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Perturbative renormalization factors in domain-wall QCD with improved gauge actions
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We evaluate the renormalization factors of the domain-wall fermion system with various improved gauge
actions at the one-loop level. The renormalization factors are calculated for the quark wave function, quark
mass, bilinear quark operators, and three- and four-quark operators in the modified minimal subtraction (MS)
scheme with dimensional reduction as well as with the naive dimensional regularization. We also present
detailed results in mean field improved perturbation theory.
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I. INTRODUCTION

The domain-wall fermion formalism@1–3# offers the pos-
sibility of realizing full chiral symmetry at finite lattice spac
ing when the explicit chiral symmetry breaking term is su
pressed exponentially in the fifth dimensional lengthN5.
This property is understood in terms of the overlap form
ism @4# or the Ginsparg-Wilson relation@5,6#.

However, the realization of the exact chiral symmetry
theN5→` limit is nontrivial. In Ref.@3# it is shown that the
explicit breaking term in the axial Ward-Takahashi~WT!
identity vanishes exponentially inN5 only when the eigen-
values of the transfer matrix in the fifth direction are stric
less than unity. The exact chiral symmetry cannot be reali
even in theN5→` limit if the largest eigenvalue of the
transfer matrix becomes unity. Recent studies@7–12# of the
chiral properties in quenched domain-wall QCD seem to
veal that this is the case for the strong coupling reg
around the lattice spacinga21;1 GeV. By investigating the
axial Ward-Takahashi identity it is found that a nonzero c
ral symmetry breaking term remains even in theN5→` limit
@11,12#, and this residual quark mass extracted by the a
WT identity becomes much larger than the physicalu,d
quark masses at a reasonable size ofN5;20 for numerical
simulation.

The chiral property is improved in the weak coupling r
gion arounda21;2 GeV. The value of the residual quar
mass in the axial WT identity is much smaller than in t
strong coupling region. However, it is still not clear for th
standard plaquette gauge action whether chiral symmetr
broken slightly but explicitly@11# or whether the symmetry
breaking term vanishes exponentially inN5 but the decay
rate is small@12#. On the other hand, for the renormalizatio
group~RG! improved gauge action@13#, it was found in Ref.
@11# that the value of the residual mass is much smaller t
that for the plaquette action, and furthermore the resid
quark mass decays exponentially inN5 up toN5524, which
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is consistent with the realization of exact chiral symmet
We can conclude that chiral symmetry is much better re
ized with the RG action than with the plaquette gauge acti
It is quite reasonable to adopt a combination of the doma
wall fermion and RG improved gauge action for compu
tional simulation.

In this paper we evaluate the renormalization factors t
are needed to convert the lattice quantities to the continu
ones for the domain-wall fermion system with various im
proved gauge actions. We calculate the renormalization
tors of the quark wave function, quark mass, bilinear qu
operators, the three- and four-quark operators in the modi
minimal subtraction (MS) scheme mainly with dimensiona
reduction~DRED!, and give the relation between DRED an
the naive dimensional regularization~NDR!. Since the
domain-wall heightM ~the mass in the five-dimensiona
theory! receives rather large additive quantum correctio
one must employ mean field improved perturbation the
for reliable calculation of the renormalization factors. W
will explain this point in detail.

This paper is organized as follows. In Sec. II we pres
the action and the corresponding Feynman rules. In Sec
we discuss the general form of the quantum correction
introduce the mean field improvement in order to treat
problem of the additive quantum correction toM. Our main
result is given in Sec. IV. The finite part of the renormaliz
tion factor is evaluated numerically in Sec. V. We expla
how to use the mean field improved results for various ren
malization factors in Sec. VI. We close the paper with a br
summary and comments in Sec. VII.

In this paper we take theSU(N) gauge group with the
gauge coupling g and the second CasimirCF
5(N221)/2N. We setN53 in the numerical calculations
for three- and four-quark renormalization factors. The phy
cal quantities are expressed in lattice units and the lat
spacinga is suppressed unless necessary.

II. ACTION AND FEYNMAN RULES

We employ the Shamir domain-wall fermion action@2,3#
given by

-
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Sf5 (
x,s,y,s8

c̄~x,s!DDW f~x,s;y,s8!c~y,s8!

1(
x

mq̄~x!q~x!, ~1!

DDW f~x,s;y,s8!5D4~x,y!ds,s81D5~s,s8!dx,y

1~M25!dx,yds,s8 , ~2!

D4~x,y!5(
m

1

2
@~11gm!Ux,mdx1m̂,y

1~12gm!Uy,m
† dx2m̂,y#, ~3!

D5~s,s8!5H PRd2,s8 ~s51!,

PRds11,s81PLds21,s8 ~1,s,N5!

PLdN521,s8 ~s5N5!,

, ~4!

wherex,y are four-dimensional space-time coordinates, a
s,s8 are fifth-dimensional or ‘‘flavor’’ indices, bounded a
1<s,s8<N5 with the free boundary condition at both end
In this paper we will take theN5→` limit and omit terms
suppressed exponentially inN5 . PR/L is the projection ma-
trix PR/L5(16g5)/2, m is the physical quark mass, and th
domain-wall heightM is a parameter of the theory, which w
set as 0,M,2 in order to realize the massless fermion
the tree level. The quark mass term and quark operators
our calculation are constructed with the four-dimensio
quark field defined on the edges of the fifth dimensio
space:

q~x!5PRc~x,1!1PLc~x,N5!,

q̄~x!5c̄~x,N5!PR1c̄~x,1!PL . ~5!

For the gauge part of the action we employ the followi
form in four dimensions:

Sgluon5
1

g2 H c0 (
plaquette

TrUpl1c1 (
rectangle

TrU rtg

1c2(
chair

TrUchr1c3 (
parallelogram

TrUplgJ , ~6!

where the first term represents the standard plaquette ac
and the remaining terms are six-link loops formed by a
32 rectangle, a bent 132 rectangle~chair!, and a three-
dimensional parallelogram. The coefficientsc0 , . . . ,c3 sat-
isfy the normalization condition

c018c1116c218c351. ~7!

The RG improved gauge action is defined by setting
parameters to the value suggested by an approximate re
malization group analysis. In the following we will adopt th
following choices:c1520.331,c25c350 ~Iwasaki! andc1
520.27,c21c3520.04 (Iwasaki8) @13#; c1520.252,c2
1c3520.17 ~Wilson! @14#; and c1521.40686,c25c350
09450
d
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~DBW2! @15# for the RG improved gauge action, as well
c15c25c350 ~plaquette! and c1521/12,c25c350 ~Sy-
manzik! @16,17#. With these choices of parameters the R
improved gauge action is expected to realize smooth ga
field fluctuations approximating those in the continuum lim
better than with the unimproved plaquette action.

Weak coupling perturbation theory is developed by wr
ing the link variable in terms of the gauge potential

Ux,m5expF igAmS x1
1

2
m̂ D G ~8!

and expanding in terms of the gauge coupling. We adop
covariant gauge fixing with a gauge parametera defined by

SGF5(
x

1

2a F¹mAm
a S x1

1

2
m̂ D G2

, ~9!

where¹m f n[( f n1m̂2 f n).
The free part of the gluon action in momentum spa

takes the form

S05
1

2E2p

p d4k

~2p!4 (
m,n

Am
a ~k!FGmn~k!2S 12

1

a D k̂mk̂nG
3An

a~2k!, ~10!

where

Gmn~k!5 k̂mk̂n1(
r

~ k̂rdmn2 k̂mdrn!qmrk̂r ~11!

with

k̂m52 sin
km

2
, ~12!

andqmn is defined as

qmn5~12dmn!@12~c12c22c3!~ k̂m
2 1 k̂n

2!2~c21c3!k̂2#.

~13!

The gluon propagator can be written as

Dmn~k!5~ k̂2!22F k̂mk̂n1(
s

~ k̂sdmn2 k̂ndms!k̂sAsnG
2~12a!

k̂mk̂n

~ k̂2!2
~14!

5~ k̂2!22F ~12Amn!k̂mk̂n1dmn(
s

k̂s
2AnsG

2~12a!
k̂mk̂n

~ k̂2!2
, ~15!
2-2
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whereAmn is a function ofqmn andk̂m ; for its form we refer
to the original literature@13,16#. In this paper we will adopt
the Feynman gauge (a51) without loss of generality, since
the renormalization factors for the physical quantities such
quark mass, bilinear quark operators, and three- and f
quark operators do not depend on the choice of the ga
fixing condition.

For the fermion part we need the following three types
propagators in domain-wall QCD. One is the propaga
which connects general flavor indices,

S~p!st5 (
u51

N5

~2 igm sinpm1W21mM2!suGR~u,t !PR

1 (
u51

N5

~2 igm sinpm1W11mM1!suGL~u,t !PL ,

~16!

where the mass matrix is

W15S 2W 1

2W �

� 1

2W

D ,

Ws,t
2 5S 2W

1 2W

� �

1 2W

D , ~17!

M 15S 1 D , M 25S 1D , ~18!

andGR/L is given by

GR~s,t !5
A

F
@2~12m2!~12We2a!ea(22N51s1t)2~12m2!

3~12Wea!e2a(s1t)

22W sinh~a!m~ea(2N51s2t)1ea(2N52s1t)!#

1Ae2aus2tu, ~19!

GL~s,t !5
A

F
@2~12m2!~12Wea!ea(22N51s1t22)

2~12m2!~12We2a!ea(2s2t12)

22W sinh~a!m~ea(2N51s2t)1ea(2N52s1t)!#

1Ae2aus2tu, ~20!

cosh~a!5

11W21(
m

sin2pm

2uWu
, ~21!
09450
s
r-

ge

f
r

A5
1

2W sinh~a!
, ~22!

F512eaW2m2~12We2a!, ~23!

W512M1(
m

~12cospm!. ~24!

WhenW becomes negative the fermion propagator is giv
with the replacemente6a→2e6a.

The second one is the propagator that connects the ph
cal quark field and the fermion field of general flavor inde

^q~p!c̄~2p,s!&5
1

F
@ igm sinmpm2m~12We2a!#

3~e2a(N52s)PR1e2a(s21)PL!

1
1

F
$m@ igm sinpm2m~12We2a!#

2F%e2a~e2a(s21)PR1e2a(N52s)PL!,

~25!

^c~p,s!q̄~2p!&5
1

F
~e2a(N52s)PL1e2a(s21)PR!

3@ igm sinpm2m~12We2a!#

1
1

F
~e2a(s21)PL

1e2a(N52s)PR!e2a$m@ igm sinpm

2m~12We2a!#2F%, ~26!

and the third one is the two-point function of the physic
quark field,

Sq~p![^q~p!q̄~2p!&5
2 igm sinpm1~12We2a!m

2~12eaW!1m2~12We2a!
.

~27!

In the continuum limit the physical quark propagator b
comes

Sq~p!5
~12w0

2!

ip”1~12w0
2!m

. ~28!

Here we notice that the overall factor 12w0
2 with w051

2M appears in the quark wave function and mass.
The following two interaction vertices concern the on

loop correction:

V1m
a ~k,p!st52 igTa@gmV̄1m~k,p!1Ṽ1m~k,p!#dst ,

~29!
2-3
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V2mn
ab ~k,p!st5

1

2
g2

1

2
$Ta,Tb%@gmṼ1m~k,p!

1V̄1m~k,p!#dmndst , ~30!

where

V̄1m~k,p!5cos
1

2
~2km1pm!, ~31!

Ṽ1m~k,p!5 i sin
1

2
~2km1pm!. ~32!

In this paper we calculate the one-loop correction to
Green’s functions constructed with physical quark fieldsq,q̄.
When we carry out the perturbative calculation we first n
tice that the external line propagator is expanded in term
the external momentumpm and quark massm as

^q~p!c̄~2p,s!&→
12w0

2

ip”1~12w0
2!m

S L~s!2
w0ip”

12w0
2

R~s!D ,

~33!

^c~p,s!q̄~2p!&→S R~s!2L~s!
w0ip”

12w0
2D 12w0

2

ip”1~12w0
2!m

,

~34!

where

L~s!5~w0
(N52s)PR1w0

(s21)PL!, ~35!

