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Tridiagonal pairs of ¢-Racah type

Tatsuro Ito* and Paul Terwilliger!

Abstract

Let F denote an algebraically closed field and let V' denote a vector space over F with
finite positive dimension. We consider a pair of linear transformations A : V — V and
A* . V — V that satisfy the following conditions: (i) each of A, A* is diagonalizable; (ii)
there exists an ordering {V}};-i:o of the eigenspaces of A such that A*V; C V,_1+V;4+V;11
for 0 < i < d, where V_; = 0 and V1 = 0; (iii) there exists an ordering {V;*}9_, of
the eigenspaces of A* such that AV;* C V" | +V* + V7, for 0 <i <4, where V¥ =0
and Vg, = 0; (iv) there is no subspace W of V' such that AW C W, A*W C W,
W £ 0, W # V. We call such a pair a tridiagonal pair on V. It is known that d = 6.
For 0 <i < d let 0; (resp. 6) denote the eigenvalue of A (resp. A*) associated with V;
(resp. V;*). The pair A, A* is said to have ¢-Racah type whenever 0; = a+bg*~%+cq?=%
and 0F = a* + b*¢* 4 + ¢*¢?2% for 0 < i < d, where ¢,a,b,c,a*,b*,c* are scalars in
F with ¢, b, ¢, b*, ¢* nonzero and ¢®> ¢ {1, —1}. This type is the most general one. We
classify up to isomorphism the tridiagonal pairs over F that have g-Racah type. Our
proof involves the representation theory of the quantum affine algebra U,(slz).

Keywords. Tridiagonal pair, Leonard pair, ¢g-Racah polynomial.
2000 Mathematics Subject Classification. Primary: 15A21. Secondary: 05E30,
05E35.

1 Tridiagonal pairs

Throughout this paper F denotes a field and F denotes the algebraic closure of F.

We begin by recalling the notion of a tridiagonal pair. We will use the following terms. Let
V' denote a vector space over F with finite positive dimension. For a linear transformation
AV — V and a subspace W C V| we call W an eigenspace of A whenever W # 0 and
there exists € F such that W = {v € V | Av = 6v}; in this case 0 is the eigenvalue
of A associated with W. We say that A is diagonalizable whenever V' is spanned by the
eigenspaces of A.

Definition 1.1 [22, Definition 1.1] Let V' denote a vector space over F with finite positive
dimension. By a tridiagonal pair (or T'D pair) on V we mean an ordered pair of linear
transformations A: V — V and A* : V — V that satisfy the following four conditions.
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(i) Each of A, A* is diagonalizable.
(ii) There exists an ordering {V;}%, of the eigenspaces of A such that
AV, CViy +Vi+ Vi (0<i<d), (1)
where V_; =0 and V1 = 0.
(iii) There exists an ordering {V;*}2_, of the eigenspaces of A* such that
AV C VI + ViV (0<i<9), (2)
where V*; =0 and V57, = 0.

(iv) There does not exist a subspace W of V such that AW C W, A*W C W, W # 0,
WAV,

We say the pair A, A* is over F. We call V' the underlying vector space.

Note 1.2 According to a common notational convention A* denotes the conjugate-transpose
of A. We are not using this convention. In a TD pair A, A* the linear transformations A
and A* are arbitrary subject to (i)—(iv) above.

We now give some background on TD pairs; for more information we refer the reader to
(22, 23, 24, 25, 26, 27, 60]. The concept of a TD pair originated in the study of the (P
and @)-polynomial association schemes [3] and their relationship to the Askey scheme of
orthogonal polynomials [2, 32]. The concept is implicit in [3, p. 263], [36] and more explicit
in [53, Theorem 2.1]. A systematic study began in [22]. As research progressed, connections
were found to representation theory [4, 1, 17, 21, 24, 26, 28, 29, 33, 34, 35, 49, 51, 52, 56, 61],
partially ordered sets [57], the bispectral problem [18; 19, 20, 63], statistical mechanical
models [4, 5, 6, 7, 8, 9, 10, 13, 14, 15, 50], and classical mechanics [64].

