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A classification of sharp
tridiagonal pairs

Tatsuro Ito] Kazumasa Nomura, and Paul Terwilliger

Abstract

Let I denote a field and let V' denote a vector space over F with finite positive dimen-
sion. We consider a pair of linear transformations A : V' — V and A* : V — V that
satisfy the following conditions: (i) each of A, A* is diagonalizable; (ii) there exists an
ordering {Vi}gzo of the eigenspaces of A such that A*V; CV;_1+V;+V;11 for 0 <i < d,
where V_; = 0 and Vjy1 = 0; (iii) there exists an ordering {V;*}{_, of the eigenspaces
of A* such that AV* C V™ +V*+ V7, for 0 <i <4, where V*) =0 and V| = 0;
(iv) there is no subspace W of V such that AW C W, A*W C W, W # 0, W # V.
We call such a pair a tridiagonal pair on V. It is known that d = ¢ and for 0 <i < d
the dimensions of Vi, Vy_;, V;*, V. coincide. The pair A, A* is called sharp whenever
dim Vy = 1. It is known that if F is algebraically closed then A, A* is sharp. In this
paper we classify up to isomorphism the sharp tridiagonal pairs. As a corollary, we
classify up to isomorphism the tridiagonal pairs over an algebraically closed field. We
obtain these classifications by proving the p-conjecture.

Keywords. Tridiagonal pair, Leonard pair, g-Racah polynomials.
2000 Mathematics Subject Classification. Primary: 15A21. Secondary: 05E30,
05E35.

1 Tridiagonal pairs

Throughout this paper F denotes a field and F denotes the algebraic closure of F. An algebra
is meant to be associative and have a 1.

We begin by recalling the notion of a tridiagonal pair. We will use the following terms. Let
V' denote a vector space over F with finite positive dimension. For a linear transformation
A:V — V and a subspace W C V', we call W an eigenspace of A whenever W # 0 and
there exists @ € F such that W = {v € V | Av = 6v}; in this case 6 is the eigenvalue
of A associated with W. We say that A is diagonalizable whenever V' is spanned by the
eigenspaces of A.

Definition 1.1 [27, Definition 1.1] Let V' denote a vector space over F with finite positive
dimension. By a tridiagonal pair (or T'D pair) on V we mean an ordered pair of linear
transformations A : V' — V and A* : V — V that satisfy the following four conditions.

*Supported in part by JSPS grant 18340022.



(i) Each of A, A* is diagonalizable.

(ii) There exists an ordering {V;}L, of the eigenspaces of A such that
AV, CVia + Vit Vig 0<i<d, (1)
where V_; =0 and V1 = 0.

(iii) There exists an ordering {V;*}2_, of the eigenspaces of A* such that
AV CVL + VT + Vi 0<i<9, (2)
where V*, =0 and V7, = 0.

(iv) There does not exist a subspace W of V' such that AW C W, A*W C W, W # 0,
WAV,

We say the pair A, A* is over F. We call V' the underlying vector space.

Note 1.2 According to a common notational convention A* denotes the conjugate-transpose
of A. We are not using this convention. In a TD pair A, A* the linear transformations A
and A* are arbitrary subject to (i)—(iv) above.

We now give some background on TD pairs; for more information we refer the reader to
the survey [75]. The concept of a TD pair originated in algebraic graph theory, or more
precisely, the theory of @-polynomial distance-regular graphs. The concept is implicit in [7,
p. 263], [41] and more explicit in [67, Theorem 2.1]. A systematic study began in [27].
Some notable papers on the topic are [6, 13, 28-31,35-37,69]. There are connections to
representation theory [2,9,21,26,29,31,39,62,63,73], partially ordered sets [71], the bispectral
problem [5,6,22-24,80], statistical mechanical models [8-14,17-20, 60|, and other areas of
physics [59,79,81].

Let A, A* denote a TD pair on V, as in Definition 1.1. By [27, Lemma 4.5] the integers d and &
from (ii), (iii) are equal; we call this common value the diameter of the pair. By [27, Theorem
10.1] the pair A, A* satisfy two polynomial equations called the tridiagonal relations; these
generalize the ¢-Serre relations [70, Example 3.6] and the Dolan-Grady relations [70, Exam-
ple 3.2]. See [13,24,35,37,43,68,70,73,77,78] for results on the tridiagonal relations. An
ordering of the eigenspaces of A (resp. A*) is said to be standard whenever it satisfies (1)
(resp. (2)). We comment on the uniqueness of the standard ordering. Let {V;}%, denote
a standard ordering of the eigenspaces of A. By [27, Lemma 2.4], the ordering {V;_;}&, is
also standard and no further ordering is standard. A similar result holds for the eigenspaces
of A*. Let {V;}¢, (resp. {V;*}%,) denote a standard ordering of the eigenspaces of A (resp.
A*). For 0 < i < dlet 6; (resp. 6;) denote the eigenvalue of A (resp. A*) associated with V;
(resp. V;*). By [27, Theorem 11.1] the expressions

01’—2 - 9i+1 9');72 B Q;Jrl
01— 0; 0, —0;



are equal and independent of i for 2 < i < d — 1. We call the sequence {6;}%, (resp.
{0:}L,) the eigenvalue sequence (resp. dual eigenvalue sequence) for the given standard
orderings. See [27,36,61,69,70] for results on the eigenvalues and dual eigenvalues. By [27,
Corollary 5.7], for 0 < i < d the spaces V;, V;* have the same dimension; we denote this
common dimension by p;. By [27, Corollaries 5.7, 6.6] the sequence {p;}%_, is symmetric and
unimodal; that is p; = pg_; for 0 < i < d and p;_1 < p; for 1 <i < d/2. By [57, Theorem 1.3]
we have p; < po(‘f) for 0 < i < d. We call the sequence {p;}&, the shape of A, A*.
See [28,38,44,45,53,57] for results on the shape. The TD pair A, A* is called sharp whenever
po = 1. By [565, Theorem 1.3], if F is algebraically closed then A, A* is sharp. In any case
A, A* can be “sharpened” by replacing F with a certain field extension K of F that has index
K : F] = po [38, Theorem 4.12]. Suppose that A, A* is sharp. Then by [55, Theorem 1.4],
there exists a nondegenerate symmetric bilinear form (, ) on V' such that (Au,v) = (u, Av)
and (A*u,v) = (u, A*v) for all u,v € V. See [1,53,65,66] for results on the bilinear form.

The following special cases of TD pairs have been studied extensively. In [76] the TD pairs
of shape (1,2,1) are classified and described in detail. A TD pair of shape (1,1,...,1) is
called a Leonard pair [69, Definition 1.1], and these are classified in [69, Theorem 1.9]. This
classification yields a correspondence between the Leonard pairs and a family of orthogonal
polynomials consisting of the g-Racah polynomials and their relatives [4,72,74]. This family
coincides with the terminating branch of the Askey scheme [40]. See [15, 16,42, 46-52, 75]
and the references therein for results on Leonard pairs. Our TD pair A, A* is said to have
Krawtchouk type (resp. q-geometric type) whenever {d — 2i}%_, (resp. {q*%}%,) is both
an eigenvalue sequence and dual eigenvalue sequence for the pair. In [26, Theorems 1.7,
1.8] Hartwig classified the TD pairs over F that have Krawtchouk type, provided that F
is algebraically closed with characteristic zero. By [26, Remark 1.9] these TD pairs are in
bijection with the finite-dimensional irreducible modules for the three-point loop algebra
sly@TF[t, ¢t~ (t—1)71]. See [25,26,32,33,36] for results on TD pairs of Krawtchouk type. In
[30, Theorems 1.6, 1.7] we classified the TD pairs over F that have g-geometric type, provided
that I is algebraically closed and ¢ is not a root of unity. By [31, Theorems 10.3, 10.4]
these TD pairs are in bijection with the type 1, finite-dimensional, irreducible modules for
the F-algebra X,; this is a g-deformation of sly ® F[t, ¢!, (t — 1)7!] as explained in [31].
See [2,3,28-31, 34, 36 for results on g-geometric TD pairs. There is a general family of
TD pairs said to have g-Racah type; these have an eigenvalue sequence and dual eigenvalue
sequence of the form (11)—(15) below. The Leonard pairs of ¢g-Racah type correspond to the
g-Racah polynomials [74, Example 5.3]. In [37, Theorem 3.3] we classified the TD pairs over
F that have g-Racah type, provided that I is algebraically closed. See [35-37] for results on
TD pairs of g-Racah type.

Turning to the present paper, in our main result we classify up to isomorphism the sharp
TD pairs. Here is a summary of the argument. In [33, Conjecture 14.6] we conjectured
how a classification of all the sharp TD pairs would look; this is the classification conjec-
ture. Shortly afterwards we introduced a conjecture, called the p-conjecture, which implies
the classification conjecture. The p-conjecture is roughly described as follows. Start with a
sequence p = ({0,194 q; {0:}%,) of scalars taken from I that satisfy the known constraints
on the eigenvalues of a TD pair over F of diameter d; these are conditions (i), (ii) in The-
orem 3.1 below. Following [55, Definition 2.4] we associate with p an F-algebra T' defined



by generators and relations; see Definition 3.4 for the precise definition. We are interested
in the F-algebra e;Te; where ¢ is a certain idempotent element of 7. Let {z;}%, denote

mutually commuting indeterminates. Let Flxy, ..., z4] denote the F-algebra consisting of
the polynomials in {z;}&, that have all coefficients in F. In [56, Corollary 6.3] we displayed
a surjective F-algebra homomorphism g : Flzy, ..., x4 — ejTef. The p-conjecture [56, Con-

jecture 6.4] asserts that u is an isomorphism. By [56, Theorem 10.1] the p-conjecture implies
the classification conjecture. In [56, Theorem 12.1] we showed that the p-conjecture holds
for d < 5. In [58, Theorem 5.3] we showed that the u-conjecture holds for the case in which
p has g-Racah type. In the present paper we combine this fact with some algebraic geometry
to prove the p-conjecture in general. The p-conjecture (now a theorem) is given in Theorem
3.9. Theorem 3.9 implies the classification conjecture, and this yields our classification of
the sharp TD pairs. The classification is given in Theorem 3.1. As a corollary, we classify
up to isomorphism the TD pairs over an algebraically closed field. This result can be found
in Corollary 18.1.

Section 3 contains the precise statements of our main results. In Section 2 we review the
concepts needed to make these statements.