R~s!5~w0
(s21)PR1w0

(N52s)PL!. ~36!

The fifth dimensional indicess,t are summed with this
L(s),R(s) and the following form of the propagators co
cerns in the loop integral:

SRR~p![ (
s,t51

`

R~s!S~p!stR~ t !

52 igm sinpm

1

F S 2
me2a

~12w0e2a!2D 1~w02W!GR̃

2
1

F

m2e2a

12w0e2a
, ~37!

SLL~p![ (
s,t51

`

L~s!S~p!stL~ t !5SRR~p!, ~38!

SRL~p![ (
s,t51

`

R~s!S~p!stL~ t !52 igm sinpmG̃L

2
m

F

12We2a

~12w0e2a!2
, ~39!
09450
e

-
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SLR~p![ (
s,t51

`

L~s!S~p!stR~ t !52 igm sinpmG̃R

2
m

F

e22a~12Wea!

~12w0e2a!2
, ~40!

SLq~p![(
s51

`

L~s!^c~p,s!q̄~2p!&5S e2a

F~12w0e2a!
D

3@ imgm sinpm2~12Wea!#, ~41!

SqR~p![(
s51

`

^q~p!c̄~2p,s!&R~s!5SLq~p!, ~42!

SqL~p![(
s51

`

^q~p!c̄~2p,s!&L~s!

5
1

12w0e2a

1

F
@ igm sinpm2m~12W~p!e2a!#,

~43!

SRq~p![(
s51

`

R~s!^c~p,s!q̄~2p!&5SqL~p!, ~44!

where

GL̃5
1

2W sinha F sinha02sinha

2w0 sinha0~cosha02cosha!

2~12m2!
1

F

12We2a

~12w0e2a!2G , ~45!

GR̃5
1

2W sinha F sinha02sinha

2w0 sinha0~cosha02cosha!

2~12m2!
1

F

e22a~12Wea!

~12w0e2a!2 G . ~46!

III. MEAN FIELD IMPROVEMENT

Before evaluating the one-loop correction we discuss
mean field improvement in this section. In the domain-w
formalism the renormalization factor of ann-quark operator
On has the generic form

On
MS~m!5ZOn

lattice~1/a!, ~47!

Z5~12w0
2!2n/2Zw

2n/2ZOn
, ~48!

whereZw represents the quantum correction to the norm
ization factor 12w0

2 of the physical quark fieldsq,q̄, and
ZOn

is the vertex correction toOn . Here we notice thatZw is
written in the form
2-4
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Zw511
2w0

12w0
2

g2CF

16p2
Sw . ~49!

As is known in perturbative calculations@18# the one-loop
correction inZw becomes huge for some choice ofM be-
cause of the tadpole contribution inSw and division with 1
2w0

2. This reflects the fact that the one-loop correction to
domain-wall heightM is additive rather than multiplicative
@19#. Rewriting it in the multiplicative form

12S w02
g2CF

16p2
SwD 2

→~12w0
2!Zw ~50!

can be done only wheng2!1 since the correctionSw con-
tains the tadpole contribution and becomes large@18#.

To carry out this rewriting reliably, we adopt the mea
field improvement as follows:

12S w02
g2CF

16p2
SwD 2

512S w01g2CF2TMF1
g2CF

16p2
~2Sw216p22TMF!D 2

→12S w014~12u!1
g2CF

16p2
~2Sw216p22TMF!D 2

512S w0
MF1

g2CF

16p2
~2Sw216p22TMF!D 2

5@12~w0
MF!2#S 11

2w0
MF

12~w0
MF!2

g2CF

16p2

3~Sw116p22TMF!D
5@12~w0

MF!2#Zw
MF. ~51!

TMF is the one-loop correction to the mean field factor d
fined by

u512g2CF

TMF

2
1•••, ~52!

whereu5P1/4 with P being the plaquette. In the second lin
of Eq. ~51! we have replaced the perturbative correcti
g2CFTMF to the domain-wall height with the nonperturbativ
value 2(12u), according to the standard procedure of me
field improved perturbation theory. On the other hand,
perturbative value is still used forZw

MF , since the mean field
improved valueSw116p22TMF becomes small enough.

The procedure for the mean field improvement for t
renormalization factor of the generaln-quark operatorOn
becomes as follows. We factor out the mean field contri
tion perturbatively from the vertex correctionZOn

and re-
place it with the nonperturbative one:
09450
e

-

n
e

-

ZOn
5S 12g2CF

n

4
TMFD S ZOn

1g2CF

n

4
TMFD

→un/2S ZOn
1g2CF

n

4
TMFD , ~53!

where u5P1/4 is evaluated numerically. This leads to th
rewriting of the total renormalization factor ofOn ,

Z→ZMF5@12~w0
MF!2#2n/2~Zw

MF!2n/2un/2ZOn

MF , ~54!

where

w0
MF5w014~12u!, ~55!

Zw
MF5Zwuw05w

0
MF1

4w0
MF

12~w0
MF!2

g2CFTMF . ~56!

Note that the difference between the mean field improv
renormalization factor and the unimproved one is of high
order in the perturbative expansion. The renormalization f
tors of the quark wave function, the quark mass, and
n-quark operator are shifted as

Z2
MF5Z2uw05w

0
MF1

1

2
g2CFTMF , ~57!

Zm
MF5Zmuw05w

0
MF2

1

2
g2CFTMF , ~58!

ZOn

MF5ZOn
uw05w

0
MF1

n

4
g2CFTMF . ~59!

Now we have a short comment on the derivation ofTMF .
The one-loop correction is given by expanding the plaque
value in the gauge coupling and executing the momen
integral:

P512g2CF2TMF512g2CF2~T1dT!, ~60!

whereT is the tadpole contribution anddT is the remaining
contribution,

T5E
k
Dmm~k!, ~61!

dT52E
k
S 1

2
@cosknDmm~k!1coskmDnn~k!#

12 sin
km

2
sin

kn

2
Dmn~k! D , ~62!

with m,n unsummed andm5” n. Here, the momentum inte
gral means

E
k
5E

2p

p d4k

~2p!4
. ~63!

After numerical integration we get
2-5



TMF5

1/8 ~plaquette!,

0.0525664 ~ Iwasaki, c1520.331, c25c350!,

0.0191580 ~DBW2, c1521.40686, c25c350!,

0.0915657 ~Symanzik, c1521/12, c25c350!,
~64!

AOKI et al. PHYSICAL REVIEW D 67, 094502 ~2003!
5 0.0552016 ~ Iwasaki8, c1520.27, c21c3520.04!,

0.0482425 ~Wilson, c1520.252, c21c3520.17!.

Here, please notice that the finite partSw and the tadpole factorTMF , which is defined through the plaquetteP, are gauge
independent.

The mean field improved factor can also be defined by perturbative evaluation of the link variable~8!. In this case the
averaged link variable is written in terms ofT and the gauge dependent partdTgauge,

u5^Um~n!&512CFg2
1

2
@T2~12a!dTgauge#. ~65!

The gauge dependent term is independent of the choice of gauge action,

dTgauge50.0387334. ~66!

T is given by

T55
0.1549334 ~plaquette!,

0.0947597 ~ Iwasaki, c1520.331, c25c350!,

0.0624262 ~DBW2, c1521.40686, c25c350!,

0.1282908 ~Symanzik, c1521/12, c25c350!,

0.0973746 ~ Iwasaki8, c1520.27, c21c3520.04!,

0.0916234 ~Wilson, c1520.252, c21c3520.17!.

~67!

As a third choice, one may define the mean field improved factoru through the critical hopping parameterKc of the Wilson
fermion action as

u5
1

8Kc
512CFg2

1

2
TKc

, ~68!

where@20#

TKc
55

0.162858 ~plaquette!,

0.082555 ~ Iwasaki, c1520.331, c25c350!,

0.036483 ~DBW2, c1521.40686, c25c350!,

0.128057 ~Symanzik, c1521/12, c25c350!,

0.086167 ~ Iwasaki8, c1520.27, c21c3520.04!,

0.078169 ~Wilson, c1520.252, c21c3520.17!.

~69!
th
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IV. ONE-LOOP RENORMALIZATION FACTORS

In this section we derive the renormalization factors at
one-loop level for the quark wave function, the quark ma
the bilinear quark operators, and the three- and four-qu
operators in the form of momentum integrals. The loop in
gral is evaluated numerically in the next section. Matching
the lattice and continuum operators is carried out at the s
09450
e
,

rk
-
f
le

m in the MS scheme with dimensional reduction or nai
dimensional regularization. The difference between ND
and DRED resides only in the finite parts of the renorm
ization factors in the continuum. The finite parts on the l
tice are derived with mean field improvement. Hereafter
suppress the index ‘‘MF’’ in quantities unless confusion m
arise.
2-6
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A. Quark propagator

The one-loop correction to the physical quark propaga
is given by two diagrams. The contribution from the tadpo
diagram is given by

Gtad5(
s51

` 12w0
2

ip”1~12w0
2!m

S L~s!2
w0ip”

12w0
2

R~s!D
3V2mn

ab ~2p,p!dabE
k
Dmn~k!S R~s!2L~s!

w0ip”

12w0
2D

3
12w0

2

ip”1~12w0
2!m

. ~70!

The contribution from the rising sun diagram is written a

Grs5 (
s,t51

` 12w0
2

ip”1~12w0
2!m

S L~s!2
w0ip”

12w0
2

R~s!D E
k
V1m

a

3~2p,p2k!S~p2k!stV1n
b ~2~p2k!,p!dabDmn~k!

3S R~ t !2L~ t !
w0ip”

12w0
2D 12w0

2

ip”1~12w0
2!m

. ~71!

Making use of the summation formulas~37!–~44! and fol-
lowing the calculation in Ref.@18#, we obtain the ‘‘full’’
quark propagator at the one-loop level on the lattice and
the continuum with theMS scheme as follows:

^qlatq̄lat&5
~12w0

2!Zwu21Z2
lat

ip”1~12w0
2!Zwmlat /~uZm

lat!
, ~72!

^qMSq̄MS&5
Z2

MS

ip”1mMS/Zm
MS

, ~73!

where the mean field improvement is used on the latt
Comparing these two expressions for the quark propaga
we obtain the following relations:

qMS5~12w0
2!21/2Zw

21/2~uZ2!1/2qlat , ~74!

mMS5~12w0
2!ZwZmu21mlat , ~75!

where

Z25Z2
MS/Z2

lat, ~76!

Zm5Zm
MS/Zm

lat . ~77!

The explicit forms for theZ factors are given below. The
renormalization factor for 12w0

2 is written as

Zw511
g2

16p2
CFzw

MF , ~78!
09450
r

in

e.
or,

zw
MF5

2w0

12w0
2 @Sw132p2TMF#, ~79!

Sw516p2H 22T14~12w0
2!

3E
k

~T42T3!SF1T1~GL̃um501GR̃um50!

G0
2 J .

~80!

The quark wave function renormalization factor is given

Z2511
g2

16p2
CF@2 log~ma!21z2

MF#, ~81!

z2
MF5S1

MS2S1116p2
TMF

2
, ~82!

S1
MS52

1

2
~DRED!,

1

2
~NDR!, ~83!

S1516p2
T

2
116p2E

k
H 12w0

2

G0
2 $GL̃um50~22T1

12T52cT4!

1GR̃um50@22~w02W!~T42T3!2cT3!

1 f L
b~2T2

b24T4sb
2 !1 f R

b~22~w02W!T1
b

24sb
2 #%1

u~p22k2!

~k2!2 J 2 logp2. ~84!

The quark mass renormalization factor becomes

Zm511
g2

16p2
CF@23 log~ma!21zm

MF#, ~85!

zm
MF5~S2

MS2S2!2~S1
MS2S1!216p2

TMF

2
, ~86!

S2
MS524~DRED!,22~NDR!, ~87!

S254316p2E
k
H 1

G0
2 @T4Fm

RL12T1Fm2T3Fm
LR#

1
u~p22k2!

~k2!2 J 24 logp2. ~88!