We now recall some basic facts about TD pairs. Let A, A* denote a TD pair on V, as in
Definition 1.1. By [22, Lemma 4.5] the integers d and § from (ii), (iii) are equal; we call this
common value the diameter of the pair. By [22, Theorem 10.1] the pair A, A* satisfy two
polynomial equations called the tridiagonal relations; these generalize the g-Serre relations
[56, Example 3.6] and the Dolan-Grady relations [56, Example 3.2]. See [9, 37, 54, 56, 61] for
results on the tridiagonal relations. An ordering of the eigenspaces of A (resp. A*) is said
to be standard whenever it satisfies (1) (resp. (2)). We comment on the uniqueness of the
standard ordering. Let {V;}%, denote a standard ordering of the eigenspaces of A. By [22,
Lemma 2.4], the ordering {V;_;}%, is also standard and no further ordering is standard. A
similar result holds for the eigenspaces of A*. Let {V;}&, (resp. {Vi*}%,) denote a standard
ordering of the eigenspaces of A (resp. A*). By [22, Corollary 5.7], for 0 < i < d the
spaces V;, V.* have the same dimension; we denote this common dimension by p;. By [22,
Corollaries 5.7, 6.6] the sequence {p;}%, is symmetric and unimodal; that is p; = pg_; for
0 <i<dand p_; < p; for 1 <i < d/2. We call the sequence {p;}¢, the shape of
A, A*. The shape conjecture 22, Conjecture 13.5] states that if IF is algebraically closed then
pi < (f) for 0 < ¢ < d. The shape conjecture has been proven for a number of special cases
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25, 28, 29, 23]. The TD pair A, A* is called sharp whenever py = 1. By [47, Theorem 1.3], if
F is algebraically closed then A, A* is sharp. It is an open problem to classify the sharp TD
pairs up to isomorphism, but progress is being made [28, 29, 25, 62, 46, 48]. The TD pairs
of shape (1,1,...,1) are called Leonard pairs [55, Definition 1.1], and these are classified
up to isomorphism [55, 58]. This classification yields a correspondence between the Leonard
pairs and a family of orthogonal polynomials consisting of the g-Racah polynomials and their
relatives [2, 59]. This family coincides with the terminating branch of the Askey scheme [32].
See [38, 39, 40, 41, 42, 43, 44, 60] and the references therein for results on Leonard pairs.

We now summarize the present paper. For the above TD pair A, A* let {V;}%, (resp.
{Vi*}4_,) denote a standard ordering of the eigenspaces of A (resp. A*). For 0 <i < d let
0; (resp. 0) denote the eigenvalue of A (resp. A*) for V; (resp. V;*). By [22, Theorem 11.1]
the expressions

;o — 9ﬂ+1 9;—2'_ 9;+1 (3)

0;1—0; ' or , —0r

are equal and independent of i for 2 < ¢ < d — 1. For this constraint the “most general”
solution is

0; = a+bg* "+ cg™* (0<i<ad), (4)
0F =a* + brg?d 4 gt (0<i<d), (5)
q, a, b, c, a*, b*, ¢ €F, (6)
¢#0, ¢@#1L,  ¢F#-1,  bbect #£0. (7)

For this solution ¢+ ¢~2 + 1 is the common value of (3). The TD pair A, A* is said to have
q-Racah type whenever (4)—(7) hold. By [58, Theorem 5.16] the Leonard pairs of g-Racah
type correspond to the ¢g-Racah polynomials.

In this paper we classify up to isomorphism the TD pairs over an algebraically closed field that
have g-Racah type. Our main result is Theorem 3.3. The proof involves the representation
theory of the quantum affine algebra U, (sly).

2 'Tridiagonal systems

When working with a TD pair, it is often convenient to consider a closely related object
called a TD system. To define a TD system, we recall a few concepts from linear algebra.
Let V' denote a vector space over [ with finite positive dimension. Let End(V') denote the
F-algebra of all linear transformations from V' to V. Let A denote a diagonalizable element
of End(V). Let {V;}¢, denote an ordering of the eigenspaces of A and let {6;}%, denote
the corresponding ordering of the eigenvalues of A. For 0 < i < d define E; € End(V') such
that (E; —I)V; = 0 and E;V; = 0 for j # ¢ (0 < j < d). Here I denotes the identity of
End(V). We call E; the primitive idempotent of A corresponding to V; (or 6;). Observe
A= Z?:o 0, E;. Moreover

A—0,]
E;, = =
; H - (8)
0<j<d
J#



Note that each of {A"}4 ), {E;}¢, is a basis for the F-subalgebra of End(V') generated by
A. Moreover HZ: (A—6;1) =0. Now let A, A* denote a TD pair on V. An ordering of the
primitive idempotents of A (resp. A*) is said to be standard whenever the corresponding
ordering of the eigenspaces of A (resp. A*) is standard.

