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Molecular dynamics~MD! simulations of lithium metasilicate (Li2SiO3) in the glassy and supercooled
liquid states have been performed to illustrate the decay with time of the cages that confine individual Li1 ions
before they hop out to diffuse cooperatively with each other. The self-part of the van Hove function of Li1

ions,Gs(r ,t), is used as an indicator of the cage decay. At 700 K, in the early time regimet,tx1 , when the
cage decays very slowly, the mean square displacement^r 2& of Li1 ions also increases very slowly with time
approximately ast0.1 and has weak temperature dependence. Such^r 2& can be identified with the near constant
loss~NCL! observed in the dielectric response of ionic conductors. At longer times, when the cage decays more
rapidly as indicated by the increasing buildup of the intensity ofGs(r ,t) at the distance between Li1 ion sites,
^r 2& broadly crosses over from the NCL regime to another power lawtb with b'0.64 and eventually it
becomest1.0, corresponding to long-range diffusion. Bothtb and t1.0 terms have strong temperature depen-
dence and they are the analogs of the ac conductivity@s(v)}v12b# and dc conductivity of hopping ions. The
MD results in conjunction with the coupling model support the following proposed interpretation for conduc-
tivity relaxation of ionic conductors:~1! the NCL originates from very slow initial decay of the cage with time
caused by few independent hops of the ions becausetx1!to , whereto is the independent hop relaxation time;
~2! the broad crossover from the NCL to the cooperative ion hopping conductivitys(v)}v12b occurs when
the cage decays more rapidly starting attx1 ; ~3! s(v)}v12b is fully established at a timetx2 comparable to
to when the cage has decayed to such an extent that thereafter all ions participate in the slowed dynamics of
cooperative jump motion; and~4! finally, at long timess~v! becomes frequency independent, i.e., the dc
conductivity. MD simulations show the non-Gaussian parameter peaks at approximatelytx2 and the motion of
the Li1 ions is dynamically heterogeneous. Roughly divided into two categories of slow~A! and fast~B!
moving ions, their mean square displacements^r A

2& and^r B
2& are about the same fort,tx2 , but ^r B

2& of the fast
ions increases much more rapidly fort.tx2 . The self-part of the van Hove function of Li1 reveals that first
jumps for some Li1 ions, which are apparently independent free jumps, have taken place beforetx2 . While
after tx2 the angle between the first jump and the next is affected by the other ions, again indicating cooperative
jump motion. The dynamic properties are analogous to those found in supercooled colloidal particle suspension
by confocal microscopy.

DOI: 10.1103/PhysRevE.66.021205 PACS number~s!: 61.20.2p, 63.50.1x
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I. BACKGROUND

The most commonly used experimental technique
probe the ions is electrical conductivity relaxation that m
sures the macroscopic dielectric response of a sample
function of frequency. The conductance and capacitanc
the sample are usually measured and from the results
complex dielectric susceptibility«* (v) and complex con-
ductivity s* (v) are obtained@1–10#, or directly the com-
plex electric modulusM* (v) is obtained@11,12#. The fre-
quency dependence of data in the complex conducti
representation usually is well described by using Jonsch
expression@7#

s* ~v![s8~v!1 is9~v!5s0@11~ iv/vp!nJ#, ~1!

wheres0 is the dc conductivity,vp a characteristic relax
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ation frequency, andnJ a fractional exponent. On the othe
hand, the same data in the electric modulus representa
are also well described by the one-sided Fourier transfor

M* ~v!5M 81 iM 95M`F12E
0

`

dt exp~2 ivt !~2dF/dt!G
~2!

of the Kohlrausch stretched exponential function@1–5,13#

F~ t !5exp@2~ t/t!12n#. ~3!

The s8(v) obtained from Eqs.~2! and ~3! is similar to the
Jonscher’s expression in having the dc conductivity at l
frequencies and increases as a power law (vt)n at high fre-
quencies.
©2002 The American Physical Society05-1
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Traditionally, the study of the dynamic response of ion
conductors is focused on the motion of the ions that cont
ute to diffusion and conductivity. Whatever the preferred re
resentation of the data and the empirical expression use
describe them,s0 andvp in Eq. ~1! andt in Eqs.~2! and~3!
are all thermally activated with about the same activat
energy, indicating that they are originating from the mig
tion of ions from one site to another after overcoming t
energy barrier confining them in their potential wells by th
mal activation.

However, there is another ubiquitous contribution to
conductivity that until recently has received little attentio
This contribution consists of a nearly frequency independ
dielectric loss@hence referred to in the literature as the ne
constant loss~NCL! @4,6,14–21##, «9(v)'Ava, wherea is
nearly zero andA is a constant with weak temperature d
pendence that is approximately described by exp(T/To). The
NCL corresponds to an almost linear frequency depend
term s8(v)5v«9(v)'Av12a in the real part of the com
plex conductivity. At sufficiently low temperature or hig
frequencies, this nearAv term dominates over the ion hop
ping ac conductivity term which has the fractional power la
vnJ from the Jonscher’s expression orvn from Eqs.~2! and
~3!. The properties of the NCL differ@19# in many respects
from the ion hopping transport contribution and can be c
sidered to have different physical origins. From the prop
ties of the NCL, it was concluded that it comes from the io
@19#. The evidences include the observed approximately
ear increase of the NCL with concentration of the mob
ions @16#, and the existence of NCL in crystalline ionic co
ductors@19–21#.

II. VERY SLOW CAGE DECAY AS THE MECHANISM
FOR THE NCL

In a recent paper@21# an analysis of the constant los
contribution to the ac conductivity, in the frequency ran
10 Hz–1 MHz and finely spaced temperatures down
8 K, was reported for two different Li ionic conductor
one crystalline (Li0.18La0.61TiO3) and the other glassy
(61SiO2•35Li2O•3Al2O3•1P2O5). At lower temperatures, a
NCL corresponding to linear frequency dependent ac c
ductivity is the dominant contribution. As temperature is
creased a crossover from the near constant loss to a fract
power law frequency dependence of the ac conductivity@Eq.
~1! or Eqs.~2! and ~3!# is observed. At any fixed frequenc
v, this crossover occurs at a temperatureT determined ap-
proximately by the relation

v'v` exp~2Em /kT!. ~4!

