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PALEY,SINEQUALITYFORTHEJACOBIEXPANSIOＮＳ 

ＹＵＩＣＨＩＫＡＮＪＩＮＡＮＤＫＵＮＩＯＳＡＴＯ 

此dicqM！ｔｏルq/I2sso7K6z6YZJ6川ｏ〃ハjssMetAbj7tAdqy

ABsTRAcT 

LctF(z)＝乙呈Ｃａ"z"beananalyticfimctionintheunitdiscsatisfying

,聖旦か''１M…
Then(Ｚニル'2)!/２〈｡｡,whichMImili…PaleyMnequaUtylnthispaper,ananalogueofthi‘
inequalitywithrespecttotheJacobiexpansionsisestablishcd． 

１．mt7MMctjo〃

ThcclassicalPaleyinequality[4]saysthatifF(z)＝Ｅ農Ｃａ"z"belongstoH1(D)，
then 

（≦'〃'１ｍ＜c川
whereＨ１(DistheHardyspaceontheunitdiscDwhichconsistsoftheanalytic 
fimctionsF(z)onDsatisfying 

’ルー｡:馴鰄'F(『鋤`…
Let呪H1betherealHardyspaceconsistingoftheboundaryfimctions/(0)＝
limr→1ｍ(rejO)ｏｆＦｅＨ１(、)andll/||呪H,＝|lFllHlwithrealF(0).Then,werestate
thePalcyincquality:If/(8)＝ヱﾆｰ｡｡c"eimOisin汎H',then

（≦Ｍ+Ｍ１}叩くcⅢw
Theaimofthispaperistoestablishananalogueofthisinequalitywithrespectto 
theJacobiexpansions・

LetRlﾄﾞﾙβ)(8)bethcJacobifimctionsdeiincdby 

」､ｗ１－ｗ初にＭ１(圏､:丁M(・・筈)'M，
wherePl､`β)(x)istheJacobipolynomialofdcgrcc〃andofordera,β＞-1,and
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tｻﾞ,β)isthenormalizationcocflicient;thatis， 

蝶し((助十風寺:主ｻﾆ慌主:壬++ＴＩ獺+､)'ノミ
Thcsystcm{１Ｗβ)(8)}是oiscompleteandorthonormalinL2(0,泥)withrespectto
theordinaryLebesguemeasurMO､Forafimction/(8)ｏｎ(0,冗),wehavetheJacobi
expans10n 

j(小z`!'ｌＲｗⅢ‘際しﾉ(鼬/(O1RMM
When(α,β)＝(－１/2,-1/2)ａｎｄ(α,β)＝(1/2,1/2),theJacobiexpansionsarethe 
cosineandsineexpansions,respectively： 

（,)~Liこ';三2+隣炉叶Ⅶ…＆

‘ぃルル|鯏詮州a:ｺﾞｭｰ：
/(8)～Zc1/Msin("＋1)0，（１） 

〃＝０

．M,川_灯川､,耐十ＤＭⅢ－.ﾙｰ
TheJacobipolynomialsareexplicitlyrepresentedinthefbrm 

〃ｗ－吉(:±;)Ｍ(旱)'(手Tろ
where(;)＝α(α－１)…(α-ﾉ＋1)/ハAlso,thepolynomialsaregivenbyRodrigues,
fbnnula： 

（い('+葱)'Pハト諾(衾丁((1-洲+,MMト
WerefbrtotheworkofSzeg6[SMortheJacobipolynomials、

LetＨ'(0,兀)bethespacedefinedby

Hl(0,冗)＝{ｈ|(Q穂):ｈｅ別H1,even}・

WeendowthespaceH1(0,兀)withthenormll/|lHI(0,派)＝||All呪H',whereノーハ|(o,穂)．
Ourtheoremisasfbllows． 

THEoREM1血t{"&}医,ｂｅｑＨａ`ｑｍａＭＷ"e"Ce;thatjsⅢ+1/"k＞β＞１，
ｗｈｅ７ｅｋ＝1,2,…血tα,ルー1/ZTM,the血co6jco伽je伽c擁β)q/Ｍ`"c加
代Ｈ１(0,冗)sａｔ柳

（≦にw)､<qⅢ伽⑫，
TheproofofPaley，sinequalitybytherealmethod(seethebookbyTorchinsky 

[6,ChapterXV;4.3])inspiredustoobtainaninequalityofPaleytypefbrtheJacobi 
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expansions､Inourproofthe(Ｈ',ＢＭＯ)‐dualityidentifiedbyCMIennanwillplay 
anessentialro]ｅＴｈｅｔｈｅｏｒｅｍｗｉｌｌｂｅｐｒｏｖｅｄｉｎｔｈｅｎｅxtsectionWeaddhere,two 
fUrtherremarks． 

