Evolution of the universe in entropic cosmologies
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We study two types of entropic-force models in a homogeneous, isotropic, spatially flat, matter-
dominated universe. The first type is a ‘A(t) type’ similar to A(¢)CDM (varying-lambda cold dark
matter) models in which both the Friedmann equation and the acceleration equation include an
extra driving term. The second type is a ‘BV type’ similar to bulk viscous models in which the
acceleration equation includes an extra driving term whereas the Friedmann equation does not. In
order to examine the two types systematically, we consider an extended entropic-force model that
includes a Hubble parameter (H) term and a constant term in entropic-force terms. The H term is
derived from a volume entropy whereas the constant term is derived from an entropy proportional
to the square of an area entropy. Based on the extended entropic-force model, we examine four
models obtained from combining the H and constant terms with the A(¢) and BV types. The four
models agree well with the observed supernova data and describe the background evolution of the
late universe properly. However, the evolution of first-order density perturbations is different in each
of the four models, especially for low redshift, assuming that an effective sound speed is negligible.
The A(t) type is found to be consistent with the observed growth rate of clustering, in contrast with
the BV type examined in this study. A unified formulation is proposed as well, in order to examine

density perturbations of the two types systematically.

PACS numbers: 98.80.-k, 98.80.Es, 95.30.Tg

I. INTRODUCTION

ACDM (lambda cold dark matter) models are the sim-
plest cosmological model which can explain an acceler-
ated expansion of the late universe [1-5]. However, the
standard ACDM model (which assumes a cosmological
constant A and an additional energy component called
‘dark energy’) suffers from several theoretical problems,
e.g., the cosmological constant problem, the cosmic coin-
cidence problem, etc. [6]. In order to solve the problems,
various cosmological models have been suggested, using
alternative dark energy, modified gravity, etc. (see, e.g.,
Refs. [7-11] and references therein).

In those models, two types of cosmological models have
been extensively examined in an effort to explain an ac-
celerated expansion of the universe. The first type is
related to A(t)CDM models which assume a variable cos-
mological term A(t) [11-23]. In this model, a varying A(?)
(which corresponds to an extra driving term) is added
to both the Friedmann equation and the Friedmann—
Lemaitre acceleration equation, instead of the cosmolog-
ical constant A. We call this the ‘A(t) type’ of cosmo-
logical model. The second type is related to bulk viscous
models (which assume a bulk viscosity of cosmological
fluids) [24-49] and CCDM models (which assume a cre-
ation of cold dark matter) [50-54]. In the bulk viscous
and CCDM models, the Friedmann equation does not in-
clude an extra driving term because dissipation processes
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are assumed. We call this the ‘BV (bulk viscous) type’.

Recently, Easson et al. have proposed an entropic-force
model as an alternative explanation for the accelerated
expansion of the universe [55, 56]. We expect that the
entropic-force model [55-65] is related to A(t) and BV
types. In the entropic-force model, an extra driving term,
i.e., an entropic-force term, is derived from the usually
neglected surface terms on the horizon of the universe
[55]. The entropic-force term can explain the accelerated
expansion, without introducing new fields and an exotic
energy component of the universe such as dark energy.
Instead of dark energy, the entropic-force model assumes
that the horizon of the universe has an entropy and a tem-
perature due to the information holographically stored
there [55]. For example, the Bekenstein entropy (area
entropy) and the Hawking temperature are used in the
original entropic-force model [55]. The obtained entropic-
force term is usually added to both the Friedmann and
acceleration equations [55-57]. (Note that the entropic-
force considered here is different from the idea that grav-
ity itself is an entropic-force [66, 67].) Accordingly, the
original entropic-force model is A(t) type. The present
authors have proposed a modified entropic-force model
[60] assuming a generalized black-hole entropy propor-
tional to its volume, based on appropriate nonadditive
generalizations [68]. The obtained entropic-force terms
behave as if they were an extra driving term for bulk
viscous models. Therefore, the present authors have as-
sumed dissipation processes similar to the bulk viscous
model [60]. That is, the modified entropic-force model
corresponds to the BV type. In this way, entropic-force
models proposed so far can be categorized into A(t) and



BV types, using different formulations.

In entropic-force models, entropic-force terms depend
on the class of entropy. For example, H? terms are de-
rived from an area entropy [55], whereas H terms are
derived from a volume entropy [60], where H is the Hub-
ble parameter. The entropic-force terms affect the back-
ground evolution of the universe. Note that we do not
discuss inflation of the early universe. In fact, entropic-
force models which include H? terms cannot describe a
decelerating and accelerating universe [20, 58, 63]. On
the other hand, a modified entropic-force model which
includes H terms can describe a decelerating and ac-
celerating universe [60]. Of course, the entropic-force
terms affect density perturbations as well. For example,
Basilakos et al. have recently shown that the original
entropic-force model (which includes H? terms) does not
describe cosmological fluctuations properly without the
inclusion of a constant term [63]. Also, they have found
that A(t)CDM models (similar to the original entropic-
force model) are not consistent with the structure for-
mation data [18]. Furthermore, Li and Barrow have
explained that bulk viscous models (which include H
terms) are difficult to reconcile with astronomical obser-
vations of structure formations [40]. The previous works
suggest that it is necessary to consider not only an H
term but also a constant entropic-force term. (Entropic-
force models which include H terms have been recently
investigated by Basilakos and Sola [65].)

The constant term has been examined in A(t)CDM
[11, 18-20, 63] and CCDM models [50-54], whereas H
terms have been investigated in A(¢)CDM [18] and bulk
viscous models [24-49]. In those works, the influence
of the extra driving terms is focused on, and therefore,
the difference between the A(t) and BV types has not
yet been discussed systematically. This is because the
two types are usually categorized into different models,
e.g., A(t)CDM, CCDM, and bulk viscous models. (Back-
ground evolutions of the universe in the A(#)CDM and
CCDM models have been discussed in Ref. [23].) How-
ever, it is possible to examine the two types systemati-
cally through entropic-force models. Density perturba-
tions of the two types are expected to be different from
each other, because each continuity equation of cosmo-
logical fluids is different even if the background evolution
of the universe is the same. Therefore, in the present
study, we examine the properties of the A(t) and BV
types of entropic-force models. To this end, we consider
an extended entropic-force model which includes H and
constant terms. The constant term is derived from an
entropy proportional to the square of an area entropy
[60].

The remainder of the present paper is organized as fol-
lows. In Sec. II, we present the general Friedmann and
continuity equations and discuss entropic-force models.
In Sec. IT A, we present a brief review of two types of stan-
dard entropic-force model, i.e., the A(t) and BV types.
In Sec. II B, in order to examine the two types systemati-
cally, we consider an extended entropic-force model which

includes H and constant terms. In Sec. ITI, we briefly re-
view the density perturbations of the A(¢) and BV types,
in the linear approximation. In addition, we discuss a
unified formulation, in order to examine the density per-
turbations of the two types systematically. In Sec. IV,
based on the extended entropic-force model, we propose
four models obtained from combining the H and constant
terms with the A(¢) and BV types. In Sec. V, we exam-
ine the evolution of the universe in the four entropic-force
models. Finally, in Sec. VI, we present our conclusions.

II. GENERAL FRIEDMANN EQUATIONS AND
ENTROPIC-FORCE MODELS

In the present paper, we consider a homogeneous,
isotropic, and spatially flat universe and examine the
scale factor a(t) at time t in the Friedmann-Lemaitre—
Robertson-Walker metric [58-60]. The general Fried-
mann equation is given as

O\ _ gz - 87C
(53) —#0* ="+ 10,

and the general acceleration equation is

G, ¢, p(t), and p(t) are the gravitational constant, the
speed of light, the mass density of cosmological fluids,
and the pressure of cosmological fluids, respectively. f(t)
and g(t) are general functions corresponding to extra
driving terms discussed later. We can obtain the general
continuity equation from the general Friedmann and ac-
celeration equations, because two of the three equations
are independent. From Eqs. (1) and (2), the general con-
tinuity equation [58] is given by

H (—f(t) -4 +g<t>> e

For ACDM models [7, 8], both f(t) and g(t) are set to be
A/3, where A is a cosmological constant. Therefore, the
right-hand side of Eq. (4) is 0 [69]. However, in general,
the right-hand side of Eq. (4) is non-zero.

For example, a non-zero right-hand side of the general
continuity equation appears in A(t)CDM models [11-23]
in which f(t) = g(t) is assumed. The original entropic-
force model suggested by Easson et al. [55, 56] is simi-
lar to A(t)CDM models, as discussed later. Substituting
f(t) = g(t) into Eq. (4), we have
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This is the general continuity equation for the A(t) type.
The right-hand side of Eq. (5) is not 0 when f(t) is not
constant. The A(t) type can be interpreted as a kind
of energy exchange cosmology in which the transfer of
energy between two fluids is assumed [70], e.g., interact-
ing quintessence [71], the interaction between matter and
radiation [72], the interaction between dark energy and
dark matter [73], or the interaction between holographic
dark energy and dark matter [74].