Definition 2.1 [22, Definition 2.1] Let V' denote a vector space over F with finite positive
dimension. By a tridiagonal system (or T'D system) on V we mean a sequence

= (A {Ei}imo: A% {E Fiso)
that satisfies (i)—(iil) below.
(i) A, A* is a TD pair on V.
(i) {E;}L, is a standard ordering of the primitive idempotents of A.
(iii) {E7}L, is a standard ordering of the primitive idempotents of A*.

We say @ is over F. We call V' the underlying vector space.

The notion of isomorphism for TD systems is defined in [45, Section 3].

Definition 2.2 Let ® = (A; {E;}L; A*; {E7}4,) denote a TD system on V. For 0 <i < d
let 0; (resp. 67) denote the eigenvalue of A (resp. A*) associated with the eigenspace E;V
(resp. EV). We call {6;}L, (resp. {0:}%,) the eigenvalue sequence (resp. dual eigenvalue
sequence) of ®. We observe {0;}4_, (resp. {07} ,) are mutually distinct and contained in
F. We say ® is sharp whenever the TD pair A, A* is sharp.

The following notation will be useful.

Definition 2.3 Let A denote an indeterminate and let F[\] denote the F- algebra consisting
of the polynomials in A that have all coefficients in F. Let {6;}¢_, and {0;}%_, denote scalars
in F. Then for 0 <i < d we define the following polynomials in F[A]:

T = A=0)A—=61) - (A—0;_y),
i = (A=0a)(A—04-1) - (N —0Os—it1),
o= (A=0)A—01) - (A=6y),
o= A=0)A=03_1) - (A= 03_i41)-

Note that each of 7;, n;, 77, 0 is monic with degree 3.

We now recall the split sequence of a sharp TD system. This sequence was originally defined
in [28, Section 5] using the split decomposition [22, Section 4], but in [48] an alternate
definition was introduced that is more convenient to our purpose.



over F, with eigenvalue sequence {6;}¢, and dual eigenvalue sequence {6:}%,. By [47,

Lemma 5.4], for 0 < i < d there exists a unique (; € F such that

GEs |
(05 —07)(05 — 03) -+~ (05 — 0)

i

Definition 2.4 [48, Definition 2.5] Let (A4; {E;}Lq; A*; {E;}L,) denote a sharp TD system

Egri(A)Ey =

Note that (o = 1. We call {¢;}L, the split sequence of the TD system.

Definition 2.5 Let ® denote a sharp TD system. By the parameter array of ® we mean the
sequence ({0; 4 q; {0719 o; {G:1ey) where {6;}L, (resp. {0:}9, ) is the eigenvalue sequence
(resp. dual eigenvalue sequence) of ® and {(;}L, is the split sequence of ®.

The following result shows the significance of the parameter array.

Proposition 2.6 [29], [47, Theorem 1.6] Two sharp TD systems over F are isomorphic if
and only if they have the same parameter array.

3 The classification

In this section we state our main result and discuss its significance.

Definition 3.1 Let d denote a nonnegative integer and let ({6} ,; {0719 ,) denote a se-
quence of scalars taken from F. We call this sequence ¢-Racah whenever the following (i),
(ii) hold.

(i) 0: 05, 07 £ 05 i i 5 (0<i,j < d).
(ii) There exist ¢, a, b, ¢, a*,b*, c* that satisfy (4)—(7).

Referring to Definition 3.1, condition (i) implies a restriction on the scalars in condition (ii).
We now clarify this restriction.

Lemma 3.2 The following are equivalent for all integers d > 0, nonzero ¢ € F, and a,b, c €
F:

(i) The scalars {a + bg* = + cq?~*}L, are mutually distinct;

(i) ¢* #1 for1 <i<d and b # cg® % for1 <i<2d—1.
Proof: Routine. O
The following is our main result.
Theorem 3.3 Assume the field F is algebraically closed and let d denote a nonnegative

integer. Let ({0;}¢q;{0:}L,) denote a q-Racah sequence of scalars in F and let {¢;}4,
denote any sequence of scalars in IF. Then the following are equivalent:
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(i) There exists a TD system ® over F that has parameter array ({0;}Lq; {07 1 ; {GLo);
(11) CO = 17 gd # 07 and
d
0 # anfi(eo)%—i(%)cl'- (9)

1=0

Suppose (1), (ii) hold. Then ® is unique up to isomorphism of TD systems.