REMARKLThetheoremwiththespaceL'(0,冗)insteadofH1(0,兀)doesnot
hold;thatis,thereexistsafimctionfeL1(０，冗)suchthat

OO 

ZlcMI,β)'2＝ＯＣ 
Ａ＝l 

Weshallgiveitsproofhereonlyfbrthecaseα＝β＝１/2;thatis,thesineseries 

(1).A1thoughafUrtherargumentisrequired,othercasescanbeProvedsimilarly、

SupposethatE農,lcR/2J/2)'2〈oofbrall/eL1(0,〃)Then,bytheclosedgraPh
theorem,wehaveE農,|c$/2,1/2)'2〈Ｃｌ|/|liいLet方(8)＝ﾉｽ(00-1/(2ﾉ)βo+I/(2ｊ))(8)，
forノー1,2,…,whereXI(8)isthecharacteristicfimctionofanintcrvalI,Then，

lfjllL1＝landthecoefficientscI1/叩｡ffjsatisfycly2』/2)→(2/宛)!/2sin("＋1)0．
asノー÷｡○.Therefbre,ｗｅｈａｖｅ

c>卿二|噂鯲馴r>:≦耐伽十Ｍ
Ontheotherhand,thereexistsOoe(0,冗)suchthatthesetofpoints{("k＋1)00}k
isdensein(0,冗)(see[2,Theorem1.40]),whichleadstoacontradiction．

REMARK2WenotethatH1(0,冗)＝{ｈｅＪＷ１：suppに[０，冗]),whichfbllows
fromtheargumentof[1,ｐ608,thelastline,ｔｏｐ609,1ine9]． 

2.ルCQ/q/thetheo7em

藝mllf淵lhPf鰍鰯柵瀞,,留瀞(柵二1)Y|脚il撰蝿
toshowinequality(2)fbrafimction／ｉｎＨ'(0,兀)withJacobiexpansion/(8)～
Ｚ農,cｻﾞ,β)畔β)(8)Let{'&}足,bcascquenccsuchthatE塁,lrkl2＜ooLetgN(8)，
whereＮ＝１，２，…,befimctionsdefinedby 

N 

glv(8)＝Ｚ,ｋＲｌＷ） 
ｋ＝l 

Weextendthefimctions/（８）ａｎｄｇｌｖ(8),fbrlV＝1,2,…,totheoutsideof(0,兀）
as27z-periodicevenfimctions・ＷＣｍａｙｄｅｎｏｔｅｔｈｅｍｂｙｔｈｅｓａｍｅｎｏｔａｔｉonswithout
confnsionBythe(Ｈ１,ＢＭＯ)‐duality,ｗｅｈａｖｅ 

に'１ＭM,|<c'`M'｡''jＭ
whercllAll-sup,(1/lIMlA(8)－ｶm|`０，thesupbeingtakenoverallintervalsIof 
thercallincR,whereルー(1/lIl)い(8)`０，andwherelIlisthclengthofI(see[３，
ChapterX]ａｎｄ[1ＤＳｉｎｃｅ 

Ｎ 

ノ(j:ｊＩＭ腓2ﾉ(獺八Ｍ)ルュェ叩''f'Ｌ
Ａ＝１ 
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ｉｆｗｅｓｈowthat 

’にM卜<c(≦'恥'鰯)Ⅵ□，
withaconstantCindependentoflVandasequence{７A}足,,then

l菫耶ＭＩ側|<c(≦剛)"m
whichimpliesthat 

（=に'w)､<cMMⅢ
Thus,lettingN→｡o,wegetthedesiredinequality(2)． 

Wenowprovetheinequality(3)Ourtaskistoshowthatfbreveryfiniteinterval 
IwithlI|＜兀,thereexistsaconstantcIsuchthat

