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Abstract

The crystal structure of quartz (SiO2) was analyzed by neutron powder diffraction at several temperatures in the range of 10–250
K. The temperature dependence of the structure parameters was consistent with our previous results obtained using single-crystal
X-ray diffraction above room temperature. Atomic displacements are order parameters for displacive structural phase transitions.
The temperature evolution of Si atomic displacement in quartz was analyzed by studying the quantum expansion of the Landau
potential. The expansion was found to accurately describe the evolution of the atomic displacement over the entire temperature
interval. To the best of our knowledge, such a verification of atomic displacement is the first of its kind. A proportional relationship
between spontaneous strain and the square of the atomic displacement was observed over the entire temperature interval. The
validity of the obtained characteristic temperature for the quantum effect is discussed and compared with the results of previous
Raman-scattering studies.
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1. Introduction

It is well known that order parameter Q corresponds to
atomic displacements in displacive structural phase transitions.
These transitions are caused by the condensation of some unsta-
ble lattice vibrational modes. A phenomenological theory with
a Landau potential describes the temperature dependence of the
order parameter near a phase transition, except at the critical re-
gion. The theory also describes the temperature dependence of
spontaneous strain if the coupling between the order parameter
and the strain e (i.e., secondary order parameter) is taken into
account. Analyses based on this classical phenomenological
theory have been applied extensively to many structural phase
transitions. In previous research, we performed a precise X-ray
structure analysis of quartz (SiO2), which undergoes a struc-
tural phase transition near 846K, at various temperatures above
298K [1]. The results indicated that above 298K, the Si atom
displacement in quartz and the lattice parameter variations obey
the classical phenomenological theory [2].

However, this classical theory cannot describe the temper-
ature dependence of the order parameter at low temperatures
because of the quantum effect. Salje et al. derived the quantum
expression of the Gibbs free energy as follows [3, 4]:

G(Q,T ) = G0(T ) +
1
2

AΘs[coth(Θs/T ) − coth(Θs/T0)]Q2

+
1
4

BQ4 +
1
6

CQ6, (1)
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where T is temperature and kBΘs = !Ω0/2 with Ω0 being the
local frequency for small oscillations in the absence of interac-
tions. The quantities A, B, and C are temperature-independent
coefficients, with A and C always positive. T0 is the temper-
ature at which the coefficient of Q2 in equation (1) changes
its sign. When B ≥ 0, a continuous phase transition occurs at
T0. The transition exhibits a tricritical behavior when B = 0. A
first-order phase transition with the thermodynamic transition
temperature Tc = T0 + 3B2/(16AC) occurs when B < 0. The
classical Landau potential follows as a high-temperature ap-
proximation of equation (1) when T and T0 # Θs, making it
possible to examine the temperature dependence of the order
parameter over the entire temperature interval. By introducing
a coupling term −DeQ2 and an elastic term Ke2/2 to equation
(1), we obtain the following relationship between the strain and
order parameter from an equilibrium condition for strain:

e =
(D

K

)
Q2, (2)

where D and K are a temperature-independent coupling con-
stant and an elastic constant (D,K > 0), respectively. In terms
of a low-temperature phase lattice parameter aLT and a high-
temperature phase lattice parameter aHT that is extrapolated to
the same low temperature (i.e., a hypothetical lattice parameter
of high-temperature phase at a low temperature), the sponta-
neous strain is defined as follows [5]:

ea = (aLT − aHT )/aHT . (3)

By substituting equation (2) into the coupling and elastic terms,
we obtain the temperature dependence of the square of the order
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parameter below the transition temperature from an equilibrium
condition for the order parameter:

Q2 = − B
2C

+

√
A
C
Θs (coth (Θs/T0) − coth (Θs/T )) +

( B
2C

)2
,

(4)

where the coefficient of Q4 in the Landau potential, B − D2/2K,
is written as B again for simplicity.

The temperature dependence of the order parameters for
B > 0 and B = 0 was compared with the following exper-
imental results obtained between the transition temperature
and low temperature [3, 4]. The spontaneous strain in
Ca0.98Na0.02Al1.98Si2.02O8 (B > 0), axial splitting D of Fe3+

EPR spectrum of LaAlO3 (B > 0), spontaneous strain in
NaNO3 (B = 0), and birefringence in Pb3(PO4)2 (B = 0) [3, 4].
Recently, lattice-parameter measurements of SiO2 have been
performed in the temperature range of 10–900 K [6, 7], and
spontaneous strains along the a and c directions were shown to
follow equation (4) for B = 0 [7].