2 'Tridiagonal systems

When working with a TD pair, it is often convenient to consider a closely related object
called a TD system. To define a TD system, we recall a few concepts from linear algebra.
Let V' denote a vector space over F with finite positive dimension. Let End(V') denote the
F-algebra of all linear transformations from V to V. Let A denote a diagonalizable element
of End(V). Let {V;}&, denote an ordering of the eigenspaces of A and let {6;}%, denote
the corresponding ordering of the eigenvalues of A. For 0 < i < d define E; € End(V') such
that (E; —I)V; = 0 and E;V; = 0 for j # ¢ (0 < j < d). Here I denotes the identity of
End(V). We call E; the primitive idempotent of A corresponding to V; (or 6;). Observe
that (i) [ = Z?:o E; (i) BEiE; = 0;;E; (0 < i,57 <d); (iii) V; = BV (0 < i < d); (iv)
A= Z?:o 0;F;. Here 9, ; denotes the Kronecker delta. Note that

A— 0,1

Ei:
0; — 0,

0<j<d

JF#

0<i<d. (3)

Observe that each of {A'}L , {E;}L, is a basis for the F-subalgebra of End(V) generated
by A. Moreover HfZO(A —0,1) = 0. Now let A, A* denote a TD pair on V. An ordering of
the primitive idempotents of A (resp. A*) is said to be standard whenever the corresponding
ordering of the eigenspaces of A (resp. A*) is standard.

Definition 2.1 [27, Definition 2.1] Let V' denote a vector space over F with finite positive
dimension. By a tridiagonal system (or TD system) on V' we mean a sequence

® = (A {E} e A% {E] o)

that satisfies (i)—(iii) below.



(i) A, A*is a TD pair on V.
(ii) {E;}L, is a standard ordering of the primitive idempotents of A.
(iii) {Er}L, is a standard ordering of the primitive idempotents of A*.
We say that @ is over F. We call V' the underlying vector space.
The following result is immediate from lines (1), (2) and Definition 2.1.

Lemma 2.2 Let (A;{E;}L ; A% {E7}L,) denote a TD system. Then the following hold for
0<ijk<d
(i) EfAFE: =0 if k < |i—j|;

The notion of isomorphism for TD systems is defined in [53, Section 3].

Definition 2.3 Let ® = (A4; {E;}L; A*; {E7}L,) denote a TD system on V. For 0 <i <d
let 6; (resp. 6F) denote the eigenvalue of A (resp. A*) associated with the eigenspace E;V
(resp. E;V). We call {0;}%, (resp. {0;}L,) the eigenvalue sequence (resp. dual eigenvalue
sequence) of ®. Observe that {0;}%_, (vesp. {0;}%,) are mutually distinct and contained in
F. We call ® sharp whenever the TD pair A, A* is sharp.

The following notation will be useful.

Definition 2.4 Let = denote an indeterminate and let F[z| denote the F-algebra consisting
of the polynomials in z that have all coefficients in F. Let {60;}¢_, and {6} }%_, denote scalars
in F. For 0 <1 < d define the following polynomials in F[z]:

T =

. = $—9d—1)"'($—9d—i+1)7

(
(z=61) - (z = 0;),
(

r—05 ) (v — 92—i+1)-

Note that each of 7;, n;, 7, 0 is monic with degree 1.

no=

We now recall the split sequence of a sharp TD system. This sequence was originally defined
in [33, Section 5] using the split decomposition [27, Section 4], but in [56] an alternate
definition was introduced that is more convenient to our purpose.

Definition 2.5 [56, Definition 2.5] Let (4; {E;}%_; A*; {Ef}L,) denote a sharp TD system
over F, with eigenvalue sequence {f;}¢, and dual eigenvalue sequence {0:}¢ ,. By [55,
Lemma 5.4], for 0 < < d there exists a unique ¢; € F such that

GEg
(65 — 07)(05 — 65) -~ (65 — 67)

Eimi(A)Ey =
Note that ;= 1. We call {¢;}%, the split sequence of the TD system.
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Definition 2.6 Let ® denote a sharp TD system. By the parameter array of ® we mean the
sequence ({0; 19 o; {05 o; {G:1L,) where {60;}L, (resp. {0719, ) is the eigenvalue sequence
(resp. dual eigenvalue sequence) of ® and {(;}L is the split sequence of ®.

The following result shows the significance of the parameter array.

Proposition 2.7 [35], [55, Theorem 1.6] Two sharp TD systems over F are isomorphic if
and only if they have the same parameter array.

3 Statement of results
In this section we state our main results. The first result below resolves [33, Conjecture 14.6].

Theorem 3.1 Let d denote a nonnegative integer and let

({91}?:0; {9;}5203 {C@ ?:0) (4)

denote a sequence of scalars taken from F. Then there exists a sharp TD system ® over
with parameter array (4) if and only if (1)—(iii) hold below.

(ii) The expressions
92‘—'2 —_‘9&17 92’(—*2 —_923;1 (5)

are equal and independent of © for 2 <i <d — 1.

(111) CO = 17 Cd 7£ 07 and
d
0 # Z Na—i(00)1q-:(05)Gi-
=0

Suppose (1)—(iii) hold. Then ® is unique up to isomorphism of TD systems.

In [56, Conjecture 6.4] we stated a conjecture called the p-conjecture, and we proved that the
p-conjecture implies Theorem 3.1. To obtain Theorem 3.1 we will prove the p-conjecture.
We now explain this conjecture.

Definition 3.2 Let d denote a nonnegative integer and let ({6;}%,; {0;}%,) denote a se-

quence of scalars taken from IF. This sequence is called feasible whenever it satisfies conditions
(i), (ii) of Theorem 3.1.

Definition 3.3 For all integers d > 0 let Feas(d,F) denote the set of all feasible sequences
({0: ;{07 19_,) of scalars taken from TF.



Definition 3.4 [55, Definition 2.4] Fix an integer d > 0 and a sequence p = ({0;}%_; {0 }4,)
in Feas(d,F). Let T = T(p,F) denote the F-algebra defined by generators a, {e;}&,, a*,
{er}d_, and relations

€i€; = 5i,j6za €f€;k' - 5i,j€z< 0 S Z»] S da (6)
d d
12261, 12262‘, (7)
=0 =0
d d
a= Z@Zel, a* = Zﬁfef, (8)
=0 =0
ejafes =0 if k<|i—j| 0<i,7j,k<d, (9)
eiafe; =0 if k<|i— | 0<4,7jk<d. (10)

Lemma 3.5 [56, Lemma 4.2] In the algebra T from Definition 3.4, the elements {e;}e,
are linearly independent and the elements {e}}, are linearly independent.

The algebra T is related to TD systems as follows.

Lemma 3.6 [55, Lemma 2.5] Let V' denote a vector space over F with finite positive di-
mension. Let (A;{E;}L,; A {Ef}L,) denote a TD system on V with eigenvalue sequence
{0;}L, and dual eigenvalue sequence {0 }L,. Let T denote the F-algebra from Definition
3.4 corresponding to ({0;};{0:}L,). Then there exists a unique T-module structure on V
such that a, e;, a*, € acts as A, E;, A*, E respectively. This T-module is irreducible.

Fix an integer d > 0 and a sequence p € Feas(d,F). Let T'= T'(p, F) denote the corresponding
algebra from Definition 3.4. Observe that ejT'e; is an F-algebra with multiplicative identity
€0-

Lemma 3.7 [55, Theorem 2.6] With the above notation, the algebra ejTel is commutative
and generated by
egTi(a)es 1<i<d.

Corollary 3.8 [56, Corollary 6.3] With the above notation, there exists a surjective F-
algebra homomorphism p : Flzy, ... x4 — ejTe} that sends x; — ejr;(a)ef for 1 <i <d.

In [56, Conjecture 6.4] we conjectured that the map u from Corollary 3.8 is an isomorphism.
This is the p-conjecture. The following result resolves the p-conjecture.

Theorem 3.9 Fiz an integer d > 0 and a sequence p € Feas(d,F). Let T = T(p,F) denote
the corresponding algebra from Definition 3.4. Then the map p : Flxq, ..., x4] — eiTey from
Corollary 3.8 is an isomorphism.

We will prove Theorem 3.1 and Theorem 3.9 in Section 17.



4 The g-Racah case

Our proof of Theorem 3.9 will use the fact that the theorem is known to be true in a special
case called g-Racah [58, Theorem 5.3|. In this section we describe the ¢-Racah case. We
start with some comments about the feasible sequences from Definition 3.2.

Lemma 4.1 Assume[ is infinite. Then for all integers d > 0 the set Feas(d,F) is nonempty.

Proof: Consider the polynomial [[_, (" —1) in F[z]. Since F is infinite there exists a nonzero
¥ € T that is not a root of this polynomial. Define §; = 9* and 67 = 9 for 0 < i < d. Then
({0:}9 ;{07 }4,,) satisfies the conditions (i), (ii) of Theorem 3.1 and is therefore feasible.
The result follows. a

Fix an integer d > 0 and a sequence ({0;}% ,;{0;}%,) in Feas(d,F). This sequence must
satisfy condition (ii) in Theorem 3.1. For this constraint the “most general” solution is

0, = o+ bg* ¢ + g% 0<i<d, (11)
P 0<i<d, (12)
q, o, b, ¢, a*, b*, ¢ €F, (13)
¢#0, ¢#1, ¢#-L (14)

We have a few comments about this solution. For the moment define 8 = ¢* + ¢~2, and
observe that S+1 is the common value of (5). We have 3—2 = (¢—¢~1)? and 342 = (¢+q¢!)%
Therefore 5 # 2, # # —2 in view of (14). Using (11), (12) we obtain

pe — (Bo=00) =5 = 01)(61 = 62) + (61— 6)*

(6—-2)*(6+2)
e (05— 007 — 505 — 07)(01 — 03) + (65 — 05)°
(8—2)(6+2)
provided d > 2. We will focus on the case
bb*cc* # 0. (15)

Definition 4.2 [37, Definition 3.1] Let d denote a nonnegative integer and let ({6;}%_o; {0 },)
denote a sequence of scalars taken from F. We call this sequence ¢-Racah whenever the fol-
lowing (i), (ii) hold:

(i) 0: # 05, 07 £ 0 if i £ (0 <4, < d);

(i) there exist ¢, a, b, ¢, a*, b*, ¢* that satisfy (11)—(15).

Definition 4.3 For all integers d > 0 let Rac(d, F) denote the set of all ¢-Racah sequences
({0: 34 ;{07 19_,) of scalars taken from TF.

Observe that the set Rac(d,F) from Definition 4.3 is contained in the set Feas(d,F) from
Definition 3.3. In the next lemma we characterize Rac(d,F) as a subset of Feas(d,F). To
avoid trivialities we assume d > 3.



Lemma 4.4 Fiz an integer d > 3 and a sequence ({0;}¢o; {07 }L,) in Feas(d,F). Let 8+ 1
denote the common value of (5). Then the sequence is in Rac(d,F) if and only if each of the
following hold:

() B # 4;
(i) (8o — 61)2 — BBy — 01) (61 — 0a) + (61 — 6,)2 # 0;
(i) (6 — 07)2 — B8 — 07)(6; — 03) + (67 — 03)° £ 0.

Proof: Use the comments above Definition 4.2. |

Proposition 4.5 Assume F is infinite and pick an integer d > 3. Let h denote a polynomial
n 2d + 2 mutually commuting indeterminates that has all coefficients in F. Suppose that
h(p) =0 for all p € Rac(d,F). Then h(p) =0 for all p € Feas(d,F).