Herev` is an attempt frequency andEm is the activation
energy, which turns out to be significantly smaller than
dc conductivity activation energy, and it has been identifi
with the energy of the barrier preventing the Li1 ions to
jump out from their potential wells. Later on, similar cros
over from NCL to ion hopping ac conductivity was foun
@22# in the glass-forming molten salt 0.4Ca(NO3)2
20.6KNO3 ~CKN! from data@23,24# at temperatures abov
and below its glass transition temperature. Furthermore
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was found@22# at all temperatures that the reciprocal of t
independent relaxation time of the ions of the coupli
model @25–30# for ionic conductivity relaxation@9,31–35#
lies within the crossover region. The independent relaxat
times to were calculated from the parametersn and t ob-
tained to fit isothermal data ofM* (v) of CKN by Eqs.~2!
and ~3! and the relation@9,25–35# betweent andto ,

t5@ tc
2nto#1/~12n! ~5!

with tc51 to 2 ps determined previously by high frequen
measurements for ionic conductors including CK
@9,10,35–37#. Since to of the coupling model is the ther
mally activated relaxation time of an ion to overcome t
barrier and hop out of its own well independent of the oth
ions, the good agreement between the experimentally de
mined crossover region and location of the independent
laxation frequency~i.e., the reciprocal ofto! is unsurprising
after all. The good agreement supports the interpretation
vanced@21,22# that the NCL is the loss due to very slow cag
decay by few and infrequent hops of ions out of their cag
while the majority of the ions are still being caged. The NC
is terminated at sufficient long timestx1 when the fraction of
ions that have independently jumped out of their cages is
small and the cage decay is no longer very slow. At s
longer times, after a significant fraction of ions have ma
their independent jumps out of their wells, the ions can mo
longer distances but only in a cooperative manner due
their mutual interaction/correlation. Exemplified by ac co
ductivity, the cooperative ion dynamics give rise to the i
hopping contribution described by the Kohlrausch functi
in the electric modulus representation, Eqs.~2! and ~3!. Co-
operative dynamics slows down further hops of the ions a
explains thatt in Eqs. ~3! and ~5! is much longer thanto .
Naturally, a measure of the time for a significant fraction
the ions to have independently jumped out of their cage
given by the thermally activated relaxation timeto . There-
fore the onset timetx2 of ion hopping ac conductivity de
scribed by Eqs.~2! and~3! is expected to be longer thanto .

For a fixed cage with a potential that does not change w
time, there is no NCL that extends over decades of time
increases in extent with decreasing temperature like
found in ionic conductors. In a harmonic well, the me
square displacement of the ion, given by Chandrasek
@38#, increases rapidly with time to a maximum value that
proportional toT. If the cage confining an ion in ionic con
ductors decays with time, then obviously a loss is observa
while the ion still remains in the decaying cage. This loss c
be observed as an increase of the mean square displace
^r 2& of the ions with time, in response to the decay of t
cage. If the cage decay is a sufficiently slow function of tim
the corresponding increase of^r 2& is correspondingly also
slow. In general, the cage or potential well confining a m
bile ion is determined by the matrix atoms and other mob
ions nearby, as evident from the form of typical potentia
used in molecular dynamics simulations@39–49#. The cage
is not permanent and it changes or decays because of at
5-2
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two reasons. First, the spatial relation of the mobile ion w
the matrix atoms can change with time as suggested by
broadening of the first peak of the self-part of the van Ho
function of the mobile ion,Gs(r ,t), with time as will be
shown later. Second, some of the other ions nearby may h
left their cages and the probability of them doing so
creases with time. The second contribution to cage de
was established by study of the motion of concentrated
loidal particle suspension using confocal microscopy
Weeks and Weitz@50#. In this case, the cage is formed e
tirely by neighboring particles of the same kind as the ca
particle. By defining particles as nearest neighbors if th
separation is less than a cutoff distance set by the first m
mum of the pair correlation function, Weeks and Weitz d
fine a cage correlation functionCcage(Dt) by the fraction of
particles with the same neighbors at timet and at t1Dt,
after averaging over allt. Deduced from the confocal micros
copy data,Ccage(Dt) shows decay withDt. At short times,
Ccage(Dt) decays very slowly, and concomitantly the me
square displacement of the particles^r 2(Dt)& increases very
slowly. In fact, from the data reported by Weeks and We
for volume fraction equal to 0.52 and 0.56, we observe t

FIG. 1. ~a! Mean square displacement~MSD! of colloidal par-
ticles in colloidal supercooled liquids with three different volum
fractions as a function of delay time~redrawn from the data o
Weeks and Weitz@58#!. The timetx1 marks the end of the very slow
rise of the MSD with logarithm of time approximatelyt0.08. In the
time regimetx1,t,tx2 , the slope continue to increase. Aftertx2 ,
the MSD is well described by a fractional power lawt12n until it
finally assumes thet1.0 dependence at the longest times.~b! Mean
square displacements of Li ions at 700 K.tx1 and tx2 are crossover
times that separate out three time regimes as explained above a
the text.t0 is the independent free jump relaxation time of the
ion calculated from Eq.~5! of the coupling model.
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^r 2& increases approximately asc(Dt)a with a'0.08 in the
time regime of roughly between 7–50 s and 5–130 s, resp
tively @see Fig. 1~a! here#, whereCcage(Dt) exhibits also very
slow decay@see Fig. 2~b! of Ref. @50##. Such a slow increase
of ^r 2& with time is equivalent to a NCL if the particle i
charged and the quantity measured is dielectric loss du
conductivity relaxation. This result can be seen from the f
lowing relation between mean square displacement and c
plex conductivity:

s* ~v!52v2
Nq2

6HRkT E0

`

^r 2~ t !&e2 ivtdt, ~6!

whereN is the density of mobile ions,q the ion charge,k the
Boltzmann’s constant,HR the Haven ratio, andT the tem-
perature@51#. For ^r 2&}cta, Eq. ~6! gives s8(v)}v12a,
«9(v)}v2a, and therefore a NCL, ifa is small.