The applicability of equation (4) has been thus examined
mainly via secondary order parameters though coupling with
the order parameters. To our knowledge, thus far, no stud-
ies have been investigated the temperature dependence of the
order parameter by analyzing atomic displacements over the
entire temperature interval below Tc. However, such an anal-
ysis is desirable because atomic displacements are actually
the order parameter Q in displacive structural phase transi-
tions. The phase transition of SiO2 from the high-temperature
hexagonal phase to the low-temperature trigonal phase is suit-
able for this purpose because the precise structure analyses us-
ing anisotropic thermal parameters have already been carried
out between 298K and 1126 K [1]. In addition, in the high-
temperature phase, the softening of the silent mode at the Γ
point is directly observed by hyper-Raman scattering. The
square of the frequency exhibits a linear temperature depen-
dence, which indicates that the phase transition is displacive [8].
Precise structure analyses using anisotropic thermal parameters
between room temperature and zero temperature to examine the
temperature dependence of order parameter by atomic displace-
ments over the entire temperature interval below Tc have not
been carried out. Therefore, we carried out a precise structure
analysis of quartz by neutron powder diffraction in the temper-
ature range of 10–250 K.

2. Experimental details

Single crystals of quartz were supplied by Nihon Dempa
Kogyo Co., Ltd. The crystals were crushed and then ground
finely in an aluminum mortar. We passed the resulting pow-
der through a sieve with an opening of 63 µm to reduce any
preferred orientation effect.

Powder neutron diffraction patterns of quartz at 10, 50, 100,
150, 200, and 250 K were obtained using a high-resolution
powder diffractometer (HRPD) installed at JRR-3M in JAEA.

This diffractometer uses 64 detectors, and the angles between
the detectors are 2.5o. The incident neutron wavelength was
1.8228 Å, and collimation was 6’-40’-6’. The powder specimen
was mounted to the HRPD apparatus and placed in a refriger-
ator with a closed-cycle He gas system. The specimen tem-
perature was controlled to within ±0.1 K. A 10-mm-diameter
vanadium sample cell was used to avoid diffraction peaks from
the cell. Intensity data were collected by the scan of the counter
system at 0.05o steps (2θ) during the angle of 2.5o.

Diffraction patterns between 10o and 150o were analyzed
by the Rietveld method using the computer program RIETAN-
2000 [9]. The scattering lengths were 4.149 × 10−13 cm and
5.803 × 10−13 cm for Si and O, respectively. The background
level was fit by a polynomial expression. A pseudo-Voigt func-
tion was applied to the profile of powder neutron diffraction
peaks, and a conjugate direction method was employed in the
least-squares refinements. Application of equation (4) to the
temperature dependence of atomic displacements was done us-
ing the computer program KaleidaGraph.

3. Results

The resulting neutron powder diffraction patterns were ana-
lyzed based on the trigonal space group P3221- D6

3 (No. 154)
[1], where Si atoms are at the special positions 3a (x, 0, 2/3)
and O atoms are at the general positions 6c (x, y, z). The 3a
and 6c designations are the Wyckoff letters with multiplicities.
We adopted anisotropic thermal parameters Ui j for both Si and
O atoms. The relationships U12 = U22/2 and U13 = U23/2 exist
for Si atoms, because they occupy the 3a sites. Results of the
profile fit are shown in Figure 1; the number of reflections is
66. Structure parameters, lattice parameters, and the R factors
of each fit are listed in Table 1.

Figure 2 shows the temperature dependence of lattice pa-
rameters and Figure 3 shows the temperature dependence of
atomic displacements from their high-temperature positions in
fractional coordinates. These figures also include our previous
data to show the temperature dependence over the entire tem-
perature interval. All temperature dependences show a smooth
transition in the low-temperature phase.

To emphasize the nearly tricritical behavior of the transi-
tion, the fourth power of the displacement of the Si atom,
∆x4(Si), along the a direction from its high-temperature posi-
tion is shown as a function of temperature in Figure 4. The
square of the change of the lattice parameter a from the high-
temperature value, ∆a2, is also shown in Figure 4 to provide a
comparison with ∆x4(Si), where the high-temperature value is
taken to be independent of temperature. The scale of ∆a2 is ad-
justed so that it matches the value of ∆x4(Si) at 10 K. The result
of a least-squares fitting of equation (4) to ∆x2(Si) is shown by
the solid line in Figure 4. The results for Tc, T0 and Θs are 835
K ± 4 K, 817 K ± 7 K and 137 K ± 26 K, respectively, where
the errors are standard errors. The coefficient of determination
R2 for this fit is 0.999.

2



  b

  c

 d

 e

  f  

 a

Figure 1: Neutron Rietveld refinement patterns for quartz at (a) 10, (b) 50, (c) 100, (d) 150, (e) 200, and (f) 250 K. The incident wavelength was
1.8228 Å. Calculated patterns are denoted by green lines passing though red data points in the upper portions. Short vertical green bars below
the patterns indicate the positions of 66 allowed reflections. The blue lines in the lower portions show differences between the observed and the
calculated patterns. 3



Figure 2: Temperature dependences of lattice parameters a of quartz
(left hand scale; circles) and c (right hand scale; triangles). Our previ-
ous results obtained above room temperature [1] are indicated by open
symbols to show the temperature dependence over the entire tempera-
ture interval.