As another example, a non-zero right-hand side of
the general continuity equation appears in bulk viscous
models, in which a bulk viscosity ¢ of cosmological flu-
ids is assumed [24-49]. (An effective pressure p., e.g.,
De(t) = p(t) —3EH (1), is assumed as well.) Consequently,
the Friedmann equation for the bulk viscous model does
not include extra driving terms, i.e., f(¢t) = 0. The bulk
viscosity is usually the only thing that can generate an
entropy in a homogeneous and isotropic universe [29].
The relationship between entropic-force and bulk viscos-
ity has been discussed in Ref. [60]. In fact, cosmological
equations for a modified entropic-force model examined
in Ref. [60] are similar to those for the bulk viscous model.
(As discussed later, similar cosmological equations are
used in CCDM models [50-54].) Substituting f(¢t) = 0
into Eq. (4), we have

.0 py_ 3
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This is the general continuity equation for the BV type.
We emphasize that the right-hand side of Eq. (6) is not 0,
even if ¢(t) is constant, e.g., g(t) = A/3. That is, Eq. (6)
is essentially different from Eq. (5). It is expected that
the difference between Egs. (5) and (6) affects the evo-
lution of density perturbations, even if the background
evolution of the universe is the same.

It is possible to consider two types of entropic-force
models, namely, the A(t) and BV types, and in Sec. ITA,
we review the two types of standard entropic-force model.
In Sec. II B, we discuss an extended entropic-force model
which includes H and constant entropic-force terms. The
derivation of the entropic-force terms is summarized in
Appendix A. We can derive H?, H, and constant terms
from an area entropy S,2, a volume entropy S,3, and an
entropy S,4 proportional to 7}, respectively, where rp is
the Hubble horizon (radius) given by ¢/H.

Cosmological equations for the above discussed models
are similar to those for entropic-force models examined
in this study although the theoretical backgrounds are
different. We expect that the present study can help to
investigate the cosmological models from different view-
points.

A. Two types of standard entropic-force model

In entropic cosmology, the horizon of the universe is
assumed to have an associated entropy and an approx-
imate temperature due to the information holographi-

cally stored there [55, 56]. In Secs. ITA1 and ITA 2, we
present the A(t) and BV types, respectively. We note
that entropic-force models discussed here are different
from holographic dark energy models [74], although the
holographic principle [75] is applied to both models.

1. A(#) type [f(t) = g(t)]

For the A(t) type [f(t) = g(t)], we briefly review the
original entropic-force model suggested by Easson et al.
[55, 56]. Note that we neglect high-order terms for quan-
tum corrections because we do not discuss the inflation of
the early universe. In the original entropic-force model,
entropic-force terms are summarized [57] as

f(t) :a1H2+a2H, (7)
g(t) = BLH® + B H, (8)

where a; and ay are expected to be given as
) = 61 and Qg = ,32. (9)

The four coefficients ay, as, 81, and By are dimension-
less constants. In Refs. [56, 57], it was argued that the
extrinsic curvature at the surface was likely to result in
something like

(5] :ﬂl = 3/(271')

In this way, general functions for the original entropic-
force model are expected to be given by

ft) =g(). (11)

This type, i-e., the A(t) type, has been the most typically
examined entropic-force model [63]. The formulation can
be interpreted as a modification of the left-hand side of
the Einstein equation. The H? terms are derived from
the Bekenstein entropy [55], as shown in Appendix A 1.

H? and H terms included in Egs. (7) and (8) have
been investigated in A(t)CDM models [21, 63]. In those
works, the influence of H terms was found to be similar to
that of H? terms. This implies that the H terms can be
neglected [60]. In fact, Easson et al. first proposed that
the derived entropic-force terms are H? terms; i.e., H
terms are not included in the entropic-force terms [55]. A
similar fact was discussed in our previous works [58, 60].
Therefore, we neglect H terms, ie., ap = B2 = 0.

As examined in Refs. [20, 58, 60, 63], H? and H terms
cannot describe a decelerating and accelerating universe
predicted by the standard ACDM model. For example,
Basilakos et al. have shown it is not the H? and H terms,
but rather an extra constant term that is important for
describing a decelerating and accelerating universe [63].
The extra constant term for A(t)CDM models is natu-
rally obtained from an integral constant of the renormal-
ization group equation for the vacuum energy density

and ap = (B2 = 3/(4m). (10)



[11, 19]. A similar constant term appears in the creation
of cold dark matter (CCDM) models [50-54]. The CCDM
model assumes a dissipation process based on gravita-
tionally induced particle creation proposed by Prigogine
et al. [76]. That is, the CCDM model corresponds to the
BV type, as discussed in the next subsection.

2. BV type [f(t) = 0]

For the BV type [f(t) = 0], we briefly review a modified
entropic-force model based on an effective pressure [60].
The model discussed here is similar to both bulk viscous
models [24-49] and to the CCDM models [50-54]. This
is because an effective pressure is used in the two models,
assuming dissipative processes.

In entropic-force models, H? terms are derived from
the Bekenstein entropy (area entropy), whereas H terms
are derived from a generalized black-hole entropy (vol-
ume entropy) [60]. The H? and H terms can be con-
sidered as extra driving terms. Consequently, general
functions are given by

f(t) = a1H2 + @3H, (12)

g(t) = BLH? + B H. (13)

When we assume an effective pressure [60], a; and &3 are
given as

ap =0 and é3=0. (14)
a3 and ﬁg are dimensional constants defined by
43 = azHy and (3 = B3Hy, (15)

where Hj is the Hubble parameter at the present time %.
The four coefficients a;, 81, as, and (3 are dimensionless
constants. In this case, i.e., when we consider an effective
pressure, the Friedmann equation does not include an
extra driving term [60]. (The formulation corresponds
to a modification of the energy—momentum tensor of the
Einstein equation.) Accordingly, general functions are
summarized as

ft) =0, (16)

g(t) = BLH? + B H. (17)

Because of the H term, this model can predict a de-
celerating and accelerating universe, as in the case for
a fine-tuned standard ACDM model [60]. However, as
mentioned previously, similar cosmological models were
found to be difficult to reconcile with astronomical ob-
servations of structure formations. Previous works imply
that it is difficult to reconcile the standard entropic-force
model with the structure formation data, without includ-
ing constant terms. However, we can derive a constant

entropic-force term from an entropy S,4 proportional to
%, as shown in Appendix A 3. Therefore, in the next
subsection, we consider an extended entropic-force model
which includes the constant term. Note that we assume
S:r4 as one of the possible entropies.

B. Extended entropic-force model

In this subsection, we consider an extended entropic-
force model which includes H2, H, and constant entropic-
force terms, in order to examine the A(t) and BV types.
Similar extra driving terms have been discussed in var-
ious cosmological models, e.g., A(t)CDM, CCDM, and
bulk viscous models [77]. However, their theoretical
backgrounds are different from those of the entropic-force
model.

As shown in Appendix A, the H?, H, and constant
terms are derived from an area entropy S,2, a volume
entropy Sy3, and an entropy S;4 proportional to r}l{, re-
spectively. Using the three terms, the general functions
are given by

f(t) = a1 H? + a3H + du, (18)

9(t) = BLH” + B3 H + fu, (19)
where as, Bg, Ay, and ,@4 are defined by

&3 = asHo, B3 =PsHy, Gu=oauHj, Bs = BuH;.
(20)

The six coefficients oy, B1, as, B3, a4, and B4 are di-
mensionless constants. The A(t) and BV types are de-
termined from the dimensionless coefficients.

We now consider the extended entropic-force model.
From Eq. (18), the modified Friedmann equation is writ-
ten as

a\’ 87
(‘) :HQZTP+Q1H2+643H+@4, (21)

and, from Eq. (19), the modified acceleration equation is
written as

S g+ H?
a
4G 3 3
where w is given by
p

w represents the equation of state parameter for a generic
component of matter. For non-relativistic matter (or a
matter-dominated universe) w is 0, and for relativistic
matter (or a radiation-dominated universe) w is 1/3. In
the present paper, we focus on a matter-dominated uni-
verse, i.e., w = 0. Note that, for generality, we leave w in



the following discussion. Coupling [(1 + 3w)x Eq. (21)]
with [2x Eq. (22)] and rearranging, we obtain

H= dd_t = —C1H” + C3H + C4, (24)

where

3(]. + ’LU) — Oél(]. + 3'LU) — 2/31

Cr = (25)

. As (1 23 .
Gy = QLH3O)F20 e, =

(1 4 3w) + 284
5 .

(26)
C is a dimensionless parameter, whereas C3 and C4 are
dimensional parameters. Using Eq. (20), dimensionless
parameters C3 and Cy are given by

Cs _ as(1+3w) +20, @)

Cy = 22
5T H, 2

04 Oé4(1 + 3w) + 254

C, = 2% —
YT H? 2

(28)

The values of the six coefficients (a1, f1, as, O3, as, and
B4) for the A(t) type are different from those for the BV
type. However, as shown in Sec. V, it is possible to
determine two sets of six parameters under the condition
that Cy, Cs, and Cy for the A(t) type are the same as
those for the BV type. In this case, we can obtain the
same solution from Eq. (24). That is, the background
evolution of the universe of the BV type is equivalent to
that of the A(t) type. However, the continuity equation
for the A(t) type [Eq. (5)] is different from Eq. (6) for
the BV type. [Equation (24) is essentially the same
as a general A(t)CDM model examined by Basilakos et
al. [18]. The solutions of Eq. (24) are summarized in
Appendix B.]

In Egs. (18) and (19), the H? terms with o and 3; are
entropic-force terms. The influence of the H? entropic-
force terms is included in C; [Eq. (25)]. However, original
H? terms cannot describe a decelerating and accelerating
universe [60]. Therefore, in this study, we neglect the H?
entropic-force terms. That is, a; and (3, are set to be 0.

As mentioned above, H terms and constant terms (Clst
terms) are derived from a volume entropy and an en-
tropy proportional to rf;, respectively. Accordingly, we
consider the H and constant C.s terms separately. We
call them the ‘H version’ and ‘C.s version’, respectively.
The H and C. versions are discussed in Secs. IIB 1 and
IIB 2, respectively. In the following, we assume that C1,
Cs5, and Cy are positive constants.