The colloidal particles system studied by Weeks a
Weitz @50# offers support of the proposed physical origin
the NCL as due to cage decay in the time regime where
decay is a very slowly varying function of time@21,22#. In
this work, we demonstrate by molecular dynamics~MD!
simulation that the same is true for the Li1 ions in lithium
metasilicate glass. The existence of the NCL is shown b
very slow increase of̂r 2& with time, and its origin identified
with a very slow cage decay is inferred from the time dep
dence of the self-part of the van Hove function. The cro
over timestx1 andtx2 are found and the proximity in order o
magnitude oftx2 with to is verified. Other properties includ
ing time and temperature dependences of the non-Gaus
parameter, and the heterogeneous dynamics of the Li1 ions
are shown to be similar to the colloidal supercooled liqu
@50# and the Lennard-Jones liquid.

III. RESULTS FROM MOLECULAR DYNAMICS
SIMULATION

In previous works, we have examined the jump relaxat
processes in lithium and mixed alkali metasilicate glasses
MD simulations@44–49#. In the present work, we have ac
quired additional MD data of lithium metasilicate (Li2SiO3)
glass at a low temperature for a different purpose. The
jective is to show the existence of the NCL, its relation to t
decay of the cage, and its gradual transition~or broad cross-
over! at longer times to ion hopping ac conductivity. M
simulations were performed in the same way as in previ
studies@44–49#. Contained in the unit cell are 144 Li, 72 S
and 216 O for Li2SiO3 . The volume was fixed as that de
rived by NPT~constant pressure and temperature! ensemble
simulation at atmospheric pressure. Pair potential functi
of Gilbert-Ida-type@52# and r 26 terms were used. The pa
rameters of the potentials used were previously derived
the basis ofab initio molecular orbital calculations@53#, and
their validity was checked in the liquid, glassy, and crys
states under constant pressure conditions. The system
equilibrated at 4000 K for more than 10 000 time steps, st
ing from a random configuration, and then the system w
cooled to lower temperatures in order of 3000, 2000, 16
1473, 1200, 1000, 900, 800, 700, and 500 K. At each te

d in
5-3
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perature, the system was equilibrated adequately. The g
transition temperatures obtained byT-V relation was ap-
proximately 830 K. The runs for Li2SiO3 system at 700, 800
1000, and 1200 K were analyzed.

For the purpose of this work, the statistics of the data w
improved compared with that reported in the previous p
lished works. MD runs, 1–4 ns~250 000–1 000 000 steps!,
were performed for Li2SiO3 system at several temperature
Using a sequence of particle positions during a run ofT1

period, we preparedN arrays of data sequence with slight
shifted initial timet0 values and the data forN arrays were
averaged. Then the time windowdt is a time range covered
by chosento values. In a rapidly decaying system such a
normal liquid, the time window of several tens picosecon
is long enough to obtain the macroscopic values. Howe
in the glassy state some properties depend on the time s
of observation, which is determined by the value ofdt. A
time window of 80 ps at higher temperatures, 400 ps at lo
temperatures, andN ranging from 200 to 400 were used
the present work. In this work, we focus our attention on
motion of the Li1 ions. Information on the relaxation dy
namics of the matrix atoms, Si and O, in the liquid a
glassy states can be found in Refs.@46,48#. Comparison be-
tween the Li1 ion diffusion data from simulation and exper
mental conductivity relaxation data in Li1 metasilicate glass
have been made but will not be reported here.

A. Mean square displacement

Mean square displacement~MSD! of Li ions ^r 2& at 700
K is shown in Fig. 1~b! from 0.01 ps to a few thousan
picoseconds. At very short times we see the ballistic mot
that haŝ r 2&}t2 and then a combination of vibrational an
relaxation contribution at longer times as discussed in
previous works@48,49#. Vibrational contribution to the MSD
becomes constant after about 1 ps. The Li1 MSD of present
interest can be divided into four time regimes.

~1! At an early time regime between approximately 0
and 2 ps, where the MSD increases very slowly with tim
approximately asta with a'0.1, the MSD can be identified
with the NCL. The description here of the MSD by a pow
law ta with a'0.1 follows the tradition of dielectric mea
surement of glassy ionic conductors in modeling the NCL
also a power law«9(v)'Ava, wherea is a small positive
number. Actually from our data we can only say that t
increase of MSD is very slow in the regime 0.3<t,2 ps, but
the time dependence may be fit by other functions than
power law. In later sections we give physical arguments
justify the very slow increase of the MSD, and near the e
of Sec. III B we mention another function that fits it as we

~2! In the intermediate time regime of about 2,t
,20 ps, the MSD rises more rapidly thanta of regime 1.
The crossover from regime 1 to regime 2 defines a cross
time calledtx1 , which is 2 ps at 700 K. Thus regime 1
defined by 0.3 ps,t,tx1 . The value oftx1 is determined
operationally to be the time beyond which the data devia
by more than 10% from the fit using the power lawta with
a'0.1 shown in Fig. 1~b!.
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~3! After 26 ps and up to about 400 ps, the MSD has
time dependence well described bytb with b'0.64. This is
the time regime 3, which corresponds to thev12b power law
ac conductivity for cooperative ion hopping predicted by t
KWW expression@Eqs.~2! and ~3! with b identified with 1
2n#. The time when the time regime 3 starts definestx2 ,
which is equal to 26 ps at 700 K. Thus regime 2 is defined
tx1,t,tx2 . The value oftx2 is determined operationally to
be the time before~after! which the data deviates by mor
~less! than 10% from the fit using the power lawtb with b
'0.64 shown in Fig. 1~b!.