Here T is the tadpole factor~61! and TMF is given in Eq.
~60!. No sum is taken forb. We have used the following
shorthand notation:sm5sinkm , cm5coskm , ŝm5sin(km/2),
ĉm5cos(km/2), c5(mcm , G05 k̂2, s25(msm

2 , ŝ25(mŝm
2 ,
2-7
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GL̃um505
1

2W shF sh02sh

2w0 sh0~ch02ch!
2

12We2a

F0~12w0e2a!2G ,

~89!

GR̃um505
1

2W shF sh02sh

2w0 sh0~ch02ch!
2

e22a

~12w0e2a!2G ,

~90!

SF5~w02W!GR̃um50 , ~91!

f L
b5S r

W
2

ch

sh
gbDGL̃um50

1
gb

2W sh

1

2w0 sh0

11sh0 sh2ch0ch

~ch02ch!2

1
1

W sh

1

F2um50

r •sh2Wgb~ch2W!

~12w0e2a!2

1
gb

W sh

12We2a

F0

w0e2a

~12w0e2a!3
, ~92!

gb5
cb1r ~ch2W!

W sh
, ~93!

f R
b5S r

W
2

ch

sh
gbDGR̃um50

1
gb

2W sh

1

2w0 sh0

11sh0 sh2ch0ch

~ch02ch!2

1
1

W sh

gbe22a

~12w0e2a!3
, ~94!

Fb5~w02W! f R
b1rGR̃um50 , ~95!

Fm5
e2a

F0~12w0e2a!2
, ~96!

Fm
RL5

12We2a

F0

1

~12w0e2a!2
, ~97!

F0512Wea, ~98!

Fm
LR5

e22a

~12w0e2a!2
, ~99!

T15
1

2
ŝ2s2, ~100!

T1
b552ŝ2sb

2 , ~101!
09450
T2
b5s2sb

214sb
2 ĉb

2(
m

Ābmŝm
2 2sb

2(
m

Ābmsm
2 ,

~102!

T35~ ŝ2!2, ~103!

T45(
mn

ĉm
2 Āmnŝn

2 , ~104!

T55(
mn

cmĉm
2 Āmnŝn

2 , ~105!

Āmn5dmn1Amn . ~106!

Some fundamental quantities are given by

W512M14~12u!2r(
m

~12cm!,

w0512M14~12u!, ~107!

ch5cosh~a!5
11W21s2

2W
,

ch05cosh~a0!5
11w0

2w0
, ~108!

sh5sinh~a!, sh05sinh~a0!. ~109!

Here we notice that the domain-wall height is shifted by t
nonperturbative mean field improvement factoru in this sec-

tion, which is essential forzw
MF as seen in the previous se

tion.

B. Bilinear operators

We consider the local bilinear operators constructed w
physical quark fields,

OG5q̄Gq, ~110!

where

G51~S!,g5~P!,gm~V!,gmg5~A!,smn~T!. ~111!

The one-loop correction to the bilinear quark operators
evaluated in the same way as in Ref.@18#. The operator
matching relation is given by

OG
MS~m!5~12w0

2!21Zw
21uZG~ma!OG

lat~1/a!, ~112!

where the renormalization factor is given by

ZG511
g2

16p2
CFF S h2~G!

4
21D log~ma!21zG

MFG ,
~113!

zG
MF5zG

MS2zG
lat116p2

TMF

2
, ~114!
2-8
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h2~G!54~VA !,16~SP!,0~T!, ~115!

zG
MS~DRED! 5VG

MS21/251/2~VA !,7/2~SP!,21/2~T!,
~116!

zG
MS~NDR! 5VG

MS11/250~VA !,5/2~SP!,1/2~T!,
~117!

zG
lat5VG1S15

h2~G!

4
logp2116p2I G1S1 ,

~118!

I G5E
k
H 4

~12w0e2a!2G0
2 Fe22aT322

e2a

F0
T1

1
XG

F0
2G2

h2~G!

4

u~p22k2!

~k2!2 J , ~119!

XG5T4s2~SP!,T2~VA !,
4T22T4s2

3
~T!.

~120!

C. Four-quark operators „DRED…

We consider the followingDS52 four-quark operators:

O65
1

2
@~ q̄1gm

L q2!~ q̄3gm
L q4!6~ q̄1gm

L q4!~ q̄3gm
L q2!#,

~121!

O152CF~ q̄1gm
L q2!~ q̄3gm

Rq4!1~ q̄1Tagm
L q2!

3~ q̄3Tagm
Rq4!, ~122!

O25
1

2N
~ q̄1gm

L q2!~ q̄3gm
Rq4!1~ q̄1Tagm

L q2!

3~ q̄3Tagm
Rq4!, ~123!

where gm
L,R5gmPL,R . The operator matching relation be

tween the lattice and the continuum in theMS scheme with
DRED is given by

O4G
MS~m!5~12w0

2!22Zw
22u2Z4G~ma!O4G

lat ~1/a!,
~124!

where the renormalization factor is given by

Z4G511
g2

16p2
@~dG22CF!log~ma!21z4G

MF#, ~125!

z4G
MF5vG

MS2vG12CF~S1
MS2S1!116p2CFTMF ,

~126!

v15
N21

N
@~N12!VVA2VSP#,
09450
v1
MS5

~N22!~N21!

N
, ~127!

v25
N11

N
@~N22!VVA1VSP#,

v2
MS5

~N12!~N11!

N
, ~128!

v15NVVA2
VSP

N
, v1

MS5
~N22!~N12!

N
, ~129!

v25
N221

N
VSP, v2

MS5
4~N21!~N11!

N
, ~130!

dG5vG
MS. ~131!

Here we notice that the finite part on the lattice can be w
ten in terms of the one-loop correction to bilinear operato
The relation to the NDR is given in Sec. IV F.

D. Three-quark operators „DRED…

We consider the three-quark operators relevant to the
ton decay~PD! amplitude,

~OPD!d5«abc@~ q̄1
c!aGX~q2!b#@GY~q3!c#d , ~132!

where q̄c52qTC21 with C5g0g2 is a charge conjugated
field of q and GX^ GY5PR^ PR ,PR^ PL ,PL ^ PR ,PL
^ PL . ^ acts on the Dirac spinor space representing@gX
^ gY#ab;gd[(gX)ab(gY)gd .

The operator matching relation for the three-quark ope
tors is given as follows in theMS scheme with DRED:

OPD
MS~m!5~12w0

2!23/2Zw
23/2u3/2ZPD~ma!OPD

lat ~1/a!,
~133!

where the renormalization factors are

ZPD511
g2

16p2 F S dPD2
3

2
CFD log~ma!21zPD

MFG ,
~134!

zPD
MF5vPD

MS2vPD1
3

2
CF~S1

MS2S1!116p2CF

3TMF

4
,

~135!

vPD5
N11

2N
@2VVA1VSP#, vPD

MS5dPD56
N11

2N
.

~136!

E. Renormalization factor for BK and BP

The following quantities are important forK mesons. One
is theK mesonB parameterBK , defined by
2-9
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BK5
^Kus̄gm~12g5!ds̄gm~12g5!duK&

8

3
^Kus̄gmg5du0&^0us̄gmg5duK&

, ~137!

which is needed to extract the Cabibbo-Kobayashi-Maska
~CKM! matrix from experiments, and the other is the mat
element divided by the pseudoscalar density,

BP5
^Kus̄gm~12g5!ds̄gm~12g5!duK&

^Kus̄g5du0&^0us̄g5duK&
, ~138!

which can be used to measure the violation of the ch
symmetry, since it should vanish atmp→0 in the presence
of chiral symmetry. Thes and d quark fields defining these
quantities are the boundary fields given by Eq.~5! and these
parameters are written in terms of the four-quark opera
O1 and bilinear quark operatorsOA ,OP in the previous sub-
section. The renormalization factors forBK andBP are given
by the ratio of those forO1 andOA ,OP :

ZBK
~ma!5

~12w0
2!22Zw

22Z1~ma!

~12w0!22Zw
22ZA~ma!2

5
Z1~ma!

ZA~ma!2

511
g2

16p2
@24 log~ma!1zBK

MF#, ~139!

ZBP
~ma!5

~12w0
2!22Zw

22Z1~ma!

~12w0!22Zw
22ZP~ma!2

5
Z1~ma!

ZP~ma!2

511
g2

16p2
@220 log~ma!1zBP

MF#, ~140!

where

zBK

MF5z1
MF22CFzA

MF , ~141!

zBP

MF5z1
MF22CFzP

MF . ~142!

From the explicit notation of Eqs.~114! and~126!, the mean
field improvement factorTMF is canceled out inzBK

MF and

zBP

MF . The remaining effect of the mean field improvement

to shift the domain-wall heightM.

F. DRED and NDR

In this subsection we list the relation between NDR a
DRED in theMS scheme. The relations for the quark wa
function and the quark mass are given by

z2~NDR!5z2~DRED!11, ~143!

zm~NDR!5zm~DRED!11. ~144!

The relations for the bilinear quark operators are

zVA~NDR!5zVA~DRED!21/2, ~145!
09450
a

l

r

d

zSP~NDR!5zSP~DRED!21, ~146!

zT~NDR!5zT~DRED!11. ~147!

The renormalization factors for the four-quark operators
related by

z1~NDR!5z1~DRED!23, ~148!

z2~NDR!5z2~DRED!12, ~149!

zi j ~NDR!5S z1~DRED! 0

0 z2~DRED!D 1S 5/6 8

1 28/3D .

~150!

The relation for the three-quark operator is

zPD~NDR!5zPD~DRED!12/3. ~151!

Finally, we have the relations forBK andBP :

zBK
~NDR!5zBK

~DRED!25/3, ~152!

zBP
~NDR!5zBP

~DRED!21/3. ~153!

Here we take the color factorN53 for three- and four-quark
operators andBK ,BP .

V. NUMERICAL RESULTS

The finite parts of the renormalization factors in the p
vious section are numerically calculated. The necessary
mentum integration is approximated by a discrete sum ofL4

with L564. For three- and four-quark operators and the
rametersBK ,BP the color factor is set toN53. In Tables
I–XIV, the numerical values in DRED schemes witho
mean field~MF! improvement are given. The numerical err
is estimated by varyingL from 64 to 60.

The renormalization factors with the MF improveme
defined in the previous section are given by the shift in
domain-wall height and subtraction of the tadpole factorTMF
as follows:

Sw
MF5Swuw05w

0
MF1~16p2!2TMF , ~154!

z2
MF5z2uw05w

0
MF116p2

1

2
TMF , ~155!

zm
MF5zmuw05w

0
MF216p2

1

2
TMF , ~156!

zG
MF5zGuw05w

0
MF116p2

1

2
TMF , G5VA, SP, T ,

~157!

z4G
MF5z4Guw05w

0
MF116p2CFTMF , G56,1,2,

~158!
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TABLE I. Results for plaquette action (c15c25c350) without mean field improvement.

M z2(DRED) zm(DRED) Sw zV/A(DRED) zS/P(DRED) zT(DRED)

0.10 213.6613(11) 13.4795(33) 251.048195 217.4958220(51) 213.4795(33) 218.8346(11)

0.20 213.5109(11) 14.1140(34) 250.744997 217.347925(44) 214.1140(35) 218.4259(11)

0.30 213.3838(11) 14.6225(33) 250.488509 217.223679(14) 214.6226(32) 218.0907(11)

0.40 213.2739(11) 15.0721(33) 250.266419 217.116789(15) 215.0720(34) 217.7984(11)

0.50 213.1781(11) 15.4919(33) 250.072616 217.024360(22) 215.4919(34) 217.5352(11)

0.60 213.0948(11) 15.8983(33) 249.903778 216.944705(23) 215.8983(34) 217.2935(11)

0.70 213.0230(11) 16.3026(33) 249.758186 216.876992(13) 216.3025(33) 217.0685(11)

0.80 212.9625(11) 16.7136(33) 249.635208 216.8209860(89) 216.7136(33) 216.8568(11)

0.90 212.9133(11) 17.1392(34) 249.535083 216.776780(31) 217.1392(34) 216.6560(11)

1.00 212.8760(11) 17.5872(33) 249.458848 216.7449780(33) 217.5872(34) 216.4642(11)

1.10 212.8513(11) 18.0673(24) 249.408369 216.72701(44) 218.0682(15) 216.2799(11)

1.20 212.8408(11) 18.5869(31) 249.386472 216.72314(12) 218.5871(28) 216.1018(11)

1.30 212.8464(11) 19.1603(32) 249.397179 216.736511(32) 219.1604(32) 215.9285(11)

1.40 212.8708(11) 19.8031(32) 249.446110 216.769859(40) 219.8032(31) 215.7587(11)

1.50 212.9179(11) 20.5366(34) 249.541138 216.827118(41) 220.5366(35) 215.5906(11)

1.60 212.9932(11) 21.3919(34) 249.693506 216.914213(47) 221.3918(35) 215.4217(11)

1.70 213.1050(11) 22.4162(34) 249.919841 217.039647(50) 222.4162(35) 215.2475(11)

1.80 213.2661(11) 23.6896(34) 250.246184 217.216692(56) 223.6895(35) 215.0591(11)

1.90 213.4989(11) 25.3751(33) 250.717592 217.468473(10) 225.3751(33) 214.8329(11)

TABLE II. Results for plaquette action~continued! without mean field improvement.