Proof: Let b, {t;}?_,,{t{}?_, denote mutually commuting indeterminates. Consider the F-
algebra F|b, to, t1, ta, 1§, t], t5] consisting of the polynomials in b, to, t1, ta, t§, t], t5 that have all
coefficients in F. For 3 < i < d define t;,tf € Fb, to,t1, ta, t), 7, 5] by

(2

- tl - (b + 1)231'71 + (b + 1)751',2 - t,;g,
0 = t; =0+t +0+1)t;_, —t;_5.

Define a polynomial f € Fb, to, t1, t2, £, 7, 5] to be the composition
Fo= hlto,te,... ta to,t5, ... 1),

We mention one significance of f. Given a sequence p = ({0;}% ;{0 }L,) in Feas(d,FF),
let §+ 1 denote the common value of (5). Define the sequence s = (3, 6y, 61,02, 05,05, 05).
Observe that 0; = t;(s) and 6 = t}(s) for 0 <i < d. Therefore

f(s) = h(p). (16)

We show f = 0. Instead of working directly with f, it will be convenient to work with the
product ¥ = fé&*ww*(b? — 4), where

£ = H (ti —t5), (17)

0<i<y<d
&= I &-6). (18)
0<i<yj<d
w = (to — t1)2 — b(to — tl)(tl - t2) -+ (tl — t2)2, (19)
W= (g — 1) (kg — 1)(t — ) + (11— t3)”. (20)

Each of £,£* is nonzero by Lemma 4.1 and since F is infinite. Each of w,w* b? — 4 is
nonzero by construction. To show f = 0 we will show that ¥ = 0 and invoke the fact that
Fb, to, t1,ta,t5,t7,t5] is a domain [64, p. 129]. We now show that ¥ = 0. Since F is infinite

9



it suffices to show that W(s) = 0 for all sequences s = (3, 0y, 01, 02, 65, 05, 03) of scalars taken
from [F [64, Proposition 6.89]. Let s be given. For 3 <14 < d define 0, = t;(s), 6 = tI(s) and
put p = ({6;}0; {0:}4,). We may assume {6;}2, are mutually distinct; otherwise £(s) = 0
so U(s) = 0. We may assume {6} }&, are mutually distinct; otherwise £*(s) = 0 so ¥(s) = 0.
By construction p satisfies condition (ii) of Theorem 3.1, with $+1 the common value of (5).
Therefore p is feasible by Definition 3.2. For the moment assume that p € Rac(d,F). Then
f(s) =0 by (16) and since h(p) = 0. Therefore ¥(s) = 0. Next assume that p ¢ Rac(d,F).
Then the product ww*(b* — 4) vanishes at s in view of Lemma 4.4. The product ww*(h* — 4)
is a factor of ¥ so ¥(s) = 0. By the above comments ¥(s) = 0 for all sequences of scalars
s = (0,00,0,,0,,05,07,03) taken from F. Therefore ¥ = 0 so f = 0. Now consider any
sequence p = ({0;}Ly; {0:}%,) in Feas(d,F). Then h(p) = 0 by (16) and since f = 0. O

5 The algebra T

In order to prove Theorem 3.9 we will need some detailed results about the algebra T' from
Definition 3.4. In order to obtain these results it is helpful to first consider the following
algebra T'.

Definition 5.1 Fix an integer d > 0. Let T = T(d,F) denote the F-algebra defined by
generators {¢;}%,, {€;}4, and relations

€€ = 61‘7]'61', € = 51',]'6?< 0 S Z,j S d. (21)
Definition 5.2 Referring to Definition 5.1, we call {¢;}, and {e}, the idempotent gen-
erators for T. We say that the {e;}&, are starred and the {¢;}%_, are nonstarred.

Definition 5.3 A pair of idempotent generators for 7' is called alternating whenever one of
them is starred and the other is nonstarred. For an integer n > 0, by a word of length n in T
we mean a product gigs - - - g, such that {g;}I; are idempotent generators for T and g;,_1, g;
are alternating for 2 < i < n. We interpret the word of length 0 to be the identity of 7. We
call this word trivial.

Proposition 5.4 The F-vector space T has a basis consisting of its words.

Proof: Let S denote the set of words in 7. By construction S spans 7. We show that
S is linearly independent. To this end we introduce some indeterminates {f;}¢ q; {f7 19,
called formal idempotents. We call the {fr}4, starred and the {f;}¢, nonstarred. A pair
of formal idempotents is said to be alternating whenever one of them is starred and the
other is nonstarred. For an integer n > 0, by a formal word of length n we mean a se-
quence (y1,Ys, .-, Yn) such that {y;}", are formal idempotents and y;_1,y; are alternating
for 2 <4 < n. The formal word of length 0 is called trivial and denoted by 1. Let S denote
the set of all formal words. Let V' denote the vector space over I consisting of the F-linear
combinations of § that have finitely many nonzero coefficients. The set S is a basis for
V. For 0 < i < d we define linear transformations F; : V. — V and F} : V — V. To do
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this we give the action of F; and F] on §. We define F;.1 = f; and F*.1 = f/. Pick a
nontrivial formal word y = (y1,92,...,¥y,). For the moment assume that y; is starred. We
define Fi.y = (fi,v1,Y2,---,Yn). Also Ff.y =y if y; = f and Fry = 0 if y; # fF. Next
assume that y; is nonstarred. We define F;.y = y if y; = f; and F;.y = 0 if y; # f;. Also
Fry=(ffv1,%2,-.,Yn). The linear transformations F; : V' — V and F} : V — V are now
defined. By construction F;F; = 9, ;F; and FFr = 0, ;F; for 0 < 7,5 < d. Therefore V
has a T-module structure such that ¢; (resp. €) acts on V as F (resp. Fy*) for 0 < i < d.
Consider the linear transformation v : 7 — V that sends z — 2.1 for all z € T. For each
word ¢1g2 - gn in T we find y(g1g2 -~ gn) = (¢}, Gb, - -, ¢.), where €, = f; and €’ = f; for
0 <17 < d. Therefore the restriction of v to S gives a bijection S +— S. The set § is linearly
independent and ~ is linear so S is linearly independent. We have shown that S is a basis
for T |

Let u, v denote words in 7. Then their product uv is either 0 or a word in 7.

6 The algebras D and D*

Throughout this section we fix an integer d > 0 and consider the algebra 7' = T(d, F) from
Definition 5.1.

Definition 6.1 Let D (resp. D*) denote the subspace of T with a basis {¢;}%, (resp.

{e7}o)-

We mention some notation. For subsets Y, Z of T let Y Z denote the subspace of T spanned
by {yz|y €Y, ze€ Z}.

Lemma 6.2 In the F-vector space T the following sum is direct:
T=F1 + D + D* + DD* + D*D + DD*D + D*DD* + ---
Moreover the F-algebra T is generated by D, D*.

Proof: The first assertion is immediate from Proposition 5.4. The last assertion is clear. O

Lemma 6.3 The space D (resp. D*) is an F-algebra with multiplicative identity Z?:o €
(resp. S0 €).

Proof: Use (21). O

We emphasize that D and D* are not subalgebras of T, since their multiplicative identities
do not equal the multiplicative identity 1 of 7. However we do have the following.

Lemma 6.4 The spaces D +F1 and D* +F1 are F-subalgebras of T.

Proof: These subspaces are closed under multiplication and contain the identity 1 of 7. O

11



7 The homogeneous components of T

Throughout this section we fix an integer d > 0 and consider the algebra T' = T'(d, F) from
Definition 5.1.

Definition 7.1 Let w = ¢19 - - - g, denote a nontrivial word in 7. We say that w begins
with ¢g; and ends with g,,. We write

g1 = begin(w), gn = end(w).

Example 7.2 Assume d = 2. In the table below we display some nontrivial words w in 7.
For each word w we give begin(w) and end(w).

w | begin(w) end(w)

€1 €1 €1
* *
* * * *

Definition 7.3 We define a binary relation ~ on the set of words in 7. With respect to ~
the trivial word in T is related to itself and no other word in I". For nontrivial words u, v in
T we define u ~ v whenever each of the following holds:

length(u) = length(v), begin(u) = begin(v), end(u) = end(v).
Observe that ~ is an equivalence relation.

Definition 7.4 Let A denote the set of equivalence classes for the relation ~ in Definition
7.3. An element of A is called a type. For A € A the words in A are said to have type \.

Definition 7.5 For A € A let length(\) denote the common length of each word of type .

Definition 7.6 There exists a unique type in A that has length 0. This type consists of the
trivial word 1 and nothing else. We call this type trivial.

Definition 7.7 For all nontrivial A € A,
(i) let begin(\) denote the common beginning of each word of type A;
(i) let end()) denote the common ending of each word of type A.

Definition 7.8 For A € A let Ty denote the subspace of T' with a basis consisting of the
words of type A.

Proposition 7.9 The F-vector space T decomposes as

T = Z Ty (direct sum). (22)
AEA
Proof: Immediate from Proposition 5.4 and Definition 7.8. O

Definition 7.10 For A € A we call Ty the A-homogeneous component of T. Elements of
T, are said to be A-homogeneous. An element of T is called homogeneous whenever it is
A-homogeneous for some A € A.

12
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8 The zigzag words in T

Throughout this section we fix an integer d > 0 and consider the algebra T' = T'(d, F) from
Definition 5.1. We have been discussing the words in 7. We now focus our attention on a
special kind of word said to be zigzag.

Definition 8.1 Given an ordered pair of integers ¢, j and an integer m we say that m is
between i, 7 whenever 1 > m > j or 1 < m < j.

Definition 8.2 For an idempotent generator ¢; or €; of T, we call i the index of the generator.
For an idempotent generator g of T" let g denote the index of g.

Definition 8.3 A word ¢1gs - -- g, in T is said to be zigzag whenever both
(i) g, is not between g, _;, g,,, for 2 <i<n —1;
(ii) at least one of g;_;, g; is not between g;_,, g;,, for 3 <i <n —1.

We now describe the zigzag words in T. We will use the following notion. Two integers
m,m’ are said to have opposite sign whenever mm’ < 0.

Proposition 8.4 [57, Theorem 7.7 Let gi1gs - - g, denote a word in T. Then this word is
zigzag if and only if both

(i) G;_1 — 9; and §; — G,y have opposite sign for 2 <i <mn —1;
(i) for2<i<n-—1,4f [g;.1y — G| <|g; — Gi1a| then

0<|9: =9 <G> =93l <--- <G5 — i1l

Definition 8.5 A word g1gs---g, in T is said to be constant whenever the index g is
independent of 7 for 1 < ¢ < n. Note that the trivial word is constant, and each constant
word is zigzag.