Our proof of Theorem 3.3 is contained in Section 10.

We now discuss the significance of Theorem 3.3. The following conjectured classification
of TD pairs was introduced in [28, Conjecture 14.6]; see also [45, Conjecture 6.3] and [48,
Conjecture 11.1].

Conjecture 3.4 [28, Conjecture 14.6] Assume the field F is algebraically closed. Let d
denote a nonnegative integer and let

({ei}?:m {9;}?:0; {Ci}?:o) (10)

denote a sequence of scalars taken from F. Then there exists a TD system ® over F with
parameter array (10) if and only if (1)—(iii) hold below:

(i) 0:#0;, 07 #07 if i #5 (0<4,5 < d).
(11) CO = 17 Cd # 07 and
d
07 Y na—i(Bo)mi-s(0)G:
=0

(iii) The expressions
Oi—2 — it 0 — 07
Oi—1—06; ' 0; , —0r

are equal and independent of i for 2 <i<d—1.

Suppose (1)—(iii) hold. Then ® is unique up to isomorphism of TD systems.

The “only if” direction of Conjecture 3.4 was proved in [45, Section 8]. The last assertion of
Conjecture 3.4 follows from Proposition 2.6. The “if” direction of Conjecture 3.4 was proved
for d < 5 in [48, Theorem 11.2, Theorem 12.1]. Theorem 3.3 establishes the “if” direction of
Conjecture 3.4 for the case in which ({6;}%,; {0;}%,) has g-Racah type. We remark that our
forthcoming paper [29] contains a comprehensive treatment of the TD pairs for which ¢ is
not a root of unity, where ¢+ ¢~2+1 is the common value of (3). The treatment establishes
the “if” direction of Conjecture 3.4 assuming that restriction on q.



4 An outline of the proof for Theorem 3.3

In the proof of Theorem 3.3 the main part is to demonstrate that (ii) implies (i). This
demonstration will consume most of the paper from Section 6 through Section 10. Here we
summarize the argument.

Assuming F is algebraically closed, we fix a g-Racah sequence ({0;}%_; {0:}%,) of scalars in
FF, and a sequence {(;}¢, of scalars in FF that satisfy condition (ii) of Theorem 3.3. Our goal
is to display a TD system over F that has parameter array ({6;}%,; {0: 4 0; {¢: ). To this
end we fix ¢, a, b, ¢, a*, b*, ¢* that satisfy (4)—(7). Associated with ¢ is the algebra U, (5A[2) over
F with Chevalley generators e, K;*', i € {0,1}. We consider the Uq(glg)—modules V of the
form

V=V e V(i) o V(),

where each V(q;) is a 2-dimensional evaluation module with evaluation parameter «;. The
module V' decomposes into a direct sum of weight spaces {U;}%,, with Ky — ¢*~?1 and
K1 — ¢%=?1 vanishing on U; for 0 < i < d. The dimension of Uj is (‘j) for 0 <17 < d. Using
b, c,b*, ¢* we obtain certain elements R, L € Uq(sAlg) such that

RU; C Ui, LU; CU;— (0 <i<d),

where U_; = 0 and Uy ; = 0. The R, L satisfy some attractive equations and act nicely
with respect to the Hopf algebra structure. Using R, L we associate with V' a certain monic
univariate polynomial Py of degree d, called the (nonstandard) Drinfel’d polynomial [30].
Using some properties of P, we show that the parameters {a;}% , can be chosen so that ¢
is the eigenvalue of LR on U, for 0 < i < d; for the rest of this section we work with this
choice. Define

A = a1+bK0+cK1—|—R,
A* = Cb*l—f-b*Ko—l—C*Kl—l—L

Using the equations satisfied by R, L we show that A, A* satisfy a pair of tridiagonal relations.
From the construction

(A—=0,1)U; C Uiy, (A" = 0;1)U; C Uiy, (0 <i<d).

