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LAGUERRE AND DISK POLYNOMIAL EXPANSIONS WITH
NONNEGATIVE COEFFICIENTS

YUICHI KANJIN

ABSTRACT. We establish Wiener type theorems and Paley type theorems for
Laguerre polynomial expansions and disk polynomial expansions with nonneg-
ative coefficients.

1. INTRODUCTION

gdo
A well-known theorem on functions with positive Fourier coefficients given by
Norbert Wiener (see [4, pp.242-250] and [19, §§1-2]) is the following:

[A] Wiener’s theorem . Let f € Ll(—ﬂ',ﬂ') be a function satisfying f(n) > 0
for every n € Z, where f(n) = (1/(27) ff e~ dp. If there exists a constant

§> 0 such that [°,|f(0)[2d0 < oo, then [™_|f(8)[*d6 < oo.

On functions with positive Fourier coefficients satisfying esssupg 5| f(0)] < oo
with some § > 0, we have the following which is a part of the results of Paley [18]:

[B] Paley’s theorem . Let f € L'(—n,7) be an even function satzsfymg f( )>0
for every n. If ess supg 4| f(0)| < co with some § >0, then 33 °7 f(n) < o.

Recently, Mhaskar and Tikhonov [17] extended these two theorems to the Jacobi
polynomial expansions. Let us state an essential part of their results. Let R;"’ﬁ )(:v)
be the Jacobi polynomials of order «, 5 > —1 with the normalization Rsla’ﬁ) (1) =1,
that is, the orthogonal polynomials p, (z) on the interval [—1, 1] with respect to the
weight function we g(x) = (1 — 2)%(1 + 2)? satisfying p, (1) = 1. Tt is known that
RY2Y (cosf) = cosnf. A function f on [—1,1] is formally expanded: f(z) ~
S Of( )R(a #) (z). Here, f(n) is the Fourier-Jacobi coefficient of f defined by

1
f(n) = PZI/ F@) R (@)wa,p(x) de,  pn =/ | R (@) Pwa, 5 () de.
-1 _
[C] ([17)). Let f € L'([—1,1],wa,5). Suppose that every Fourier-Jacobi coefficient
f(n) is nonnegative. Then the following (i) and (ii) hold.
(i) If there exists a constant 6 > 0 such that f1175 |f(2)]Pwa,5(z) de < oo, then

I e LQ([_L 1],wa,5(x)).
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(i) If there exists a constant § > 0 such that esssup;_sc,<1|f(z)| < 0o, then
S o f(n) < .

Actually, Mhaskar and Tikhonov have obtained a more general Wiener type
theorem ([17, Theorem 3.1]) by using the notion of solid space. A subspace X C
LY([-1,1],wa.p) is called solid if f € L'([~1,1],wa.s), g € X and |f(n)| < §(n)
for every n imply f € X. Their results [C] suggest that it is interesting to consider
Wiener type and Paley type theorems in other orthogonal polynomial expansions.

In this paper, we shall establish these types of theorems in the Laguerre poly-
nomial expansions (Theorem 1 in §2.2) and the disk polynomial expansions (The-
orem 2 in §3.2). The disk polynomials are orthogonal polynomials with two vari-
ables (cf. [5, 2.4.3 and p.62]). The Laguerre polynomials are orthogonal on the
non-compact interval [0,00). Kawazoe, Onoe and Tachizawa [14, §2] constructed
a function f € L'(R) with nonnegative Fourier transform f(¢) > 0 such that

fi; |f(z)|? dz < co with some § > 0 and f ¢ L?(R), which is in contrast to our
Wiener type theorem for the Laguerre case.

Related results and further references are found in [1], [2], [7], [8], [13], [16] and
[21].

We shall deal with Laguerre polynomial expansions with nonnegative Fourier-
Laguerre coefficients in §2. In §2.1, we shall state known results on the Laguerre
polynomials and prepare two lemmas which are essential in our proofs of Wiener
type and Paley type theorems. Those theorems and other results will be proved
in §2.2. In §3, we shall discuss the disk polynomial case in the same order as the
Laguerre case. We set an addendum at the end of the paper for proofs of some
results on the disk polynomials.

