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Abstract:

Following the conceptual analogies between knots and primes, 3-manifolds and

number fields, we discuss an analogue in knot theory after the model of the arithmetical theory of
genera initiated by Gauss. We present an analog for cyclic coverings of links following along the
line of Iyanaga-Tamagawa’s genus theory for cyclic extentions over the rational number field. We
also give examples of Z/2Z x Z/2Z-coverings of links for which the principal genus theorem does

not hold.
Key words:

1. We first introduce the notions of genus
and central class coverings and genera of homol-
ogy classes in the context of 3-dimensional topology,
following the arithmetical theory due to Iyanaga-
Tamagawa ([IT]) and Leopoldt ([L]). For the foun-
dational analogies bridging 3-dimentional topology
and algebraic number theory, we refer to [Ma], [W],
[RKM], [R1,2,3] and [Mo1,2,3]. This note is a partial
and group-theoretic result in the topic raised in the
end of §2 of [Mo2].

Let L = K U-- UK, be a tame link consisting of
1 knots K;’s in the 3-sphere S3. Let p: M — S3 be
a finite abelian covering ramified along L with Galois
group GG. Such a covering M is obtained by complet-
ing an unramified covering ¥ — X := S\ L corre-
sponding to the kernel of a surjective homomorphism
v Hi(X,Z) — G. We assume that M is a rational
homology 3-sphere so that the 1st homology group
Hq(M,Z) is finite. Let M® be the maximal abelian
(unramified) covering of M with Galois group H be-
ing isomorphic to Hy(M,Z) by the Hurewicz theo-
rem. Then, the composite covering M?® — 53 is a
Galois covering with metabelian Galois group I'. We
define M9 and M? to be the Galois coverings of S3
corresponding to the subgroups [[,T] and [T, H] of
T, respectively, by Galois theory of coverings, where
[A, B] stands for the group generated by commuta-
tors aba~'b~!, a € A, b € B. Note that M9 is the
maximal abelian covering of S® containing M as a
subcovering and that M? is the maximal covering
of S% so that the Galois group Gal(M?/M?) is con-
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tained in the center of I'. We call MY and M?# the
genus covering and central class covering of M over
S3 respectively. The subgroup of Hi(M,Z) corre-
sponding to [I,T'] under the Hurewicz isomorphism
Hi(M,Z) ~ H is called the principal genus group of
M over S and denoted by Gjs. Note that [[', H] is
given by I¢Hq(M,Z) as a subgroup Hy(M,Z), where
I denotes the augmentation ideal of the integral
group ring Z[G].

M* — {e}
1 N

M? o [0, H] = IgH, (M, Z)
1 N

M9 - [T = Gu

1 N

M < H=H{(M,Z)

1 N

S3 =T

An element of the quotient Hy(M,Z)/Gy is called a
genus in Hy(M,Z) and the number of genera gps :=
[M9 : M] is called the genus number of M over S3.
Based on the analogy between norm residue
symbols and linking numbers ([Ma], [Mol,2], [RKM],
[W]), we introduce the following “system of charac-
ters” on the homology group H;(M,Z) to character-
ize the group of genera. Let e; (> 1) be the order
of the meridian class ¢; around K; in G under ¢ :
H1(X,Z) — G. We then define the homomorphism

13
O : Hy(M,Z) — [[2/eiZ

i=1

by
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O (c) := (Ik(p«(c), K;) mod e;)1<i<p

where 1k(*, x) stands for the linking number of ho-
mology classes. We find that the well-definedness of
the map @ is shown implicitly in [S2], Lemma 1. In
fact, our map ® is nothing but the homomorphism

Hy(M,Z) = H,(Y,Z)/(branch relation)
— ]{1()(7 Z)/(eiti(l <3< /L)>

induced by p. : H1(Y,Z) — Hi(X,Z), from which
the well-definedness of ® follows.

Now, the following theorem is regarded as an
analog of Iyanaga-Tamagawa’s genus theory ([IT])
for cyclic coverings of links.

Theorem. Notations and assumptions being
as above, we assume further that p : M — S3 is
a cyclic covering with Galois group G generated by
an element o of order n. Set ¥(t;) = o% (0 < a; <
n). Then we have
(1) Gy = (6 — 1)H(M,Z) and hence M9 =

M?, and the genus number equals the number
of ambiguous homology classes, gy = {c €
H{(M,Z) | o(c) =c}.
(2) The map ® gives an isomorphism
H{(M,Z)/(c —1)H(M,Z)
o
~ {(El mod ¢;) € H Z/e;Z ;& =0 mod n} .
i=1

In particular, we have

“w
1= 161

n

M =

For the case of n = 2, we easily see that (o —
1H(M,Z) = 2H,(M,Z) and obtain the Gauss
genus theory ([G]) for links.