1. H wversion

For the H version, the general functions are given by

f(t) = asH, (29)

g(t) = B3H. (30)
Consequently, Eq. (24) is given as
H=-C,H?+ C3H, (31)

where €} and Cs are given by Eqgs. (25) and (26), re-
spectively. When f(t) = 0, Eqgs. (29)—(31) correspond to
bulk viscous models studied in Refs. [24-49]. The formu-
lation of the H version is essentially equivalent to that
examined in our previous work [60]. The evolution of the
Hubble parameter is given as

H C o

HO Cl Qo Cl
where ag represents the scale factor at the present time
and Cs is C5/Hy given by Eq. (27).

2. Clest version

For the C.s version, the general functions are given by

f(t) = da, (33)

9(t) = Ba. (34)
Therefore, Eq. (24) is given as

H=—-CH?+Cy, (35)

where C; and Cy are given by Eqs. (25) and (26), respec-
tively. Using Cy = Cy/HZ [Eq. (28)], the evolution of
the Hubble parameter is given as

G -(-8)(E) 8

When f(t) = g(t), Eqgs. (33)-(36) are equivalent to those
for the standard ACDM model. The solution is summa-
rized in Appendix C.

III. FIRST-ORDER DENSITY
PERTURBATIONS

In the present paper, we examine density perturbations
of the A(¢) and BV types, in the linear approximation.
To this end, we usually use two methods separately. Ac-
cordingly, in Sec. IIT A, we present the two methods. In
Sec. IIT A1, we review first-order density perturbations
of the A(t) type, according to the work of Basilakos et
al. [18]. In Sec. IITA 2, we review first-order density
perturbations of the BV type, according to the work of
Jesus et al. [53]. The two methods are expected to be
summarized, using a neo-Newtonian approach proposed
by Lima et al. [78]. Therefore, in Sec. IIIB, we dis-
cuss a unified formulation based on the neo-Newtonian
approach, in order to observe the density perturbations
of the two types systematically. In the present study, we
focus on a matter-dominated universe.



A. Two methods for density perturbations

In this subsection, we present two methods to examine
density perturbations of the A(t) and BV types. In Secs.
IITA1 and IIT A 2, we review first-order density pertur-
bations of the A(t) and BV types, respectively.

1. Density perturbations of the A(t) type

Density perturbations in A(¢)CDM models have been
closely examined, e.g., see the work of Basilakos et al.
[18]. In fact, formulations of the A(t) type discussed here
are essentially equivalent to the A(#)CDM model. There-
fore, we only briefly review density perturbations of the
A(t) type, according to Ref. [18]. To this end, we assume
a matter-dominated universe (w = 0), i.e., a pressure-
less fluid. Substituting p = 0 into Eq. (5), the continuity
equation for the A(t) type becomes

b3 =~ f) (37)

This equation is equivalent to the equation examined in
Ref. [18], when 877G = ¢ = 1 and 3f(t) = A(t). (We
consider the mass density for matter [79].) In Ref. [18],
Basilakos et al. have focused on models where the time
dependence of A(t) appears always at the expense of an
interaction with matter. The model can be interpreted
as an energy exchange cosmology, in which the transfer
of energy between two fluids is assumed [70]. Similarly,
in the present study, we assume an interchange of en-
ergy between the bulk (the universe) and the boundary
(the horizon of the universe) [64], as if it were an energy
exchange cosmology. Consequently, the time evolution
equation for the matter density contrast 6 = 0pm/pm,
i.e., the perturbation growth factor, is given by [79]

§+(QH+Q)6— 47er—2HQ—Q]6:0, (38)

where

3

W 3 fw
87G '

2
p= g 1), Q=-gt2 TR 39
In the present paper, p,, is replaced by p, because we
consider a single-fluid-dominated universe. [Note that
p included in Eq. (38) represents p corresponding to a
homogenous and isotropic solution for the unperturbed
equations (the Friedmann, acceleration, and continuity
equations). For simplicity, p is replaced by p when we
present the time evolution equation for d.] Substituting
Eq. (39) into Eq. (37), we obtain the continuity equation

as
. .G
p+3-p=0Qp. (40)

When 877G = ¢ = 1 and 3f(t) = A(t), Eqs. (39) and (40)
are equivalent to those examined in Ref. [18]. Basilakos

et al. investigated density perturbations in various types
of variable cosmological terms [18]. Therefore, we employ
their theoretical solutions, as discussed in Secs. IV A and
IVB. (In Sec. III B, we discuss a unified formulation, in
order to examine the A(t) and BV types systematically.)

We note that it is necessary to define explicitly the
functional form of the f(¢) component, in order to solve
the above differential equation. As described in Ref. [18],
the approach based on Eq. (38) implies that dark energy
perturbations are negligible. This is justified in most
cases [18, 80]. (For details, see Ref. [18].) In the present
study, we consider an interchange of energy between the
bulk and the boundary. Accordingly, we assume that
boundary perturbations are negligible.

2. Density perturbations of the BV type

The BV type discussed here is similar to both bulk
viscous models [24-49] and CCDM models [50-54]. This
is because these models assume dissipation processes and
therefore an effective pressure must be employed. In par-
ticular, density perturbations in the CCDM model have
been closely examined, e.g., see the work of Jesus et al.
[53]. Accordingly, we review the density perturbations of
the BV type according to Ref. [53].

In the present paper, we assume a matter-dominated
universe (w = 0), i.e., a pressureless fluid. Substituting
p = 0 into Eq. (6), the general continuity equation for
the BV type is given by

. a 3
pt3-p=—=Hg). (41)
This equation is essentially equivalent to the equation
examined in Ref. [53]. To confirm this, we consider an
effective pressure p. due to dissipation processes. The
effective pressure p. is given by p. = p + p., where p. is
the creation pressure for constant specific entropy in the
CCDM model [53]. In the present study, we interpret
pe as a pressure derived from an entropic-force on the
horizon of the universe. Substituting p = 0 into p. =
P + pe, we have p. = p.. According to Ref. [53], p. for a
CDM component can be expressed as

po=-tL (12)
where I is given as

_ %HQT“) (43)
Therefore, Eq. (41) can be written as

/')+3gp =Tp. (44)

Note that p is the mass density for matter. In the CCDM
model, T' is the creation rate of CDM particles. In the



present study, we interpret I' as a parameter for entropy
production processes. From Eq. (42), the equation of
state parameter is given by —I'/(3H). Although Eq. (44)
is similar to Eq. (40), I' is different from @. (In Sec.
III B, we discuss a unified formulation based on a neo-
Newtonian approach [53, 78], in order to examine the
A(t) and BV types systematically.)

In general, a perturbation analysis in cosmology re-
quires a full relativistic description [53]. This is because
the standard nonrelativistic (Newtonian) approach works
well only when the scale of perturbation is much less than
the Hubble radius and the velocity of peculiar motions is
small in comparison to the Hubble flow. However, such
difficulties are circumvented by the neo-Newtonian ap-
proximation, as described in Ref. [53]. In fact, Jesus et
al. [53] closely investigated density perturbations in the
CCDM model corresponding to the BV type. Therefore,
we employ their formulations. In our units, setting ¢ = 1,
the time evolution equation for the matter density con-
trast d is given by

6+ |2H + T + 3¢%:H —

H — HT 5
H(3H -T)

. r
H+2H>) | 3¢ + —
+ {3( + ) <ceﬁ + 3H>
FH—HF]

H -
+3 HBH-T)

2 — (14 )

2 2
k*cig

r
— 47TGp <]. — 3—H> (1 + 3023) + (12 }5 = 0, (45)

where an effective sound speed, ¢, is defined by

: pe
o 5y (46)

For simplicity, we set ¢ = 1 when we present the time evo-
lution equation for 4. Jesus et al. assumed 2z = cZz(t)
and that the spatial dependence of § is proportional to
e®x where the comoving coordinates x (which are re-
lated to the proper coordinates r) are given by x = r/a.
In Ref. [53], ¢Z; is considered to be a new degree of free-
dom, and the influence of ¢2; on the density perturba-
tions is examined in detail. In this paper, we consider
¢ = 0. We explain the reason in Sec. IV C.

In the present study, we assume a spatially flat uni-
verse, and therefore, the Friedmann equation is 47Gp =
3H?/2. In addition, for numerical purposes, we employ
a new independent variable [53] defined by

where a(t) = @. (47)

1= Ina(t)). -

Using these equations, Eq. (45) can be rearranged as

5" + F(n)o' + G(n)é = 0, (48)

where F(n) and G(n) [53] are given by

r+H TH -HI
F(n) =2 2 - 4
(’f}) + 3ceff + H H(?)H — F) ) ( 9)

G(n) = (% - 1) <% + g + 3czﬁ>

'H' — HT' 4 k2 c2ge2n
H(3H -T) H?

+ 3¢ — 3(1 + )

(50)

It should be noted that ’ represents the differential with
respect to 7, i.e., d/dn. We can apply Eqs. (48)—(50)
to various models for the BV type. For example, the
CCDM model proposed by Lima, Jesus, and Oliveira [51]
(the LJO model) was closely examined in Ref. [53]. For-
mulations of the LJO model are equivalent to those of a
BV-C.s¢ model which includes a constant entropic-force
term, as discussed in the next section. In addition, we
can apply Egs. (48)—(50) to a BV-H model which in-
cludes an H term. We discuss density perturbations in
the BV-H and BV-Ccs; models in Secs. IV C and IV D,
respectively.