2. LAGUERRE POLYNOMIAL EXPANSIONS

A Wiener type theorem and a Paley type theorem for the Laguerre polynomial
expansions will be given in this section. We suppose throughout this section that
the parameter o satisfies o > 0 and the functions we treat are real-valued. We shall
work on the following spaces:

{F51Flp = (5~ 1 @)e/2pavda) " < 00}, 1< p < oc,

{F3 Ifllse = ess sup,o [f(z)e™/?] < oo}, p=cc.
As the above, the weighted norms are denoted by || f||, without the subscript .

2.1. Preparations. In this subsection, we summarize some facts and results with-
out proofs which are referred mainly to [9], and we shall give two lemmas which
will be used for proving our theorems.

Let Lfla)(x) be the Laguerre polynomial of degree n = 0,1,2,..., which is given
by the following Rodrigues’ formula

Lgla)($> — er <j) (e—xmn-‘r(x)-
X

n!

The orthogonality is

/ L%)(I)L%a)(z) dg;F(aJrl)(nJra)émm m,n=20,1,2,...
o n
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and the values at x = 0 are

L)(0) = <" + O‘) .

n

We denote the normalized Laguerre polynomials by
R (x) = L (x)/ L) (0),

and then the system {R,(f‘)};’f:o is complete and orthogonal in L2. The polynomials
satisfy the following inequality ([6, 10.18(14)]):

(1) R (x)e /% < 1.
We define the Fourier Laguerre coefficients {f(n)}22, by

n) :/0Oo f(z)RY (x)e~ "2 dx,

which satisfy
F@I < fll IF@) < FlII R 2.

A function f(z) on the interval [0, 00) is formally expanded as follows:

Zf a)R(a _ +1 Zf L(a

n=0
where
B — 1 B 1 (n + a) o
T RO @I Tetr by |

The linearization coefficients

(ks @) = / R (1) R (2) R (x)e~22° da
0

satisfy the following [3, Theorem 1, (4.2) and (4.4)]:

(2) e "R (z)e "R\ (x ZW (k,m,n; a)h,(ca)e_xR(a)( ), x>0,
k=0

v(k,m,n;a) > 0, Zh(a)'y kE,m,n;a) = 1.

Let 1 <p < oc. For f € La, g € L., the convolution f x g is defined by

fro) = [ TE(ag@e e da, 20,
0
where T denotes the Laguerre translation operator given by
TY (fx)
F(Oz—f—l)Qa /ﬂ- —atcosb Ja_l/Q(\/HSino) )
= T+t 4 2Vt cos e Vrteos sin“® 6 df
0 # ) (Vxtsin@)o—1/2

for z,t > 0, T(f;0) = f(t) for t > 0, T§*(f;2) = f(z) for > 0. Then the
following inequalities hold:

T2 Sl < €211l (€200 11 *glly < [/ lpllgll-

Further the operator T} satisfies

TP (R 2) = R (2)R(t), =,t>0.




4 YUICHI KANJIN

For feLP, ge L%, 1 <p,q < oo with 1/p+1/q > 1, the convolutions f * g and
g * f exist and

Tof(n) = fm)R@(t) (t>0);  Frgln) = f(n)j(n).

The Poisson integrals of a function f € L?,1 < p < oo is defined by

P (fsa) = (f * PY)(x Zr"f YR (2), 0<r < 1, 2> 0,

where

P(a) oo nh(a)R(Q) ezr/(rfl)

r (1')—;7’ n " ($)—F(a+1)(1_r)a+1’
which satisfy
) a+1

3 Py < 0<r<l.
® P s (1) . osr<

Parseval’s formula is as follows:

/ " f@)glz)eman dz = Zh“‘

for functions f,g € L2.

We now come to the lemmas which play an essential role to prove our Wiener
type and Paley type theorems.

Lemma 1. Let 6 > 0. Then there exists a function ¢5 on [0, 00) such that supp ¢s C

[0,4), %(O) =1, %(n) > 0 for every m, and q/[);(n) = O0(n7%), n — oo for any
positive integer k.