ｉ+i小('ﾄq'伽＜c(三M)v〕㈹
whereCisindcpendentofI,lVandasequence{７k}農,(see[3,ChapterX,１｡]）
Further,wemayassumethatIこ[0,冗]sincegN(8)isevenand2冗一periodiclndeed，
letＩ＝I1UI2＝[-α,O]Ｕ[0,6](０＜α＜ｂ＜兀),fbrexampleThen

i+iか(昨qルi+i(か('１－．座'`,+かlqJ`'）
〈占い''１－q川

TheothercasesaresimilaL 

WeputI＝[00,0,]こ[0,冗lIflI|＞１/",,then

ｉ+iか(，Ⅱ`，<(iliか(，w，)叩

く(i+iか',w')､軌'ね(三川１Ｖ三
Thus,itisenoughtotreatthecasewherethereexistsapositiveintegerM,suchthat 
l/"M+,＜lIl＜１/"M・Weshallshowinequality(4)withcI＝9M(00).Wewrite

gN(6)＝9M(8)＋ヱｧﾙＷ１（８）
ｋ＝Ｍ＋１ 

＝9M(8)＋ＥＭＮ(8)，say・

Itfbllowsthat 

i+i山(,)-M`,)'``<i+i山'`１－:M`･)'`，+i+iﾉ('EM鮒(Ｍ(s）
Ｗｅｃｏｎｓｉｄｅｒｔｈｅｆｉｒｓｔｔｅｒｍｏｎｔｈｅｒｉｇht-handsideBySchwarz，sinequalityand 
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inequality(16)ｏｆＬｅｍｍａｌｉｎＳｅｃｔｉｏｎ３,wehave 

lgM(8)-9M(００)'2〈ElrAl2ZlRl1(''1(8)-Rlf''１(００)'２

〈ＣＺｌｒＭ２Ｚ("lilO-001`)２，

wheM＝ｍin{α＋1/2,β＋1/2}ifＯ＜α＋1/2＜１ｏｒＯ＜β＋1/2＜1,and６＝１ 
otherwiseThesecondsumontheright-handsideisboundedbylIl26EiIL,";afbr 
OELwhichisdominatedbyC'''2`"證sincethesequence{"k}isaHadamard
sequencewith〃k+1/"ｋ＞β＞１，whereCdependsonlyonp・ItfbllowsfiFom
lI|"M〈1thatlgM(8)－９M(00)'2〈ＣＤＩと,|'kl2Thus,wehave

i+iルＩ０１－ａＭＭ０<(,+i小'０１－伽''０Ｍ)ﾘｭ

〈c(=剛ﾂﾞミ，`，
Wenextevaluatcthesecondtcnn,(1/lIMlEIWv(8)|daontheright-handsidc 

ofinequality(5).Ｗｅｈａｖｅ 

（i+iかM''１M，)'<i+iﾉ(,EIMImM〈工,恥ﾙﾊ
ﾊ,ﾉｰＭ＋l 

where 

uri+iMRlW1RW)"｜ 
WeshallshowthatthereexistpositiveconstantsCandO＜γ＜１，ｓｕｃｈｔｈａｔ 

ＵＡＪ＜Ｃγlk-/｜ （７） 

fbrM＋１＜ｋ＜ＮａｎｄＭ＋１ミノ＜１V､Oncethisisdone,weshallobtain

Elrkll,jlUkj〈ＣＥＩ,A'２，
ｋ,ノ ハーＭ＋１

andｔｈｕｓ 

台かM川M'<c(主’剛１Ｖ三（`，
Wemayassume,withoutlossofgenerality,that〃ｊ＜〃kＢyinequality(20)ｏｆ

Ｌｅｍｍａ２ｉｎＳｅｃｔｉｏｎ３,ｗｅｈａｖｅ 

恥c((蓋)(+'堅淵型十Mfl7i｝
Thefirsttermontheright-handsideisboundedby(1ｍ6)k-ﾉ.Forthesecondterm， 
wefixanarbitrarypositivenumbervsatisfyingO＜ｖ＜１.Ｔｈｅｎ 

些旦型＜G(命證)<G(圭)胸lIl恥
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sincelI|"ﾉ＞１，ｌｂrノーＭ＋1,Ｍ＋2,…,whereCvdependsonlyonv・Thelast
terml/('1|"k)isboundedby(1/β)k-jTheinequality(7)isproved・Therefbre,we
getinequality(8),whichwithinequality(6)completestheproofofthetheorem 