Proposition 8.6 [57, Theorem 7.9] Let g9 - - - gn denote a nonconstant zigzag word in T.
Then there ezists a unique integer k (2 < k < n) such that both

(1) 0< ’gl _52‘ << |§n—1 _gn‘;
(11) |§n71 _§n| Z |§I{ _§I€+1| Z U Z |§n71 _§n|

Definition 8.7 For A € A let 72, denote the subspace of T' with a basis consisting of the
zigzag words of type A. Note that Z, C T).
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9 The algebra ;T

Throughout this section we fix an integer d > 0 and consider the algebra T = T'(d,F) from
Definition 5.1. Observe that €1 is an F-algebra with multiplicative identity €.

Lemma 9.1 The F-vector space ESTES has a basis consisting of the nontrivial words in T
that begin and end with €.

Proof: Let U denote the subspace of T with a basis consisting of the nontrivial words in T
that begin and end with €. We show that €;T'e; = U. We first show that €;T¢; C U. Recall
that 7' is spanned by its words. For all words w in T the product eqweg s either zero, or a
nontrivial word in T that begins and ends with . In either case ejwe; € U, and therefore
e:Tes C U. Next we show that U C €;T€;. Let w denote a nontrivial word in 7' that begins
and ends with €. We have w = ejwe}; since ;2 = €, so w € €T} Therefore U C €T,
We have shown that ¢;T'e} = U and the result follows. ad

Definition 9.2 Let A denote the set of types in A that begin and end with €.

Our next goal is to describe Ay.

Definition 9.3 Let ¢1gs - - - g, denote a word in 7. By the star-length (vesp. nonstar-length)
of this word we mean the number of terms in the sequence (g1, 92, ..., g,) that are starred
(resp. nonstarred). Note that the star-length plus the nonstar-length is equal to the length

n. For A € A, by the star-length (resp. nonstar-length) of A we mean the common star-length
(resp. nonstar-length) of each word of type A.

Definition 9.4 For an integer n > 0 let [n] denote the unique type in Ay that has nonstar-
length n. Observe that [n] has star-length n + 1 and length 2n + 1.

The next two lemmas follow immediately from Definition 9.2 and Definition 9.4.

Lemma 9.5 The map n — [n] gives a bijection from the set of nonnegative integers to the
set Ag.

Lemma 9.6 Let m and n denote nonnegative integers. Let v and v denote words in T of
type [m] and [n] respectively. Then uv is a word in T of type [m + n).

Proposition 9.7 The F-vector space GSTGS decomposes as

eTel = Z Tiay (direct sum). (23)
n=0

Moreover T[m] . T[n} C Timmn) for all integers m,n > 0.
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Proof: By Lemma 9.1 and Definition 9.2 we have €;T'¢; = 5°,_ Ao Ty (direct sum). Combining
this with Lemma 9.5 we obtain (23). The last assertion follows from Lemma 9.6. a

We turn our attention to the zigzag words in 7' that begin and end with €5

Proposition 9.8 Pick an integer n > 0 and a word ¢igs - - Gany1 in T of type [n]. This
word 1s zigzag if and only if both

(i) g, =0 for all odd i (1 <i < 2n+1);
(i) G; > Gjyo for all even i (2 <i < 2n—2).

Proof: The type [n] begins and ends with €, so g; = 0 and g,,,; = 0. The result follows
from this and Propositions 8.4, 8.6. O

10 The elements a, a*

Recall that the algebra T' from Definition 3.4 is defined using relations (6)—(10). So far we
have investigated relation (6). We now prepare to bring in relations (8)-(10).

Throughout this section we fix an integer d > 0 and a sequence p = ({0;}4; {0:}4,) in
Feas(d,F). Recall the algebra T'=T'(d, F) from Definition 5.1.

Definition 10.1 Define a = a(p) and a* = a*(p) in T by

d d
a= Z@iei, a* = ZQZ*GZ* (24)
i=0 ;
Observe that a € D and a* € D*, where D, D* are from Definition 6.1.
Lemma 10.2 For0<1:<d,
ae; = €;a = 0;€;, a‘e; =€ a" =0€. (25)

Proof: Use (21) and (24). O

Note 10.3 We will be considering powers of the elements a, a* from Definition 10.1. We
wish to clarify the meaning of a® and a*. We always interpret

d
a’ = Zei, a*¥ = Z €. (26)
i=0 i=0

This is justified by Lemma 6.3. We mention some related notational conventions. Consider
the F-algebra homomorphism F[z] — D that sends 2 — a. By definition this homomorphism
sends the identity 1 of F[z| to the identity Zj:o ¢; of D. For f € F[z] the image of f under
this homomorphism will be denoted f(a). Writing f = Y1 , ¢;a’ we have f(a) =Y 1, ¢a’,
with the ¢ = 0 summand interpreted using the equation on the left in (26). A similar
comment applies to a*.
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The above notational conventions are illustrated in the following lemma.

Lemma 10.4 For f € F|x],

In particular for an integer k > 0,

d d
a* = Zﬁfei, a*t = ZH:‘kef (27)
i=0 i=0

Proof: Use (21) and (24). O

11 The algebra T

In our study of the algebra 7" we now bring in relations (8)—(10). We do this in a compact
way.

Definition 11.1 Fix an integer d > 0 and a sequence p = ({6;}{_y; {6/ }{_) in Feas(d,F).
Let T'= T(p,F) denote the F-algebra with generators {e;}¢_,, {e;}?, and relations

Ei€j = 51',]'81'7 8:5 = 52,]5;,k 0 S Zu] S d7 (28)

*
J

d d
0=> bfeiee;, 0= Ofzeje; 0<ij<d, ~ 0<k<li—j. (29
=0 =0

Many of the concepts that apply to T also apply to T. We emphasize a few such concepts
in the following definitions.

Definition 11.2 Referring to Definition 11.1, we call {;}¢, and {e}, the idempotent
generators for T. We say that the {e*}%_, are starred and the {e;}%, are nonstarred. A pair
of idempotent generators for T will be called alternating whenever one of them is starred
and the other is nonstarred.

Definition 11.3 For an integer n > 0, by a word of length n in T we mean a product
9192 - - - gn such that {g;}™, are idempotent generators for 7" and g;_1, g; are alternating for
2 < i < n. We interpret the word of length 0 to be the identity of T. We call this word
trivial. Let g1gs - - - g, denote a nontrivial word in T. We say that this word begins with ¢;
and ends with g,,.

Referring to Definition 11.3, observe that 7' is spanned by its words.

From the construction we have canonical F-algebra homomorphisms 7' — T' — T. We will
investigate these homomorphisms in the following sections.
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12 The homomorphism ¢ : 7 — T

From now until the end of Lemma 12.18 the following notation will be in effect. Fix an
integer d > 0 and let the algebra T = T(d,F) be as in Definition 5.1. Fix a sequence
p=({6:};{0:}L,) in Feas(d,F) and let the algebra 7' = T'(p,F) be as in Definition 11.1.
We now consider how 7" and T are related.

Definition 12.1 Let R = R(p) denote the two-sided ideal of T' generated by the elements

* k _x
€;a Ej,

eae, 0<id,j<d,  0<k<li—j, (30)
where a = a(p) and a* = a*(p) are from Definition 10.1.

Lemma 12.2 There exists a surjective F-algebra homomorphism ¢ : T — T that sends
€, —¢; and € — ¢ for 0 <i <d. The kernel of ¢ coincides with the ideal R.

Proof: Compare the defining relations for 7 and T'. O

Our next goal is to display a spanning set for R. To this end we introduce a type of element
in T" called a relator.

Definition 12.3 Let C' (resp. C*) denote the set of three-tuples (u, v, k) such that:
(i) each of u, v is a nontrivial word in T’

(ii) end(u) and begin(v) are both nonstarred (resp. both starred);

(iii) k is an integer such that 0 < k < |end(u) — begin(v)|.
Observe that C'NC* = 0.

Definition 12.4 With reference to Definition 12.3, to each element in C' U C* we associate

an element of T called its relator. For (u,v, k) € C the corresponding relator is ua**v, where

a* = a*(p) is from Definition 10.1. For (u,v,k) € C* the corresponding relator is ua®v,

where a = a(p) is from Definition 10.1.
Lemma 12.5 The F-vector space R is spanned by the relators in T.

Proof: By Definition 12.1 and since 7' is spanned by its words. O

Lemma 12.6 With reference to Definition 12.3, for (u,v,k) € C' U C* the corresponding
relator is A-homogeneous, where

begin(A) = begin(u), end(\) = end(v),
length(\) = length(u) + length(v) + 1.

Proof: Use (27) and Definition 12.4. O
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Definition 12.7 For A € A let Ry = R\(p) denote the subspace of T spanned by the
A-homogeneous relators. Observe that Ry C T).

Lemma 12.8 The F-vector space R decomposes as

R= Z R (direct sum).
AEA

Proof: By Lemmas 12.5, 12.6 and Definition 12.7 we obtain R = Y ,_, R\. The sum
Z)\GA R, is direct by Proposition 7.9 and since Ry C T, for all X € A. O

Corollary 12.9 For A € A we have Ry = RN T).

Proof: Observe that Ry C R by Lemma 12.8 and R, C VTA by Definition 12.7, so Ry C RNT).
To obtain the reverse inclusion, we pick any v € R N7} and show v € R,. By Lemma 12.8
there exists r € Ry such that v —r € ZxEA\)\ R,. We have v —r € Ty by construction and
the last sentence in Definition 12.7. Similarly v —r € 37 1\, Ty So v —r is contained in
the intersection of T and ZXeA\A T,. Now v = r in view of Proposition 7.9, so v € R). We
have shown Ry 2 RN7T) and the result follows. O

Definition 12.10 For A € A let T) denote the image of Ty under the homomorphism ¢
from Lemma 12.2.

Proposition 12.11 The F-vector space T decomposes as

T = Z T) (direct sum).
AeA

Proof: Recall the map ¢ : T — T from Lemma 12.2. To get T = Y nen T, apply ¢ to
each side of (22) and evaluate the result using Definition 12.10 and the surjectivity of .
To see that the sum ), , T, is direct, we pick any A € A and show that T\ has zero in-
tersection with er A TX. To this end we fix u in the intersection and show u = 0. By

Definition 12.10 and since u € T, there exists v € Ty such that p(v) = u. By Definition
12.10 and since u € 37 1\, Ty, there exists v € 37 .\, Ty such that (v') = u. Observe
that ¢(v —v') = 0 so v —v' € R. By Lemma 12.8 there exists r € Ry and ' € >\, Ry

such that v — v/ = r — /. Observe that v —r = v/ — r’. We have v — r € Ty by construction
and the last sentence of Definition 12.7. Similarly o' — 1’ € erA\A Ty. Now v = r and
v' = r’ in view of Proposition 7.9. In the equation v = r we apply ¢ to each side and get
u = 0, as desired. We have shown that the sum »,_, Ty is direct. a

Definition 12.12 For A € A we call T the A-homogeneous component of T. Elements of
T, are said to be A-homogeneous. An element of T' is called homogeneous whenever it is
A-homogeneous for some \ € A.
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Proposition 12.13 [57, Theorem 8.1] For all A € A the map ¢ sends Z onto Ty.