M z1(DRED) z2(DRED) z1(DRED) z2(DRED) zPD(DRED)

0.10 249.3331(22) 241.3005(44) 247.9943(11) 235.9454(87) 232.3141(22)

0.20 248.4171(22) 241.9492(47) 247.3391(10) 237.6374(92) 232.5399(24)

0.30 247.6639(22) 242.4617(43) 246.7968(11) 238.9935(86) 232.7133(21)

0.40 247.0079(22) 242.9184(45) 246.3264(11) 240.1921(89) 232.8704(23)

0.50 246.4200(22) 243.3550(45) 245.9091(11) 241.3117(90) 233.0271(23)

0.60 245.8835(22) 243.7907(45) 245.5347(11) 242.3955(90) 233.1918(23)

0.70 245.3883(22) 244.2394(45) 245.1968(11) 243.4734(89) 233.3710(22)

0.80 244.9276(22) 244.7128(43) 244.8918(11) 244.5696(87) 233.5704(22)

0.90 244.4965(22) 245.2213(46) 244.6173(10) 245.7044(91) 233.7952(23)

1.00 244.0918(22) 245.7763(45) 244.3725(11) 246.8993(89) 234.0514(22)

1.10 243.7112(25) 246.3936(15) 244.1583(18) 248.1819(41) 234.34815(44)

1.20 243.3524(23) 247.0803(36) 243.9737(13) 249.5656(75) 234.6889(17)

1.30 243.0148(22) 247.8626(42) 243.8227(12) 251.0944(84) 235.0890(21)

1.40 242.6974(22) 248.7641(41) 243.7085(12) 252.8086(84) 235.5620(20)

1.50 242.3993(22) 249.8183(47) 243.6358(10) 254.7642(92) 236.1272(24)

1.60 242.1195(22) 251.0747(47) 243.6120(10) 257.0448(93) 236.8135(24)

1.70 241.8547(22) 252.6077(47) 243.6469(10) 259.7764(93) 237.6636(24)

1.80 241.5960(22) 254.5416(48) 243.7536(10) 263.1721(94) 238.7486(24)

1.90 241.3115(22) 257.1248(43) 243.9471(11) 267.6669(87) 240.2080(22)
094502-11
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TABLE III. Results for Iwasaki action (c1520.331, c21c350) without mean field improvement.

M z2(DRED) zm(DRED) Sw zV/A(DRED) zS/P(DRED) zT(DRED)

0.10 25.1519(11) 3.9209(33) 225.740748 28.9630147(50) 23.9210(33) 210.6437(11)

0.20 25.0193(11) 4.5020(34) 225.489672 28.831595(44) 24.5020(35) 210.2748(11)

0.30 24.9093(11) 4.9536(33) 225.282889 28.723012(14) 24.9537(32) 29.9795(11)

0.40 24.8158(11) 5.3423(33) 225.107854 28.630858(15) 25.3423(34) 29.7270(11)

0.50 24.7354(11) 5.6970(33) 224.958176 28.552108(22) 25.6970(34) 29.5038(11)

0.60 24.6665(11) 6.0333(33) 224.830209 28.484921(23) 26.0333(34) 29.3021(11)

0.70 24.6079(11) 6.3618(33) 224.721839 28.428287(13) 26.3617(33) 29.1171(11)

0.80 24.5593(11) 6.6907(33) 224.631970 28.3817624(90) 26.6907(33) 28.9455(11)

0.90 24.5204(11) 7.0268(34) 224.560281 28.345189(31) 27.0268(34) 28.7847(11)

1.00 24.4915(11) 7.3770(33) 224.507131 28.3188721(34) 27.3769(34) 28.6328(11)

1.10 24.4731(11) 7.7494(24) 224.473568 28.30388(44) 27.7503(15) 28.4884(11)

1.20 24.4664(11) 8.1501(31) 224.461408 28.30004(12) 28.1503(28) 28.3500(11)

1.30 24.4727(11) 8.5912(32) 224.473426 28.309968(32) 28.5913(32) 28.2162(11)

1.40 24.4943(11) 9.0860(32) 224.513680 28.335718(40) 29.0861(31) 28.0856(11)

1.50 24.5343(11) 9.6525(34) 224.588063 28.380390(41) 29.6525(35) 27.9564(11)

1.60 24.5974(11) 10.3179(34) 224.705264 28.448839(47) 210.3179(35) 27.8258(11)

1.70 24.6905(11) 11.1243(34) 224.878568 28.548181(50) 211.1243(35) 27.6895(11)

1.80 24.8249(11) 12.1447(34) 225.129527 28.689852(56) 212.1446(35) 27.5383(11)

1.90 25.0209(11) 13.5324(33) 225.497027 28.8944944(96) 213.5324(33) 27.3485(11)

TABLE IV. Results for Iwasaki action~continued! without mean field improvement.

M z1(DRED) z2(DRED) z1(DRED) z2(DRED) zPD(DRED)

0.10 227.2627(22) 217.1786(44) 225.5821(11) 210.4559(87) 214.5647(22)

0.20 226.4373(22) 217.7781(47) 224.9941(10) 212.0053(92) 214.7768(24)

0.30 225.7743(22) 218.2356(43) 224.5178(11) 213.2097(86) 214.9331(21)

0.40 225.2080(22) 218.6309(45) 224.1118(11) 214.2462(89) 215.0693(23)

0.50 224.7090(22) 218.9988(45) 223.7573(11) 215.1919(90) 215.2008(23)

0.60 224.2609(22) 219.3576(45) 223.4437(11) 216.0887(90) 215.3354(23)

0.70 223.8531(22) 219.7200(45) 223.1643(11) 216.9646(89) 215.4789(22)

0.80 223.4788(22) 220.0966(43) 222.9151(11) 217.8418(87) 215.6361(22)

0.90 223.1328(22) 220.4959(46) 222.6933(10) 218.7380(91) 215.8114(23)

1.00 222.8116(22) 220.9278(45) 222.4976(11) 219.6719(89) 216.0098(22)

1.10 222.5127(25) 221.4056(15) 222.3282(18) 220.6676(41) 216.23873(44)

1.20 222.2333(23) 221.9338(36) 222.1834(13) 221.7341(75) 216.5002(17)

1.30 221.9723(22) 222.5351(42) 222.0661(12) 222.9102(84) 216.8075(21)

1.40 221.7283(22) 223.2291(41) 221.9785(12) 224.2296(84) 217.1717(20)

1.50 221.4996(22) 224.0438(47) 221.9237(10) 225.7400(92) 217.6088(24)

1.60 221.2842(22) 225.0223(47) 221.9072(10) 227.5144(93) 218.1437(24)

1.70 221.0777(22) 226.2300(47) 221.9364(10) 229.6648(93) 218.8138(24)

1.80 220.8698(22) 227.7793(48) 222.0213(10) 232.3857(94) 219.6829(24)

1.90 220.6267(22) 229.9025(43) 222.1727(11) 236.0864(87) 220.8809(22)
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TABLE V. Results for DBW2 action (c1521.407,c21c350) without mean field improvement.

M z2(DRED) zm(DRED) Sw zV/A(DRED) zS/P(DRED) zT(DRED)

0.10 0.0152(11) 22.8238(33) 211.263725 23.78359680(17) 2.8237(33) 25.9860(11)

0.20 0.1190(11) 22.3223(33) 211.080847 23.680251(25) 2.3223(34) 25.6811(11)

0.30 0.2020(11) 21.9518(33) 210.936985 23.597872(14) 1.9518(32) 25.4478(11)

0.40 0.2704(11) 21.6464(33) 210.819677 23.529968(15) 1.6464(34) 25.2554(11)

0.50 0.3276(11) 21.3779(33) 210.722539 23.473412(22) 1.3780(34) 25.0905(11)

0.60 0.3754(11) 21.1315(33) 210.641842 23.426237(23) 1.1315(34) 24.9455(11)

0.70 0.4151(11) 20.8974(33) 210.575304 23.387277(13) 0.8975(33) 24.8155(11)

0.80 0.4474(11) 20.6685(33) 210.521558 23.3558918(89) 0.6685(33) 24.6974(11)

0.90 0.4725(11) 20.4390(34) 210.479897 23.331683(31) 0.4390(34) 24.5886(11)

1.00 0.4905(11) 20.2034(33) 210.450158 23.3146548(66) 0.2034(33) 24.4873(11)

1.10 0.5012(11) 0.0449(24) 210.432689 23.30550(44) 20.0458(15) 24.3921(11)

1.20 0.5041(11) 0.3098(31) 210.428393 23.30357(12) 20.3100(28) 24.3014(11)

1.30 0.4981(11) 0.6012(32) 210.438846 23.310878(32) 20.6013(32) 24.2141(11)

1.40 0.4818(11) 0.9290(33) 210.466525 23.328712(19) 20.9291(32) 24.1286(11)

1.50 0.4531(11) 1.3075(34) 210.515219 23.359169(41) 21.3075(35) 24.0431(11)

1.60 0.4085(11) 1.7584(34) 210.590776 23.405778(31) 21.7583(34) 23.9549(11)

1.70 0.3427(11) 2.3164(34) 210.702549 23.473869(50) 22.3164(35) 23.8597(11)

1.80 0.2469(11) 3.0445(34) 210.866515 23.572405(65) 23.0444(36) 23.7484(11)

1.90 0.1041(11) 4.0811(33) 211.113350 23.7185036(95) 24.0811(33) 23.5976(11)

TABLE VI. Results for DBW2 action~continued! without mean field improvement.

M z1(DRED) z2(DRED) z1(DRED) z2(DRED) zPD(DRED)

0.10 214.4945(22) 21.2798(44) 212.2920(11) 7.5299(88) 23.1623(22)

0.20 213.8157(22) 21.8106(46) 211.8149(11) 6.1928(91) 23.3588(23)

0.30 213.2941(22) 22.1948(43) 211.4442(11) 5.2047(86) 23.4960(21)

0.40 212.8642(22) 22.5114(45) 211.1387(11) 4.3904(89) 23.6090(23)

0.50 212.4967(22) 22.7939(45) 210.8796(11) 3.6746(90) 23.7126(23)

0.60 212.1752(22) 23.0596(45) 210.6559(11) 3.0174(90) 23.8140(23)

0.70 211.8892(22) 23.3197(45) 210.4610(11) 2.3933(89) 23.9180(22)

0.80 211.6320(22) 23.5832(43) 210.2905(11) 1.7827(87) 24.0289(22)

0.90 211.3983(22) 23.8569(46) 210.1414(10) 1.1706(91) 24.1496(23)

1.00 211.1844(23) 24.1484(45) 210.0118(11) 0.5424(89) 24.2839(22)

1.10 210.9878(25) 24.4684(15) 29.9012(18) 20.1222(41) 24.43787(44)

1.20 210.8052(23) 24.8181(36) 29.8074(13) 20.8267(75) 24.6114(17)

1.30 210.6354(22) 25.2162(42) 29.7322(12) 21.6034(84) 24.8154(21)

1.40 210.4763(22) 25.6771(43) 29.6764(11) 22.4777(86) 25.0577(21)

1.50 210.3256(22) 26.2222(47) 29.6417(10) 23.4866(92) 25.3505(24)

1.60 210.1804(22) 26.8855(46) 29.6312(10) 24.6888(91) 25.7132(23)

1.70 210.0353(22) 27.7203(47) 29.6495(10) 26.1770(93) 26.1761(24)

1.80 29.8784(22) 28.8225(48) 29.70240(99) 28.1185(95) 26.7928(25)

1.90 29.6743(22) 210.3995(43) 29.7951(11) 210.8830(87) 27.6788(22)
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TABLE VII. Results for Symanzik action (c1521/12,c21c350) without mean field improvement.