The LJO model discussed above is obtained for a con-
stant g(t). In the LJO model [53], I is defined by

T — 30, (P;°> u (51)

where Q, is a constant parameter and peo 18 the present
value of the critical density given by p.o = 3H3/(87G).
In a spatially flat matter-dominated universe, the Hubble
parameter is given by H = Hy[(1 — Qp)a=> + Q]2
This equation is equivalent to Eq. (36) when C; = 3/2
and Qy = Cy/C.

B. TUnified formulation for the A(t) and BV types

In Secs. IIT A 1 and IIT A 2, we reviewed first-order den-
sity perturbations of the A(t) and BV types separately.
In this subsection, in order to examine entropic-force
models systematically, we discuss a unified formulation
for the A(t) and BV types, using a neo-Newtonian ap-
proach. The neo-Newtonian approach was proposed by
Lima et al. [78], following earlier ideas developed by Mc-
Crea [81] and Harrison [82], in order to describe a New-
tonian universe with pressure [53]. In fact, first-order
density perturbations of the BV type discussed in Sec.
IIT A 2 are derived from the neo-Newtonian approach.

As shown in Sec. II, the general Friedmann, acceler-
ation, and continuity equations are given by Egs. (1),
(2), and (4), respectively. In order to discuss a unified
formulation in a matter-dominated universe (p = 0), we
consider the continuity equation written as

p+32p="Up, (52)



where U is given by

_ )@ (A?) type),
U= {F (BV type). (53)
Q [Eq. (39)] and " [Eq. (43)] are written as
__3 fo
Q= T8G p (54)
_ 3 Hyg(t)
=G p (55)

Basic hydrodynamical equations for the neo-Newtonian
approach are shown in Refs. [53, 78]. The basic equations
are suitable for describing the BV type. However, it is
necessary to consider the A(¢) type as well, in order to
discuss the unified formulation. Therefore, in the present
study, we take into account the fundamental equations
for the A(t) type (examined in the work of Arcuri and
Waga [79]) as well. Consequently, the basic hydrodynam-
ical equations for the unified formulation can be written
as

811 vrpc
dp
— ] +V,.-(pu)+06 =0, (57)
at ) .
V26 = 47G (p+ 1), (58)

where u is the velocity of a fluid element of volume and
® is the gravitational potential. For the unified formula-
tion, © and [ are given as

_,_ 3f®
@ — Qp - 8n@G (A(t) type)7 (59)
BV, -u (BV type),
_A®M _ 350
[ = 3 47 G A7G (A(t) type)? (60)
ke (BV type).

Equations (56)—(58) correspond to the Euler, continu-
ity, and Poisson equations, respectively. Using the basic
hydrodynamical equations, we have calculated the time
evolution equation for the matter density contrast ¢, ac-
cording to the work of Jesus et al. [53]. The derivation
of the equation is essentially the same as the derivation
shown in Ref. [53]. (For details, see Ref. [53].) Therefore,
we do not discuss this in the present paper. Alternatively,
we will examine whether the obtained equation is consis-
tent with the equations for the A(t) and BV types.

Setting ¢ = 1, using the linear approximation, and
neglecting extra terms, the time evolution equation for §
can be written as

. We
5+ {H(2+3c§ﬁ—3u)— 1+wc]

+ {3(H +2H?) (g — u)

+3H [ézﬂ—u—

k2 2
—47Gp (1 +w,) (1 + 3c2g) + aceff }5 =0, (61)

__ U _[|- (A(t) type),
u= r (62)
3H | —3(=w.) (BV type),
r
SR A CRNCYOR S .
3H -7 (BV type),
o _0p. _ JO  (A(t) type)
g = = ’ 64
= 6p {%—’:; (BV type). (64)
Equation (61) is the unified equation. In Eq. (61), p

represents p, i.e., a homogenous and isotropic solution
for the unperturbed equations. For simplicity, we set
c = 1 and replace p with p when we present the time
evolution equation for . Note that the values of the
three parameters (u, w., and c2g) for the A(t) type are
different from those for the BV type, as shown in Egs.
(62)—(64) and discussed in the following paragraph.

In the unified formulation, we consider an effective
pressure p. because the BV type assumes the effective
pressure, where p. is given by p. = p + p. = p. in the
matter-dominated universe. For the BV type, we inter-
pret p. as a pressure derived from an entropic-force on the
horizon of the universe. As discussed in Sec. IIT A 2, p.
for the BV type can be expressed as p. = —pc’I'/(3H)
[Eq. (42)]. Therefore, the equation of state parameter
for the BV type is given by w, = —I'/(3H). In contrast,
for the A(t) type, we neglect the effective pressure, i.e.,
pe = 0. Therefore, the effective pressure for the two types

is written as
0
DPe = _ pc’l
3H

This indicates that %, I', and w, are 0 when we consider
the A(t) type in the matter-dominated universe. Conse-
quently, the three parameters are summarized as shown
in Eqgs. (62)-(64). (As discussed in Secs. IV C and IV D,
we assume ¢’ = 0 for the BV type. However, in this

(A(t) type),

(BV type). (65)




subsection, we leave ¢Z; in Eq. (61), in order to clarify
the difference between the A(t) and BV types.)

We now examine the unified equation. To this end,
we first consider the A(t) type. As discussed above, we
can neglect the effective pressure for the A(t) type. Ac-
cordingly, ¢z and w, are neglected as well. Substituting
we =0, w, =0, 23 =0, and ¢z = 0 into Eq. (61) gives

6+ [H(2—3u)]d
+ [—:m(H +2H?) — 3Hi — 47Gp| 6 =0,  (66)

where u for the A(t) type [Eq. (62)] is given by

u = —Q and therefore u = —M

3H 3H? (67)
Substituting Eq. (67) into Eq. (66), and rearranging, we
have

5+ (QH+Q)6— 47er—2HQ—Q]6:0, (68)

where the mass density p for the A(¢) type (in a homoge-
neous, isotropic, and spatially flat universe) is given by
the general Friedmann equation:

p= (B = (1) (A() type). (69

The obtained equation [Eq. (68)] is equivalent to Eq. (38).
That is, the unified equation recovers the equation for
the A(t) type discussed in Sec. IITA 1. In the following,
we use Eq. (38) [Eq. (68)], in order to examine density
perturbations of the A(t) type.

When we consider the BV type, u is replaced by w,
[Eq. (62)]. Substituting v = w. and 4@ = w. into Eq.
(61), and rearranging, we have

5+ |H(2 + 3¢ — 3w,) — —
+{<+cefr we) ch]

+ {3(H +2H?) (2 — w.)

H -2 _ 1 2 wC
+3 |:Ceff ( +Ceff)1+wc:|
k2c?
—47Gp (1 +w,) (1 + 3c2g) + 7“ §=0, (70)

where w, for the BV type [Eq. (63)] is given by

and therefore We  _ LH — HE
l+w. H@BH-T)
(71)

We can confirm that Eq. (70) is more complicated than
Eq. (66), due to extra terms based on an effective pres-

we =37

sure. Substituting Eq. (71) into Eq. (70), we obtain

" A 'H-HT | .
2 .
5+ |2H +T + 3¢ H H(3H—F)]6
+{3(H +2H?) (¢ + L
eff 3H
IH — HT
H 2 1 2
+3 Ceff ( +CEH)H(3H—F)]
r 2 kg
_47TGp (1—3—H> (1+3Ceﬂ‘)+a—2 6:0, (72)

where p for the BV type (in a homogeneous, isotropic,
and spatially flat universe) is given by

3

p= 81rG "

because f(t) = 0. Equation (72) is equivalent to Eq.

(45) for the BV type shown in Sec. IIT A 2. Therefore, we

can obtain Eqs. (48)—(50) from the unified equation. In

the following, we use Eqs. (48)—(50), in order to examine
density perturbations of the BV type.

In this subsection, we proposed a unified formulation
for the A(t) and BV types, using a neo-Newtonian ap-
proach. The unified formulation considered here can help
to discuss density perturbations of the A(t) and BV types
systematically. Of course, it is possible to examine the
density perturbations of the A(t) and BV types sepa-
rately, as shown in Secs. IITA 1 and IITA 2.

(BV type), (73)

IV. THE FOUR ENTROPIC-FORCE MODELS

In Sec. ITA, we presented the A(t) and BV types of
entropic-force models. In Sec. II B, we proposed the H
and C. versions which include H and constant entropic-
force terms, respectively. Therefore, in the present paper,
we examine four models obtained from combining the
H and C. versions with the A(t) and BV types. The
four models, A(t)-H, A(t)-Cest, BV-H, and BV-Clg, are
summarized in Table L.

To examine the four models, we consider a matter-
dominated universe given by

w = 0. (74)

TABLE I: The four entropic-force models. The four models
are obtained from combining the H and Ccs versions with

the A(t) and BV types. B3 and B4 are dimensional constants
defined by Eq. (20).

Model f@) g(t)
A(t)-H BsH B:H
A(t)-Cest Ba Pa
BV-H 0 BsH
BV-Clu 0 Ba




As mentioned in Sec. IIB, we neglect H? terms in the
entropic-force terms, i.e., ay = 1 = 0. Substituting
a; = 1 =0 and w = 0 into Eq. (25) gives C; = 1.5. We
define C; for a matter-dominated universe as C,,, which
is given by

Cim =Cn =15 (=3/2). (75)
In the standard cosmology, the universe for C; = 3/2
corresponds to a matter-dominated universe [7, 8].

We present formulations of the four models in the fol-
lowing subsections. (We note that the background evo-
lution of the universe in the four models depends on the
two equations Eqs. (31) and (35). Therefore, the back-
ground evolution in the A(t) type is the same as that in
the BV type.)