Proof: In [57, Theorem 8.1] it is proved that for an integer n > 1 and idempotent generators
y, z of T the following sets have the same span:

(i) The words of length n in 7" that begin with y and end with z.
(ii) The zigzag words of length n in 7' that begin with y and end with z.

In that proof the relations (7) were never used; consequently the verbatim proof applies to
T as well, provided that we interpret things using Note 10.3. The result follows. O

Lemma 12.14 For \ € A,
Th = Ry + 2. (31)

Proof: The space T contains Ry by Definition 12.7, and it contains Z, by Definition 8.7.
Consider the map ¢ : T'— T from Lemma 12.2. By Definition 12.10 T} is the image of T}
under . By Corollary 12.9 R, is the kernel of ¢ on Ty. By Proposition 12.13 ¢ sends Z,
onto T,\. The result follows. O

We conjecture that the sum (31) is direct for all A € A. For our present purpose the following
weaker result will suffice. As part of our proof of Theorem 3.9 we will show that the sum
(31) is direct for all A € Ay. We will say more about this in the next section. For the rest of
this section we discuss some aspects of (31) that apply to all A € A.

Lemma 12.15 The following hold for all A € A.
(i) dim Ty = dim Ry + dim Z, — dim (Ry N Z,).
(i) dim Ty = dim Zy — dim (R N Zy).

Proof: (i) By Lemma 12.14 and elementary linear algebra.
(ii) The action of ¢ on Z, is onto Ty and has kernel Ry N Z,. O

Corollary 12.16 The following hold for all A € A.

(i) dim Ty < dim Ry + dim Zy.

(i) dim 7Ty < dim Z,.
Proof: Immediate from Lemma 12.15. |

Pick A € A and consider when is the sum (31) direct. Recall the sequence p = ({6;}%q; {07 }9,)
from the first paragraph of this section. Since R, depends on p, it is conceivable that the
sum (31) is direct for some values of p but not others. It is also conceivable that the field F
matters. The following definition will facilitate our discussion of these issues.
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Definition 12.17 For A € A, we say that \ is (p, F)-direct whenever the sum (31) is direct.

Lemma 12.18 For X € A the following are equivalent:
(i) RxNZ,=0;
(ii) A is (p,F)-direct;
(iii) equality holds in Corollary 12.16(i);
(iv) equality holds in Corollary 12.16(ii);
(v) the restriction of ¢ to Zy is injective.

Proof: (i) < (ii) By Definition 12.17.
(i) < (iii) By Lemma 12.15(i).

(i) & (iv) By Lemma 12.15(ii).
(i) &

1 (v) The restriction of ¢ to Z, has kernel Ry N Z,. O

Proposition 12.19 Assume F is infinite and pick an integer d > 3. Suppose we are given
a type A € A that is (p,F)-direct for all sequences p € Rac(d,F). Then X is (p,F)-direct for
all sequences p € Feas(d,F).

Proof: For notational convenience abbreviate dy = dim T\ — dim Z,. Recall the relators
of T from Definition 12.4. In the definition of a relator an element p € Feas(d,F) is in-
volved, so that relator can be viewed as a function of p. We adopt this point of view
throughout the proof. Let R, denote the set of all A\-homogeneous relators in 7. By
Definition 12.7 we have R)(p) = Span{o(p)|lo € R,} for all p € Feas(d,F). We assume
that there exists p’ € Feas(d,F) such that A is not (p/,F)-direct, and get a contradic-
tion. By Lemma 12.18(ii),(iii) we have dim Ry(p) > d\ + 1. By our above comments
R\(p") = Span{o(p')|e € R\}. Therefore there exists a subset H C R, such that (i) H has
cardinality dy+1; and (ii) the set {0(p') } yem is linearly independent. Pick any p € Feas(d, F).
Recall by Definition 7.8 that T) has a basis consisting of the words of type X. For o € H write
o(p) as a linear combination of these words, and let M = M (p) denote the corresponding
coefficient matrix. The rows of M are indexed by the words of type A, and the columns of M
are indexed by H. Each entry of M is a power of some 6; or 6}, where p = ({0;}%_o; {07 }9,).
The matrix M (p’) has full rank dy + 1 since {o(p')},en are linearly independent. Therefore
there exists a set L consisting of words of type A such that (i) L has cardinality dy + 1;
and (ii) the rows of M(p') indexed by L are linearly independent. For p € Feas(d,F) let
N = N(p) denote the submatrix of M (p) obtained by deleting all rows not indexed by L.
By construction N is (dy + 1) x (dy + 1), and its determinant is a polynomial in p that has
all coefficients in F. Denote this polynomial by h. By construction N(p') is nonsingular so
h(p') # 0. We will obtain a contradiction by showing that h(p") = 0. To this end we will
show that h(p) = 0 for all p € Rac(d, F), and invoke Proposition 4.5. Pick any p € Rac(d, F).
By assumption A is (p,F)-direct. So dim R)(p) = d, in view of Lemma 12.18(ii),(iii). Now
N(p) is singular and hence h(p) = 0. We have shown that h(p) = 0 for all p € Rac(d,F).
Now by Proposition 4.5, h(p) = 0 for all p € Feas(d,F). In particular h(p’) = 0, for a
contradiction. The result follows. O
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13 The algebra £;T<}

Throughout this section fix an integer d > 0 and a sequence p = ({0:}p; {07} ) in
Feas(d,FF). Recall the algebra 1" = T'(d,F) from Definition 5.1 and the algebra 7' = T'(p, F)
from Definition 11.1. Observe that e;jT's; is an F-algebra with multiplicative identity &g.

Recall the map ¢ : T'— T from Lemma 12.2.
Lemma 13.1 The restriction of ¢ to e(’;Teg gives a surjective F-algebra homomorphism
eqgl'ey — epls;.

Proof- By Lemma 12.2 the map ¢ : T — T is a surjective F-algebra homomorphism that
sends € — . The result follows. a

Proposition 13.2 The F-vector space 53T5{§ decomposes as

exTel = Z Ty (direct sum). (32)
n=0

Moreover T[m] . T[n} C Tyngn) for all integers m,n > 0.

Proof: To get 63T53 =3, T[n], apply ¢ to each side of (23) and evaluate the result using
Definition 12.10 and Lemma 13.1. The sum >~/ T[n] is direct by Proposition 12.11. The
last assertion follows from the last assertion of Proposition 9.7. a

Lemma 13.3 The elements {e}zie5} e, mutually commute.

Proof: In [54, Theorem 2.4] it was proved that {eje;ef}d, commute in 7. In that proof
the relations (7) were never used. Consequently the verbatim proof applies to the elements
{eteien L, of T, provided that we interpret things using Note 10.3. O

Let {z;}¢, denote mutually commuting indeterminates. Let F[z,...,zq] denote the F-
algebra consisting of the polynomials in {z;}¢, that have all coefficients in F. We abbreviate
P =TF[xo,..., x4

Corollary 13.4 There exists an F-algebra homomorphism v : P — e3Te}, that sends x; —
ggeicy for 0 <i < d.

Proof: Immediate from Lemma 13.3. a

In Section 18 we will show that the map 7 from Corollary 13.4 is an isomorphism. For the
time being, our goal is to show that o is an isomorphism if and only if [n] is (p, F)-direct for
all integers n > 0.

As we discuss the algebra P the following notation will be helpful. We call {z;}%, the
generators for P. For a generator z; of P we call i the index of x;. For a generator y of P let
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7 denote the index of y. For an integer n > 0, by a monomial of degree n in P we mean an
element 3195 - - - y, such that y; is a generator of P for 1 <7 < n. For notational convenience
we always order the factors such that y,_; > 7, for 2 <17 < n. We interpret the monomial of
degree 0 to be the identity of P. Observe that the F-vector space P has a basis consisting
of its monomials. For n > 0 let P, denote the subspace of P with a basis consisting of the
monomials of degree n. We have

P = Z P, (direct sum). (33)
n=0
Moreover P, P, = Py, 1, for all m,n > 0. We call P, the nth homogeneous component of P.

Definition 13.5 We define an F-linear map  : P — €T€;. To do this we give the action of
7 on the monomial basis for P. By definition f sends 1 — €. For each nontrivial monomial
Y1Y2 - - Y in P the image under § is €jy]eiyses - - - €5yl €5, where i = ¢; for 0 < i < d.

We caution the reader that f is not an algebra homomorphism in general.

Lemma 13.6 For an integer n > 0 the map § from Definition 13.5 induces a bijection
between the following two sets:

(i) the monomials in P that have degree n;
(ii) the zigzag words in T of type [n).

Proof: Compare Proposition 9.8 and Definition 13.5. O

Lemma 13.7 The map § from Definition 13.5 is an injection. For n > 0 the image of P,
under 1 is equal to Zp,).

Proof: The monomials in P form a basis for P. The zigzag words in T are linearly indepen-
dent. By these comments and Lemma 13.6 the map f is injective. To get the last assertion,
note that in Lemma 13.6 the set (i) is a basis for P, and the set (ii) is a basis for Z},;. O

Lemma 13.8 Let ¢' denote the restriction of ¢ to GSTGE‘). Then the following diagram com-
mutes:

p 4, p

| |

® % * ok
EUTEO T EOTEO

Proof: The map g is from Definition 13.5 and the map 7 is from Corollary 13.4. The map
@ is from Lemma 12.2. The result is a routine consequence of how these maps are defined. O
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Lemma 13.9 For an integer n > 0 the image of P, under U is f[n].

Proof: By Lemma 13.8 the composition ¢ o § equals 7. By Lemma 13.7 the image of P,
under f§ is Z,). By Lemma 12.13 the space T}, is the image of Zp,) under ¢ and hence ¢'.
The result follows. a

Lemma 13.10 The map v from Corollary 13.4 is surjective.

Proof: In the equation (33) apply 7 to each side, and evaluate the result using Lemma 13.9
and then Proposition 13.2. O

Lemma 13.11 For an integer n > 0 the following are equivalent:
(i) the restriction v to P, is injective;
(i) the type [n] is (p,F)-direct in the sense of Definition 12.17.

Proof: Consider the commuting diagram in Lemma 13.8. By Lemma 13.7 the map f is an
injection that sends P, onto Z,]. Therefore the restriction of 7 to P, is injective if and only
if the restriction of ¢ to Zp, is injective. By Lemma 12.18 the restriction of ¢ to Z, is
injective if and only if [n] is (p, F)-direct. The result follows. O

Lemma 13.12 The kernel of v decomposes as follows:

o0

ker() = _(ker(#) N P,). (34)

n=0

Proof: The inclusion D is clear, so consider the inclusion C. Pick h € ker(7). By (33) there
exists an integer m > 0 and a sequence {h,}", such that h, € P, for 0 < n < m and
h=3%""_, h,. In this equation we apply & to each term and get 0 = """, 7(h,). By Lemma
13.9 we have v(h,) € T[n} for 0 < n < m. By these comments and (32) we obtain o(h,) =0
for 0 < n < m. So for 0 < n < m the polynomial h,, is contained in the n-summand on the
right in (34). Therefore h is contained in the sum on the right in (34). We have verified the
inclusion C and the result follows. O

Proposition 13.13 The following are equivalent:
(i) the map v from Corollary 15.4 is an isomorphism;

(i) for all integers n > 0 the type [n] is (p,F)-direct in the sense of Definition 12.17.