３．Lelllmqs 

Inthissection,ｗｅｓｈａｌｌｓｔａｔｅｔｈｅｌｅｍｍａｓｕｓｅｄｉｎｔｈｅproofofthetheorem,and 

givetheirproofS・WeneedsomepropertiesoftheJacobipolynomial：

ｔＷ,β)＝ｏ("'/2)， （９） 

Ｐ)似，β)(-x)＝(-1)"ElM(x） （10） 

fbMβ＞-1,ａｎｄ 

ｌＥＩａ,β)(cosO)|〈O("α)， （11） 

｜ＲＭ(8)|〈C偽β（12）

fbrO＜０＜冗/2,Ⅸ＞－１/２ＳＣｅ[5,(7.32.6)lThepolynomialPl区，β)(x)satisfies

芸E'酬い)-;(叶叶`+')P脚川い）ＩＢ１
Ｓｅｅ[5,(4.21.7)］Weusethefbllowingestimate[5,(8.21.17),(8.21.18)]： 

(圏､:昨；丁Pw1-N-迎旦ｺﾞ誌と土旦(念)皿肌）
＋(１１MA躯|｝２１縦冨頴-．（141

洲ｗ(9)(血:丁M(･･鬮:)川－．Ｍ+刀+鮎川'5）
ifc/〃＜０＜冗一c/",α,β＞-1,where

Ⅳ＝〃＋(o(＋β＋1)/２，γ＝－０m/２－冗/４，

andcandEarefixedpositivenumbers 

ThefirstlemmagivestheorderoftheLipschitzcontinuityoflWl,β(0)withrespect 
tO〃．

ＬＥＭＭＡ１・血to(,β＞－１/2Ｊｈｅ〃the7eexjstsaco"stq"ｔＣｓｚＪｃＭ０ａｔ

ｌＲｌＩ`,β)(0,)－RIlo`,β)(02)|＜ｃ"`'0,-0215 （16） 

/blO＜０１＜０２＜〃,ｗｈｅｌｅ６＝ｍin{α＋1/2,β＋1/2}j/Ｕ＜α＋1/２＜１０ア
Ｏ＜β＋1/２＜１，α"〃＝１０therwisM"ｉＣｊｓ伽CPC"｡e"tq/01,02αＭ〃．

ルoq/：SincePla'β)(-x)＝(-1)"Pllβ，α)(x),itfbllowsthat

RlO`，β)(〃－０)＝(-1)Ｗ'００(8)．

USingthis,ｗｅｈａｖｅ 

Ｒｌ！`β)(01)－R野β)(02)＝(－１)"(R|',α)(冗一0,)－Rllaα)(冗一02)）（17）
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where兀/２＜81＜02＜兀),ａｎｄ

ＲＭ(0,)－R好β)(82）

＝(R野β)(0,)_R1,`,β)(冗/2))＋(-1)"(Rlla畷)(兀/2)_Rｻﾞα)(冗一02)）（18）

whereＯ＜０，＜兀/2＜0Ｋ兀・

Thusitisenoughtoshowinequality(16)fbrO＜01＜02＜冗/2．

Wefirsttreatthecaseα＋1/２＞１ｏｒα＋1/２＝OItisenoughtoshowthat 

l(`/do)R}',α)(8)|＜Ｃ"fbrO＜０＜冗/2,whcreCisindcpendentofOand"・Wewrite
(`/`O)Rlf〔，β)(8)＝１'1＋Pb＋昭,where

トー(叶叶`+ｗｗ川にＭ１(鼠､:丁M(･":)`M，

作;(腫十;)#ｆｗＩ･Ｍ１(血:)川(･･鼠:)川ミ

トー;('+;)洲町'M)(圏､:)川(．..:)H三
ItfbllowsfTominequality(12)ａｎｄＯ＜０＜兀/2,thatlJ/31＜CwithCindependent
of〃ａｎｄ０.ＦｏｒＦｉ,ｗｅｈａｖｅ

Ⅲ--{鱸+叶川勝ＲｗにM}
and("+叶β+1Ｗ,β)/t陰1,β+')＝O(")Thus,byinequality(12),wehavel「'11〈C"・
Ifo(＋1/２＝0,thenthetermZdoesnotappear・Thuswehaveinequality(16)in
thiscaseLeta＋1/2＞LForJ'2,wehavclJ'21＜C8-1lRlo`，β)(8)lSinccJb((z)～zα 
(fbrz→O)andJd(2)＝Ｏ(２－１/2)(fbrz→｡o)(see[5,(1.7110),(1.7L11)]),itfbllows 
frominequality(14)that 

昨(:|ⅡＩ由願ｌ１ｗｗｗＭⅡ､<,<脳‐Ｌｉｆ"－１＜０＜冗/2，（19）

Thecase〃-1＜０＜兀/２isapreciseestimateForthecaseO＜０＜〃-1,wehave
O("α+1/20α-1/2)＝Ｏ("("0)α-1/2)＝Ｏ(")sinceα－１/２＞OTheerrortermsatisfies 
Oα+3/20("鰯十1/2)＝"-10(("0)α+1/2)＝Ｏ("-1).Wegetthedesiredcstimate(16)fbrthe
caseα＋1/ルＬ