A. A(t)-H model

For the A(t)-H model, the general functions are writ-
ten as

() = g(t) = B H. (76)

As shown in Eq. (32), the evolution of the Hubble pa-
rameter for the H version can be rearranged as

o H o 03 a —Cm 03

(1) om O
= (1 Cm> a + C. (77)

where E(a) represents the normalized Hubble parameter
H/Hjp and a is the normalized scale factor a/ag. In Eq.
(77), Cy has been replaced by C,, (= 3/2) [Eq. (75)].

In the present study, C5 is determined through fitting
with a fine-tuned standard ACDM model, as discussed in
Sec. V. Using the obtained C5 and substituting w = 0
and a3z = (3 into Eq. (27), we have

B = 2Cs. (78)

Similarly, 35 is given by (2/3)CsHy.

We now discuss density perturbations. To this end, we
employ density perturbations of the A(t) type shown in
Sec. IITA 1. (For a unified formulation based on a neo-
Newtonian approach, see Sec. IIIB.) Substituting Eq.
(76) into Eq. (37), we obtain [83]

. a 3 4 .
pt3op= —%531{- (79)

Consequently, the time evolution equation for the per-
turbation growth factor in the A(t)-H model is given by

§+(2H+Q)6— 47er—2HQ—Q]6:0, (80)
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B 3 BH
T 871G )

(H? - BsH), Q= e

The above equations are equivalent to a ‘A oc H model’
examined by Basilakos et al. [18]. Based on their solu-
tions, the perturbation growth factor is written as

~ am [* dz
é(a) = Ja 3/2/0 BRE@)?’ (82)

where J is given by

9 N 2/3
1=2(- &) ( )
2 C,. e

m

4/3 2/3
=3 (1 - ﬁ) (§> . (83)
2 Cm Cm

E(z) for the H version is given by Eq. (77). Therefore, we
can examine the perturbation growth factor for the A(t)-
H model using the determined C3 and C,, = 3/2. We
note that Cs/C,, included in Eqgs. (77) and (83) behaves
as if it were the density parameter 25 for A in the A oc H
model [18]. Similarly, 1 — g—i behaves as if it were the
density parameter (1, for matter in the A o« H model.
Note that Q,, is given by 1 — Q4 , when we assume a flat
universe and neglect the density parameter (2. for the
radiation. In this study, the C5/C,, term depends on an
entropic-force derived from a volume entropy.

B. A(t)-Cost model

For the A(t)-Cest model, the general functions are writ-
ten as

F) = g(t) = Ba. (84)

The formulation of this model is equivalent to the stan-
dard ACDM model. As shown in Eq. (36), the evolution
of the Hubble parameter for the C.y version is given as

2
E(a)? = <H£0> = (1 - g—‘*) a2 + g—“ (85)

where C has been replaced by C,,(= 3/2) and a repre-
sents a/ag. This equation is equivalent to the solution
of the standard ACDM model. Therefore, the constant
term Cy/C,, behaves as if it were 1, in the standard
ACDM model. Similarly, 1 — g—: behaves as if it were
Q,, in the standard ACDM model in a flat universe. In
this study, we determine C4 from (2 of a fine-tuned stan-
dard ACDM model, as discussed in Sec. V. Accordingly,
we can obtain 34 from the determined Cy. Substituting
w =0 and a4 = (4 into Eq. (28), B4 is written as

B = 2Cu (86)

Similarly, 3, is given by (2/3)C4H2.



In order to discuss density perturbations of the A(t)
type, we substitute Eq. (84) into Egs. (37) and (39) to
give

p+33p:0, Q =0. (87)

Substituting @ = 0 into Eq. (38), the time evolution
equation for the perturbation growth factor is written as

6 + 2HO — 4wGpd = 0. (88)

Solving Eq. (88), we obtain the well-known perturbation
growth factor [18, 84] given as

— L a) ra
5@:5( CQW)E( )/0 s )

where E(z) for the C. version is calculated from Eq.
(85). This solution is the same as the standard ACDM
model. Note that we assume an entropy S.4 proportional
to r§; in a matter-dominated universe [85].

C. BV-H model

For the BV-H model, the general functions are written
as

ft)y=0, g(t)=psH. (90)

As shown in Eq. (77), the evolution of the Hubble pa-
rameter for the H version is given by

E(a) = HEO = (1 - %) a9 + g—3 (91)

In the present study, C's is determined through fitting
with a fine-tuned standard ACDM model. Consequently,
the obtained C5 for the BV-H model is the same as that
for the A(t)-H model. Substituting w = 0 and az =0
into Eq. (27), B3 is given by

Bs = Cs. (92)

The obtained 33 = Cj is slightly different from (3 =
(2/3)Cs5 [Eq. (78)] for the A(t)-H model.

We now examine the density perturbations. As dis-
cussed in Sec. IIT A 2, when p = 0, the general continuity
equation for the BV type [Eq. (41)] is written as

. a 3
P+3EP: mHg(t)- (93)

In addition, the parameter I" for entropy production pro-

cesses [Eq. (43)] is written as
3 Hy(t)
=——— 4
A47G  p (94)

In the following, we apply the method proposed in Ref.
[53] to the BV-H model.
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For the BV-H model, g(t) is given by @sH (= 3 HoH).
Substituting Eq. (92) into this equation, we have

9(t) = C3HoH. (95)
Substituting Eq. (95) into Eq. (94), T is given by

3 CyHyH?
G, (96)

Using the critical density p.o = 3HZ/(87G) and C,, =
3/2 [Eq. (75)], we can rearrange Eq. (96) as

3 CsHoH? peo\ H?
r=_° 23700 _9p -
4G p ?

C3> (Pc()) H? ~ <Pc0> H?
=3| = — ) =—=3W, | — ) =, 97
(Cm p ) Ho A p ) Ho (67)

where Qy,, for the BV-H model is given as

Qpy = = (98)

We emphasize that Q,, is not the density parameter for
A, but is a constant parameter, although QAH behaves
as if it were the density parameter for A.

When we examine the BV type, the time evolution
equation for the perturbation growth factor is given by
Eq. (45) which includes ¢ terms, as shown in Secs.
IIIA2 and IIIB. In the present study, we assume c?g =
0, in order to ensure an equivalence between the neo-
Newtonian and general relativistic approaches. This is
because the neo-Newtonian equation [Eq. (45)] is equiva-
lent to the general relativistic equation for a single-fluid-
dominated universe only when c¢Z; = 0, as examined in
the work of Reis [86]. The equivalence is closely discussed
in the recent work of Ramos et al. [87]. (Substituting Eq.
(97) into Eq. (42), we have a time-dependent effective
pressure p.. Accordingly, ¢2 is not 0, where ¢? is defined
by ¢? = p./p. This implies non-adiabatic perturbations
because % # 2 [86, 87].)

As discussed above, in the present study, we consider
cq = 0. Therefore, Eqs. (48)—(50) are written as

8" + F(n)d' + G(n)é =0, (99)

where

r+H' I'd' — HI'
Fn)=2+ —

H  HBH-T)

(100)

6= (5-1) (3 +3) ~Srgm ot

In Egs. (99)-(101), ' represents the differential with re-
spect to n, i.e., d/dn, where n = In(a(¢t)) [Eq. (47)]. It
should be noted that H and I included in Eqgs. (99)—(101)
for the BV-H model are different from those for the LJO
model [53].

(101)



From Egs. (91), (97), and (98), I’/ H can be rearranged
as

I .~ (po\ H .o (H\>H
— =30 — =30 — ] —
H AH<P>H0 AH<H> Hy

B 300, B 30y, a%m
(1—0x,)aCm 4+ Qs (1—Qpp) 4+ Qapyalm
3QAHG%W

= — — , 102
1—QAH+QAH6%T’ ( )

where p.o/p is replaced by (Hy/H)? using the Friedmann
equation. Also, a“m is replaced by e*7/2 using C,, = 3/2
and @ = e”. Similarly, we obtain

T+ H  —3(1-Qu,)+30,e2" (109
H 1—QAH+QAH6%T’ ’
TH' — HT' —3Qp, 2"
- R (g
HGBH-T) 1-Qp, +Qp,e2"
From Egs. (102)—(104), F(n) can be arranged as
(1 — QAH) + 13QAH6%"
F(n) = - — (105)
2 (1 —Qp, + QAHesn)
or
(1 - g_i) + 1358 edn
F(n) = T (106)
2 (1 ~ Gy g—sea")
and G(n) can be arranged as
. - 2
3 {4Qf\He3” — (1-0a,) }
G(n) = - — 3
2 (1 — QAH + QAHeEn)
90, €37
i R (107)
2 (1 —Qp, + QAH@")
or
2 2
3{4(5_;) e (1- &) }
G(U) = s\ 2
2(1- &+ C—ieﬂ)
9Cs o3n
+ o (108)

Using F'(n) and G(7n), we can numerically solve the differ-
ential equation [Eq. (99)] for the BV-H model. To solve
this, we employ the initial conditions of the Einstein—de
Sitter growing model [53]. The initial conditions are set
to be §(a;) = a; and §'(a;) = a;, where @; = a;/ap =
1073,
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D. BV-C.t model

For the BV-C¢s¢ model, the general functions are writ-
ten as

F) =0, g(t) =ps.

As shown in Eq. (85), the evolution of the Hubble pa-
rameter for the Ccg version is given by

H\? Cy Cy
E@?=(=) =(1-=)a2% 4+ ==,
(a) <H0> < Cm> ¢ * Cm
In the present study, we determine Cy from 2, of a fine-
tuned standard ACDM model, as discussed in Sec. V.
That is, the obtained C4 for the BV-C.y model is the

same as Cy for the A(t)-Cest model. Substituting w = 0
and a4 = 0 into Eq. (28), (4 is given by

(109)

(110)

Ba = Cy.