Proof. We choose a function gs € C°°(0,00) such that gs > 0, suppgs C (0,0/4),
and

G (0) = / g5(@)e—a dz = 1.
0

Then we put

5/4
Ps(t) = gs * gs(t / T (gs;7)gs(x)e” “z® dx.
0
We show first that supp ¢5 C [0,6). We see that
z+t+Vatcosd >z +t—Vat > (Vi —x)?,
> (Vo /3/4)? = 6/4

fort >0, x <d/4and 0 < 6 < w. It follows from the definition of the Laguerre
translation operator and suppgs C (0, 5/4) that T“(gg, z) = 0 for t > 0 and
x < 0/4, which implies supp ¢5 C [0, ). By q§5( ) = G5 (n), we have @(0) =1 and
Es}(n) > 0 for every n. Since g5 € C*°(0,00) and supp gs C (0,9/4), it follows from
integration by parts that g3(n) = O(n=%), n — oo for any positive integer k (cf.,
e.g., [12, Lemma 1]), so do the coefficients qug(n) O
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Remark 1. (i) The function ¢s of this type was used by Mhaskar and Tikhonov [17]
and played an important role in their proofs of Wiener and Paley type theorems
for the Jacobi expansions.

(ii) From the definitions of the Laguerre translation operator and the convolution,
it is easy to see that the function ¢s is continuous on [0,00). It follows from (1)

that the series Y Oh(a bs(n)R a)(x)e_z/z converges uniformly to a continuous
function g(z) on [0, 00), and for every = € [0, 00) the series Y o h%a)ég(n)R;a)(x)
converges to g(z)e*/2. On the other hand, the Poisson integral Pﬁo‘)(d)(;; -) of ¢s

converges to ¢s in L2, 1 < p < co. Standard arguments lead us to g(z)e*/? = ¢;5()
for every x € [0, 00). Therefore we have that

—a:/2 Zh(a)(bﬁ R(a ( ) —I/27

where the series converges uniformly on [0, c0), and
Z R Gs(n) R (),

where the series converges for every x € [0,00). Further, we can see that ¢5 €
C*(0,00) by using the formula (d/dm)L%a)(:v) = ngil)(sc).

Lemma 2. For § > 0, let ¢5 be the function in Lemma 1. Suppose that f € L}
and f(n) >0 for every n. Then,

(4) 0 < fé(n) < T(a+ 1)(feps)(n),

for every n, where é(x) = e *.

Proof. Since
/ |f(z)e * R ()R (z)|e "™ da < / |f(z)le Fa%dx < 0o
0 0

by (1), it follows that

(feds T / F(@)e " 85(2) R (2)e 2 do

(5) h(a)¢6 / fla —xR(oz)< )R(a)( Je Tz dz.

m=

We put
Iy(m,n) = / f(x)e R\ ()R (x)e~ "2 da.
0
Then we have by (2) that
(6) Zh vk, m, n; ) f (k).
which is justified by

[T 1r@RO wieaar < [ e i <o
0 0
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Thus we have Ip(m,n) > 0 for every m and n. It follows from (5) that

(fegs)(n) > 1 95(0)To (0, ).
Noting that h[ga) = 1/T'(a + 1),4/272(0) =1 and Iy(0,n) = }\é(n), we have the
inequality (4). O

Remark 2. (1) It follows from the above proof that
(7) Zh% k,0,m; ) f (k)

for every n, which will be used in the proof of Theorem 1, (ii).
(ii) The assumption f € L2 instead of f € L! also justifies the identity (6) and
thus Io(m,n) > 0. For, the inequalities

oo
/ F@)RE @)l a dz < | fllz 1R ll2 < Call Fllzk 72,
0
hold, where C,, is a constant depending only on «a.

2.2. Wiener type and Paley type theorems for Laguerre expansions. We
have the following theorem which gives our Wiener type theorem and Paley type
theorem for the Laguerre polynomial expansions.

Theorem 1. Let f € L, and suppose f(n) > 0 for every n.

(i) If there exists a constant § > 0 such that f05 |f(z)|?2% dx < oo, then | fé||3 =
IS 1 (@)e " Pe "2 du < oo, where é(x) = e™°.

(ii) If there exists a constant 6 > 0 such that esssupg<, <5 |f(z)| < oo, then

> h%a)f(n) < 00.