Using this we argue that A (resp. A*) is diagonalizable on V with eigenvalues {6;}%_, (resp.
{0:}4.,). For 0 <i <dlet F; (resp. E;) denote the element of Uq(sA[Q) that acts on V' as the
primitive idempotent of A (resp. A*) associated with 6; (resp. 7). Using the tridiagonal
relations and a few other facts we show that on V|

EAE; =0, E;AET =0 it Ji— 4] > 1, (0<i,j<d). (11)
Using (4 # 0 and (9) we show that on V/,

E:E.E: #0, EEyE: # 0. (12)



Let T denote the subalgebra of Uq(sAlz) generated by A, A* and let TE;V denote the T-
submodule of V' generated by EjV = U,. We show that T'EGV contains a unique maximal
proper T-submodule; denote this by M and consider the quotient T-module L = T EJV /M.
By construction the T-module L is irreducible. Using this and (11), (12) we show that the
elements (A; {E;}L; A% {E;},) act on L as a TD system which we denote by ®. By the
construction ® has eigenvalue sequence {6;}%, and dual eigenvalue sequence {0;}% . We
argue using the choice of V' that ® has split sequence {(;}¢,. Therefore ® has parameter
array ({0;}%0;{0: Y4 0; {¢ L) and we have accomplished our goal.

5 The algebra Uq(;[g)

The quantum affine algebra U, (;[2) is a member of a family of algebras that were introduced
independently by Drinfel’d [16] and Jimbo [31]. In this section we recall some facts about
U, (;[2) that we will use in the proof of Theorem 3.3. For convenience we follow the notational
conventions of Chari and Pressley [11], [12].

Throughout this section assume [F is algebraically closed. We fix a nonzero ¢ € F such that
q*> # 1, and adopt the following notation:

_ qn _q—n

n=0,12,... 13
q—q! (13)

[,

Definition 5.1 [11, p. 262] The quantum affine algebra Uq(,‘;\[g) is the associative F-algebra
with 1, defined by generators egt, Kiﬂ, i € {0,1} and the following relations:

KK ' = K 'K;=1, (14)
K()Kl — K1K07 (15)
Kief K[\ = ¢, (16)
Kie;tKjl = qﬁe;ﬁ i # 7, (17)
_ K, — Ki‘l
[ej_vei] = F? (18)
leg,ef] = 0, (19)
(€)%e; — Blo(ei)ejer + [Bleeiej (e7)* —ef(ef)’ =0, i#7. (20)

In (18), (19) the expression [r, s] means rs — sr. We call e, K' i € {0,1} the Chevalley
generators for U,(sl).

In [11, Section 4] Chari and Pressley consider some finite-dimensional irreducible Uq(g[g)—
modules V,,(«), where « is a nonzero scalar in F and n is a positive integer. These modules
are called evaluation modules. The scalar « is the evaluation parameter and n + 1 is the
dimension. We will make use of V;(«); for notational convenience we denote this module by
V().



Definition 5.2 [11, Section 4] For all nonzero o € F the Uq(gig)—module V(@) has a basis
x,y on which the Chevalley generators act as follows:

Kz = qu, Ky = q'y,
e =Yy ey = 0,
efr = 0, efy = u,
Kox = q 'z, Koy = qu,
egxr = 0, ey = qgo
edr = ¢ lay, eqy = 0.

We now recall how the tensor product of two U, (sly)-modules becomes a U, (sly)-module. In
what follows all unadorned tensor products are meant to be over F.

Lemma 5.3 [11, p. 263] Uq(g[g) has the following Hopf algebra structure. The comultiplica-
tion A satisfies
Alef) = ef ®K;+1®¢],

) = e @l+ K '®e;,

The counit € satisfies

The antipode S satifies
S(K;) = K, S(el) = —ef K; 1, S(e;) = —Kie; .

7

Combining Lemma 5.3 with [12, p. 110] we routinely obtain the following.

Lemma 5.4 Let V,WW denote Uq(;[g)—modules. Then the tensor product V& W has the
following U,(sly)-module structure. Forv € V, forw € W and fori € {0,1},

e (vew) = eve Kw+v® e w,
e;(vew) = uvew+ K 'v®e w,
Ki(vew) = Ky Kuw.

Definition 5.5 [12, p. 110] There exists a one dimensional Uq(ﬁA[Q)—module on which each

element z € Uq<,‘;\[2) acts as €(z)I, where ¢ is from Lemma 5.3 and [ is the identity map.
In particular on this module each of ea—L, eljE vanishes and each of Kgﬂl, K fﬂ acts as I. This

module is irreducible and unique up to isomorphism. We call this module the trivial U, (,‘;\[2)-
module.