~4! At time longer than about 600 ps, the MSD assum
the linear t dependence. At the starting time of this tim
regime, the root MSDA^r 2& is about 3 Å, the average dis
tance between neighboring Li sites. In this time regime,
steady state of the cooperative ion hopping has been es
lished and the MSD corresponds to the frequency indep
dent dc conductivity. The onset time of this regimetD ~about
600 ps at 700 K! is not exactly the same ast of Eq. ~3! but
equal in order of magnitude. Thus approximately, regime 3
defined bytx2,t,t and regime 4 correspond tot.t.

It is interesting to point out that same properties are fou
for colloidal supercooled liquid with volume fractionf equal
to 0.52 and 0.56. The time evolution of the mean squ
displacement of the colloidal particles^r 2(Dt)& reported by
Weeks and Weitz@50# @Fig. 1~a!# can be divided into four
regimes, demarcated bytx1 , tx2 , andt, in exactly the same
manner as for the MSD of the Li ions. Figures 1~a! and 1~b!
show these four regimes and the locations of the two cro
over timestx1 and tx2 . The similarity between the Li ion
dynamics in Li metasilicate glass and colloidal supercoo
liquids goes further than their MSD, as we shall see in Se
III C and III D to follow. The similarity in the existence of a
very slow increase of the MSD in the short time regimet
,tx1 in both cases suggests that the plateaus in Fig. 1~a! of
colloidal supercooled liquids, forf equal to 0.52 and 0.56
can be identified with the NCL in ionic conductors. Furthe
more, the global similarity of Figs. 1~a! and 1~b! indicates
the possibility that the same physics governs both colloi
supercooled liquids and ionic conductors.

B. van Hove functions

The self-part of the van Hove function for the Li ion
defined by

Gs~r ,t !5~1/N!(
i 51

N

^d@r i~ t !2r i~0!2r #&, ~7!

wherer is the distance traveled by the Li ion in a timet. The
number of ions remaining in the original sites can be cal
lated from

N~ t !5E
o

r c
4pr 2Gs~r ,t !dr, ~8!

wherer c is chosen to be 1.7 Å. The value is slightly larg
than half of the distance between the Li ions,gLi-Li

max (r), given
in the previous study@43#, but the difference is understand
5-4
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FIG. 2. 4pr 2Gs(r ,t) as a function ofr at different times.Gs(r ,t) is the self-part of the van Hove function for the Li ion.~a! 0.40, 0.8,
and 1.6 ps (t,tx1). ~b! 3.2, 6.4, 12.8, and 25.6 ps (tx1,t'tx2). ~c! 40, 80, 160, and 200 ps (tx2,t,t), t'229 ps is calculated~see text!.
~d! 400, 800, and 1600 ps.
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able becausegLi-Li (r ) andGs(r ,t) are not the same quantity
Figures 2~a!–2~d! show the evolution of 4pr 2Gs(r ,t) as a
function ofr with time. Again we separate the evolution wi
time into several time regimes.

~i! The times in Fig. 2~a! from 0.4 to 1.6 ps are within the
time regime 1 in which the MSD increases very slowly li
ta with a'0.1 and corresponds to the NCL in dielectr
response of the glassy ionic conductor. There is only a sl
increase of 4pr 2Gs(r ,t) at near 3 Å with a concomitan
small decrease in the area of the first peak. Using either
of these two quantities as indicator of the extent of the de
of the cage, we are led to conclude that the cage deca
indeed very slow. The broadening of the first peak ofGs(r ,t)
is also observed in this time region. Prejump motion and
changes in spatial relation of the mobile ion with the mat
atoms with time can be considered as origins of such bro
ening. Both are related to the jump motion of the Li1 ions
and changes of the cage in a broader sense. Contributio
this broadening of the first peak ofGs(r ,t) to MSD is not
negligible, although our attention is focused on the area
der the first peak ofGs(r ,t) to gauge the decay of the cage
this work.

~ii ! The times in Fig. 2~b! from 3.2 to 25.6 ps are nearl
coincident with the time regime 2 in which the MSD in
creases more rapidly than in regime 1, but has not yet
02120
ht

ne
y
is

e

d-

of
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s-

sumed the constant fractional power lawt12n with (12n)
'0.7. A shoulder located at about 3 Å appears and grows in
intensity with time indicating a more rapid cage decay th
in time regime 1.

~iii ! The times in Fig. 2~c! from 40 to 160 ps are within
the time regime 3 in which the MSD has attained the pow
law dependencet12n with (12n)[b'0.64. A second peak
at about 3 Å is fully developed and a broad tail extended
longer distances appears, and both grow in intensity.
development of the second peak indicates that the numbe
ions that have left their original sites becomes significa
The cages have decayed to such an extent that most of
are no longer caged and they participate in cooperative
tion with each other. From Eq.~6!, the power law depen-
dencet12n of the MSD correspond tos8(v)}vn, which
also follows from the electric modulus@Eq. ~2!# after substi-
tution of the electric field decay function therein by th
Kohlrausch function@Eq. ~3!#. The signature of cooperativ
ion hopping motion in time regime 3 also can be glean
from the time dependence of the self-part of the Li ion de
sity correlation function defined by