ＬｅｔＯ＜α＋1/２＜ＬＷｅｈｅｒｅｐｕｔ 

Ｗｺﾞ際岬'１．M)(圏､:丁M(．..:)川』
＝tP(8)s(8)c(9)＝Ｒ(8) 

fbrsimplicityLetO＜０１＜02＜兀/2,ａｎｄｗｒｉｔｅ

Ｒ(81)－Ｒ(02)＝t(P(01)－Ｐ(02))s(01)c(81） 

＋tP(02)(S(01)￣S(02氷(01)＋tP(02)S(02)(C(01)￣C(02)）

＝Ｗ,＋Ｗ２＋Ｗ3，ｓａｙ 

ＦｏｒＷｌａｎｄＷ３,themean-valuetheoremallowsustofbllowthesameproofbasfbr 
U/ｌａｎｄ昭,respectively・WedealwiththetermW2Byinequalitｙ(14)andthefact
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ｔｈａｔ(sinO/2)α+1/2ｅＬｉｐα+,/2,thespaceofcontinuousfilnctionswithorderα＋1/Z 
ofLipschitzcontinuity,wehave 

wi-(|:ｌｉＩｌ:；二|:::|柳11笘騏:IiTlli/11滅仙

‐(|:|:漸馴1噺iii'fiilllMUM1け'<…ｉｆＯ＜０２＜〃~１，

＝ｏ("αＭ)'0,-021α+'/２， 

ｗｈｉｃｈｃｏｍｐｌｅｔｅｓｔｈｅｐｒｏｏｆｏｆＬｅｍｍａｌ． 

ＬＥＭＭＡ２・ＬＣＭ,β＞－１/2.LetＩ＝[00,01]ｂｅα〃伽ｅ７ＤａｌｗｊｔｈＯ＜００＜８１＜冗．

The〃the7eexjstsqco"stq"tCjMepe"`e"tCWc,ノα"〃,s"cｈｔＡｑｔ

|鰍ｗＩＭ|<c(价川(が十些山十;｝ (20） 

/ｉＷ＜k,ｗｈｅｒｅＪ＝ｍin{α＋1/2,β＋1/2}〃０＜α＋1/2＜１０'０＜β＋1/2＜1,
ｑＭ５＝１．therwiseJ此〃otqtjo〃Iog+"'ｍｅα"sthatlog+〃＝logM,７１＜〃qM
log+〃＝Ｏ/b7〃＜１．

Proq/：Weseethatitisenoughtoshowinequality(20)fbrthecaseIこ[０，兀/2l

LetMbethegreatestintegersatisfying2冗Ｍ/Ｋ＜0,-00,whereＫ＝ＩＣ＋(o(+β＋1)/２，

andlet5噸＝00＋2冗加/Ｋ,fbr川＝0,1,2,…,Ｍ,ａｎｄどM+,＝０，.Ｗｅｈａｖｅ

ノ:'RwlRw'炸芸{ﾉ(ijw'',l-Rw鰄')R柳川
十RwMiiw'w,｝
Ｍ 

＝Ｚ{Xl))+ＸＩ?)}，ｓａｙ 
、＝Ｏ

ＦｏｒＸｌ１),applyingLemmalandinequality(12),ｗｅhave 

，期),<cjW,,-Ｗ<c(等川,_:卿ル
whichleadsto 

M 

焉叫)'<c(響)`ｈ,．）（Zl1
ForXl?)andXlll),weapplyinequality(12)Itfbllowsthat 

，xP,<cﾉ１，物＜c姜ｊｍ－ＱＭ（､）
ForＸ(2),…,Xliと,,weuseinequalities(12)and(15),togetherwiththefactthat
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剛＜ｃＷ'(･･川十､+鶚沖｜
〈drW;卜cﾙｰ'…H･剛

whichimpliesthat 

M-1 

ZlXl?)|〈Ck-1(log5IW-log(,)〈Ck-1logM
m＝１ 

〈ck-1Io圏+釜(01-,0Ｍ`-1('･川1-0．)+'〕（２３）
Therefbre,byinequalities(21),(22)and(23),wehaveinequality(20),whichcompletes 
theproofofthelemma． 

Ｒｅ/bre"ｃｅｓ 
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