M z2(DRED) zm(DRED) Sw zV/A(DRED) zS/P(DRED) zT(DRED)

0.10 210.0458(11) 9.5240(33) 240.074665 213.8700910(49) 29.5240(33) 215.3188(11)

0.20 29.9009(11) 10.1413(33) 239.788806 213.727114(24) 210.1412(34) 214.9224(11)

0.30 29.7791(11) 10.6311(33) 239.548978 213.6075270(18) 210.6311(33) 214.5997(11)

0.40 29.6743(11) 11.0606(33) 239.342775 213.505042(27) 211.0606(34) 214.3199(11)

0.50 29.5834(11) 11.4588(33) 239.163976 213.416707(22) 211.4588(34) 214.0693(11)

0.60 29.5046(11) 11.8418(33) 239.009135 213.340761(24) 211.8417(34) 213.8404(11)

0.70 29.4370(11) 12.2205(33) 238.876383 213.276319(19) 212.2204(34) 213.6283(11)

0.80 29.3803(11) 12.6037(33) 238.764914 213.2230850(32) 212.6037(33) 213.4296(11)

0.90 29.3344(11) 12.9987(34) 238.674758 213.181049(45) 212.9987(35) 213.2418(11)

1.00 29.2998(11) 13.4134(33) 238.606702 213.150747(12) 213.4134(33) 213.0632(11)

1.10 29.2773(11) 13.8565(24) 238.562312 213.13344(45) 213.8574(15) 212.8921(11)

1.20 29.2681(11) 14.3350(31) 238.544048 213.12925(12) 214.3352(28) 212.7273(11)

1.30 29.2740(11) 14.8627(32) 238.555483 213.141156(36) 214.8628(31) 212.5673(11)

1.40 29.2976(11) 15.4541(34) 238.601678 213.171563(56) 215.4540(35) 212.4107(11)

1.50 29.3426(11) 16.1298(34) 238.689808 213.224355(40) 216.1298(35) 212.2559(11)

1.60 29.4141(11) 16.9193(32) 238.830222 213.304914(22) 216.9193(32) 212.1001(11)

1.70 29.5200(11) 17.8679(34) 239.038393 213.421179(55) 217.8679(35) 211.9390(11)

1.80 29.6726(11) 19.0538(34) 239.338831 213.586004(38) 219.0537(34) 211.7634(11)

1.90 29.8936(11) 20.6363(34) 239.774527 213.821470(50) 220.6362(35) 211.5499(11)

TABLE VIII. Results for Symanzik action~continued! without mean field improvement.

M z1(DRED) z2(DRED) z1(DRED) z2(DRED) zPD(DRED)

0.10 239.8843(22) 231.1922(44) 238.4356(11) 225.3974(88) 224.8428(22)

0.20 238.9962(22) 231.8245(45) 237.8009(11) 227.0433(90) 225.0636(23)

0.30 238.2710(22) 232.3182(44) 237.2789(11) 228.3497(88) 225.2308(22)

0.40 237.6431(22) 232.7541(46) 236.8283(11) 229.4948(91) 225.3804(23)

0.50 237.0832(22) 233.1673(45) 236.4305(11) 230.5568(90) 225.5281(23)

0.60 236.5747(22) 233.5767(46) 236.0750(11) 231.5780(90) 225.6822(23)

0.70 236.1074(22) 233.9957(45) 235.7555(11) 232.5878(90) 225.8487(23)

0.80 235.6745(22) 234.4357(44) 235.4680(11) 233.6097(87) 226.0332(22)

0.90 235.2710(22) 234.9063(47) 235.2102(10) 234.6632(93) 226.2405(24)

1.00 234.8936(22) 235.4188(44) 234.9811(11) 235.7690(88) 226.4766(22)

1.10 234.5399(25) 235.9878(14) 234.7812(19) 236.9530(40) 226.74952(39)

1.20 234.2073(23) 236.6193(36) 234.6093(13) 238.2273(75) 227.0625(17)

1.30 233.8953(22) 237.3386(41) 234.4692(12) 239.6342(84) 227.4301(21)

1.40 233.6025(22) 238.1675(48) 234.3633(10) 241.2108(94) 227.8648(24)

1.50 233.3280(22) 239.1388(47) 234.2965(10) 243.0127(92) 228.3857(24)

1.60 233.0701(22) 240.2990(42) 234.2750(11) 245.1183(85) 229.0194(21)

1.70 232.8254(22) 241.7187(48) 234.3076(10) 247.6476(94) 229.8068(24)

1.80 232.5842(22) 243.5197(46) 234.4068(10) 250.8100(92) 230.8172(23)

1.90 232.3141(22) 245.9435(47) 234.5857(10) 255.0298(93) 232.1861(24)
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TABLE IX. Results for Iwasaki8 (c1520.27,c21c3520.04) without mean field improvement.

M z2(DRED) zm(DRED) Sw zV/A(DRED) zS/P(DRED) zT(DRED)

0.10 25.5333(11) 4.3931(33) 226.877090 29.34607970(10) 24.3932(33) 210.9970(11)

0.20 25.3988(11) 4.9788(34) 226.621656 29.212870(42) 24.9787(35) 210.6242(11)

0.30 25.2871(11) 5.4350(33) 226.410767 29.1025605(18) 25.4350(33) 210.3251(11)

0.40 25.1918(11) 5.8288(33) 226.231888 29.008800(27) 25.8287(34) 210.0688(11)

0.50 25.1098(11) 6.1888(33) 226.078645 28.928565(23) 26.1887(34) 29.8418(11)

0.60 25.0394(11) 6.5307(33) 225.947409 28.860006(25) 26.5307(34) 29.6364(11)

0.70 24.9794(11) 6.8653(33) 225.836093 28.802140(19) 26.8652(34) 29.4478(11)

0.80 24.9295(11) 7.2007(33) 225.743629 28.7545520(32) 27.2007(33) 29.2725(11)

0.90 24.8895(11) 7.5439(34) 225.669734 28.717095(45) 27.5439(35) 29.1082(11)

1.00 24.8597(11) 7.9020(33) 225.614815 28.6901393(17) 27.9020(33) 28.9529(11)

1.10 24.8407(11) 8.2830(24) 225.579975 28.67475(45) 28.2840(15) 28.8050(11)

1.20 24.8336(11) 8.6931(31) 225.567106 28.67079(12) 28.6934(28) 28.6633(11)

1.30 24.8399(11) 9.1449(32) 225.579077 28.680961(36) 29.1450(31) 28.5263(11)

1.40 24.8618(11) 9.6514(34) 225.620062 28.707290(34) 29.6514(34) 28.3926(11)

1.50 24.9025(11) 10.2316(34) 225.696112 28.753199(41) 210.2316(35) 28.2604(11)

1.60 24.9669(11) 10.9127(33) 225.816120 28.8234763(60) 210.9127(33) 28.1271(11)

1.70 25.0619(11) 11.7369(34) 225.993647 28.925293(55) 211.7369(35) 27.9881(11)

1.80 25.1991(11) 12.7785(34) 226.250625 29.070482(29) 212.7785(34) 27.8345(11)

1.90 25.3990(11) 14.1913(34) 226.626481 29.279741(50) 214.1912(35) 27.6426(11)

TABLE X. Results for Iwasaki8 ~continued! without mean field improvement.

M z1(DRED) z2(DRED) z1(DRED) z2(DRED) zPD(DRED)

0.10 228.2248(22) 218.3190(44) 226.5738(11) 211.7151(88) 215.3902(22)

0.20 227.3904(22) 218.9221(47) 225.9790(10) 213.2766(92) 215.6030(24)

0.30 226.7185(22) 219.3835(44) 225.4960(11) 214.4934(88) 215.7601(22)

0.40 226.1435(22) 219.7833(46) 225.0835(11) 215.5432(91) 215.8975(23)

0.50 225.6361(22) 220.1564(45) 224.7228(11) 216.5032(90) 216.0306(23)

0.60 225.1796(22) 220.5209(46) 224.4031(11) 217.4151(90) 216.1671(23)

0.70 224.7637(22) 220.8898(45) 224.1180(11) 218.3072(90) 216.3130(23)

0.80 224.3814(22) 221.2737(44) 223.8634(11) 219.2019(87) 216.4732(22)

0.90 224.0277(22) 221.6813(47) 223.6366(10) 220.1171(93) 216.6521(24)

1.00 223.6991(22) 222.1228(44) 223.4364(11) 221.0720(88) 216.8548(22)

1.10 223.3932(25) 222.6116(14) 223.2629(19) 222.0906(40) 217.08897(39)

1.20 223.1071(23) 223.1522(36) 223.1146(13) 223.1823(75) 217.3566(17)

1.30 222.8399(22) 223.7679(41) 222.9945(12) 224.3867(84) 217.6713(21)

1.40 222.5901(22) 224.4782(46) 222.9047(10) 225.7370(91) 218.0440(23)

1.50 222.3563(22) 225.3130(47) 222.8491(10) 227.2842(92) 218.4920(24)

1.60 222.1364(22) 226.3149(44) 222.8329(11) 229.1006(87) 219.0398(22)

1.70 221.9264(22) 227.5496(48) 222.8636(10) 231.2983(94) 219.7250(24)

1.80 221.7160(22) 229.1319(46) 222.9520(10) 234.0759(91) 220.6130(23)

1.90 221.4717(22) 231.2945(47) 223.1088(10) 237.8431(93) 221.8338(24)
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TABLE XI. Results for Wilson action (c1520.252,c21c3520.17) without mean field improvement.

M z2(DRED) zm(DRED) Sw zV/A(DRED) zS/P(DRED) zT(DRED)

0.10 24.6207(11) 3.3530(33) 224.357346 28.432682000(89) 23.3530(33) 210.1259(11)

0.20 24.4878(11) 3.9318(34) 224.107889 28.301041(42) 23.9318(35) 29.7575(11)

0.30 24.3775(11) 4.3809(33) 223.902639 28.1922005(19) 24.3810(33) 29.4626(11)

0.40 24.2836(11) 4.7672(33) 223.729040 28.099802(27) 24.7671(34) 29.2107(11)

0.50 24.2030(11) 5.1193(33) 223.580691 28.020813(22) 25.1193(34) 28.9880(11)

0.60 24.1337(11) 5.4529(33) 223.453933 27.953375(25) 25.4529(34) 28.7869(11)

0.70 24.0748(11) 5.7786(33) 223.346639 27.896494(19) 25.7786(34) 28.6025(11)

0.80 24.0257(11) 6.1046(33) 223.257697 27.8497439(31) 26.1046(33) 28.4314(11)

0.90 23.9865(11) 6.4378(34) 223.186769 27.812963(45) 26.4377(35) 28.2714(11)

1.00 23.9572(11) 6.7850(33) 223.134195 27.7865037(17) 26.7850(33) 28.1204(11)

1.10 23.9386(11) 7.1543(24) 223.100997 27.77141(45) 27.1552(15) 27.9768(11)

1.20 23.9316(11) 7.5517(31) 223.088966 27.76753(12) 27.5519(28) 27.8394(11)

1.30 23.9377(11) 7.9895(32) 223.100847 27.777532(36) 27.9896(31) 27.7068(11)

1.40 23.9593(11) 8.4808(34) 223.140662 27.803408(34) 28.4807(34) 27.5776(11)

1.50 23.9993(11) 9.0441(34) 223.214259 27.848538(40) 29.0440(35) 27.4500(11)

1.60 24.0626(11) 9.7062(33) 223.330281 27.9176562(61) 29.7063(33) 27.3215(11)

1.70 24.1561(11) 10.5091(34) 223.501949 28.017864(55) 210.5091(35) 27.1875(11)

1.80 24.2912(11) 11.5264(34) 223.750743 28.160901(29) 211.5264(34) 27.0391(11)

1.90 24.4883(11) 12.9109(34) 224.115456 28.367330(50) 212.9108(35) 26.8528(11)

TABLE XII. Results for Wilson action~continued! without mean field improvement.