Fs~k,t !5K (
j 51

N

exp$ ikW•~rW j~ t !2rW j~0!!%L Y N. ~9!
5-5
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In Fig. 3 we show plots of log$2ln@Fs(k,t)#% against logt at
700 K for k52p/2.0, 2p/3.0, 2p/5.0, and 2p/10.0 Å21.
Curves with small wave numbers in Fig. 3 have straight p
tions that starts at about 20 ps. Since the Kohlrau
stretched exponential form of Eq.~3! corresponds to the
straight line in such a plot, thereforeFs(k,t) is a stretched
exponential function of time at times longer than about 20
at 700 K. The slope of the straight portion of the curve is
stretch exponent (12n). It is to be noted that the stretc
exponent isk dependent. Fork52p/10 Å21, the stretch ex-
ponent of Fs(k,t) from the slope fort.20 ps is not too
different from the exponent (12n)'0.64 in thet12n depen-
dence of the MSD in time regime 3. On the other hand,
k52p/3.0 Å21, the stretched exponent ofFs(k,t) is notice-
ably smaller than that of the MSD. This difference as well
the dependence of (12n) on k may originate from the stron
ger effect of ion-ion interaction in slowing down the dynam
ics at shorter distances~largerk!. An analogy of these find-
ings is the difference between the ion dynamics probed
nuclear magnetic resonance and dc conductivity@54,55#,
which had been explained with the same reason. In any c
the stretched exponential time dependences ofFs(k,t) for
several values ofk are further indications of the onset o
cooperative ion hopping motion at about 20 ps. The value
the onset time seems to become shorter for larger wave n
bers and the change in the slope becomes less clear.
plots of Fs(k,t) were used to also determine the onset
cooperative ion hopping at other temperatures.

~iv! At long times of 400, 800, and 1600 ps shown in F
2~d!, the second peak at;3 Å has been fully developed an
higher-order peaks become evident. In this time regim
A^r 2& starts at about 3 Å and the MSD of the Li ions has
attained thet1.0 dependence shown in Fig. 1~b!.

The starting point of stretched exponential decay at 1
and 1000 K~both not shown! was found to be approximatel
equal to 1 and 2 ps, respectively. The change of van H
function at 1200 K with time in the time regime of 0.2–2
ps is similar to that observed at longer times between 2
20 ps, i.e., regime 2,tx1,t,tx2 at 700 K@see Fig. 4~b!#. The
similarity shows that the timestx1 and tx2 are temperature

FIG. 3. Log$2 ln@Fs(k,t)#% vs logt plot for Li ions at 700 K. The
curves from top to bottom correspond tok52p/2.0, 2p/3.0, 2p/
5.0, and 2p/10.0 Å21, respectively.
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dependent, a feature that reappears in other quantities t
discussed below and found from conductivity relaxation d
of CKN @22#.

C. Cage decay

In the early time regime between approximately 0.3 an
ps, the MSD increases very slowly witht like ta with a
'0.1 and has been identified with the NCL@21,22#. For ions
confined in permanent harmonic and even anharmonic po
tial wells or cages, MSD does not have such a slow incre
with time over an extended period of time as shown in Fi
1~a! and 1~b!, and certainly cannot explain the NCL observ
experimentally over many decades of frequencies at lo
temperatures in glassy and crystalline ionic conducto
However, the cages are not permanent. There is small
nonzero probability of the Li ions independently jumping o
of their original sites by thermal activation even at sh
times. These independent jumps give rise to slow decay
the cages for some other ions that remained caged. The
decay of the cage, the independent jumps, and the conc
tant slow increase of the MSD are synergistic properties.
cage correlation function can be defined and obtained fr
molecular dynamics simulation, like that done by Weeks a

FIG. 4. Self-part of the van Hove functions of Li ions~a! at
1200 K and several times in the regime 0.2–2.2 ps and~b! at 700 K
at several times in the regime 0.8–19.2 ps. The thicker curves
for the later times.
5-6
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Weitz @50# for colloidal particles from confocal microscop
experiment, the origin of NCL would come naturally fro
the slow decay of the cages. The loss can be related to
imaginary part of the Fourier transform of the cage dec
correlation function. In this work, we obtain the time depe
dent decrease of the normalized areaA1(t) of the first peak
of the self-part of the Li ion van Hove function at 700 K, an
use it as a substitute to gauge the cage decay. Figure 5 s
the time dependence ofA1 up to about 20 ps before th
cooperative ion hopping time regime 3 where MSD has ti
dependence well described bytb with b'0.64. The decreas
of A1 is very slow in time regime 1 between 0.3 and 2 p
where the MSD increases very slowly witht as ta with a
'0.1. Thus from the time dependence ofA1(t) in this time
regime, the very slow cage decay is the origin of the NC
«9(v)}va with a'0.1.

We have already mentioned that for the colloidal particl
the cage correlation function defined by Weeks and W
decays very slowly for times shorter than about 100 s
volume fraction equal to 0.52 and 0.56@see Fig. 2~b! of Ref.
@50##. Again this cage decay and the very gradual increas
^r 2(Dt)& approximately asc(Dt)a with a'0.08 are syner-
gistic properties, analogous to the Li ions in the Li metas
cate glass. The ultimate origin of these two synergistic pr
erties and the NCL in colloidal supercooled liquids as well
in the Li metasilicate is the occurrence of independent th
mal activated jumps of a small percentage of Li ions fro
their cages in an extend period of lnt. The independent jump
relaxation is an important part of the coupling model@25–
34#. Its relaxation timeto is thermally activated with activa
tion energyEa , which is the same as the microscopic ene
barrier and prefactor equal to the reciprocal of a vibratio
attempt frequency. It has been determined or deduced in
eral ways from experiments@30–37,54–56#, and is related to
the longer cooperative hopping relaxation timet by Eq. ~5!
@9,30–40#, wheretc is about 1 ps for alkali oxide glasses. A
700 K, t'229 ps from the previously determined stretch
exponential relaxation time@43# of Fs(k,t) for k
52p/3 Å21. Such k is chosen because it corresponds