Corollary. Assume further that n = 2. Then
we have

H\(M,Z)/2H,(M,Z) ~ (Z/2Z)" "

2. Here is a group-theoretic proof of our the-
orem. Firstly, we see the equality [I',T] = IcH =
(0 —1)H when G is cyclic, since we have the exact
sequence 0 — G* — (I'/[I, T]))* — (H/IgcH)* — 0
(A* := Hom(A, Q/Z)) by the Hochschild-Serre spec-
tral sequence. Thus we have M9 = M? and gy =
#(H/(c — 1)H) = tH® for H is assumed to be fi-
nite. Note that IcH = [[,H] D [I,[[,T]] =: I'®
and consider the Milnor presentation concerning the
nilpotent quotient of the link group G, ([Mi]):

[Vol. T7(A),

2.1) GL/GY = <x1,...,x#

[z 2] 55 =11 <i<p), FO = 1>
J#i

where x; stands for a meridian around K; and F
is the free group generated by z;’s. We apply the
Reidemeister-Schreier method ([MKS], 2.3) to the
presentation (2.1) to obtain a presentation of the
subgroup 71 (Y)/GY) and that of w1 (Y)/[G 1, m1 (V).
To do so, we adjoin a generator v and a relation u =
! xf}“ to the presentation (2.1), where \;’s are
integers satisfying a1 A1 +- - - +auA, = 1 mod n, and
take 1, u,...,u" ! as a Schreier system of representa-
tives for G, /m1(Y). Then, taking the branch relation
zi" =1 (1 < i < p) into account and abelianizing,
we derive the following presentation for H/IgH:

(2.2) H/IgH ~ (HZ/& )/ Ay M)

On the other hand, by the definition of ®, the map

® gives a surjective homomorphism

(2.3) Hi(M,Z) —
Ker(H (X,Z)/{e;t

o~ {({Z mod e;) € HZ/eiZ

i=1

(1<z<u)>—>G)

Zai& =0 mod n}

=1

and we easily see IgH = (0 —1)H (M, Z) C Ker(®).
Since the right hand sides of (2.2) and (2.3) are iso-
morphic, Ker(®) coincides with (o — 1)H (M, Z).

Remarks. 1) Sakuma ([S2], Lemma 1) gave
another description of Ker(®) for any abelian M /S3
using homology sequences. We can actually show
that his description of Ker(®) coincides with [T, T,
which yields another proof of our theorem. The idea
to use the Reidemeister-Schreier method applied to
the Milnor presentation for Gj,/ G(Lg) to study the
structure of H/IgH is due to K. Murasugi. In the
case of strongly cyclic coverings, i.e., the case that
Y(t;) are the same generator of G, Murasugi also
showed the author another geometric proof of our
theorem by the computation using cycles on a Seifert
surface of a link. We also refer to [S1], Theorem 7,
[S3], Sublemma 15.4 and [MM] for related results.
2) Reznikov ([R2], 15) established, among other
things, the genus theory for cyclic coverings with
prime degree of any rational homology 3-spheres. His
method is entirely different from ours.
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3. We say that the principal genus theorem
holds for a finite abelian covering M over S3 if M9 =
M?#. Our theorem in Section 1 says that the principal
genus theorem holds for a cyclic M/S3. For a non-
cyclic covering M — S3, the principal genus theorem
does not hold in general. We give here a concrete ex-
ample. Let L = K; U K5 be a 2-component link in
S3. Notations being as above, let ¢ : Hy(X,Z) —
Z/27Z x Z/2Z be a surjective homomorphism and
consider the corresponding Z /27 x Z /2Z-covering M
of S3 ramified over L. Assume that M is a rational
homology 3-sphere. This is the case where L is a 2-
bridge link B(2a, ) ((2a,8) =1, —2a < 8 < 2,
odd) and M is the lens space L(«, 3) ([BZ], Ch. 12).
We first see that M9 must coincide with M. Then,
by the same method as in our proof of the theorem,
we can show H/IgH = {0} or Z/2Z according to
Ik(K;,K2) = 1 or 0 mod 2 respectively. Hence, we
have M* = MY if and only if Ik(K7, K3) = 1 mod 2.
For example, the principal genus theorem does not
hold for the Z/2Z x Z /2Z-cover L(«, 3) over St ram-
ified along B(2«, 8) with even «, since lk(K7, K») =
a mod 2 for B(2«, 8) = K7 U K. We note that this

is seen as an analog of Tate’s criterion

(pl> ——1 or (p2> -1,
D2 D1

i.e., lka(p1,p2) =1 or Ika(p1,p2) = 1 mod 2 in terms
of [Mol, 2], for a biquadratic field Q(\/p1,/P2)
(p1, p2 being odd prime numbers) to enjoy the prin-
cipal geneus theorem, equivalently, the Hasse norm
principle over Q ([CF], p. 199 or p. 360; [Ral, §5, Ex.
1).

We refer to [R2], [T] for another approach to
study the homology groups of Z/2Z x Z /2Z-coverings
of 2-component links. We hope to discuss the mate-
rial in detail together with more general cases in the
future.
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