Proof: The map v is surjective by Lemma 13.10, so v is an isomorphism if and only if &
is injective. By Lemma 13.12 the map v is injective if and only if its restriction to P, is
injective for all n > 0. The result follows from these comments and Lemma 13.11. O
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14 A central element of T

Recall that the algebra T" from Definition 3.4 is defined using relations (6)-(10). So far we
have investigated all these relations except (7). We now prepare to bring in the relations

(7).
Throughout this section we fix an integer d > 0 and a sequence p = ({6;}_y; {6; }i_,) in
Feas(d,F). Recall the algebra T'= T'(p,F) from Definition 11.1.

Definition 14.1 Define A € T and A* € T by

d
Azl—Zsi, A*zl—ZsZ‘.
i=0 '
The elements A and A* are nonzero by Proposition 12.11.
Lemma 14.2 We have A? = A and A** = A*. Moreover
giA = Ag; =0, efAT =A%l =0 0<:i<d. (35)
Proof: Line (35) follows from (28) and Definition 14.1. To obtain A% = A, observe that
A(l—-A) = Z?:o Ag; = 0. The equation A** = A* is similarly obtained. O
Lemma 14.3 For 0 <1,5 < d with i # 7,
g;Ae; =0, giA%e; = 0.

Proof: By Definition 14.1 and since ej¢j = 0, we find efAej = — Z?:o g;ece]. Setting k=0
in the equation on the left in (29) we find 0 = ZZ:O ejeec;. Therefore efAe; = 0. The
equation g;A*e; = 0 is similarly obtained. O

Definition 14.4 Define ¢ € T by
= (A - A (36)
where A, A* are from Definition 14.1.

An element of an algebra is called central whenever it commutes with everything in the
algebra. Our next goal is to show that v is central.

Lemma 14.5 The element 1) coincides with each of the following:
(i) A+ A" — AA* — A*A;

(i) A(eg+ei+---+eh)+A%eo+e1+ - +eq);
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(ili) (eg+ef+---+ep)A+(eo+e1+ - +eq)A"

Proof: (i) Multiply out the right-hand side of (36), and simplify the result using A? = A
and A*? = A*.

(ii) In the given expression eliminate ey +¢&1 +- - +¢4 and €f + €7 + - - - + &} using Definition
14.1, and compare the result with (i) above.

(iii) Similar to the proof of (ii) above. O

Lemma 14.6 The following hold for 0 < i < d.

(i) Each of eq, ve; is equal to e;A%e;.

(ii) Each of v, e} is equal to e Ae}.
Proof: (i) Evaluating ;1 using Lemma 14.5(ii) and ;A = 0, we obtain ;190 = g;A*(eg +
€1+ - +¢eq). By Lemma 14.3, for 0 < j < d we have ;A*e; = 0 provided ¢ # j. By these
comments ;00 = ¢;A*e;. Using Lemma 14.5(iii) we similarly find ¢e; = £;A%e;.
(ii) Similar to the proof of (i) above. O

Corollary 14.7 The element v is central in T.

Proof: The elements {e;}%_,, {e:}L, together generate T', and each of these elements com-
mutes with 1) by Lemma 14.6. O

For later use we summarize Lemma 14.3 and Lemma 14.6.
Lemma 14.8 For 0 <1i,5 < d we have

* * * *
EiA g = 5i,jw5i7 &; ASj = 5i,j¢€i'

15 The homomorphism 7 :7 — T

Throughout this section fix an integer d > 0 and a sequence p = ({0;}7_q; {6;}i,) in
Feas(d,F). Recall the algebras T" = T'(p,F) from Definition 3.4 and 7' = T'(p,F) from
Definition 11.1.

Definition 15.1 Let J denote the two-sided ideal of T' generated by the elements A, A*
from Definition 14.1.

Lemma 15.2 There exists a surjective F-algebra homomorphism = : T — T that sends
gi—e; and €f — ef for 0 <i < d. The kernel of ™ coincides with the ideal J.

Proof: Compare the defining relations for 7" and 7. O
We will be discussing the action of m on e5Tep.
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Lemma 15.3 The restriction of m to &%Tag gives a surjective F-algebra homomorphism
eoley — eqTeg.

Proof: The map 7 is a surjective F-algebra homomorphism that sends € — eg. a

Proposition 15.4 The following are equal:

(i) the kernel of m on eiTeh;

)
(ii) the intersection of J and e5T<s;
(iil) efJep;

)

(iv) the ideal of e5Tel generated by eiAes,.

Proof: The spaces (i), (ii) are equal by the last assertion of Lemma 15.2. We now show that
the spaces (ii)—(iv) are equal. Let .J’ denote the ideal of e£Tef generated by eiAss.
JNeiTes Cesey: For u € eiTel we have u = gjue) since €52 = &5

i Jet C J': Let Jy (resp. Jo) denote the two-sided ideal of T generated by A (resp. A*). By
construction J = J; + Ja, so € Jej; = eiJiel + €fJacl. We now show that €1l € J'. The
space £§.J1€ is spanned by elements of the form uAv where u (resp. v) is a nontrivial word in
T that begins with % (resp. ends with %). We show that such an element uAw is contained
in J’. Suppose for the moment that v ends with a nonstarred idempotent generator, which
we denote by €;. Then uA = 0 since ;A = 0. Therefore we may assume that u ends with
a starred idempotent generator, which we denote . Note that u = ue} since £}* = &}.
Suppose for the moment that v begins with a nonstarred idempotent generator, which we
denote by €;. Then Av = 0 since Ae; = 0. Therefore we may assume that v begins with a
starred idempotent generator, which we denote by 7. Note that v = £jv since 8;2 =e;. We
may now argue

uAv = ug;Agjv
= 0 ;ue;v (by Lemma 14.8)
= 0, ;Yuc;v (by Corollary 14.7)
0 jYuv.

Since u begins with €} and €}? = &} we find u = eju. Also e} = e;Ae} by Lemma 14.8.
Therefore Yuv = eiAciuv. Since u begins with & and v ends with &} we find uv € 5Te}.
Consequently J' contains Yuv and hence uAv. We have shown &fJ;ef C J'. One similarly
shows that ejJoef C J'.

J' C JNefTet: Observe that J' C J since A € J, and J' C g5T}; by construction. O
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16 Comparing £;T<) and e;Te;

Throughout this section fix an integer d > 0 and a sequence p = ({6;}%,;{0;}%,) in
Feas(d,F). Recall the algebras T = T(p,F) from Definition 3.4 and T = T(p,F) from
Definition 11.1. We will be comparing the map pu : Flzy, ..., x4 — eiTef from Corollary 3.8,
and the map v : P — 58T5$ from Corollary 13.4. We will show that p is an isomorphism if
and only if 7 is an isomorphism.

In order to compare p and 7 it is helpful to introduce the following map.

Definition 16.1 Define an F-algebra homomorphism v : Flxy, ..., x4 — efTe} that sends
x; — epeieq for 1 <4 < d.

Our next goal is to compare p and v. After that, we will compare v and v.

Definition 16.2 Define an F-algebra homomorphism ¢ : Flzy, ..., x4 — Flxy, ..., z4] that
sends x; — Zj’:l 7;(8)x; for 1 <i < d. (The 7; are from Definition 2.4).

Lemma 16.3 The map ¢ from Definition 16.2 is an isomorphism.

Proof: Consider the d x d matrix that has (i, j)-entry 7;(6;) for 1 <4,j < d. This matrix
is upper triangular and has all diagonal entries nonzero. Therefore the matrix is invertible.
The result follows. O

Lemma 16.4 The following diagram commutes:

¢

Flay, ..., x4 —— Flzy,..., 24
| &
esl'e; — eol'e
1

Proof: For 1 <1 < d we chase z; around the diagram. The image of x; under the compo-
sition v o ¢ is ijl 7;(0;)esejes. The image of z; under p is efr;(a)ef, and this is equal to
Z?:o 7;(6;)elejes. In this sum the j = 0 summand is zero; indeed 7;(6y) = 0 since i > 1.
Therefore x; has the same image under v o ¢ and p. The result follows. O

Corollary 16.5 The map v is surjective.

Proof: The map p is surjective by Corollary 3.8. The result follows from this and Lemma
16.4. O

Proposition 16.6 The following are equivalent:

(i) the map p is an isomorphism;
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(ii) the map v is an isomorphism.
Proof: Combine Lemma 16.3 and Lemma 16.4. |

Our next goal is to compare v and .
Definition 16.7 Let K denote the ideal of P generated by 1 — Z?:o X;.
We identify Flxy,. .., zq) with the F-subalgebra of P generated by {x;}% .
Lemma 16.8 The F-vector space P decomposes as
P=K+Fxy,..., 24 (direct sum). (37)

Proof: Let Ky denote the ideal of P generated by zy. Observe that the F-vector space P
decomposes as

P =Ky+Flzy,...,z4) (direct sum). (38)

Define an F-algebra homomorphism ¢ : P — P that sends zy — 1 — Z?:o x; and fixes x;
for 1 < j < d. The composition of ¢ with itself is the identity, so ¢ is an isomorphism.
To obtain (37), apply o to each side of (38) and note that o sends K, to K while leaving
Flxy,...,2z4] invariant. O

Lemma 16.9 We have KN P, =0 forn > 0.

Proof: For notational convenience abbreviate y = Z?:o x;. We assume that there exists a
nonzero f € K N P, and get a contradiction. Since f € K there exists h € P such that
f = (1 —y)h. Observe that h # 0 since f # 0. By (33) there exists an integer m > 0 and
polynomials {h;}", in P such that h; € P, for 0 <i < m and h = ) " h;. Without loss

we may assume h,, # 0. We define some polynomials {h}}5! as follows:

h6 = ho, h; = hl — yhi—l (1 S ) S m), ]’L;nJrl = —yhm

Note that 7} € P; for 0 <i < m+ 1, and f = >/ ' k. Observe that A/, ., # 0 since P
is a domain and each of y, h,, is nonzero. By these comments and since f € P, we find
n=m+1, f=~h,, and hj = 0 for 0 < i < m. Since the {h;}" are all zero we have
ho = 0 and h; = yh;_1 for 1 <i < m. Therefore h; = 0 for 0 < i < m. In particular h,, = 0,
for a contradiction. The result follows. |

Lemma 16.10 The following are equal:
(i) the image of K under v;

(ii) the ideal of e5Tel generated by e5Ash.
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Proof: By Corollary 13.4 and Definition 14.1, the image of 1 — Z?:o x; under v is equal to

egAep. By Lemma 13.10 the map v is surjective. The result follows from these comments
and Definition 16.7. a

Lemma 16.11 Let 7' denote the restriction of 7 to eiTel. Let v: Flx, ..., x4 — P denote
the inclusion map. Then the following diagram commutes:

L
P —— Flzy,..., 24
g I
* ' * * *

Proof: For 1 <14 < d we chase x; around the diagram. The image of x; under the composition
vouis gheie], and the image of this under 7’ is eje;ef. The image of x; under v is eje;ef.
The result follows. |

Proposition 16.12 The following are equivalent:
(i) the map v is an isomorphism;
(ii) the map v is an isomorphism.