FIG. 5. Normalized areas of the first peakA1(t) and the second
peakA2(t) of the self-part of the Li ion van Hove functions at 70
K at different times. The positions oftx1 , tx2 , t0 , andt are indi-
cated by the vertical arrows.
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A^r 2&'3 Å, the distance between Li sites. This togeth
with (12n)[b50.64, tc51 ps, and Eq.~5! enables us to
calculateto and the result is 32 ps, which is an order
magnitude longer thantx1 but is nearly the same astx2 . This
comparison betweento and tx1 ~i.e., to significantly longer
than tx1! explains the small probability of independent jum
of the ions out of their cages during the time regime 1t
,tx1 , and the very slow decay of the cage indicated
either the MSD orA1 from the van Hove function~Fig. 5!.
However, in time regime 2,tx1,t,tx2 , there is higher prob-
ability for independent jumps and the dependence^r 2&}ta

with a'0.1, which defines the NCL, no longer holds. O
increasing time towardstx2 , more ions independently hop
out becausetx2 is about the same asto . Therefore the cage
decays more rapidly in regime 2 than in regime 1, a prope
corroborated by the time dependence ofA1 in Fig. 5 and the
MSD in Fig. 1~b!. Near the end of the time regime 2 man
more ions are hopping out and some such independent
may be prohibited due to interaction and correlation betw
the ions. Some degree of cooperativity develops and
creases with increasing time in regime 2. Sincet is longer
thanto in most of regime 3,tx2,t,t, all of the mobile Li
ions have high probability of executing the independe
jump, i.e., exp(2t/to) becomes small. However, simulta
neous independent jumps of such a large number of ions
not possible because of the interaction and correlation
tween the ions. The only option left for the ions is to partic
pate in the slowed down cooperative or correlated trans
process that is dynamically heterogeneous. The stretched
ponential correlation function forFs(k,t) in regime 3 shown
in Fig. 3 describes the fully cooperative hopping with pa
ticipation of all mobile ions. Thustx2 marks the change to
the fully cooperative or correlated jump process modified
jump angles@42–48# of the successive jumps. Again th
description is corroborated by even more rapid decreas
A1 in regime 3 than in regime 2, as can be seen by inspec
of Fig. 5, and the steeper rise of the MSD with the power l
dependence oftb with b'0.64 in regime 3@see Fig. 1~b!#.
The same is true for the colloidal supercooled liquid. In t
time regime tx1,t,tx2 in Fig. 1~a!, the cage correlation
function @see Fig. 2~b! of Ref. @50## decays faster than whe
t,tx1 . The decay is even faster whent.tx2 .

In our present as well as in previous simulations, the
calized independent jumps occur at intervals longer than
relaxation time obtained from the jump rate, indicating th
there are particles having high probability of jumping ba
into their original sites even in the regiont,tx2 and only a
net change of the number of the particles is reflected in
peak area of the van Hove functions. Therefore in time
gime 1 and part of regime 2, where the Li1 ions make only
independent or uncorrelated jumps, the contribution to M
by ions that have successfully made the uncorrelated jum
^r 2&u , is proportional tot and less thand2(t/to), whered is
the localized independent jump distance of the Li1 ion. The
result follows from the fact that the jumps are uncorrela
and their number is proportional to time. Now the MSD
the sum of the contributions from vibration, relaxation, a
the independent jumps. The contribution to the MSD fro
5-7
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Li1 ion vibration, ^r 2&vib , initially increases with time and
then turns over to the constant valuekT/mv2, wherem is the
mass andv the frequency, if the vibration is harmonic
Hence we may expect the sum̂r 2&vib1Ct, where C is a
constant, gives not too bad a description of the time dep
dence of the MSD in regimes 1 and 2 when the contribut
of relaxation ends. In these regions, the sum in fact is a g
approximation to the data at 700 K. This result can be c
sidered as another support for the slow increase in numbe
successful independent jumps as the origin of the NCL. F
thermore, in the NCL regime 1 at 700 K,^r 2&u rises to no
more than about 40% of̂r 2&vib . Hence the temperature de
pendence of the MSD is principally determined by^r 2&vib
but enhanced by the presence of the^r 2&u term. Therefore,
the temperature dependence of the MSD or the NCL in
gime 1 is weak, and this may be used to rationalize
observed weak temperature dependence of the NCL in gl
ionic conductors@19#.

Sincet is thermally activated, at even lower temperatu
than 700 K,t as well asto becomes much longer. At an
time, the probability of independent ion jumps is further d
minished. Consequently, the cage decay is even slower
tx1 and tx2 are extended to longer times. Thereforetx1 and
tx2 are temperature dependent and we can expect that
temperature dependences are similar to that ofto . On the
other hand, at temperatures sufficiently higher than 700
whent is not long compared withtc , to becomes short and
tx1 and tx2 are moved to shorter times. Figure 6 shows
MSDs of Li ions at 1000 K and 1200 K in the supercool
liquid state. In exactly the same manner as done before
the data at 700 K,t is estimated to be 20 and 8 ps, (12n)
[b50.70, andto calculated to be approximately 8 and 4
for T51000 and 1200 K, respectively. The very shortto of
about 4 ps at 1200 K explains the earlier onset of the reg
3 at tx2 , which is estimated to be between 1 and 2 ps. T
regime 2 is shifted to times shorter than 1 ps and regim
has disappeared into the vibrational contribution zone and
NCL can be observed.