Proof. (i): For 6 > 0, let ¢5 be the function in Lemma 1. We have by Lemma 2
that

SR FEm)? < Tla+ 12 Y hO{(feds (n)}
n=0 n=0

=T+ 17 [ 1@ ol do
0

< T(a+ 1) esssupyc, < | s / £ (@) da,

that is, || fé||3 < oo, which completes the proof of (i).
(ii): Let 0 < s < 1 and 0 < r < 1. We consider the following convergent double
series with nonnegative terms:

Zh(a) kf(k) Zh(a)s”'y(k 0,n; a).

n=0

It follows from (7) that

oo oo oo

a(r,s)thﬁf‘)s"Zh,(ca v(k,0,n; ) f <Zh s" fe

n=0 k=0



POLYNOMIAL EXPANSIONS WITH NONNEGATIVE COEFFICIENTS 7

By using Lemma 2, we have
o(r,5) <T(a+1) > hs" fégs(n),
n=0
=T(a+1) > hOs™ Feds(n)R(0) = T(a+ 1) Py(féds; 0).
n=0

Therefore we have by (3) that

a+1
o) el

o(r,5) < Dla-+ D[P edsi o < Tl 1)
<T'(a+ 1)20”rl ess supO§I§5|f(w)|.
Letting r, s — 1—, we have that
Z h,(f)f(k) Z h;o‘)q/(k, 0,n;a) <T'(a+ 1)2"“rl ess SuPg<, <5/ ()],
k=0 n=0
which completes the proof of (ii) since Y - hsla)v(k;, 0,n;a) = 1. O
Remark 3. Let f € L.. Suppose that > WD f(n)] < co. It follows from (1)

that the series > we § (n)R%a)(m)e*‘”/ 2 converges absolutely and uniformly to

a continuous function on [0, 00). Since the Poisson integral Pr(a)( f;+) converges to
fin LL, we see that

f(z) = Z R f(n)RY (z), ae. x € [0,00).
n=0

Therefore, the function f whose values are modified on a set of measure zero is
continuous.

Let us prove the following proposition inspired by Theorem 1 (i).

Proposition 1. Let f € L2, and let N be a positive integer. Suppose that

(8) /000 |f(z)e 2Nz dx < oo,

and f(n) > 0 for everyn. If there exists a constant § > 0 such that fO(s |f () PN+ Dz da <
00, then fé € Li(NH), that is,

(9) / \f(x)e_x|2(N+1)e_xxa dr < oo.
0
Proof. We put

In(m,n) = {(f&) " 'R Y (n) = /f(f(x)e—ﬂ“)N“R;?)(x)Rw (a)e~ 72" da,
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and we shall show that I (m,n) > 0 for every m and n. Then we have the desired
inequality (9) as follows. Let ¢s be the function in Lemma 1. We have that

{(fe)" o5} (n) = /Ooo(f(ﬂf)eg”)N“an(x)R;")(x)e%a dx

= > B %5(m) / " (F@)e")VH RO (2) R (2)e "2 da,
0

m=0
(10) =" hDgs(m)In(m,n).
m=0

The second equality is justified since
| @ R @RS @) d
0

</ T @ f@)e Ve e de < oo
0

by |RY (z)e=*/2] < 1 and f, (fé)N € L2. Since Iy(m,n) > 0 and Ix(0,n) =
{(fe)N+11(n), it follows from (10) that

{(fON s} (n) >

which leads to (9).
Let us prove Ix(m,n) > 0 by induction. Let N = 1. Noting f, féR,(f) € L%, we
have by the identity (2) that

1

2 m{(fé)NH}A(”) >0,

Li(n,m) = 3 Ak, n,m; a)h / F(2)f(@)e=" R (a)e "2 da,
k=0

y(k,n,m; ) “>Zf W feR Y (p).

p=0

By Remark 2, (ii), we have Iy(k,p) = {féR](ga)}A(p) > 0, which leads to I (m,n) > 0.
We also have by (2) that

M8

=~
Il
<

M8

In(n,m) = v(k,n,m; a)h}ca) /00 f(x)(f(x)e_x)NR,(ca)(a:)e_’”aca dx,
0

b
Il

0
7(167 n,m; a)héa) Z f(p)INfl(kap)
0 p=0

The first equality is justified by f € L2 and (8) since
(oo} (oo}
| 1@ @e DN RO @le et de < [ 5@ 5@ Ve et da,
0 0