The obtained 3, = Cj is slightly different from 8, =
(2/3)C4 [Eq. (86)] for the A(t)-Cest model.

We now examine the density perturbations. When p =
0, the general continuity equation for the BV type [Eq.
(41)] is written as

(111)

a 3
)+ 3—p=—F=Hg(t 112
pt3op==Hg(t), (112)
and the parameter I' [Eq. (43)] is written as
3 Hy(t)
=——". 113
4G p (113)

For the BV-Ces¢ model, g(t) is given by 34 =C, = CyHZ.
Substituting g(t) = C4HJ, peo = 3HZ/(87G), and C,,, =
3/2 into Eq. (113) and rearranging, we have

3 H(C4HE) Pco
N=——-=2C H
4rG p * p

C4> <pco> . <p80>
Cm p p (114)
where QA for the BV-C.s model is given as

~ C

Qp = é (115)

Note that Q4 is not the density parameter for A, but
is a constant parameter, although 2, behaves as if it
were the density parameter for A. The above equations
are equivalent to those for the LJO model [51, 53]. For
example, Eq. (114) is the same as Eq. (51).

When we examine the BV type, the time evolution
equation for the perturbation growth factor is given by
Eq. (45). In the present study, we consider ¢Z; = 0, in or-
der to ensure an equivalence between the neo-Newtonian

and general relativistic approaches [86], as discussed in



Sec. IV C. Of course, we can expect ¢2z = 0 for the BV-
Cest model [53]. For example, substituting Eq. (114) into
Eq. (42), we obtain a constant effective pressure. There-
fore, we expect that the pressure perturbation dp. should
vanish, i.e., 2z = dp./6p = 0. However, strictly speak-
ing, the constant effective pressure is not equivalent to
0p. = 0. Accordingly, in the present paper, we explicitly
assume c2g = 0. (We obtain ¢ = 0 from the constant
effective pressure since ¢2 is defined by p./p. This indi-
cates adiabatic perturbations because 2z = ¢Z [86, 87].
The influence of ¢ is closely examined in Ref. [53].)
Consequently, Eqgs. (48)—(50) can be written as

3" + F(n)d' + G(n)d =0, (116)
where
'+H TH —HI
Pl =2+ —p—— gag—p (W7
r r 3 I'H' — HT'

Substituting Eqs. (110), (114), and (115) into Eqgs. (117)
and (118) and rearranging, F'(n) and G(n) [53] can be
summarized as

B (1 — QA) +1600e%
Fn = 2 (1 —Oa+ QAe3n) -

(1- &) +1652e
2 (1 — Lo 4 Lagan
(119)

QQA6377
1-— QA + QA6377

3 {mieb‘" - (1 - QA)Z}
+

2 (1 — QA + QA€377)2

9(1- QA)2

T (1 —On + QAe3n)2

9(1—5—;)2

- 2
2(1- &+ Grem)

G(n) =

3 (50Ae3" —24 QQA)
1-— QA + QA€3T’

3 (55—16377 2+ 25—;)

l_g_4+g_4€3n

+

(120)

The evolution of ¢ is solved numerically, using the initial
conditions of the Einstein-de Sitter growing model [53],
as described in Sec. IV C.

V. EVOLUTION OF THE UNIVERSE IN THE
FOUR ENTROPIC-FORCE MODELS

We examine the evolution of the universe in the four
entropic-force models, A(t)-H, A(t)-Cest, BV-H, and
BV-C¢s. To discuss the properties of the four models, we
determine four dimensionless constants, as, a4, O3, and
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B4, from the background evolution of the universe. The
obtained constants for the four models are summarized in
Table II. (Several parameters are 0 based on our defini-
tion of each model. For example, for the A(¢)-H model,
both a4 and 34 are 0, because constant terms with ay
and [, are neglected in this model.)

For the H version (i.e., the A(¢)-H and BV-H models),
C4 is 0. Accordingly, for the H version, we determine Cj
through fitting with a fine-tuned standard ACDM model
[5]. To this end, we use the luminosity distance, as ex-
amined in Ref. [60]. After C5 and C, are obtained, the
four dimensionless constants as, a4, 83, and B4, are de-
termined from Eqs. (27) and (28). (For the A(t) type, we
have 83 = (2/3)C5 and B4 = (2/3)C4, whereas we have
B3 = C3 and B4 = Cy for the BV type.) The luminosity
distance [88] is generally given by

(%) dr, = (1+z)/11+2%,

where the integrating variable y, the function F(y), and
the redshift z are given by

(121)

[04]

=— -1 122
and z ” (122)

a Hy’
Substituting Eq. (32) into Eq. (121), we obtain the lu-
minosity distance for the H version. For the standard
ACDM model, the luminosity distance of a spatially flat
universe is given as

(%) dy = (1+2) /0 del(1+ 2)*(1 + Q)

— (2 + )] 3, (123)
where (2, and Q) represent the density parameters for
matter and A, respectively. In the standard ACDM
model, ©,, and Q4 are given by Q,, = &= = 871G pm

Pco 3Hg
and Q) = ﬁ [89]. Here py, is the density of mat-

ter, including baryonic and dark matter. In the present
paper, we consider a spatially flat universe given by
Qiotal = Qi + Qa4 = 1, neglecting the density parameter
2, for the radiation [58-60]. In particular, we consider
the universe in which (Q,,,Qx) = (0.315,0.685). This
universe is obtained from a fine-tuned standard ACDM
model, which takes into account the recent Planck 2013
best fit values [5].

As examined in Ref. [60], we determine C5 for the
H version, through fitting with the fine-tuned standard
ACDM model, minimizing the function given by

N . 2
() =y |l an ) (124)

i=0 dL’A (Z) 7
where df, A (z) and dy,(z; C3) are the luminosity distances
for the fine-tuned standard ACDM model and the H ver-
sion, respectively. Through fitting, C3 is approximately
determined to be 0.884 [60]. The dimensionless constants
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TABLE II: Dimensionless constants for the four entropic-force models. We consider a matter-dominated universe, i.e., Ci =
Cp, = 1.5. For the A(¢t)-H and BV-H models, C3 is determined through fitting with the luminosity distance of a fine-tuned
standard ACDM model [60]. For the A(t)-Cest and BV-Cesy models, Cj is calculated from C1Q4, where Q4 is 0.685 based on

the Planck 2013 results [5]. For details, see the text.

Parameter A(t)-H A(t)-Clst BV-H BV-Clst
a3 (2/3)03 0 0 0

Q 0 (2/3)C4 0 0

Bs (2/3)Cs 0 Cs 0

Ba 0 (2/3)C4 0 Ca

C1 1.5 1.5 1.5 1.5

Cs 0.884 0 0.884 0

Cy 0 1.03 0 1.03

for the A(¢)-H and BV-H models are summarized in Ta-
ble II.

Next, we determine the dimensionless constants for the
Cest version, i.e., the A(t)-Cesy and BV-Cesy models. To
this end, we determine Cy. As shown in Eq. (36), the
evolution of the Hubble parameter for the C.y version is
given as

H 2 — (1 04 a —2¢ 04
<H0> a < Cl) <a0> o
where C; can be replaced by C,, = 3/2 [Eq. (75)].
Equation (125) is equivalent to the solution of the stan-
dard ACDM model. This implies that the constant term
C4/Cy behaves like Q0 in the standard ACDM model.
Therefore, we determine C4 from C;Q,, without fit-
ting. Consequently, Cy is determined to be CiQ =
1.5 x 0.685 ~ 1.03. The dimensionless constants for the
A(t)-Cest and BV-Cs; models are summarized in Table
II.

To observe the properties of the H and C.g versions,
the luminosity distance dj, is shown in Fig. 1. The H
version corresponds to the A(t)-H and BV-H models,
whereas the C.s version corresponds to the A(#)-Cest and
BV-C.s models. As shown in Fig. 1, both the H and
Cest versions agree well with the supernova data points.
This is because, for the H version, C3 = 0.884 is deter-
mined through fitting with a fine-tuned standard ACDM
model. (The background evolution of the universe in the
Cest version is the same as that in the fine-tuned stan-
dard ACDM model.) In addition, as discussed in Ref.
[60], the H and C.s versions can describe a decelerating
and accelerating universe. To confirm this, we examine
a temporal deceleration parameter ¢ defined by

- (&
q— aH2 I

where positive g represents deceleration and negative g
represents acceleration. (@/a is equal to H + H2.) Sub-
stituting Eq. (31) or Eq. (35) into Eq. (126), and using
Cs = C3Hy or Cy = C4HZ, we obtain ¢ for the H version

(125)

(126)

= :
) r
> C
< B
_‘8 r
o) r )
S .10 4 ° Observed datapoints
& © Hversion (C,=0.884)
-1.5 — C version (C,=1.03)
-2.0 : ‘ '
0 0.5 1 15 2

z

FIG. 1: (Color online). Dependence of luminosity distance
dr on redshift z. The H version corresponds to the A(t)-
H and BV-H models, whereas the C.s version corresponds
to the A(t)-Cest and BV-Cosy models. The open diamonds
with error bars are supernova data points taken from Ref. [3].
For the supernova data points, Hp is set to 67.3 km/s/Mpc
[5]. Dimensionless constants for the H and C.s versions are
summarized in Table II. Note that dz for the H version is
equivalent to dr examined in our previous work [60].

or the C.g version, respectively, given as

C;
O = w1
7= C, — -G+ __ 1
L™ (HTHy)?