M z1(DRED) z2(DRED) z1(DRED) z2(DRED) zPD(DRED)

0.10 225.8736(22) 215.7143(44) 224.1804(11) 28.9414(88) 213.4789(22)

0.20 225.0489(22) 216.3104(47) 223.5925(10) 210.4847(92) 213.6892(24)

0.30 224.3867(22) 216.7642(44) 223.1163(11) 211.6826(88) 213.8436(22)

0.40 223.8212(22) 217.1559(46) 222.7104(11) 212.7124(91) 213.9778(23)

0.50 223.3232(22) 217.5201(45) 222.3560(11) 213.6514(90) 214.1073(23)

0.60 222.8760(22) 217.8750(46) 222.0425(11) 214.5410(90) 214.2398(23)

0.70 222.4693(22) 218.2334(45) 221.7633(11) 215.4095(90) 214.3810(23)

0.80 222.0961(22) 218.6058(44) 221.5144(11) 216.2790(87) 214.5361(22)

0.90 221.7514(22) 219.0009(47) 221.2930(10) 217.1673(93) 214.7091(24)

1.00 221.4317(22) 219.4286(44) 221.0979(11) 218.0932(88) 214.9053(22)

1.10 221.1346(25) 219.9022(14) 220.9292(19) 219.0806(40) 215.13203(39)

1.20 220.8572(23) 220.4259(36) 220.7853(13) 220.1384(75) 215.3913(17)

1.30 220.5987(22) 221.0229(41) 220.6694(12) 221.3057(84) 215.6965(21)

1.40 220.3575(22) 221.7122(46) 220.5833(10) 222.6153(91) 216.0584(23)

1.50 220.1324(22) 222.5234(47) 220.5309(10) 224.1174(92) 216.4941(24)

1.60 219.9213(22) 223.4986(44) 220.5175(11) 225.8834(87) 217.0277(22)

1.70 219.7201(22) 224.7026(48) 220.5506(10) 228.0243(94) 217.6966(24)

1.80 219.5188(22) 226.2497(46) 220.6406(10) 230.7369(91) 218.5654(23)

1.90 219.2839(22) 228.3709(47) 220.7984(10) 234.4289(93) 219.7637(24)
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TABLE XIII. Values of zBK
andzBP

for plaquette, Iwasaki, and DBW2 gauge actions.

Plaquette Iwasaki DBW2

M zBK
(DRED) zBP

(DRED) zBK
(DRED) zBP

(DRED) zBK
(DRED) zBP

(DRED)

0.10 22.6775(21) 213.388(11) 23.3614(22) 216.807(11) 24.4049(22) 222.024(11)

0.20 22.1559(22) 210.780(11) 22.8864(23) 214.432(11) 24.0017(22) 220.009(11)

0.30 21.7341(22) 28.670(11) 22.5129(22) 212.565(11) 23.6998(22) 218.499(11)

0.40 21.3632(23) 26.816(11) 22.1924(23) 210.962(11) 23.4509(22) 217.255(11)

0.50 21.0217(23) 25.108(11) 21.9034(22) 29.517(11) 23.2342(22) 216.171(11)

0.60 20.6976(22) 23.488(11) 21.6344(22) 28.172(11) 23.0385(22) 215.193(11)

0.70 20.3830(23) 21.915(11) 21.3777(22) 26.889(11) 22.8565(22) 214.283(11)

0.80 20.0716(22) 20.358(11) 21.1274(22) 25.637(11) 22.6829(21) 213.415(11)

0.90 0.2416(22) 1.208(11) 20.8789(22) 24.395(11) 22.5138(23) 212.569(11)

1.00 0.5615(22) 2.808(11) 20.6279(22) 23.140(11) 22.3454(23) 211.727(11)

1.10 0.8941(14) 4.4707(66) 20.3690(13) 21.8451(65) 22.1731(13) 210.8656(66)

1.20 1.2427(19) 6.2133(98) 20.0998(19) 20.4992(98) 21.9957(20) 29.9785(98)

1.30 1.6159(22) 8.080(11) 0.1876(21) 0.938(11)21.8064(21) 29.032(11)

1.40 2.0223(21) 10.111(11) 0.5003(21) 2.501(11)21.5997(21) 27.999(11)

1.50 2.4730(22) 12.365(11) 0.8481(22) 4.240(11)21.3678(23) 26.839(11)

1.60 2.9851(23) 14.925(11) 1.2460(23) 6.230(11)21.0983(23) 25.492(11)

1.70 3.5843(23) 17.922(11) 1.7174(23) 8.587(11)20.7717(23) 23.858(12)

1.80 4.3152(23) 21.576(12) 2.3032(23) 11.516(12)20.3520(24) 21.760(12)

1.90 5.2711(22) 26.355(11) 3.0919(22) 15.460(11) 0.2418(21) 1.209(

TABLE XIV. Values of zBK
andzBP

for Symanzik, Iwasaki8, and Wilson gauge actions.

Symanzik Iwasaki8 Wilson

M zBK
(DRED) zBP

(DRED) zBK
(DRED) zBP

(DRED) zBK
(DRED) zBP

(DRED)

0.10 22.8974(22) 214.487(11) 23.3019(22) 216.510(11) 23.3864(21) 216.932(11)

0.20 22.3906(23) 211.953(11) 22.8228(23) 214.114(11) 22.9128(22) 214.564(11)

0.30 21.9843(22) 29.921(11) 22.4450(22) 212.225(11) 22.5408(22) 212.704(11)

0.40 21.6297(23) 28.148(11) 22.1201(23) 210.600(11) 22.2218(23) 211.109(11)

0.50 21.3053(23) 26.526(11) 21.8266(23) 29.133(11) 21.9344(23) 29.672(11)

0.60 20.9993(22) 24.997(11) 21.5529(23) 27.764(11) 21.6670(23) 28.335(11)

0.70 20.7039(22) 23.520(11) 21.2913(23) 26.456(11) 21.4119(22) 27.060(11)

0.80 20.4130(22) 22.065(11) 21.0359(22) 25.180(11) 21.1634(22) 25.817(11)

0.90 20.1216(23) 20.608(11) 20.7821(23) 23.911(11) 20.9168(23) 24.584(11)

1.00 0.1751(22) 0.875(11) 20.5254(22) 22.627(11) 20.6677(22) 23.339(11)

1.10 0.4826(13) 2.4131(65) 20.2605(13) 21.3026(64) 20.4108(13) 22.0540(65)

1.20 0.8040(19) 4.0200(97) 0.0150(20) 0.0752(98)20.1438(20) 20.7188(98)

1.30 1.1478(21) 5.739(11) 0.3094(21) 1.547(11) 0.1414(21) 0.707(

1.40 1.5216(24) 7.608(12) 0.6294(22) 3.147(11) 0.4515(23) 2.258(

1.50 1.9369(23) 9.685(11) 0.9856(23) 4.928(11) 0.7970(23) 3.985(

1.60 2.4096(22) 12.048(11) 1.3928(22) 6.964(11) 1.1924(22) 5.962(

1.70 2.9645(23) 14.822(11) 1.8744(23) 9.372(12) 1.6608(23) 8.304(

1.80 3.6452(22) 18.226(11) 2.4720(22) 12.360(11) 2.2436(23) 11.218(

1.90 4.5431(23) 22.716(12) 3.2743(23) 16.371(11) 3.0290(23) 15.145(
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TABLE XV. Fit parametersai andb1 of P~plaquette! as a function ofg2 for the plaquette (c150) and RG
improved (c1520.331) gauge actions. Fit parameters ofR~rectangular! for the latter are also included.

Action gmax
2 a1 a2 a3 a4 b1

Plaquette 1.07143 P 21.22304~5! 0.26789~2! 20.00252~5! 0.02313~2! 20.889706
Iwasaki 2.74348 P 20.446426~3! 0.0448185~3! 20.0014248~2! 0.00020329~5! 20.3062260

R 20.571259~2! 0.1004102~6! 20.0074407~3! 0.00041907~7! 20.3023588
at
e
v

a

uc
e

fit

e

t-

-
RG
zPD
MF5zPDuw05w

0
MF116p2CF

3

4
TMF , ~159!

wherew0512M and the nonperturbatively shiftedw0
MF is

defined by

w0
MF512w014~12u!. ~160!

VI. TOOLKIT FOR THE MEAN FIELD IMPROVED
PERTURBATION THEORY

In this section, we explain step by step how to calcul
the renormalization factors in the mean field improved p
turbation theory, using our numerical results from the pre
ous section. We assume~quenched! domain-wall QCD with
the plaquette or improved gauge actions. Therefore we h
two parameters, the bare gauge coupling constantg256/b
and the domain-wall heightM, in addition to the improved
coefficientc1 andc21c3.

~1! First of all, one determines the tadpole factoru. Usu-
ally u is determined from the measured plaquette value s
that u5P1/4. From the existing data for the plaquette valu
at severalb for the plaquette and RG improved~Iwasaki!
gauge actions,P may be parametrized as a function ofg2:

P5
11a1g21a2g41a3g61a4g8

11b1g2
. ~161!

In Table XV the coefficientsai andb1 are given@21#, where
gmax

2 is the maximum value of the coupling used in the
The fits are constrained to satisfy the relation thatcp5b1
2a1, where

P512cpg21O~g4! ~162!

at the leading order of perturbation theory. The value ofcp
for various gauge actions is given in Table XVI, togeth
09450
e
r-
i-

ve

h
s

.

r

with the values ofcR1,R3 defined by

R15
1

3
TrU rtg512cR1g21O~g4!, ~163!

R25
1

3
TrUchr512cR2g21O~g4!, ~164!

R35
1

3
TrUplg512cR3g21O~g4!, ~165!

whereR1, R2 andR3 are the expectation value of the rec
angular, chair, and parallelogram loops, respectively.

At strong coupling, such thatg2.gmax
2 , one had better

use the measured value ofP, instead of Eq.~161!.
~2! One then calculates the mean field improvedMS cou-

pling gMS
2 (m) at the scalem from g2 andP as

1

gMS
2

~m!
5

P

g2
1dg1cp1

22

16p2
log~ma!, ~166!

wheredg , taken from Refs.@22–24#, is also given in Table
XVI. According to the philosophy of the mean field improve
ment, an alternative formula seems more natural for the
improved gauge action@25#:

1

gMS
2

~m!
5

c0P18c1R1116c2R218c3R3

g2
1dg

1~c0•cp18c1•cR1116c2•cR218c3•cR3!

1
22

16p2
log~ma!. ~167!

~3! One replaces the domain-wall heightM with M̃5M
24(12u).
7858
29989
17325
6492
0965
29927
TABLE XVI. Values of the perturbative quantitiescP , dg , cRi , T, T2TMF , and TKc
2TMF for the

various gauge actions.

Action c1 c3 cp dg cR1 cR2 cR3 T T2TMF TKc
2TMF

Plaquette 0 0 1/3 20.4682 0.5747 0.5228 0.5687 0.1549334 0.0299334 0.03
Iwasaki 20.331 0 0.1401 0.1053 0.2689 0.2223 0.2465 0.0947597 0.0421939 0.0
DBW2 21.40686 0 0.0511 0.5317 0.1040 0.0818 0.0921 0.0624262 0.0432682 0.0
Symanzik 21/12 0 0.2440 20.2361 0.4417 0.3846 0.4215 0.1282908 0.0367251 0.03
Iwasaki8 20.27 20.04 0.1471 0.2797 0.2342 0.2611 0.0973746 0.042173 0.03
Wilson 20.252 20.17 0.1286 0.1196 0.2439 0.2070 0.2352 0.0916234 0.0433809 0.0
2-18



PERTURBATIVE RENORMALIZATION FACTORS IN . . . PHYSICAL REVIEW D67, 094502 ~2003!
TABLE XVII. Values of parametersai in the interpolation ofSw as a function ofw0512M̃ for the
various gauge actions.