Since f € L2, it is trivial that [;°|f(z)e™"[*2®dz < oo, with which (8) leads
to fo |f(z)e=*PN=Dg>dr < co. By using the assumption Ix_i(k,p) > 0 of
induction, we have In(n,m) > 0. O

M8

(11) -

b
Il

It may be an interesting problem to find the notion of “solid” space suitable for
the Laguerre expansions and extend Theorem 1 or Proposition 1 to such a space.
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3. DISK POLYNOMIAL EXPANSIONS

In this section, we shall give a Wiener type theorem and a Paley type theorem
for the disk polynomial expansions. We shall denote by D the closed unit disk
{z=ux+iy ;2% +y* < 1}. A function f(z) on D will be considered as a function
f(x,y) of the variables z and y, and a function f(z,Z) of the variables z and Z,
where Z = x —iy, and also a function f(r,#) of the variables r and 0, where z = re®.

Throughout this section, we suppose that the parameter o satisfies o > 0. Let
me be the positive measure of total mass one on D defined by

1
dmy(z) = a: (1 — 2 — y?)*dxdy.

In this section, for every p with 1 < p < oo, L2 stands for the space LP(D, m,,) and
[+ llp for || - lze m,ma)-

3.1. Preparations. In this subsection, we summarize notations and results which
will be needed later.

Let m and n be nonnegative integers. The disk polynomials Rg?)n(z) are defined
by

RE;’L‘)TL( )= plm=nlgilm—n GRS",T "l)(27’ -1, z= re®, mAn= min{m, n},

where R () = pLed) (x)/PT(La’B (1) and PP (z) are the Jacobi polynomials
given by Rodrigues’ formula

(1—2)*(1 +2)/ PP (z) = (—1)" " (1= )+ (1 + 7)™ +B).

2nnl dzm
The following inequality holds (cf. [20, (4.1.1) and (7.32.2)]):
(12) IRW,(:)| <1, zeD.

The system {R(a) v n=o is complete orthogonal in L?. The Fourier coefficients
f(m,n) of f € L} for the system {Rm n}m n—p are defined by

Fm.m) / £(2) RSn(2) dma (s / F(2) B, (2) dima(2).

A function f € L., on D is formally expanded as follows:

Z h(o‘)fmnR(“ (2),

m,n=0
where
1 m+n+a+l/m+a\/n+a
(@) — = ~ 2a+1
mm_HRS,?)nH%_ a4+ 1 ( m >( n ) (71L+n+1) .

The linearization coefficients for disk polynomials are positive [15, Corollary 5.2]:

RO ()RS (2) = 3 alm,nik, l;p, @) h{2) RYY (2),
pP,q

(13) a(m,n; k,l;p,q) = /D R, (2)R%) ()R (2) dima () > 0.

P.q

In the above sum, the pair (p, ¢) takes such values that m+k+p=n+14 ¢ and
Im+n—k—-l|<p+g<m+n+k+1
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Let 1 <p<oo. For f € L2 and g € L}, the convolution f * g is defined by
FglC /T(a)f 2)dma(z),  CED,

where 7;((1) is the translation operator for disk polynomials defined by

dmg
T = 757 [ e+ VI RPVI=TR 1298,

It is known that
TS fllo < Ufllps— ILF * gllp < 1FInllglhs
f*g(m,n) = f(m,n)§(m,n).
We use the following Poisson kernel defined in [11]:

P (2 Z sim—nl+mAnp(e) pe) 1y <5< 1.

m,n+tm,n
m,n=0

The Poisson integral of a function f € LP(D,my),1 < p < oo is defined by

P(fi2) = (FxP)(2) = Y smrtminp(e) fm,n)R(S),(2), z €D,

m,n=0

We know the following [11, Theorem 5]:
(14)  P(2)>0, z€D; /7?<a> Ydma(z) =1, 0<s<1.

Parseval’s formula is as follows:
o0

/ £(2) 902) dima(z Z n) 50 m)

for f,g e L2.