(H version), (127)
(Cest version).

From Eq. (127), we can calculate each temporal deceler-
ation parameter. As shown in Fig. 2, both the H and
C.st versions describe a decelerated and accelerated ex-
pansion of the universe in low redshift. In this way, the
H version is similar to the C.s version, when we focus
on the background evolution of the universe. Note that
the original entropic-force model [55, 56] cannot describe
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FIG. 2: (Color online). Dependence of temporal decelera-
tion parameter g on redshift z. The H version corresponds
to the A(t)-H and BV-H models, whereas the Ccs version
corresponds to the A(t)-Cest and BV-Cleyy models.

a decelerating and accelerating universe [20, 63], because
H and constant entropic-force terms are not included.

We now examine first-order density perturbations in
the four models. To this end, we observe the evolution
of the perturbation growth factor §. As described in the
previous section, § for the BV-H and BV-Cs models is
numerically solved by using the initial conditions of the
Einstein—de Sitter growing model, i.e., §(d;) = a; and
8'(a;) = a;, where a; = a;/ap = 1073, In contrast, we
calculate ¢ for the A(t)-H and A(t)-Cesy models without
using the initial conditions. Consequently, we find that
§(a;) for the A(t)-H model is slightly smaller than 1073.
Therefore, ¢ for the A(t)-H model is normalized so that
§(a;) = a; = 1073 is satisfied. The normalized values
are plotted in Fig. 3. The normalization for the A(t)-H
model does not influence the following discussion. (The
A(t)-Cesy model satisfies §(a;) = a@; = 10~3 without nor-
malization.)

For small a/ag (a/ap 5 0.1), ¢ increases with a/ao,
as shown in Fig. 3. Thereafter, the increase of ¢ for the
A(t)-H, BV-H, and BV-C¢s models tends to gradually
slow. For a/ap g 1, ¢ for the three models decreases,
whereas § for the A(t)-C.s; does not decrease. It is clearly
shown that density perturbations for the A(t)-Cest and
BV-C.s¢ models are different from each other. However,
as mentioned previously, the background evolution of the
universe in the BV-Cy model is the same as that for the
A(t)-Cest model. Similarly, density perturbations for the
A(t)-H and BV-H models are different from each other
although the background evolution in the two models is
the same. In addition, for a/ag g 0.5, ¢ for the BV types
decreases significantly, in comparison with the A(¢) types.

Finally, we observe the evolution of an indicator of
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FIG. 3: (Color online). Evolution of density perturbation
growth factor § in the four entropic-force models. Note that
¢ for the A(t)-H model is normalized (see the text.).
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FIG. 4: (Color online). Evolution of the growth rate f(z)
of clustering in the four entropic-force models. The closed
circles with error bars are the observed data points taken
from a summary of Ref. [53].

clustering, namely, the growth rate of clustering [84].
(For the A(t)CDM and CCDM models, the growth rate
has been closely examined, e.g., see Refs. [18, 53].) The
growth rate f(z) of clustering is calculated as

dlné dlné
1) = dlna ~(1+2) dz

. (128)

The evolution of the growth rate of clustering in the four
models is shown in Fig. 4. The observed data points are
taken from a summary of Ref. [53]. Note that each origi-
nal data point is given in Refs. [90-96]. As shown in Fig.
4, for high z (z g 2), the growth rate f(z) of each model
is positive and is likely consistent with the observed data



points. For low z (2 5 1), f(z) for the A(¢)-H, BV-H,
and BV-C¢ models tends to be negative and disagrees
with the observed growth rate. This is because, as shown
in Fig. 3, ¢ for the three models decays at high a/ag (cor-
responding to low z). As shown in Fig. 2, the H version
(i.e., the A(t)-H and BV-H models) can describe a decel-
erating and accelerating universe predicted by the stan-
dard ACDM model. However, the A(t)-H and BV-H
models disagree with the observed growth rate of clus-
tering [Fig. 4]. In addition, the BV-C.s model disagrees
with the observed growth rate, although its background
evolution is the same as the A(¢)-Cest model. Of course,
as examined in Ref. [53], the BV-Cs model agrees with
the observed growth rate if ¢Z; is set to be —1 assuming
that ¢ is a free parameter. However, in the present pa-
per, we do not consider the case for ¢2¢ # 0, as discussed
in Sec. IV D.

In contrast, f(z) for the A(t)-Cest model agrees well
with the observed growth rate, even for low z, as shown
in Fig. 4. This is because the formulation of the A(t)-
Cest model is equivalent to that of the standard ACDM
model. We find that the A(t) types (i.e., the A(t)-H
and A(t)-Cesy models) are consistent with the observed
growth rate, in comparison with the examined BV types
(i-e., the BV-H and BV-C\s models). This indicates that
the A(t) type, especially the A(t)-C.sy model, is suitable
for describing structure formations. Note that an en-
tropy S,4 proportional to r; is required for the A(t)-Ce
model, as discussed in Appendix A 3.

In the present paper, we study the evolution of the uni-
verse in the four entropic-force models, obtained by com-
bining the H and constant entropic-force terms with the
A(t) and BV types. Similar results have been examined
in bulk viscous models, CCDM models, and A(t)CDM
models. For example, cosmological models similar to the
BV-H, BV-Cis, and A(t)-H models have been closely in-
vestigated in Refs. [40], [53], and [18], respectively. Our
results are consistent with those examined in the previous
works.

VI. CONCLUSIONS

Entropic-force models are categorized into two types.
The first is the A(¢) type similar to A(¢)CDM models, and
the second is the BV type similar to bulk viscous models
(and CCDM models). In order to examine the two types
systematically, we have considered an extended entropic-
force model which includes H and constant C.g terms.
In particular, we have focused on the H and Ccs terms
separately, in a homogeneous, isotropic, and spatially flat
matter-dominated universe. The constant entropic-force
term considered here is derived from an entropy S,4 pro-
portional to r%, assuming S;4 as one of the possible en-
tropies.

In the present paper, we have examined four models,
the A(t)-H, A(t)-Cest, BV-H, and BV-C,s models, which
are obtained from combining the H and Cs terms with
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the A(t) and BV types. The four models agree well with
observed supernova data points and describe a deceler-
ated and accelerated expansion of the universe. In order
to examine first-order density perturbations in the four
models, we used two formulations proposed by Basilakos
et al. [18] and Jesus et al. [53]. The two formulations
can be summarized using a neo-Newtonian approach and,
therefore, we have proposed a unified formulation which
helps to observe the two formulations systematically. In
addition, we have extended the formulation, in order to
study the BV-H model. Consequently, for large a/ag, the
perturbation growth factor ¢ for the A(t)-H, BV-H, and
BV-C.st models decreases, whereas § for A(t)-Cest does
not decrease. Therefore, for low redshift, the growth rate
for the A(t)-H, BV-H, and BV-C¢s models tends to be
negative and disagrees with the observed growth rate. It
is found that for low redshift, H versions (i.e., the A(¢t)-H
and BV-H models) are not consistent with structure for-
mations, though the H version describes a decelerating
and accelerating universe. In contrast, the growth rate
for the A(t)-C.st model agrees well with the observed
growth rate. Interestingly, the BV-C.s, model disagrees
with the observed growth rate, although its background
evolution of the universe is the same as that of the A(t)-
Cest model. (Note that we have assumed czﬂ =0in
the present study. The BV-C.s model agrees with the
observed growth rate if ¢?; is considered to be a free pa-
rameter, as examined by Jesus et al. [53].)

It is also found that A(¢) types (the A(¢t)-H and A(t)-
Cest models) are consistent with the observed growth
rate, in contrast with BV types (the BV-H and BV-C.g
models). Therefore, in entropic-force models, the A(t)
type is likely suitable for describing density perturbations
or structure formations. Through the present study, we
have revealed fundamental properties of the two types of
entropic-force models systematically. Of course, similar
cosmological models have been discussed in bulk viscous
models [40], CCDM models [53], and A(t)CDM models
[18]. Our results are related to those cosmological models
although the theoretical backgrounds are different.

APPENDIX A: DERIVATION OF
ENTROPIC-FORCE TERMS

In the entropic cosmology suggested by Easson et al.
[55], the horizon of the universe is assumed to have an
associated entropy and an approximate temperature. In
this paper, we use the Hubble horizon as the preferred
screen, because the apparent horizon coincides with the
Hubble horizon in a spatially flat universe [55]. (If we
consider a spatially non-flat universe, we would use the
apparent horizon as the preferred screen rather than the
Hubble horizon.) The Hubble horizon (radius) rgy is
given by

(A1)

C
rg = —.
H



The temperature 7' on the Hubble horizon is given by

hH y h ¢
27(]6}3

- = A2
V= ok (A2)

where kp and 7 are the Boltzmann constant and the re-
duced Planck constant, respectively. The reduced Planck
constant is defined by i = h/(27), where h is the Planck
constant. As described in Refs. [58-60], the tempera-
ture considered here is obtained by multiplying the hori-
zon temperature, iH/(2rwkg), by v, a non-negative free
parameter on the order of O(1). (A similar parameter
for the screen temperature has been discussed in Refs.
[55, 61].) In the present study, we use the temperature on
the horizon, assuming thermal equilibrium states based
on a single holographic screen [55, 56].

In the following, we discuss three entropic-force terms,
the H?, H, and constant terms, which are derived from
an area entropy Sz, a volume entropy 5,3, and an en-
tropy S.4 proportional to ri;, respectively. In Secs. A1
and A 2, we derive the H? and H terms, according to the
works of Easson et al. [55] and the present authors [60].
In Sec. A3, we derive the constant entropic-force term
from S,4 proportional to rf;.