Figure 3: Temperature dependence of displacements of Si and O
atoms of quartz from their high-temperature positions, in fractional
coordinates. The vertical broken line indicates the boundary between
the present results (low-temperature side) and our previous results
[1] (high-temperature side). ∆x(Si): circles; ∆x(O): closed triangles;
∆y(O): open triangles; ∆z(O): open inverted triangles.

Figure 4: Fourth power of displacement of Si atom from its high-
temperature position along a direction, ∆x4(Si), as a function of tem-
perature (left ordinate; circles). The solid line shows the least-squares
fit of the phenomenological relationship to ∆x4(Si). The right ordi-
nate shows the square of change in lattice parameter a from its high-
temperature value (triangles).

4. Discussions

4.1. Structure analysis
The resulting structure parameters of quartz are consistent

from those obtained with our previous structure (i.e., the end-
point values of the temperature-dependence curves agree). The
following requirements are known to apply to anisotropic ther-
mal parameters βi j [10]:
βii > 0, βiiβ j j − β2

i j > 0 for i ! j, and detβ > 0,
where βi j = 2π2a∗i a∗jUi j, with β being a 3×3 matrix whose ele-
ment ij is βi j, and the a∗i values are reciprocal lattice parameters
without the factor 2π. The anisotropic thermal parameters sat-
isfy these requirements except those at 10 and 50 K, where the
value of β11β22 − β2

12 and of detβ for Si at 10 and 50 K are
slightly negative values. However, we consider the thermal pa-
rameters obtained to be essentially correct because the error in
the term β11β22 − β2

12 is about twice as large as | β11β22 − β2
12 |

and the error in detβ is about five times larger than | detβ |.
Upon increasing the temperature above room temperature,

the Si and O atoms move along a line toward their high-
temperature-phase positions. For Si atoms, the lines are co-
incident with the two-fold axes along 〈100〉. For O atoms, the
lines make constant angles of about 41°to 42°with [010] on
{100} [1]. The O position is shown in Figure 5 as a function
of temperature. For the low-temperature phase, and for tem-
peratures above room temperature, the data are shown by open
circles with a dot. The present results, which are also for the
low-temperature phase, but for temperatures below room tem-
perature, are shown by open circles. For the high-temperature
phase, the O position is shown by filled circles and shows no
significant change with temperature.
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Figure 5: [210] projection (i.e., projection on bc-plane) of O atom
at different temperatures. Positions in the low-temperature phase are
indicated by circles with dot (above room temperature) or open circles
(below room temperature). Full circles indicates the positions in the
high-temperature phase.

4.2. Atomic displacement, spontaneous strain, and the quan-
tum effect

We fit the square of phenomenological temperature evolution
of the order parameter to the square of the Si atom displace-
ment over the entire temperature interval. The observed tem-
perature evolution was obtained by combining the present struc-
ture analysis (below 250K) with our previous structure analy-
sis (above 298K). The fit indicates that quantum expansion of
the phenomenological theory can describe the behavior of or-
der parameter quite well over the entire temperature interval, as
shown by the solid line in Figure 4. We have thus accurately de-
scribed the atomic displacement, which is the order parameter
itself, over the entire temperature range.

Spontaneous strain ea along the a direction is defined by
equation (3) using a hypothetical lattice parameter aHT for the
high-temperature phase at a low temperature. We can consider
aHT for quartz to be independent of temperature because the lat-
tice parameter a exhibits only a slight temperature dependence
in the high-temperature phase [1, 6, 7], as shown in Figure 2.
In this case, we can treat ea as proportional to ∆a = aLT − aHT .
The plot of ∆a2(∝ e2

a) is shown in Figure 4. We can see that
the relationship e2

a ∝ ∆x4(Si) (i.e., the square of equation (2)),
holds over the entire temperature interval.

From the present analysis of the atomic displacement, we
find a characteristic temperature Θs of 137 ± 26 K, which cor-
responds to the temperature of the zero-point local frequency
for small oscillations in the absence of interactions. The value
previously obtained from analyzing the spontaneous strain, for
which the phase transition was treated as tricritical, is 187 K
[7]. The difference between these values is not significant, be-
cause the error for the previously reported value was not re-
ported and the difference is within twice the error of the current
study. However, these temperatures seem too large to be the

actual characteristic temperature for the quantum effect.
Therefore, we examine the validity of the temperature in con-

nection with soft-mode condensation. A soft-mode condensa-
tion with high damping is clearly observed by hyper-Raman
scattering in the high-temperature phase of quartz, and a linear
dependence of the square of the frequency on temperature was
detected until very close to the transition temperature [8]. A
nonlinear interaction exists between the soft mode and a mode
generated by two zone boundary acoustic modes in the low-
temperature phase [11]. This interaction causes an anticrossing
of these modes around 550 K. A linear dependence on tempera-
ture of the square of the soft-mode frequency is expected in the
absence of this interaction in the low-temperature phase; the
wave number of the soft mode at absolute zero is estimated to
be 240 cm−1 [11]. Because the temperature Θs that corresponds
to 240 cm−1 is 170 K, we consider the experimentally obtained
values to be reasonable.

