000000000
000000000000000000000000
00 xoni 000000000 st 00000000
000 pio

pg - (Xconti | xdisort )T (22)
000000000018000000000000 pf
00000000000 00000000000
0000t 00000000000000000
0000D0O000000000

1

A0000000

000000PSOOg-bestd00)00O000O00O0DO

0oooooooon

OSTEP1) 00D 00DD00O0DO0O000ONON00DO

Ok=10000

OSTEP2)D 0000000000000 ONON00D0O

oooo

OSTEP3) D00 D000 OND012000000000

000000000000000

OSTEP4) 00D O00OD0DO0DO0ONO0OOO0O

019000000000s00000

OSTEPS)STEP4D 00D ODDNODODONODOODDO

000000000000000000000000

00000000 §a0000

OSTEP6)0 0D 000D O0ON0WLB000000000

000000

OSTEP7)DDDDDDD k000000000 pkO

oooo

O0STEP8)DI 0180000000000 00ODODN

[F(p})|<e0D00D00018000000000000

0000000180000000000 pk00000

000000000000000000STEPSOOO

000000000000000000000000

00200000000000000000

OSTEPO)O(7) 000000000 DOON

0 STEP10)T (1),(2)0 0000000000000 0
| Input initial deta k=1 |

| Cdculation of position and velocity for each agent, randomly |
v

I Calculation of penalty function l

Cadlculation of penaty parameters
for discrete design variables, for each agent
v
| Sniva =MN{S, S0 Sgen? |
v
I Calculation of augmented objective function for each agent ¢
v

I Calculation of p-best and g-best l
v
’ Update inertia term, and update position and velocity for each agent l

F(pg)

No
| s=sxexp+a(p))
¥

e =

K < Kax
No
I Output g-best l

Yes

Fig.6 Flowchart of proposed approach



ooooo
OSTEP11)k=k+10 000000000000 O00
OSTEPI2)00000000000000000 kO
oooooooooon

k<K, . (23)
DO000O0STEP3DOO0OO0O00000D0 pf000
OooO0oO0O0O0ooOn
000000006000 000000000000O
000000 pk0 p, 0000000000

soOoonooa

0000000000000 00000000000
000000000000000000000000
0000000180000000 0 g=10x10200
000000000000000000000000
000000000 DOg-best0000OO0O0D0OO0DOO
0000000000000 00000000000
DDDDDDDDDDDDD%&DDDDDDDDD
000000000O0oooon o
5.1020000 (Rose?lg)rock's Test Function)O O
0000000000 0000000000000
oooooo.550000000000000

f (x) =100(x, = x2)? +(1=x%)? - min (24)

-055<x<4.95 (25)
000000000 x5 =0165275)' 0000000
0000 xy,=@)' 00700000007000 00
0000000000000 00000000000
0000000000000 00000000000
0000000000000000000

5

e o o o °
e o o o °
e o o o °
Discrete optimum
e o o, 0 °
\
e o o % o
e o o o °

Continuous optimum
e\eo o

.* [ ]
e o o

e o o
1 2

ce e e e o

Fig.7 Discrete and continuous optimum

ggogdgloooooooOoboiloobbmODO,0DDOOO
ooooooOoOOoO0o0o0oooboboooooooooo
gooooboOooooooobooooooooo
goodooooooosgoooooogd

oofdz20000000000000 s=1340000
ooo000o0oooObOoOooobDoOoOosa)ooooo
0o0oooooooooObOOoODbO0o0o0o0oOonooz24p00

O P N W b~ O

01 2 3 45
% (b) s=8246

0 1 2 3 4 5
% (c) s=72984

Fig.8 Contourplot of augmented objective function
000000000000 00000O0D00ooDOn
godooobobooooboboboooooooooaa
O0O0O8b)DODODODOODODOOODODOODOOOO
O00O0OdOOg-best0 0000000000000
doooogosg(c)oooood
00800 0O0OD0OD0D0OOOOOO0OOOOOOOO
O0000O0oO0Oddg-besti0O0OoO0oooooonQ
000000000000 00000O0D00oDOn
O00O0O0oO0ooopPsoO0OO0O0OOOOOOOOOO
gooooooobooboboooobooooaa
O0O000O00O0Og-best0O0O00OODOODOOOOO
goboooobooobooon
5. ZDDDDDDDDDDDDDQDDDDDDDD
DDDDDDDDDDDD D

tx =Th ¢Xg,=TS
&, (Nx=r
/AR Y
!: X =L "
Fig.9 Pressure vessel

DDDDDDDDDDDDDDDDDDD(%)DDDD
gbooobooboobooboobooobob ooboao
ubobobooooobobobobooooboolao
ogoooobbooooooooboooogoooo
uboboboooo4b00oo0booaoboobaoon
ogoooobbooooooooboooogoooo
ogoooobbooooooooobobooogogao
b rprO0OO0O0OODOOOO O0OO0O0O0O0OOOO0
U00T1TsO0TDOOOOO0OO0OOOODOOODDOOOO
gboooboboobooboboooobooobooooao