1. H? terms derived from the area entropy S,»

In the original entropic-force model [55, 56], an associ-
ated entropy on the Hubble horizon is given as

k?BC3 AH

S =G 10

(A3)

where Ay is the surface area of a sphere with the Hubble
radius rg. This is the Bekenstein entropy (area entropy)
which is proportional to Ay and 7% [58-60]. Substituting
Ay = 4nr% into Eq. (A3), and using ry = ¢/H, we have

kBC3 AH _ (FkBC5> 1 1

=06 1 ~\he Jm g Y

where K is a positive constant [58, 60] given by

7rk'B 65
K = A5
The entropic-force F' can be given by
dE ds ds
dr dr < drH> ’ (46)

where the minus sign indicates the direction of increasing
entropy or the screen corresponding to the horizon [55].
The entropic-force F,.o derived from the area entropy S,
is given as

dSTQ C4
Fn.y=-T = —y—.
2 d’I“H ’yG

(A7)
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Therefore, the pressure p,2 [55] is given by

FT2 C4 1 C2

g = = =y ————— = —y——H?. A8
b=y T T Gan(e/H)? T T 1nG (A8)
Since Eq. (A8) indicates negative pressure, the entropic-
force model can explain an accelerated expansion of the
late universe [55]. The pressure p,» is proportional to
H? which corresponds to entropic-force terms. In Refs.

[55, 60], the acceleration equation is given as
a 4G 3
2= <p+c—§>+7H2.

The last term, i.e., the vH? term, is the so-called
entropic-force term derived from the area entropy S;».

(A9)

2. H terms derived from the volume entropy S;3

In this subsection, instead of area entropy, we consider
a volume entropy [60]. Recently, Tsallis and Cirto have
suggested a generalized black-hole entropy using appro-
priate nonadditive generalizations for d-dimensional sys-
tems [68]. In their study, a nonadditive entropy (for a
set of W discrete states) is defined by

w 1\ %
Ss, =k Y _pi (111 ;> (6, > 0), (A10)

i=1

where p; is a probability distribution [68]. (For other
nonextensive entropies, e.g., Tsallis’ entropy [97], see Ref.
[98].) When 6, = 1, S5, recovers the Boltzmann-Gibbs
entropy. Tsallis and Cirto demonstrated that a general-
ized black-hole entropy can be written as

S5,=3/2 ~ (5_13)%
kg k) ’
where the event horizon area of a black hole is used for the
Bekenstein black-hole entropy Sg. As examined in our
previous study [60], we apply this entropy to an entropy

for entropic cosmology. Using Ay = 47r%, we have the
entropy S on the Hubble horizon evaluated as

(A1)

3
S oc A oc Ty (A12)
Accordingly, we assume the volume entropy S,z given by

7rk'Bc3
L x ¢,

Sps = (A13)

where ( is a non-negative free-parameter and is a dimen-
sional constant [60]. Substituting rg = ¢/H into Eq.
(A13), we obtain

1
H3

0= g ¢ (g7) = e

(Al4)



where K is mkgc®/(hG) given by Eq. (A5). Therefore,
the entropic-force F,.3 derived from the volume entropy
Sr3 [60] is given as

dS,3 ¢t (3cC 1
F.3=-T =—=|—=—=. Al5
s dry G ( 2 H (A15)
The pressure p,3 is given as
F.3 c? 3¢
r = — = — —_— A16
Pr3 Ay 747rG D) ( )

The obtained entropic-force term is an H term, unlike
in the case of the original entropic-force model. That
is, the H term is derived from the volume entropy S,3.
As examined in Ref. [60], the entropic-force model which
includes the H term describes a decelerating and accel-
erating universe.

3. Constant terms derived from an entropy S:4
proportional to r

In this subsection, we assume an entropy S,4 propor-
tional to rf;, which is defined by

7Tk?B C3 4

G X ¢TH7

where 1 is a non-negative free-parameter and a dimen-
sional constant. Of course, the origin of such an entropy
is not clear. However, it is possible to consider S,.4 as a

possible entropy if extra dimensions were assumed. Sub-
stituting rg = ¢/H into Eq. (A17), we obtain

57'4 =

(A17)

7Tk?BC 2
el X Yry rp = Kc ¢H47
where K is mkpc®/(hG) [Eq. (A5)]. Substituting Eqgs.
(A2) and (A17) into Eq. (A6), and using rg = ¢/H, we
have the entropic-force F;.4 given as
dS;4 h ¢ d

Foy=-T =y x —
4 dT‘H 27‘(]63 T'HFYX d’I“H |:

Spq = (A18)

rkgc®

2 ]
—vG(Qer)— G<202¢ )

From Eq. (A19), the pressure p,, derived from S, is
given as

Fa 1
Pra=q, =77 5( i >47rr%{
ct 1 1
BERe] <2C2¢H2> dn(c/H)? 26°9).
(A20)

The constant term (similar to a cosmological constant) is
derived from S, proportional to r§;. While the origin of
Srq is not clear and it is therefore important to ultimately
clarify the origin of S,.4, we do not discuss this in the
present study, though we assume S,.4 as a possible model.
Note that a similar constant term can be obtained if a
bulk viscosity £ of cosmological fluids is given by £ o< 1/H
(~1/T).

(A19)

T G(
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APPENDIX B: BACKGROUND EVOLUTION IN
AN EXTENDED ENTROPIC-FORCE MODEL

We review the background evolution of the universe in
an extended entropic-force model given by Eq. (24). In
fact, Eq. (24) is essentially the same as the equation for
a general A(t)CDM model examined in Ref. [18]. From
Eq. (24), we have

H
/ S E— (B1)
+o0 —Cly2 + ng + C4

where we consider ¢ > 0, Cs > 0, and Cy > 0, except
the case for C3 = Cy = 0. Using C3 = C3Hp and Cy =
CyHZ [Egs. (27) and (28)], and rearranging, we obtain

H (03 + A) exp[AHgt] - 03 + A

- — B2
HO 2C1 (exp[AHot] — 1) ’ ( )
o (exp[AHot] = )77 exp [ 474 x Hot] -

40 (exp[AHoto] — 1)% exp [02351A X Hoto]

where A and Hyty are given by
=14/ Cg + 40104, (B4)
20, -Cs+ A]F

H()to =1In |:2C1 — 03 — A:| (B5)

We can apply the above solutions to both the A(¢) and
BV types. The solutions are equivalent to those for the
general A(t)CDM model [18].

APPENDIX C: Cest VERSION

We examine solutions of an entropic-force model which
includes constant terms, i.e., the C. version. To this
end, we neglect H terms from the extended entropic-
force model given by Egs. (18) and (19) That is, we
assume Q3 = ﬂg = 0, and therefore Cs of Eq. (24) is 0.
In addition, we assume that C is a positive constant, in
a single—ﬂuid—dominated universe. In the following, we
extend our solution method discussed in Refs. [58, 60],
focusing on the background evolution of the universe.

When C3 = 0, we can rearrange Eq. (24) as

. H ~
= =-CH* +C4.

dt (1)

Therefore, we have

H
M _ o &

N I (C2)



where N is defined by

dN:@.
a

N =1Ina and therefore (C3)
We can solve Eq. (C2) when C; and C, are constant.
(We consider Cy to be a non-negative free parameter.)

When C; and C, are constant, Eq. (C2) is integrated as

[ = [ (C4)
—C1H + %
Solving this integral, and using N = Ilna, we have
C1H? — Cy = Da™ %", (C5)
and dividing this equation by C; gives
- = Za, (C6)

where D is an integral constant. Dividing Eq. (C6) by
HZ — (C4/Ch) = (D/C1)ag*“", we have

B a —2C1
= )
Rearranging Eq. (C7) and substituting Cy = Cy/HZ [Eq.
(28)] into the resulting equation, we obtain

AN _(,_1C\ (a7 10
H() - chl Qo chl
= 1_% a 7201+@7

C1 Qo Cl

where C; and Cy are determined from Egs. (25) and (28),
respectively.

Finally, we discuss the time evolution of the scale fac-
tor. To this end, Eq. (C8) is rearranged as

H? — (C4/Ch)

~ C7
H§ — (C4/Ch) (0

(C8)

H? =(1-B)a *“" + B, (C9)
where H, a, and B are defined by
~ H ~ a 04
H=_— = — B=—. 1
G A= o ()
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Multiplying Eq. (C9) by @2, we obtain
- B)a 2 + B]. (C11)

Substituting Ha = (da/dt)/Hy [58, 60] into Eq. (C11)
and rearranging, we have

1 da

e _ B\s-20,
e a\/(1 - B)a—1 + B. (C12)

Integrating Eq. (C12), we obtain

/a dz —/tHdt—H(t—t)
v o/A-Be 2+ B Sy

(C13)
Solving this integral yields
1 1/B —1)a=2¢1 +1
L ++/(1/ )a—2C1 + — Ho(t— 1),
2V/BC;  |1-+/(1/B—-1)a=2% +1
(C14)

Moreover, solving Eq. (C14) for @ and substituting Eq.
(C10) into the resulting equation, we have

ag
(\/ 6 +1) exp2VTiCiHo (t — to)] + /S —1]
2 g—;‘exp[mHO(t_tO)]
(C15)

and rearranging this gives

Cil
e _ lcosh (\/040115;10) + /L ginn (\/0401tH0)]
Qo 04
(C16)
where tg, is defined by

tHo = H()(t—to). (C].?)

The equivalent equations have been extensively examined
in ACDM and A(t)CDM models. Note that the constant
term considered here is derived from an entropy S,4 pro-
portional to 7.
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