Definition 5.6 Let d denote a nonnegative integer. By a standard Uq(glg)—module of diam-
eter d we mean

Vi) @ V(iag) @ -+ @ V(aa), (21)

where 0 # «; € F for 1 <i < d. For d = 0 we interpret (21) to be the trivial Uq(.f:\lg)—module.
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For our purpose we only need those standard U, (sﬁg)—modules of diameter d such that ¢* # 1
for 1 <1 < d. The following definition will facilitate our discussion of these modules.

Definition 5.7 An integer d will be called feasible (with respect to ¢) whenever d > 0 and
¢* # 1 for 1 <i < d. Note that 0 and 1 are feasible.

The following result is immediate from Definition 5.7.
Lemma 5.8 For all feasible integers d the scalars {q*2}¢_, are mutually distinct.

Let V' denote a standard U, (g[g)—module with feasible diameter d. The F-vector space V' has
a basis

VRV -+ Ry v; € {z,y} (1<i<d). (22)

Note that V has dimension 2¢. For notational convenience we abbreviate the basis (22) as
follows. For all subsets s C {1,2,...,d} define us = v; ® V3 ® - -+ ® vy, where v; = x if
igdsand v, =yifi € s (1 <i <d). For example uyp = r @z ® --- ® x. Pick a subset
s C{1,2,...,d}. By Lemma 5.4 we have

d—2|s|

KOU’S = q2|8|_du57 Klus =4q Us, (23)

where |s| denotes the cardinality of s. Thus each of Ky, K; is diagonalizable on V' with
eigenvalues {q¢72'}4 . Moreover Ky, K; are inverses of one another on V. For 0 < i < d
define

U; = Span{u, | s C {1,2,....d}, |[s| =1}
Note that V = Z?:o U; (direct sum), and that U; has dimension (‘j) for 0 < i < d. Moreover

(Ko = ¢*~"1)U; = 0, (Ky = ¢"*1)U; =0 (24)

for 0 <i < d. Combining (16), (17) with (24) we find that for 0 <1i < d,
eg Ui C Ui, er Ui € Uiy, (25)
e Ui C Uiy, et U; C Uy, (26)

where U_; = 0 and Uyy; = 0. We call the sequence {U;}L, the weight space decomposition
of V. We call uy the highest weight vector of V. The action of ef, ef on the basis (22)
can be obtained using Lemma 5.4 but the answer is slightly complicated. For all subsets
s C{1,...,d} let 5 denote the complement of s in {1,...,d}. By Lemma 5.4,

- 1,2,....i—1}0s|—|{1,2,...,i=1}N5

efus, = E :Usuqu s|—H } |7 (27)
1€ES

+ _ i+1,i42,...,d}N5| = |{i+1,i+2,...,d}Ns

efu, = E us\iq'{ Hs|—=K } I’ (28)
€S

— _ —1,{1,2,...,i—=1}N3|—|{1,2,...,i—1}Ns|+1

eolUs = § Ug\ i ql{ 3ns|—H HNs| 7 (29)
€S

+ o i+ 1,42, dYNs|—|{i+1,i+2,...,d} N5 —1

equs = E usuicig!t Ins|=I{ pns|-1 (30)
1€ES
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6 The elements R, L of Uq(g[z)

From now until the end of Section 7 we adopt the following assumption.

Assumption 6.1 We assume the field F is algebraically closed. We fix nonzero scalars
q,b,c,b*,c* in IF such that ¢ # 1.

In this section we define the elements R, L of U, (;[2) and discuss their basic properties.
Definition 6.2 We define

R = wej +ve; Ky, (31)
L = u'ef +v'ey Ko, (32)

where u, v, u*,v* are any scalars in I such that

w' = =0 (q—q") (33)
vt = —cctq M (q—q )2 (34)

Note that u, v, u*, v* are nonzero.

Note 6.3 Referring to Definition 6.2, the choice of u, v, u*,v* is immaterial and we could
fix specific values for the duration of the paper. But doing so tends to obscure the essential
relationships (33), (34).

Lemma 6.4 We have

KoRK;' = ¢*R, K\RK;'=q*R, (35)
KoLKy = q %L, K\LK{' = ¢*L. (36)
Proof: Use (14)—(17) and Definition 6.2. O

Let U,(L(sl2)) denote the quotient of Uq(g[g) by the two sided ideal generated by KoK; — 1.
The name U,(L(sly)) is motivated by the fact that this algebra is a g-deformation of the
universal enveloping algebra of the loop algebra L(sly) = sl ® [t,¢7!]. This is discussed in
[11, Section 3.3]. In what follows, we will use the same notation for an element of Uq(g[z)
and its image in U,(L(sly)).