oo O0Oo0oO0DOOOOO0

f (X) = 0.6224%X,%; +1.7781X7X,

+3.1661x,%5 +19.84% X5 — min (26)
000000000000 000000000000
00O00O0o00Ooooo

25< %, <150 27)
25< X, < 240 (28)
0.0625< X, X, <1.25 (29)
0.0193x,
X) = -2 _1<0
61(X) % (30)
_0.00954%,
gz(x)—x—4 1<0 (31)
g3(X) = =2 -1<0 (32)
3 240
4 4
1296000 - - 77
94(x) =————53—-1<0 (33)
Xy

00000000000 %0 x 00ASMECDDOOOO
0.0625[inch]0 00000000000 ODOO
000300000330 000000000013000
0000000000000 0000000000
0O000,0000000000000000O00O0
000000000000 O000000000
r=10x10°0 0000
0000000000000 00O0O0O0O0OOOd

x,=037500000 000000000 x=06875
00000000000 f=5531008 000000
030000000000000000000000 %
0x%=075 00000x, 0000OO0OOO0OCO
x,=031250 0000000000 f=5860.28900 O
0000310000000000000

0000 %0 x 00000 %=068750 x, =0.3125 0
000000000 f=537301000000 03000
00000000000
000001000000000005000000000
0000D010000000000000000000
00O00010PSO,Kitayama) D 00D 0000000
000000000000000000000000
O000000000Og-best0 0000001000
00D010000000002.400000000PS00

10000

9500

9000

Loca minimums

(&)

S 8500

w8000 N\

3 4/‘/

o)

- =%
6500 =V
6000 Q&-
5500 L L

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Iteration

Fig.10 Convergency of objective function

Table 2 Results through 10 trials

gooooooooocoobooboood Trial No.| R[inch] | L [inch] | Ts[inch]{Thinch]| g1 92 93 o4 | objective
0Pt _ fu0pt LOpt LOpt OptyT 1 | 38684 [224096 | 0750 | 0.375 | -0.004 | -0.016 | -0.066 | 0.000 |5875.254
X =007 6T %) 2 | 38661 |224688 | 0750 | 0375 | -0.005 | -0.016 | -0.064 | 0.000 |5883.131
=(37.708, 239_870,0_7277,0_3597)T (34) 3 38584 |225661 | 0.750 | 0.375 | -0.007 | -0.018 | -0.060 | 0.000 |5889.492
O0000000000000000 f=583972 0 4 | 38708 |225810 | 0.750 | 0375 | -0.004 | -0.015 | -0.059 | -0.009 |5912.406
’ 5 | 38698 |226.370 | 0.750 | 0375 | -0.004 | -0.016 | -0.057 | -0.011 |5922.734
0000000000 xbx, 00000000000 6 38321 |230672| 0750 | 0375 | -0014 | -0.025 [ -0.039 | 0.000 [5943.989
|:| |:| |:| X3 :075 |:| X4 :0375 |:| |:| |:| |:| |:| |:| |:| |:| |:| 7 38.216 |231.652 | 0.750 0.375 -0.017 | -0.028 | -0.035 | -0.001 |5945.312
8 | 38184 |232045 | 0750 | 0375 | -0017 | -0.029 | -0.033 | 0.000 |5947.564
f=60183040 0L OLOLOOOOOOOO0OO0OO x, O 9 | 38167 |232297 | 0750 | 0375 | -0.018 | -0.029 | -0.032 | 0.000 |5949.705
10 | 38129 233154 | 0750 | 0.375 | -0.019 | -0.030 | -0.029 | -0.001 |5959.964
Table 1 Comparison of results
Sandgren | Qian™® | Kannan® | Hsu®? Lewis®® Kitayama | Arakawa™
R[inch] 47.000 58.312 58.291 N/A 38.760 38.684 38.858
L[inch] 117.701 44,522 43.690 N/A 223.299 224,096 221.402
T9inch] 1.125 1.125 1.125 N/A 0.750 0.750 0.750
Th[inch] 0.625 0.625 0.625 N/A 0.375 0.375 0.375
ol -0.194 0.000 0.000 N/A -0.003 -0.004 0.000
g2 -0.283 -0.110 -0.110 N/A -0.014 -0.016 -0.011
g3 -0.510 -0.814 -0.818 N/A -0.070 -0.066 -0.078
o] 0.054 -0.021 -1.109 N/A -1.519 0.000 0.000
Objective[$] | 8129.800 7238.830 7198.200 7021.670 5980.950 5875.254 5850.770
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