We shall use the following result given in [10, Proposition 6.1 and the proof of
Theorem 6.3]. It may be difficult to obtain a copy of [10], so we include a proof in
the addendum.

Lemma 3 ([10]). Define a differential operator A, by
2

0 o _0
Then the following (i), (ii) and (iii) hold.
(i) The disk polynomials RSJi‘)n satisfy

Ay =4(1 - z22)

(15) AR, = —2(a+1) (m +n+ 2+ 1) R
(ii) For f,g € C*(D),
(16) / A (2)9(2) dma( / F(2)Bag(2) dimal).

(ii) Let f € C*°(D). For every positive integer k, there exists a positive constant
C such that

(17) |f(m,n)| < Clm+n+1)7F m,n=0,1,2,....
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We shall construct a function having properties similar to the function ¢s in
Lemma 1. For ¢ and A with 0 < a < 1 and 0 < A < m, we use the following
notation:

(18) Sa, ) ={z=s? :a<s<1,|o| <A}
Lemma 4. For a with 0 < a <1, put
1 V1—a%./1-1b(a)?
= — 2 — a2 =
b(a) 2(a+ a?), Ma)=m7 - ba)

Suppose 1/\f < a < 1. Then there exists a function v, on D such that supp, C

S(a, \a)), 1/)a(0 0)=1, 1/)a(m n) > 0 for every m and n, and 1,/}a(m n)=O0((m+
n)~F) as m,n — +o0 for any positive integer k.

Proof. We note first that (i) a < b(a) <1for0 <a < 1; (ii) 0 < V1 —17r2/r <1 for
1/V2<r<1; (i) vI—r2/rl+0asr —1—; (iv) 0 < Ma) <mfor0 < a < 1.

Let 1/v/2 < a < 1. We choose a function h, € C>(D) such that h, > 0,
supp hy C S(b(a), M(a)/4) and

E;(0,0) = /Dha(z) dme(z) = 1.

Put ha(z) = he(Z). Then he has the same properties as hq. Let 1, be a function
on D such that

Va(C) = hg * ha(C) = / T he () ha(2) dmea(2), ¢ eD.
5(b(a),\(a)/4)

We show first that suppt, C S(a,A(a)). It is enough to show that for z €
S(b(a), A(a)/4) and ¢ & S(a, A(a))

TEa() = [ (364 VI=FPVI=TePE) 122 —o,

which will follow from

(19) 2+ V1= [PV [CRE & S(b(a), Ma)/4)

for ¢ € D, z € S(b(a),\(a)/4) and ¢ & S(a,\(a)). We show this. We write
2,( € D by using the polar coordinates as z = se’®, -1 < s < 7,0 < s < 1
and ¢ = re’,—m < < 71,0 <r <1 Assume 7 < a. Then for £ € D and
z € S(b(a), MN(a)/4), we have by the definition of b(a) that

(20) |2+ VI PV [ < at V1= b(a)? = bla).

Next we suppose a <7 < 1 and |§] > A(a). Let £ € D and z € S(b(a), \(a)/4). Wi
define w by the equation

. V1—82V1—1r2 7T
sinw= ————, 0§w<§.
sr

It follows that w < mv1 — s2v1 —r2/(2sr) < A(a)/2. If A(a) < 6 < m, then
(21) M@ < Ma) ~ A@) ~w <arg (2 + /T 2PVT—[CF)

1 7 1
<4 Lr <2 — ~)a).
_7T+4)\(a)—|—w<47r< ™ 4)\(a)
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For —m < 6 < —\(a), we have

(22) —or + i)\(a) < arg (2( /T 221 - |<|2§) < —i)\(a)

in the same way. By combining (20), (21) and (22), we have (19), which shows

supp ¥q C S(a Aa)).
Since g (m,n) = |ha(m,n)|%, it follows that ¥, (0,0) = 1 and ¥ (m,n) > 0 for

every m and n. Also, Lemma 3 leads us to wa(m n) = O((m+n)~%) asm,n — +oo
for any positive integer k. ([

Remark 4. We easily see that the function v, is continuous on D. It follows from
(12) that the series Y- 7° hg,?})nwa(m, n)R%a)n(z) converges uniformly to a contin-

uous function on D. We know that the Poisson integral Pga) (1a; +) converges to ¥,
in L2, 1 < p < oo ([11, Corollary 6]). From these, we see that

Z h(a)lll (m,n)R (a)()

m,n=0

where the series converges absolutely and uniformly on ID. Moreover, it is not hard
to prove ¢, € C*°(D) by using (15).