5. Conclusions

We successfully analyzed the structure of quartz using neu-
tron powder diffraction at several temperatures between 10 K
and 250 K and analyzed the temperature evolution of Si atomic
displacement by studying the quantum expansion of the Landau
potential. The expansion accurately describes the temperature
dependence over the entire temperature interval. We also ob-
served a proportional relationship between spontaneous strain
and the square of the atomic displacement over the entire tem-
perature interval.
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Table 1: Positional parameters of Si and O atoms in fractional coordinates, their anisotropic thermal parameters Ua
i j, and lattice parameters at

various temperatures of quartz obtained by powder neutron diffraction.

Structural Temperature
parameters ——————————————————————————————————
or R factors 10 K 50 K 100 K 150 K 200 K 250 K

x(Si) 0.4676(3) 0.4678(3) 0.4677(3) 0.4680(3) 0.4682(3) 0.4691(3)
U11(Si) 0.05(6) 0.08(5) 0.24(6) 0.34(6) 0.39(6) 0.58(7)
U22(Si) 0.56(10) 0.55(9) 0.74(11) 0.73(11) 0.94(11) 0.94(11)
U33(Si) 0.27(10) 0.30(9) 0.44(11) 0.43(11) 0.53(12) 0.67(12)
U23(Si) 0.16(7) 0.14(6) 0.10(7) 0.19(8) 0.13(8) 0.10(8)
Ueq(Si) 0.24 0.26 0.42 0.46 0.56 0.69
x(O) 0.4126(2) 0.4128(2) 0.4126(2) 0.4130(2) 0.4129(2) 0.4135(2)
y(O) 0.2714(2) 0.2711(2) 0.2710(2) 0.2702(2) 0.2694(2) 0.2687(2)
z(O) 0.7827(2) 0.7828(1) 0.7833(2) 0.7839(2) 0.7844(2) 0.7852(2)
U11(O) 0.44(5) 0.51(4) 0.71(5) 0.86(5) 1.14(5) 1.34(5)
U22(O) 0.45(4) 0.48(4) 0.66(4) 0.77(4) 0.93(4) 1.07(4)
U33(O) 0.26(4) 0.29(4) 0.46(4) 0.58(4) 0.73(4) 0.88(5)
U12(O) 0.32(4) 0.32(4) 0.44(4) 0.56(4) 0.71(4) 0.89(4)
U13(O) -0.02(3) -0.02(3) -0.06(3) -0.10(4) -0.14(4) -0.15(4)
U23(O) 0.03(3) -0.03(3) 0.02(3) -0.09(4) -0.12(4) -0.15(4)
Ueq(O) 0.35 0.40 0.57 0.67 0.85 0.97

a (Å) 4.90179(8) 4.90198(8) 4.90338(9) 4.90520(9) 4.90772(9) 4.91067(9)
c (Å) 5.39914(7) 5.39922(6) 5.39981(7) 5.40060(7) 5.40182(7) 5.40355(7)
V (Å3) 112.347(4) 112.358(3) 112.435(4) 112.535(4) 112.676(4) 112.847(4)

Rwp (%) 7.36 6.62 7.51 7.42 7.35 7.23
Rp (%) 5.32 4.69 5.50 5.45 5.28 5.22
RF (%) 0.91 0.94 1.07 0.91 0.96 1.09
RI (%) 1.55 1.59 1.77 1.52 1.60 1.68

The space group is P3221 - D6
3 (No. 154). Si and O atoms are at the 3a and 6c positions, respectively, where y(Si) = 0.0, z(Si) = 2/3, U12(Si) =

U22(Si)/2 and U13(Si) = U23(Si)/2. Unit of U is Å2, but values are multiplied by 100. Ueq is the equivalent isotropic thermal parameter calculated
from Ui j. Numbers in parentheses indicate the estimated standard deviations. R factors of each profile fit are also indicated.
a Temperature factor for each atom is expressed by Ui j as follows;

exp
[
−2π2(h2a∗2U11 + k2b∗2U22 + l2c∗2U33 + 2hka∗b∗U12 + 2hla∗c∗U13 + 2klb∗c∗U23)

]
, (5)

where a∗, b∗, and c∗ are reciprocal lattice parameters without the factor 2π; and h, k, and l are Miller indices.
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