FIG. 6. Mean square displacements of Li ions at several t
peratures:~s! 700 K, ~m! 1000 K, and~ ! 1200 K, respectively.
The dashed and dotted lines correspond, respectively, to the sq
of the distance of the first minimum~4.2 Å!2, and the square o
the distance of the first maximum~2.77 Å!2 of g(r ) of Li-Li ions at
700 K.
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D. The non-Gaussian parameter

The non-Gaussian parameter@57#

a2~ t !5~3/5!^r 4~ t !&/^r 2~ t !&221 ~10!

characterizes the deviation ofGs(r ,t) from the Gaussian
form. We have evaluateda2(t) of the Li1 ions from their
displacement distribution function of time at 700, 800 a
1200 K. The result plotted in Fig. 7 as a function of tim
shows thata2(t) starts out from small values at short time
increases throughout regimes 1 and 2, and attains maxim
value neartx2'20 ps andto'32 ps. At higher temperatures
the maximum ofa2(t) of Li1 moves to shorter times and
is also located neartx2 andto ~Fig. 7!. The occurrence of the
maximum of a2(t) at a time neartx2 is found also in the
colloidal supercooled liquids@58#. By inspection of Fig. 1~b!
of Ref. @58#, we locate the positions of thea2(t) peaks at
300, 500, and 1000 s for volume fractions of 0.46, 0.52, a
0.56, respectively. These peak positions are in remarka
agreement withtx2 . The values oftx2 from Fig. 1~a! are 235,
540, and 900 for volume fractions of 0.46, 0.52, and 0.
respectively. Thus like colloidal supercooled liquids,a2(t)
of Li1 ions in metasilicate peaks neartx2 . Similar time-and-
temperature dependences ofa2(t) were found in molecular
dynamics simulation of a supercooled Lennard-Jones liq
@59#. These similarities indicate once more that the sa
physics governs the dynamics of Li1 ions in glasses as wel
as in colloidal supercooled liquid and in Lennard-Jones
uid. If this is indeed the case, then theory of fast relaxat
that is applicable to the supercooled liquids butnot to ions in
glasses may not be the ultimate explanation that we are lo
ing for.

E. Dynamic heterogeneities

The motion of the Li ions is dynamically heterogeneou
similar to that found in colloidal and Lennard-Jones sup
cooled liquids@58,59#. To illustrate this property for the Li1

-

are

FIG. 7. The non-Gaussian parametera2(t) of the Li1 ions in
Li1 metasilicate calculated from their displacement distribut
function of time at 700, 800, and 1200 K. At higher temperatur
the maximum ofa2(t) of Li1 ions moves to shorter times. At a
temperatures, the maximum is located neartx2 .
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MOLECULAR DYNAMICS STUDY OF CAGE DECAY, . . . PHYSICAL REVIEW E 66, 021205 ~2002!
ions, we divided the ions into two groups. The partic
showing a squared displacement less than the square o
distance equal to the first minimum of the Li-Li static stru
ture factor g(r ) is defined as typeA. Namely, the ion is
located within neighboring sites during a given timet* . Par-
ticles showing a squared displacement greater than
square of the distance equal to the first minimum ofg(r ) are
defined as typeB, which can contribute to the long tim
dynamics. In the present work, type-A and type-B particles
are distinguished by MSD using time windowdt of 80 ps
~100 points of initialt! during t* of 920 ps. The MSD of all
Li ions shown in Fig. 1~b! is the weighted average of MSD
for type-A and type-B particles, i.e.,

^r 2~ t !&5~NA^r A
2&1NB^r B

2&!/N, ~11!

where^r A
2& andNA are the MSD and number of type-A ions,

respectively. Similar definitions apply to the quantities f
the type-B ions.

Initial parts of jump trajectory of the type-A and type-B
particles at 700 K were schematically shown in Fig. 8. T
MSD of type-A and type-B ions are plotted as a function o
time in Fig. 9. In the first jump, the jump distance is the sa
for both typesA andB. The MSDs of the ions of both type
are almost the same untiltx2 is reached. This is just as ex
pected from an explanation afforded by Fig. 8. Both typeA
particles ~with high probability of backward correlate
jumps! and type-B particles~with high probability of forward
correlated jumps! behave as if they jumped freely or inde
pendently beforetx2 . Note that even if we start the observ
tion from any jump, the first jump looks like a free jum
since the displacement is not modified by jump angles. T
does not mean that the every jump is without any influe
of the other ions. Therefore, the free jump is apparent
every jump is under influence of the other ions.

FIG. 8. Schematic description of jump motions for type-A Li1

ions ~with large back correlation probability! and type-B Li1 ions
~with large forward correlation probability!. For both types of Li1

ions the displacement of the first jumpr 1 is the same~i.e., the
typical jump distances1!, while the displacements after the fir
jump depend on the type of the Li1 ions due to consideration of th
angles between consecutive jumpsu. The situation is unchanged
even if we start from different initial time.
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Thus the microscopic origin oftx2 is the change from
primarily apparent free independent jump to the correla
jump process with modified jump angles. This fact is cons
tent with the independent ion jump relaxation timeto being
about the same astx2 @Fig. 1~b!# because we expect th
jumps are independent fort!t0 and more or less indepen
dent for t,t0 . For times from 20 ps to several hundre
picoseconds, type-A and type-B ions show MSDs with time
dependencestp with p,1 and tq with q.1, respectively.
The MSDs are less than the distance of the first minimum
g(r ), and even the type-B ions are still within neighboring
sites in this time regime. Type-A and type-B ions show dy-
namics with different wave number dependences, natur
because only type-B ions contribute to the long time diffu
sion. As discussed previously in Sec. III B, a stretched ex
nential decay of the self-part of density correlation functi
Fs(k,t), and a corresponding decrease of the area unde
first peak of the self-part of van Hove function of Li ion a
observed in this time regime. Hence both fast and slow
namics have been observed in a stretched exponential re
The cause of the fast dynamics of type-B ions in the
stretched exponential region and in the longer time regio
the cooperative jump motion. This property has been
duced from the observation of a tracer ion, where we fi
that the angle of the next jump is affected by the other io

IV. CONCLUSION

The existence of the near constant loss~NCL! has been
established from the molecular dynamics simulation res
of Li metasilicate glass. The NCL, the very slow rise of t
mean square displacement of the Li ions,^r 2&, and the very
slow decay of the cage with time are shown to be synergi
properties in the time regime where the majority of the io
can be considered still confined within the slowly decayi
cage. Ultimately, the cause of the initial cage decay is
thermally activated independent or free jumps of the Li io
from their original sites. At sufficiently low temperature an
short times, there are few such free jumps but neverthe
the probability increases slowly with time. Thus the ca

FIG. 9. The MSDs of type-A ~filled diamonds! and type-B ~open
squares! Li1 ions at 700 K. They bifurcate significantly at time
near the broad maximum of non-Gaussian parametera2(t) ~see Fig.
7!, or tx2 @see Fig. 1~b!#.
5-9
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J. HABASAKI, K. L. NGAI, AND Y. HIWATARI PHYSICAL REVIEW E 66, 021205 ~2002!
decays very slowly as long as time is much shorter than
independent free jump relaxation timet0(T). This descrip-
tion is supported by the time dependence of the self-par
the van Hove function of the Li ion,Gs(r ,t). In fact we find
in the short time regimet,tx1 from 4pr 2Gs(r ,t) that the
free jumps to neighboring sites are few and increase v
slowly with time.