Lemma 5. For a with 1/v/2 < a < 1, let 1, be the function in Lemma 4. Suppose
that f € LY(D,m,) and f(m,n) >0 for every m and n. Then,

(23) f(m,n) < foa(m,n)
for every m and n.

Proof. Since f € L'(D, m,) and the expansion of v, converges boundedly on D), it
follows that

(ftba) (m.n) () Gk, 1) / F()RE) (2)RE), (2) dma(2).
kl 0
By (13), we have
/ FRE R, () dma(z) = 3 alk,ln,ms p, ) f(p,q)-
p,q

Since all the terms appearing in the sums are positive, it follows that
(fva) (m,n) > h(“)@(o 0)a(0,0;n, m;m n)hgn)nf(m n).

We note that h(()ao =1, 1,(0,0) = 1 and a(0,0;n,m;m,n) = hm, a) ~1, which com-
pletes the proof. O

3.2. Wiener type and Paley type theorems. Wiener type and Paley type
theorems for the disk polynomial expansions are as follows.

Theorem 2. Let f € LY (D, my) and f(m,n) >0 for every m and n.

(i) If there exist constants ag and Mg with 0 < ag < 1,0 < Ao < 7 such that
Js(ao 20y [F(2)1? dma(2) < 00, then [[fI13 = [ |£(2)]? dma(z) < oo, where S(ao, Ao)
is defined by (18).

(ii) If there exist constants ag and Ao with 0 < ag < 1,0 < Ay < 7 such that
€SS SUP, e 5(ag,20) | (2)] < 00, then > n=0 %%f(m,n) < 00.
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Proof. We choose a such that ag < a < 1, l/ﬁ < a and A(a) < Ao, and let ¢, be
the function in Lemma 4. By Lemma 5 and S(a, A(a)) C S(ao, Ag), we have

Zh {fmn)}2§2h (fvoa) (m,n)}?

m,n=0 m,n=0

/D F()a(2)] dma(2)
max 2' zZ 2 m, AR
(o) /S(M)|f< )2 dima (2)

IN

2€8(a,\(a

This means ||f||3 < co, which completes the proof of (i).
Let 0 < s < 1. By Lemma 5 and R,(ﬁ‘)n(l) =1, we have

Do SR, flman) < 37 SR, Fiba(m, m) R (1),
m,n=0 m,n=0

=P (fYai 1) S P (fhai ) oo

By (14), we see that [P{*(ftba;)|loo < | ftballoe, which implies

Z glm=nltmAnp(@) f n) < max  |1ha(2)]- esssup |[f(2)].
m7n:O ’ ZES((I,)\((Z)) Zeg(ao,)\o)
Letting s — 1—, we complete the proof of (ii). O

Remark 5. Let f € L'(D, m,) be a function in Theorem 2 (ii). Then we can modify
the values of f on a set of measure 0 with respect to dm,, so that f is continuous
and

Z hig ) f(m, ) BRI, (2),

m,n=0

the series converges absolutely and uniformly on D.

We can obtain the analogue of Theorem 2 (i) for L*V(D,m,), N = 1,2,3,...,
that is, we have the following.

Proposition 2. Let f € L, and f(m,n) >0 for every m and n. If there exist con-
stants ag and Ao with 0 < ag <1, 0 < Ao < 7 such that fS(aO o) 1F(2)[2 dmg(z) <

oo, then [i | f(2)]*N dma(z) < oo.