Action 32p2TMF a0 32p2TMF1a0 a1 a2 a3 a4

Plaquette 39.4784 249.4658 29.9874 20.6944 21.1452 0.6262 20.7525
Iwasaki 16.6019 224.5135 27.9116 20.4815 20.8488 0.4240 20.6429
DBW2 6.0506 210.4557 24.4051 20.2676 20.5018 0.2253 20.5031
Symanzik 28.9190 238.6134 29.6945 20.6187 21.0446 0.5540 20.7151
Iwasaki8 17.4342 225.6212 28.1870 20.4978 20.8724 0.4394 20.6522
Wilson 15.2363 223.1406 27.9043 20.4766 20.8385 0.4192 20.6411

TABLE XVIII. Values of parametersai in the interpolation ofz2
MF as a function ofw0512M̃ for the

various gauge actions.

Action 8p2TMF1a0 a1 a2 a3 a4 a5 a6

DRED NDR

Plaquette 23.0098 22.0098 20.3399 20.5657 0.3061 20.3727
Iwasaki 20.3442 0.6558 20.2618 20.4624 0.2316 20.3340
DBW2 2.0037 3.0037 20.1402 20.3846 0.0291 20.0280 0.1037 20.1933
Symanzik 22.0735 21.0735 20.3142 20.5337 0.2815 20.3601
Iwasaki8 20.5033 0.4968 20.2700 20.4733 0.2393 20.3381
Wilson 20.1504 0.8497 20.2652 20.4638 0.2348 20.3359

TABLE XIX. Values of parametersai in the interpolation ofzm
MF as a function ofw0512M̃ for the

various gauge actions.

Action 28p2TMF1a0 a1 a2 a3 a4 a5 a6 a7 a8

DRED NDR

Plaquette 7.7341 8.734124.2837 1.293422.8593 1.1943
Iwasaki 3.2278 4.227823.7023 1.136620.4148 0.082322.0294 0.7181
DBW2 21.7148 20.7148 22.3699 0.550421.4802 0.5480 1.233120.4451 22.0512 0.6116
Symanzik 6.1997 7.199723.9326 1.126822.7623 1.1360
Iwasaki8 3.5447 4.544723.7840 1.175720.4348 0.091422.0383 0.7237
Wilson 2.9771 3.977123.6712 1.132020.4158 0.083922.0303 0.7184
094502-19



AOKI et al. PHYSICAL REVIEW D 67, 094502 ~2003!
TABLE XX. Values of parametersai in the interpolation ofzG
MF as a function ofw0512M̃ for the various gauge actions.

Action G 8p2TMF1a0 a1 a2 a3 a4 a5 a6 a7 a8

DRED NDR

Plaquette VA 26.8787 27.3787 20.2734 20.6126 0.3087 20.3509
SP 27.7341 28.7341 4.2837 21.2934 2.8593 21.1943
T 26.5954 25.5954 21.8023 20.3587 20.5198 20.1198

Iwasaki VA 24.1714 24.6714 20.2264 20.4920 0.2233 20.3074
SP 23.2278 24.2278 3.7023 21.1366 0.4148 20.0823 2.0294 20.7181
T 24.4831 23.4831 21.4031 20.3538 20.5281 20.1163

DBW2 VA 21.8047 22.3047 20.1441 20.3251 0.1256 20.2512
SP 1.7148 0.7148 2.3699 20.5504 1.4802 20.5480 21.2331 0.4451 2.0512 20.6116
T 22.9755 21.9755 20.9049 20.2829 20.5213 20.1143

Symanzik VA 25.9247 26.4247 20.2582 20.5351 0.2744 20.3822
SP 26.1997 27.1997 3.9326 21.1268 2.7623 21.1360
T 25.8342 24.8342 21.6704 20.3620 20.5230 20.1181

Iwasaki8 VA 24.3349 24.8349 20.2408 20.4888 0.2500 20.3438
SP 23.5447 24.5447 3.7840 21.1757 0.4348 20.0914 2.0383 20.7237
T 24.5939 23.5939 21.4375 20.3578 20.5263 20.1169

Wilson VA 23.9808 24.4808 20.2365 20.4791 0.2454 20.3416
SP 22.9771 23.9771 3.6712 21.1320 0.4158 20.0839 2.0303 20.7184
T 24.3105 23.3105 21.3949 20.3590 20.5231 20.1186

TABLE XXI. Values of parametersai in the interpolation ofzI
MF as a function ofw0512M̃ for the various gauge actions.

Action zI 16p2CFTMF1a0 a1 a2 a3 a4 a5 a6 a7 a8

DRED NDR

Plaquette z1 217.7755 220.7755 23.7921 21.1211 20.8227 0.4906
z2 219.5095 217.5095 5.3566 22.4018 4.2146 22.2148
z1 218.0616 217.2283 22.2711 21.3464 0.0227 20.7684
z2 220.6543 223.3210 11.4490 23.3084 7.5830 23.3158

Iwasaki z1 211.7462 214.7462 22.9621 21.0310 20.8968 20.4536
z2 29.9090 27.9090 4.0754 21.6247 3.6731 21.9229
z1 211.4375 210.6042 21.7924 21.1399 20.1300 20.6906
z2 28.6739 211.3406 8.7611 22.0690 6.7288 22.8579

DBW2 z1 27.1531 210.1531 21.9103 20.7789 20.9496 20.4094
z2 20.1218 1.8782 2.9921 21.1429 1.9992 21.2779 21.4973 1.1634 2.7409 21.2539
z1 25.9855 25.1522 21.1556 20.7930 20.2895 20.5888
z2 4.5663 1.89963 6.3348 21.3762 3.8436 21.8212 23.0864 1.7158 5.3507 21.8910

Symanzik z1 215.6167 218.6167 23.5212 21.1030 20.8459 20.4747
z2 216.1930 214.1930 4.8941 22.1210 4.0731 22.1206
z1 215.7093 214.8760 22.1204 21.2884 20.0254 20.7338
z2 216.5657 219.2324 10.5000 22.8547 7.3568 23.1659

Iwasaki8 z1 212.0779 215.0779 23.0365 21.0404 20.8846 20.4650
z2 210.5214 28.5214 4.1523 21.8581 3.7568 21.7758
z1 211.8187 210.9854 21.8391 21.1732 20.1092 20.6892
z2 29.4850 212.1517 8.9385 22.3597 6.8666 22.7263

Wilson z1 211.2758 214.2758 22.9482 21.0361 20.8815 20.4672
z2 29.2925 27.2925 4.0099 21.7896 3.7136 21.7537
z1 210.9454 210.1121 21.7894 21.1583 20.1136 20.6872
z2 27.9715 210.6382 8.6425 22.2482 6.7932 22.6882
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TABLE XXII. Values of parametersai in the interpolation ofzPD
MF as a function ofw0512M̃ for the

various gauge actions.

Action 12p2CFTMF1a0 a1 a2 a3 a4 a5 a6

DRED NDR

Plaquette 214.3397 213.6730 2.4915 21.6054 2.3230 21.3567
Iwasaki 27.7345 27.0678 1.8824 21.1368 1.9949 21.1805
DBW2 21.2816 20.6149 1.2163 20.6239 1.5858 20.9385
Symanzik 212.0114 211.3447 2.5984 21.8575 0.5655 20.1570 1.5948 20.8303
Iwasaki8 28.1512 27.4845 1.9133 21.2459 2.0505 21.1324
Wilson 27.3006 26.6339 1.8448 21.2045 2.0260 21.1205

TABLE XXIII. Values of parametersai in the interpolation ofzBK,P
MF ~DRED! as a function ofw0512M̃ for the various gauge actions.

Action a0 a1 a2 a3 a4 a5 a6 a7 a8 a9

Plaquette BK 0.5620 23.2600 0.5721 20.6662 0.3607 21.4980 20.1876 2.1054 0.3137 21.7541
BP 2.8090 216.2960 2.8702 23.3753 1.7750 27.3424 20.9065 10.3304 1.5573 28.6802

Iwasaki BK 20.6274 22.5482 0.3314 20.5474 0.3056 21.4760 20.2045 2.1211 0.3091 21.7546
BP 23.1382 212.7364 1.6692 22.7886 1.4842 27.2027 20.9620 10.3672 1.5174 28.6625

DBW2 BK 22.3449 21.7033 0.1284 20.3989 0.2266 21.4279 20.2110 2.1224 0.2867 21.7398
BP 211.7253 28.5119 0.6501 22.0474 1.1082 26.9618 21.0262 10.3788 1.4224 28.5939

Symanzik BK 0.1755 23.0186 0.4835 20.6220 0.3433 21.5024 20.1967 2.1251 0.3153 21.7602
BP 0.8768 215.0883 2.4285 23.1641 1.6727 27.3202 20.9141 10.3648 1.5397 28.6818

Iwasaki8 BK 20.5250 22.6062 0.3490 20.5562 0.3107 21.4839 20.2043 2.1274 0.3111 21.7577
BP 22.6257 213.0268 1.7564 22.8306 1.5053 27.2390 20.9447 10.3860 1.5150 28.6712

Wilson BK 20.6673 22.5283 0.3268 20.5469 0.3049 21.4727 20.2047 2.1159 0.3097 21.7515
BP 23.3370 212.6378 1.6453 22.7764 1.4763 27.2135 20.9484 10.3706 1.5099 28.6595

TABLE XXIV. Top: Values of zi
pen~DRED! as a function ofM, together with interpolated values and

relative errors. Bottom: Values of parametersai andbi in the interpolation ofzi
pen(DRED) as a function of

w0512M̃ .

M zi
pen(DRED) Interpolation Relative error M zi

pen(DRED) Interpolation Relative error

0.10 1.544~1! 1.514 0.019 1.10 1.178~2! 1.191 0.011
0.20 20.131~1! 20.105 20.195 1.20 1.648~1! 1.654 0.004
0.30 20.448~1! 20.443 20.012 1.30 2.246~1! 2.243 0.001
0.40 20.464~1! 20.475 20.024 1.40 3.043~1! 3.030 0.004
0.50 20.367~1! 20.384 20.045 1.50 4.163~1! 4.147 0.004
0.60 20.213~1! 20.225 20.057 1.60 5.865~1! 5.856 0.002
0.70 20.019~1! 20.022 20.163 1.70 8.759~1! 8.768 0.001
0.80 0.211~1! 0.217 0.030 1.80 14.721~1! 14.742 0.001
0.90 0.480~1! 0.493 0.028 1.90 33.357~1! 33.339 0.001
1.00 0.797~1! 0.813 0.020

Action a0 a1 a2 a3 a4 b1 b2 b3 b4

All 0.8132 23.4681 2.3612 20.8213 2.0186 20.0127 20.6956 0.0054 20.3216
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TABLE XXV. Values of parametersai in the interpolation ofzi j
MF~DRED! as a function ofw0512M̃ for the various gauge actions.

Action zii 16p2CFTMF1a0 a1 a2 a3 a4 a5 a6 a7 a8

Plaquette z11 218.6311 0.7719 21.8154 1.7127 21.3019

z55 218.0616 22.2711 21.3464 0.0227 20.7684

z66 220.6543 11.4490 23.3084 7.5830 23.3158

Iwasaki z11 210.8167 0.5467 21.3795 1.4045 21.1395

z55 211.4375 21.7924 21.1399 20.1300 20.6906

z66 28.6739 8.7611 22.0690 6.7288 22.8579

DBW2 z11 23.6286 0.6247 21.1155 20.3311 20.1293 1.3053 20.5945

z55 25.9855 21.1556 20.7930 20.2895 20.5888

z66 4.5663 6.3348 21.3762 3.8436 21.8212 23.0864 1.7158 5.3507 21.8910

Symanzik z11 215.8928 0.6820 21.6663 1.6158 21.2490

z55 215.7093 22.1204 21.2884 20.0254 20.7338

z66 216.5657 10.5000 22.8547 7.3568 23.1659

Iwasaki8 z11 211.3034 0.5562 21.4186 1.4431 21.1581

z55 211.8187 21.8391 21.1732 20.1092 20.6892

z66 29.4850 8.9385 22.3597 6.8666 22.7263

Wilson z11 210.2878 0.5290 21.3824 1.4235 21.1480

z55 210.9454 21.7894 21.1583 20.1136 20.6872

z66 27.9715 8.6425 22.2482 6.7932 22.6882

Action zi j a0 a1 a2 a3 a4 a5 a6 a7 a8 a9

Plaquette z12 0.8427 24.8888 0.8613 21.0126 0.5315 22.2025 20.2703 3.0984 0.4663 22.6036

Iwasaki z12 20.9415 23.8209 0.5009 20.8372 0.4442 22.1582 20.2866 3.1060 0.4541 22.5966

DBW2 z12 23.5176 22.5536 0.1952 20.6143 0.3317 22.0881 20.3064 3.1126 0.4259 22.5776

Symanzik z12 0.2631 24.5265 0.7285 20.9498 0.5018 22.1934 20.2742 3.1050 0.4618 22.6022

Iwasaki8 z12 20.7877 23.9080 0.5269 20.8502 0.4517 22.1672 20.2835 3.1087 0.4545 22.5978

Wilson z12 21.0011 23.7913 0.4935 20.8332 0.4434 22.1629 20.2853 3.1093 0.4533 22.5969

TABLE XXVI. The renormalization factors for the quark mass and axial current for the DBW2 gauge
action atb51.04,m5a2152.0 GeV,M51.7 for various prescriptions to determinegMS

2 and the mean link
valueu.