Proof: (i) = (ii) The map v is surjective by Lemma 13.10. We show that 7 is injective. By
Lemma 13.12 it suffices to show that v is injective on P, for all integers n > 0. Let n be
given, and pick any f € P, such that 7(f) = 0. We show f = 0. Invoking Lemma 16.8 we
write f = k+ h with kK € K and h € Flxy,...,24]. In the equation f = k + h we apply the
composition 7 o 7 to each term. The image of f under 7 o I is zero since ¥(f) = 0. The
image of k£ under 7 o I is zero by Lemma 16.10 and Proposition 15.4(i),(iv). The image of
h under 7o v is v(h) by Lemma 16.11. By these comments v(h) = 0. We assume v is an
isomomorphism so h = 0. Therefore f = k € K. We have f € K and f € P,,so f =0 in
view of Lemma 16.9.

(ii) = (i) The map v is surjective by Corollary 16.5. We show that v is injective. Suppose
we are given h € Flxy,..., x4 such that v(h) = 0. We show h = 0. By Lemma 16.11 the
composition 7o 7 sends h +— 0. Therefore 7(h) is in the kernel of 7. By this and Proposition
15.4(i),(iv) we see that 7(h) is in the ideal of 5T} generated by etAct. Now h € K by
Lemma 16.10 and since 7 is an isomorphism. We have h € K and h € Flxy,...,2z4],50 h =0
in view of Lemma 16.8. 0

Corollary 16.13 The following are equivalent:

(i) the map p from Corollary 3.8 is an isomorphism;
(ii) the map v from Corollary 15.4 is an isomorphism.

Proof: Combine Proposition 16.6 and Proposition 16.12. O
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17 The proof of Theorem 3.1 and Theorem 3.9

In this section we prove Theorem 3.1 and Theorem 3.9.
Throughout this section fix an integer d > 0. Recall the sets Feas(d,F) from Definition 3.3
and Rac(d,F) from Definition 4.3.

Definition 17.1 Pick any sequence p € Feas(d,[F) and consider the ordered pair (p,F).
This pair is said to be confirmed whenever Theorem 3.9 is true for that p and F.

Lemma 17.2 [56, Theorem 12.1] Assume d < 5. Then (p,F) is confirmed for all p €
Feas(d,F).

Lemma 17.3 [58, Theorem 5.3] The pair (p,F) is confirmed for all p € Rac(d,F).

Lemma 17.4 [58, Theorem 5.2] Pick any p € Feas(d,F). If there exists a field extension
K of F such that (p,K) is confirmed, then (p,F) is confirmed.

Proof of Theorem 3.9: We will confirm the pair (p,F) in the sense of Definition 17.1. We
may assume d > 3; otherwise (p,F) is confirmed by Lemma 17.2. Abbreviate K = F for
the algebraic closure of I, and note that K is infinite. By Lemma 17.3 the pair (p/,K) is
confirmed for all sequences p’ € Rac(d,K). Now by Proposition 13.13 and Corollary 16.13,
the type [n] is (p, K)-direct for all integers n > 0 and all sequences p’ € Rac(d, K). Now by
Proposition 12.19 and since K is infinite, the type [n] is (p/, K)-direct for all integers n > 0
and all sequences p’ € Feas(d, K). In particular the type [n] is (p, K)-direct for all integers
n > 0. Now by Proposition 13.13 and Corollary 16.13, the pair (p,K) is confirmed. Now by
Lemma 17.4 the pair (p,F) is confirmed. a

Proof of Theorem 3.1: Immediate from Theorem 3.9 and [56, Theorem 10.1]. |

18 Comments

In the previous section we proved Theorem 3.1 and Theorem 3.9. In this section we list some
related results that might be of independent interest. We also mention a conjecture.

The following is a corollary to Theorem 3.1.
Corollary 18.1 Assume the field F is algebraically closed. Let d denote a nonnegative

integer and let
({ei}zio% {Hf}?:o; {G ?:0) (39)

denote a sequence of scalars taken from F. Then there exists a TD system ® over F with
parameter array (39) if and only if (1)—(iii) hold below.

() 0,4 0,07 #0; ifi #5 (0<i.j<d).
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(ii) The expressions
Oi—2 — Oira 0i o —0i,
01 —0; 0r | —0F

are equal and independent of i for 2 <i<d—1.

(111) CO = 17 Cd 7é 07 and
d

0% > nai(bo)ni_i(65)G:

i=0
Suppose (1)—(iii) hold. Then ® is unique up to isomorphism of TD systems.

Proof: By Theorem 3.1 and since every tridiagonal system over an algebraically closed field
is sharp [55, Theorem 1.3]. O

Theorem 18.2 Fiz an integer d > 0 and a sequence p € Feas(d,F). Let the algebra T =
T(p,F) be as in Definition 3.4. Then the corresponding map v : Flzy, ..., xq] — efTel from
Definition 16.1 is an isomorphism.

Proof: Combine Theorem 3.9 and Proposition 16.6. a

Theorem 18.3 Fiz an integer d > 0 and a sequence p € Feas(d,TF). Let the algebra T =
T(p,F) be as in Definition 11.1. Then the corresponding map v : P — Te} from Corollary
13.4 is an isomorphism.

Proof: Combine Theorem 3.9 and Corollary 16.13. o

Theorem 18.4 Fiz an integer d > 0 and a sequence p € Feas(d,F). Then for all integers
n >0 the type [n] is (p,F)-direct in the sense of Definition 12.17.

Proof: Combine Proposition 13.13 and Theorem 18.3. |

Theorem 18.5 Fix an integer d > 0 and a sequence p E~Feas(d, F). Let the algebra T =
T(p,TF) be as in Definition 11.1. Then the F-vector space T is spanned by its zigzag words.

Proof: Combine Proposition 12.11 and Proposition 12.13. O

Below Lemma 12.14 we conjectured that the sum (31) is always direct. In the context of T
this conjecture can be expressed as follows.

Conjecture 18.6 Fix an integer d > 0 and a sequence p €~Feas(d, F). Let the algebra
T = T(p,F) be as in Definition 11.1. Then the F-vector space T has a basis consisting of its
zigzag words.

31



References

1]

2]

[13]

[14]

[15]

[16]
[17]

[18]

H. Alnajjar and B. Curtin. A bilinear form for tridiagonal pairs of g-Serre type. Linear Algebra
Appl. 428 (2008) 2688-2698.

H. Alnajjar and B. Curtin. A family of tridiagonal pairs related to the quantum affine algebra
Uq(sla). Electron. J. Linear Algebra 13 (2005) 1-9.

H. Alnajjar and B. Curtin. A family of tridiagonal pairs. Linear Algebra Appl. 390 (2004)
369-384.

R. Askey and J.A. Wilson. A set of orthogonal polynomials that generalize the Racah coeffi-
cients or 6 — j symbols. SIAM J. Math. Anal. 10 (1979) 1008-1016.

N. M. Atakishiyev and A.U. Klimyk. On g-orthogonal polynomials, dual to little and big
g-Jacobi polynomials. J. Math. Anal. Appl. 294 (2004) 246-257; arXiv:math.CA/0307250.

N. M. Atakishiyev and A.U. Klimyk. Duality of ¢g-polynomials, orthogonal on countable sets
of points. Electron. Trans. Numer. Anal. 24 (2006) 108-180; arXiv:math.CA/0411249.

E. Bannai and T. Ito. Algebraic Combinatorics I: Association Schemes, Benjamin/Cummings,
London, 1984.

P. Baseilhac. An integrable structure related with tridiagonal algebras. Nuclear Phys. B 705
(2005) 605-619; arXiv:math-ph/0408025.

P. Baseilhac. Deformed Dolan-Grady relations in quantum integrable models. Nuclear Phys.
B 709 (2005) 491-521; arXiv:hep-th/0404149.

P. Baseilhac and K. Koizumi. A new (in)finite dimensional algebra for quantum integrable
models. Nuclear Phys. B 720 (2005) 325-347; arXiv:math-ph/0503036.

P. Baseilhac and K. Koizumi. A deformed analogue of Onsager’s symmetry in the XXZ
open spin chain. J. Stat. Mech. Theory Ezp. 2005, no. 10, P10005, 15 pp. (electronic);
arXiv:hep-th/0507053.

P. Baseilhac. The g¢-deformed analogue of the Onsager algebra: beyond the Bethe ansatz
approach. Nuclear Phys. B 754 (2006) 309-328; arXiv:math-ph/0604036.

P. Baseilhac. A family of tridiagonal pairs and related symmetric functions. J. Phys. A 39
(2006) 11773-11791; arXiv:math-ph/0604035.

P. Baseilhac and K. Koizumi. Exact spectrum of the XX Z open spin chain from the ¢-
Onsager algebra representation theory. J. Stat. Mech. Theory Exp. 2007, no. 9, P09006, 27
pp. (electronic); arXiv:hep-th/0703106.

B. Curtin. Spin Leonard pairs. Ramanujan J. 13 (2007) 319-332.
B. Curtin. Modular Leonard triples. Linear Algebra Appl. 424 (2007) 510-539.

E. Date and S. S. Roan. The structure of quotients of the Onsager algebra by closed ideals.
J. Phys. A 33 (2000) 3275-3296.

B. Davies. Onsager’s algebra and superintegrability. J. Phys. A 23 (1990) 2245-2261.

32



[19]

[20]

21]

[22]

[23]

[24]

32]

[33]

[34]

B. Davies. Onsager’s algebra and the Dolan-Grady condition in the non-self-dual case. J.
Math. Phys. 32 (1991) 2945-2950.

L. Dolan and M. Grady. Conserved charges from self-duality. Phys. Rev. D (3) 25 (1982)
1587-1604.

D. Funk-Neubauer. Tridiagonal pairs and the g-tetrahedron algebra. Linear Algebra Appl.,
submitted; arXiv:0806.0901.

Ya. I. Granovskii, I. M. Lutzenko, and A. S. Zhedanov. Mutual integrability, quadratic alge-
bras, and dynamical symmetry. Ann. Physics 217 (1992) 1-20.