Proof. We shall show that if h € L), and g € L2V satisfy |h(m,n)| < §(m,n) for
every m and n, then h € L2N. Then taking h = f and g = fib,, we have the

proposition owmg to Lemma 5. To show h € L2V, we prove that every h®¥(m,n)

exists and \hN(m n)| <g (m n). We show this by induction. The case N = 1
is clear. Assume that h € L., g € L2 and |h(m,n)| < §(m,n) for every m
and n. It follows from the assumption of induction that h € L2. By Parseval’s
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identity and (13), we have

(W47 (m, n) = / WY (2)h(2) RSn (2) dima(2),

_ i I (i, 1) (RRS (s 1),

k,1=0
= > Nk alm,n;l ksp, )l h(p, q).
k,l1=0 p.q

In the same way, we have the above identity with ¢ instead of h. Therefore, the
assumption of induction completes the proof. (I

We can extend Proposition 2 to a larger class of solid spaces than L2N. A
subspace X C L. is called solid if f,g € L, |f(m,n)| < g(m,n) for every m and
n, and g € X imply that f € X. Let X, be the space of functions f € L}
satisfying the condition that there exist positive constants ag and Ag with 0 < a <
1,0 < Ao < 7 such that fi) € X for any ¢ € C* with supp ¥ C S(ag, \g). We
denote by P the space of functions f € L. satisfying f(m,n) > 0 for every m
and n. Then, by Lemma 5 we easily obtain the following result: If X is a solid
space, then X, NP = X NP. This is an extension of Proposition 2 since the
spaces L2N N =1,2,3,... are solid, which was already proved in the proof of the
proposition. This extension is the disk polynomial analogue of the theorem on the
Jacobi polynomials obtained by Mhaskar and Tikhonov [17, Theorem 3.1].

ADDENDUM

For readers’ convenience, we shall give a proof of Lemma 3 by following the lines
of Heyer and Koshi [10].
Let us give a proof of (i) of the lemma. We treat the case m > n. In this case,
we have
RS,?),L(Z) =z nRl@MTN) (227 1), zeD.

Substituting © = 2zzZ — 1, we have

d2
A () — M ) 4] — 42 (ae,m—n)
B = {40 ) S R )
d (ae,m—n)
+4((m—n—a)—(a—l—m—n—l—Z)u)%Rn’ (u)

—2(a+ 1) (m — n)Rl&m—™) (u)} .

Since —2(a+1)(m—n) =4n(n+a+(m—n)+1)—2(a+1)(m+n+2mn/(a+1)),
the differential equation [20, (4.2.1)] leads to the identity (15). The case m < n
will be done similarly. We completes the proof of (i) of the lemma.

We state a proof of (ii) of the lemma. For 0 < e < 1, we put D, = {z : |2] <
1 —€}. Since

B of 0 of
.2 2« _ 91 _.2_,2a+19 9 o 2  2vat19)
(1—2" =y )*Auf 8x(1 z* —y°) 50 ay(l z* —y°) By’
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it follows from Green’s formula that

[ @apgdm,

€

_a+l E _2_2a+1%— ﬁ _2_2a+1ﬂ7

a+1 of 0g 3f 89 2 2\yat1
1— —
T /D ((% Ox oy Oy Oy (1= =) dady,

:Ot;:l/am(l_x2_y2)a+l<gfg afg >

704+1/ 8f39+8f89
T Jp, \Oxdx Oy oy

> (1 — 22 — y?)** dady.

The first contour integral satisfies

0 0
/aD (1— a2 —y*)ott (é;cgdy - 6fgdm) =0(e*™), e—1-.

Thus we have

_ _a+l of 0g  Of 9g 2 2va+l
/D(Aaf)gdma— - /(Bm8m+8y8y (1 —2"—y")*" dady.

In this equality, we replace the functions f and g by g and f, respectively. Then
we see that [ (A f)gdme = [ fAqgdmeg, which is (16). The proof of (ii) of the
lemma is complete.

A proof of (iii) of the lemma is as follows. Let f € C°°(D), and let k be a positive
integer. We choose a positive integer r such that k <7+« + 1/2. By (i) and (ii)
of the lemma, we have that

<_2)r<a+1>r(m+n+2’jﬁ> (m, ) /f (B0 RS0 (=) dma(2),

-/ (Aamz)Wn()dma( )
and that
[0 ORI ana(2)| < IR S0 o
Since \|R$,?)n||2 < C(m+n+1)"2"12 it follows that

[f(m,n)| < Clm+n+1)7" 2 <Clm+n+1)7F

with a positive constant C' independent of m and n, which completes the proof of
(iii) of the lemma.
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