In the next or second time regimetx1,t,tx2 , the change
of 4pr 2Gs(r ,t) with time is more rapid, indicating a mor
rapid decay of the cage. Concurrently, an increasingly m
rapid increase of̂ r 2& is found in this time regime, but its
time dependence is not a power law until aftertx2 . In the
third time regimetx2,t,t, ^r 2& has the time dependence
a power lawt12n with a fractional power. Heret is approxi-
mately the time after whicĥr 2& is proportional tot. In this
third time regime, a second peak at a distance between1

ion sites develops in 4pr 2Gs(r ,t) and grows with time, in-
dicating that significant number of Li ions have jumped o
of their cages to neighboring sites to participate in coope
tive motion to longer distances. The self-part of the Li1 ion
density correlation functionFs(k,t) in the same time regime
is a stretched exponential function of time, which also is
signature of cooperative or collective dynamics. The stre
exponent ofFs(k,t) for k52p/10 Å21 is not too different
from the exponent (12n), appearing in the time dependen
of ^r 2&}t12n. We use the normalized area of the first a
second peaks of 4pr 2Gs(r ,t) to gauge the progress of th
cage decay, and find that their time dependences are ind
tors of the change in time dependence of^r 2& in the three
time regimes.

The real cause of the synergy between the NCL, and
very slow rise of̂ r 2& and cage decay, as a function of lnt, is
ultimately the few but nevertheless very slowly increas
number of independent free jumps of the Li ions in the tim
regimet!t0 . The coupling model has a prediction@Eq. ~5!#
that enables the independent or free jump relaxation t
t0(T) to be calculated from the experimental quantit
t(T), (12n), and tc . The value of tc'1 to 2 ps is
taken from previous determination of the quantity in oxi
glasses. From the calculatedt0(T) and the correlation
function exp(2t/t0) of the free jumps or its complemen
@12exp(2t/t0)#, we can see~Fig. 5! that in the early time
regime 1,t,tx1!t0 , the fraction of ions that have mad
free jumps out of the potential wells is small and increa
very slowly with time. Correspondingly, the cage decay
very slow and the NCL is observed. We caution here that
cage correlation function is not given by exp(2t/t0), even
when restricted to the regimet,t0 . The latter gives merely
an indication of the fraction of ions that have not made
dependent jump out of the original sites. Neither isA1(t),
although it may have a closer relation to the cage de
function. When past time regime 1, the fraction becom
more significant, the cage decay is not very slow and
NCL, approximately described bŷr 2&}ta with a'0.1 in
this work, no longer persists. It is found thatt0(T) is close to
tx2 . The proximity of these two quantities means that sign
cant fraction of Li ions have a high probability of executin
their free jumps at times greater thantx2 , but henceforth
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their motion is controlled by the heterogeneous coopera
or collective dynamics, leading eventually to long-range d
fusion. The proximity further explains the onset attx2 of the
self-part of the Li ion density correlation function to assum
the time dependence of the Kohlrausch stretched expone
function, which is the hallmark of cooperative dynamic pr
cesses in general. Recently, Heuer and co-workers@60# also
have performed molecular dynamics simulation on lithiu
metasilicate using similar potentials. In many ways their
sults are similar to ours.

Although the present work is focused on the molecu
dynamics simulation results of Li metasilicate, fittingly w
have also brought into discussion the experimental data
colloidal supercooled liquids. The similarity in the dynami
of the two systems is remarkable. In colloidal supercoo
liquids with higher volume fractions and in an extensi
short time regime, the mean square displacement of the
loidal particles increases very slowly with the logarithm
time ~approximately described here bŷr 2&}t0.08!. The
crossover timestx1 andtx2 , with the same physical meaning
as for the Li metasilicate, are also found in the colloid
systems. They also delineate the dynamics into several
regimes. In the colloidal systems, Weeks and Weitz obtai
from a experiment that a cage decay correlation function
its time dependence is similar to that of the developmen
the area under the first and the second peaks of the self
of the Li1 ion van Hove function. In particular, both system
show very slow cage decay in regimet,tx1 , slow decay in
regime tx1,t,tx2 , and faster decay in regimet.tx2 . In
both systems the non-Gaussian parametera2(t) is a broad
peak with maximum at approximatelytx2 . The dynamics is
heterogeneous in both systems as demonstrated by the
ence of fast and slow moving colloidal particles or Li1 ions.
The distinction between fast and slow moving particles
comes increasingly clear at times aftertx2 . The striking simi-
larities of the two systems may or may not be due to the f
that the colloidal systems studied by Weeks and Weitz
slightly charged@61#. In spite of the similarities, the ionic
glass and the supercooled colloidal liquid have differenc
One difference is the presence of the much less immo
matrix atoms besides the mobile ions in the ionic glass.
have not discussed the molecular dynamics simulation
sults of Lennard-Jones liquid in much detail. Neverthele
for some of the properties discussed, Lennard-Jones su
cooled liquid behaves like the Li metasilicate glass and
colloidal supercooled liquid. It is likely all three system
share the same basic physics governing relaxation and d
sion of interacting particles. Therefore a theory proposed
explain the dynamics in any one of these systems is via
only if it is applicable to the other two as well.
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