F. A. Grinbaum and L. Haine. The g-version of a theorem of Bochner. J. Comput. Appl.
Math. 68 (1996) 103-114.

F. A. Griinbaum and L. Haine. On a g-analogue of the string equation and a generalization of
the classical orthogonal polynomials, in: Algebraic methods and q-special functions (Montréal,
QC, 1996) Amer. Math. Soc., Providence, RI, 1999, pp. 171-181.

B. Hartwig and P. Terwilliger. The tetrahedron algebra, the Onsager algebra, and the sls loop
algebra. J. Algebra 308 (2007) 840-863; arXiv:math.ph/0511004.

B. Hartwig. The tetrahedron algebra and its finite-dimensional irreducible modules. Linear
Algebra Appl. 422 (2007) 219-235; arXiv:math.RT/0606197.

T. Ito, K. Tanabe, and P. Terwilliger. Some algebra related to P- and Q)-polynomial association
schemes, in: Codes and Association Schemes (Piscataway NJ, 1999), Amer. Math. Soc.,
Providence RI, 2001, pp. 167-192; arXiv:math.C0/0406556.

T. Ito and P. Terwilliger. The shape of a tridiagonal pair. J. Pure Appl. Algebra 188 (2004)
145-160; arXiv:math.QA/0304244.

T. Ito and P. Terwilliger. Tridiagonal pairs and the quantum affine algebra Uq(.;lg). Ramanujan
J. 13 (2007) 39-62; arXiv:math.QA/0310042.

T. Ito and P. Terwilliger. Two non-nilpotent linear transformations that satisfy the cubic
g-Serre relations. J. Algebra Appl. 6 (2007) 477-503; arXiv:math.QA/0508398.

T. Ito and P. Terwilliger. The ¢-tetrahedron algebra and its finite-dimensional irreducible
modules. Comm. Algebra 35 (2007) 3415-3439; arXiv:math.QA/0602199.

T. Ito and P. Terwilliger. Finite-dimensional irreducible modules for the three-point sly loop
algebra. Comm. Algebra 36 (2008) 4557-4598; arXiv:0707.2313.

T. Tto and P. Terwilliger. Tridiagonal pairs of Krawtchouk type. Linear Algebra Appl. 427
(2007) 218-233; arXiv:0706.1065.

T. Ito and P. Terwilliger. Distance-regular graphs and the g-tetrahedron algebra. Furopean J.
Combin. 30 (2009) 682-697; arXiv:math.C0/0608694.

T. Ito and P. Terwilliger. The augmented tridiagonal algebra. Submitted for publication;
arXiv:0807.3990.

33



[36]

[37]

[38]

[39]

[40]

[41]

T. Ito and P. Terwilliger. The Drinfel’d polynomial of a tridiagonal pair. Des. Codes Cryptogr.
In press; arXiv:0805.1465.

T. Ito and P. Terwilliger. Tridiagonal pairs of g-Racah type. J. Algebra 322 (2009) 68-93;
arXiv:0807.0271.

T. Tto and P. Terwilliger. How to sharpen a tridiagonal pair. J. Algebra Appl.. Submitted for
publication; arXiv:0807.3990.

T. Ito and P. Terwilliger. Mock tridiagonal systems. Linear Algebra Appl. Submitted for
publication; arXiv:0807.4360.

R. Koekoek and R. F. Swarttouw. The Askey scheme of hypergeometric orthogonal polyomi-
als and its q-analog, report 98-17, Delft University of Technology, The Netherlands, 1998;
http://fa.its.tudelft.nl/ koekoek/askey/

D. Leonard. Orthogonal polynomials, duality, and association schemes. SIAM J. Math. Anal.
13 (1982) 656—663.

S. Miklavi¢é. Leonard triples and hypercubes. J. Algebraic Combin. 28 (2008) 397-424;
arXiv:0705.0518.

K. Nomura. Tridiagonal pairs and the Askey-Wilson relations. Linear Algebra Appl. 397
(2005) 99-106.

K. Nomura. A refinement of the split decomposition of a tridiagonal pair. Linear Algebra
Appl. 403 (2005) 1-23.

K. Nomura. Tridiagonal pairs of height one. Linear Algebra Appl. 403 (2005) 118-142.

K. Nomura and P. Terwilliger. Some trace formulae involving the split sequences of a Leonard
pair. Linear Algebra Appl. 413 (2006) 189-201; arXiv:math.RA/0508407.

K. Nomura and P. Terwilliger. The determinant of AA* — A*A for a Leonard pair A, A*.
Linear Algebra Appl. 416 (2006) 880-889; arXiv:math.RA/0511641.

K. Nomura and P. Terwilliger. Matrix units associated with the split basis of a Leonard pair.
Linear Algebra Appl. 418 (2006) 775-787; arXiv:math.RA/0602416.

K. Nomura and P. Terwilliger. Balanced Leonard pairs. Linear Algebra Appl. 420 (2007)
51-69; arXiv:math.RA/0506219.

K. Nomura and P. Terwilliger. Linear transformations that are tridiagonal with re-
spect to both eigenbases of a Leonard pair. Linear Algebra Appl. 420 (2007) 198-207.
arXiv:math.RA/0605316.

K. Nomura and P. Terwilliger. The split decomposition of a tridiagonal pair. Linear Algebra
Appl., 424 (2007) 339-345; arXiv:math.RA/0612460.

K. Nomura and P. Terwilliger. The switching element for a Leonard pair. Linear Algebra Appl.
428 (2008) 1083-1108; arXiv:math.RA/0608623.

K. Nomura and P. Terwilliger. Sharp tridiagonal pairs. Linear Algebra Appl. 429 (2008) 79-99;
arXiv:0712.3665.

34



[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

K. Nomura and P. Terwilliger. Towards a classification of the tridiagonal pairs. Linear Algebra
Appl. 429 (2008) 503-518; arXiv:0801.0621.

K. Nomura and P. Terwilliger. The structure of a tridiagonal pair. Linear Algebra Appl. 429
(2008) 1647-1662; arXiv:0802.1096.

K. Nomura and P. Terwilliger. Tridiagonal pairs and the p-conjecture. Linear Algebra Appl.
430 (2009) 455-482; arXiv:0908.2604.

K. Nomura and P. Terwilliger. On the shape of a tridiagonal pair. Linear Algebra Appl. In
press; arXiv:0908.2604.

K. Nomura and P. Terwilliger. Tridiagonal pairs of g-Racah type and the p-conjecture. Linear
Algebra Appl.. Accepted; arXiv:0908.3151.

S. Odake and R. Sasaki. Orthogonal polynomials from Hermitian matrices. J. Math. Phys.
49 (2008) no. 5, 053503, 43 pp.

L. Onsager. Crystal statistics. I. A two-dimensional model with an order-disorder transition.
Phys. Rev. (2) 65 (1944) 117-149.

A. A. Pascasio. On the multiplicities of the primitive idempotents of a ()-polynomial distance-
regular graph. European J. Combin. 23 (2002) 1073-1078.

H. Rosengren. Multivariable orthogonal polynomials as coupling coefficients for Lie and quan-
tum algebra representations. Ph.D. Thesis. Centre for Mathematical Sciences, Lund University,
Sweden, 1999.

H. Rosengren. An elementary approach to the 6j-symbols (classical, quantum, rational,
trigonometric, and elliptic). Ramanujan J. 13 (2007) 131-166; arXiv:math.CA/0312310.

J. J. Rotman. Advanced modern algebra. Prentice Hall, Saddle River NJ 2002.

H. Tanaka. A bilinear form relating two Leonard systems, Linear Algebra Appl. In press;
arXiv:0807.0385.

G. Tang and Y. Tan. On the Witt index of the bilinear form determined by a Leonard pair.
J. Algebra Appl. 7 (2008) 785-792.

P. Terwilliger. The subconstituent algebra of an association scheme 1. J. Algebraic Combin. 1
(1992) 363-388.

P. Terwilliger. The subconstituent algebra of an association scheme III. J. Algebraic Combin.
2 (1993) 177-210.

P. Terwilliger. Two linear transformations each tridiagonal with respect to an eigenbasis of
the other. Linear Algebra Appl. 330 (2001) 149-203; arXiv:math.RA/0406555.

P. Terwilliger. Two relations that generalize the g-Serre relations and the Dolan-Grady re-
lations. In Physics and Combinatorics 1999 (Nagoya), 377-398, World Scientific Publishing,
River Edge, NJ, 2001; arXiv:math.QA/0307016.

P. Terwilliger. Introduction to Leonard pairs. OPSFA Rome 2001. J. Comput. Appl. Math.
153(2) (2003) 463-475.

35



[72]

73]

[74]

[75]

[76]

[77]

(78]

[80]

[81]

P. Terwilliger. Leonard pairs and the g-Racah polynomials. Linear Algebra Appl. 387 (2004)
235—276; arXiv:math.QA/0306301.

P. Terwilliger and R. Vidunas. Leonard pairs and the Askey-Wilson relations. J. Algebra Appl.
3 (2004) 411-426; arXiv:math.QA/0305356.

P. Terwilliger. Two linear transformations each tridiagonal with respect to an eigenbasis
of the other; comments on the parameter array. Des. Codes Cryptogr. 34 (2005) 307-332;
arXiv:math.RA/0306291.

P. Terwilliger. An algebraic approach to the Askey scheme of orthogonal polynomials. Or-
thogonal polynomials and special functions, 255-330, Lecture Notes in Math., 1883, Springer,
Berlin, 2006; arXiv:math.QA/0408390.

M. Vidar. Tridiagonal pairs of shape (1,2,1). Linear Algebra Appl. 429 (2008) 403-428;
arXiv:0802.3165.

R. Vidunas. Normalized Leonard pairs and Askey-Wilson relations. Linear Algebra Appl. 422
(2007) 39-57; arXiv:math.RA/0505041.

R. Vidunas. Askey-Wilson relations and Leonard pairs. Discrete Math. 308 (2008) 479-495;
arXiv:math/0511509.

L. Vinet and A. S. Zhedanov. Quasi-linear algebras and integrability (the Heisenberg pic-
ture), SIGMA Symmetry Integrability Geom. Methods Appl. 4 (2008), Paper 015, 22 pp.;
arXiv:0802.0744.

A. S. Zhedanov. “Hidden symmetry” of Askey-Wilson polynomials. Teoret. Mat. Fiz. 89
(1991) 190-204.

A. S. Zhedanov and A. Korovnichenko. “Leonard pairs” in classical mechanics. J. Phys. A 35
(2002) 5767-5780.

Tatsuro Ito

Division of Mathematical and Physical Sciences
Graduate School of Natural Science and Technology
Kanazawa University

Kakuma-machi, Kanazawa 920-1192, Japan

email: tatsuro@kenroku.kanazawa-u.ac.jp

Kazumasa Nomura

626-1-109, Awano, Kamagaya-shi
Chiba, 273-0132 Japan

email: knomura@popll.odn.ne. jp

Paul Terwilliger
Department of Mathematics

36



University of Wisconsin
480 Lincoln Drive
Madison, WI 53706-1388 USA

email: terwilli@math.wisc.edu

37