Coupling gMS
2 mMS(NDR)/mlat Am

MS(NDR)/Am
lat

u5P1/4 u5(8Kc)
21 u5P1/4 u5(8Kc)

21

Eq. ~166! 1.411 0.964 1.136 1.014 0.851

Eq. ~167! 1.948 0.983 1.125 0.985 0.849

Three-loop (LQCD5240 MeV) 2.567 1.005 1.113 0.954 0.845
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~4! Wave function renormalization factors are given by

qMS5@~12w0
2!Zw#21/2~uZ2!1/2qlat , ~168!

Zw511
gMS

2

16p2
CFzw

MF , ~169!

zw
MF5

2w0

12w0
2 @Sw132p2TMF#, ~170!

Z2511
gMS

2

16p2
CF@22 log~ma!1z2

MF#, ~171!

z2
MF5S1

MS2S2116p2
TMF

2
, ~172!

wherew0512M̃ . We parametrizeSw132p2TMF and z2
MF

as follows:

Sw132p2TMF532p2TMF1a01a1w01a2w0
21a3w0

3

1a4w0
4532p2TMF1(

i 50

4

aiw0
i , ~173!

z2
MF58p2TMF1(

i 50

4, 6

aiw0
i . ~174!

The relative errors of these and the following interpolatio
are less than a few percent except at points where the val
near zero. We have collected the values of parametersai for
Sw in Table XVII and those forz2

MF in Table XVIII. Here we
have two remarks:z2

MF depends on the details of theMS
scheme, NDR and DRED, and hence both results ofa0 are
given; and the interpolation ofz2 by the fourth polynomial of
w0 is not accurate enough for the DBW2 gauge action, so
also employ the sixth polynomial ofw0.

~5! The mass renormalization factor is given by

mMS5~12w0
2!ZwZm

mlat

u
, ~175!

Zm511
gMS

2

16p2
CF@26 log~ma!1zm

MF#, ~176!

zm
MF5~S2

MS2S2!2~S1
MS2S1!216p2

TMF

2

528p2TMF1 (
i 50

4,6,8

aiw0
i . ~177!

The values ofai are given in Table XIX.
~6! The renormalization factors for the bilinear operato

are given by
09450
s
is

e

OG
MS5

u

~12w0
2!Zw

ZG~ma!OG
lat, ~178!

ZG511
gMS

2

16p2
CF@h~G!log~ma!1zG

MF#, ~179!

zG
MF5zG

MS2zG116p2
TMF

2
58p2TMF1 (

i 50

4,6,8

aiw0
i , ~180!

where h(G)50(VA),6(SP),22(T). The values ofai are
given in Table XX.

~7! The renormalization factors for the four-quark oper
tors are given by

OI
MS5

u2

@~12w0
2!Zw#2

ZIJ
4G~ma!OJ

lat, ~181!

ZIJ
4G5d IJH 11

gMS
2

16p2
@d I log~ma!1zI

MF#J 1
gMS

2

16p2
v IJ ,

~182!

zI
MF5v I

MS2v I12CF~S1
MS2S1!116p2CFTMF

516p2CFTMF1(
i 50

4,8

aiw0
i ~183!

where I 51,2,1,2, d1524, d258, d1522, d2516,
and v IJ50 for all I and J exceptv1258 andv2151 in the
NDR scheme. The values ofai are given in Table XXI.

~8! The renormalization factor for the three-quark ope
tor is given by

OPD
MS5

u3/2

@~12w0
2!Zw#3/2

ZPD~ma!OPD
lat , ~184!

ZPD511
gMS

2

16p2
@4 log~ma!1zPD

MF#, ~185!

zPD
MF5vPD

MS2vPD1
3

2
CF~S1

MS2S1!

116p2CF

3

4
TMF512p2CFTMF

1(
i 50

4,6

aiw0
i . ~186!

The values ofai are given in Table XXII.
~9! The renormalization factors forBK andBP are given

by

ZBK
~ma!5

Z1~ma!

ZA~ma!2
511

gMS
2

16p2
@24 log~ma!1zBK

MF#,

~187!
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zBK

MF5z1
MF22CFzA

MF5(
i 50

9

aiw0
i , ~188!

ZBP
~ma!5

Z1~ma!

ZP~ma!2
511

gMS
2

16p2
@220 log~ma!1zBP

MF#,

~189!

zBP

MF5z1
MF22CFzP

MF5(
i 50

9

aiw0
i . ~190!

The values ofai are given in Table XXIII.
~10! The renormalization factors for four-quark operato

with DS51 are defined as

Qi
MS5

1

@~12w0!Zw#2
@Zi j

g Qj
lat1Zi

penQpen
lat #, ~191!

where i , j 51,2, . . . ,10. Therenormalization factor for the
penguin operators is given by@26#

Zi
pen5

gMS
2

48p2
C~Qi !@22 log~ma!21zi

pen#, ~192!
09450
Qpen
lat 5Q41Q62

1

N
~Q31Q5!, ~193!

zi
pen5

(
i 50

4

aiw0
i

11(
i 51

4

biw0
i

, ~194!

where C(Q2)51, C(Q3)52, C(Q4)5C(Q6)53, C(Q9)
521, andC(Qi)50 for otheri. The renormalization factor
zi

pen is independent of the gauge action. Furthermore, it d
not depend oni for DRED, but

z4,6,8,10
pen ~NDR!5zi

pen~DRED!11/4, ~195!

z1,2,3,5,7,9
pen ~NDR!5zi

pen~DRED!15/4. ~196!

Numerical values forzi
pen~DRED! are given in Table XXIV,

together with interpolated values and relative errors defi
by (zi

pen2 interpolation)/zi
pen. The values ofai andbi for the

interpolation are also given in Table XXIV.
For other renormalization factors, we have
Zii
g 5u235

11
1

16p2
gMS

2
@2 log~ma!1z11

MF#, i 51,2,3,4,9,10,

11
1

16p2
gMS

2
@22 log~ma!1z55

MF#, i 55,7,

11
1

16p2
gMS

2
@16 log~ma!1z66

MF#, i 56,8,

~197!

Zi j
g 55

Zji
g 5

1

16p2
gMS

2
@26 log~ma!1z12

MF#, ~ i , j !5~1,2!,~3,4!,~9,10!,

1

16p2
gMS

2
@6 log~ma!1z56

MF#, ~ i , j !5~5,6!,~7,8!,

1

16p2
gMS

2 z65
MF , ~ i , j !5~6,5!,~8,7!,

0, others,

~198!
where

z11
MF5

z1
MF1z2

MF

2
516p2CFTMF1(

i 50

4,6

aiw0
i , ~199!

z55
MF5z1

MF2v21516p2CFTMF1(
i 50

4

aiw0
i , ~200!
z66
MF5z2

MF1v21516p2CFTMF1(
i 50

4,8

aiw0
i , ~201!

z12
MF5

z1
MF2z2

MF

2
5(

i 50

9

aiw0
i , ~202!
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z56
MF5

z2
MF2z1

MF1v212v12

3
, ~203!

z65
MF523v21. ~204!

The values ofai are given in Table XXV. Note that

z56
MF~DRED!52z12

MF~DRED!, ~205!

v12~DRED!5v21~DRED!50, ~206!

and that

z11~NDR!5z11~DRED!2
1

2
, ~207!

z55~NDR!5z55~DRED!2
1

6
, ~208!

z66~NDR!5z66~DRED!2
5

3
, ~209!

z12~NDR!5z12~DRED!2
5

2
, ~210!

z56~NDR!5z56~DRED!2
7

2
52z12~DRED!2

7

2
, ~211!

z65~NDR!5z65~DRED!23523. ~212!

If one uses the measured averaged link variable fou
instead ofP5u1/4, one should replaceTMF in the above
formulas with

TMF→T2~12a!dTgauge, ~213!

wherea is the gauge parameter,dTgauge50.0387334 for all
gauge actions, andT is given in Table XVI. Similarly, in the
case of using the critical hopping parameterKc of the Wilson
fermion for u, one should make the replacement thatTMF
→TKc

, whereTKc
2TMF is given also in Table XVI.
le
as

09450
If one setu51 andTMF50 in the above steps, one ca
obtain the renormalization factors in the ordinary perturb
tion theory without MF improvement.

As an example, we show the renormalization factors
the quark mass~175! and axial current~178! in Table XXVI
for the DBW2 gauge action atb51.04,M51.7 @27#. The
gMS

2 (m51/a52.0 GeV)’s are obtained using the mean fie
improved relations~166!,~167! and the three-loop running
coupling constants of the continuum theory withLQCD

5240 MeV, which are gMS
2

51.411,1.948,2.567, respec
tively. @Note thatP50.7276(1) andR150.5227(3).# The
mean link valueu5^Um& is determined from either the mea
sured plaquette valueu5P1/450.9236 or the criticalK pa-
rameteru5(8Kc)

2150.85(2). Therenormalization factors
depend mildly on the value ofgMS

2 , while they move more
than 10% on changing the method determining the tadp
factor. The values obtained fromKc are closer to those cal
culated using the nonperturbative techniques1 for the same
parameters in@28#.

VII. CONCLUSION

In this paper we evaluated renormalization factors at
one-loop level for the quark wave function, quark mass,
linear quark operators, and four- and three-quark opera
perturbatively. We showed that the mean field improveme
by which the large additive quantum correction to t
domain-wall heightM is nonperturbatively estimated, make
the perturbative evaluations more reliable. We explained h
to obtain the numerical values for the renormalization fact
in the MF improved perturbation theory in detail.
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@17# M. Lüscher and P. Weisz, Commun. Math. Phys.97, 59
~1985!.

@18# S. Aoki, T. Izubuchi, Y. Kuramashi, and Y. Taniguchi, Phy
Rev. D59, 094505~1999!; 60, 114504~1999!.

@19# S. Aoki and Y. Taniguchi, Phys. Rev. D59, 054510~1999!.
@20# S. Aoki, K. Nagai, Y. Taniguchi, and A. Ukawa, Phys. Rev.

58, 074505~1998!.
@21# We would like to thank Dr. T. Kaneko for providing us wit

the results of these fits.
@22# Y. Iwasaki and S. Sakai, Nucl. Phys.B284, 441 ~1984!.
09450
@23# Y. Iwasaki and T. Yoshie´, Phys. Lett.143B, 449 ~1984!.
@24# S. Sakai, T. Saito, and A. Nakamura, Nucl. Phys.B584, 528

~2000!.
@25# CP-PACS Collaboration, A. Ali Khanet al., Phys. Rev. D65,

054505~2002!.
@26# S. Aoki and Y. Kuramashi, Phys. Rev. D63, 054504~2001!.
@27# Y. Aoki, T. Blum, N. Christ, C. Cristian, C. Dawson, T. Izubu

chi, G. Liu, R. Mawhinney, S. Ohta, K. Orginos, A. Soni, an
L. Wu, hep-lat/0211023.

@28# RBC Collaboration, C. Dawson, hep-lat/0210005.
2-26