Lemma 6.5 The following hold in U,(L(sls)):

R*L — [3],R*LR + [3|,RLR* — LR®

37
= (=Y =) — ) (" KiR* K, — bb* K R*Ky), (37)

LR — [3],L’RL + [3],LRL* — RL?

38
GO - I — OO KoL K — e KiK. O

11



Proof: To verify (37), eliminate R, L using Definition 6.2 and simplify the result using the
relations in Definition 5.1, together with the fact in U,(L(sly)) the elements Ky, K7 become
inverses of one another. Equation (38) is similarly verified. O

Lemma 6.6 For all integers n > 0 the element L™R"™ commutes with each of Ky, K;.

Proof: Use Lemma 6.4. O

Lemma 6.7 LetV denote a standard Uq(g[g)—module with feasible diameter d and let {U;}%_,
denote the corresponding weight space decomposition. Then

RU; C Upi, LU; C Uiy (0<i<d). (39)

Proof: Use (24)—(26) and Definition 6.2. 0

7 The split sequence of a standard Uq(;[g)-module

Throughout this section Assumption 6.1 remains in effect. We fix elements R, L € U, (5A[2)
as in Definition 6.2.

Definition 7.1 Let V' denote a standard Uq(ﬁAIQ)—module with feasible diameter d and let
{U;}L_, denote the corresponding weight space decomposition. By Lemma 6.7, for 0 < i < d
the space Uj is invariant under L'R’; let ¢; denote the corresponding eigenvalue. Note that
Co = 1. We call the sequence {(;}L, the split sequence of V.

Our goal in this section is to obtain the following result.

Proposition 7.2 Let d denote a feasible integer and let {(;}L, denote a sequence of scalars
in F such that {; = 1. Then there exists a standard U,(sly)-module V' of diameter d that has
split sequence {¢; 1.

In order to prove Proposition 7.2 we will consider a generating function involving the split
sequence called the (nonstandard) Drinfel’d polynomial. We will define this polynomial
shortly.

Definition 7.3 Let V denote a standard Uq(sA[g)—module with feasible diameter d. For
0 < i < d define

Gi
(@=¢ )P =) (@ =g
where {(;}&, is the split sequence of V. The denominator in (40) is nonzero by Definition
5.7. Observe that og = 1. We call {o;}L, the normalized split sequence of V.

o; =

(40)
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Definition 7.4 For all integers ¢ > 0 define f; € F[A] by
fi — bb*q—2i 4 cc*qu _ )\’
where ¢, b, b*, ¢, ¢* are from Assumption 6.1.

Definition 7.5 Let V denote a standard U, (sTIQ)—module with feasible diameter d. We define
a polynomial Py € F[)\] by

d
Py = (=1)*> oaifofi- - i1, (41)
i=0
where {0;}%, is the normalized split sequence of V. We observe that P is monic with
degree d. We call Py the (nonstandard) Drinfel’d polynomial of V.

Note 7.6 The Drinfel’d polynomial from [30, Definition 9.3] is equal to the polynomial Py
from Definition 7.5, times (—1)4(q — ¢ 1)*(¢> — ¢ 2)%- - (¢@ — ¢~%)2.

From now on, when we refer to the Drinfel’d polynomial we mean the nonstandard Drinfel’d
polynomial from Definition 7.5.

We now compute the Drinfel’d polynomial for a few easy cases.
Lemma 7.7 Let V' denote the trivial Uq(glg)—module from Definition 5.5. Then Py = 1.

Proof: Routine. O

Lemma 7.8 Pick a nonzero o € F and consider the Uq(g[g)—module V =V (a) from Defini-
tion 5.2. The corresponding Drinfel’d polynomial satisfies

auu*q~? + a tov*g?

Pyr=X— , (42)
g g—q)
where u,v,u*,v* are from Definition 6.2.
Proof: Let o1 denote term one of the normalized split sequence for V. We show
* —2 —1 * 2
o1 = quug “Ho vvg bb* — cc*. (43)

¢ Ha—q')?
By Definitions 7.1 and 7.3, o1 = (1(q — ¢~')™? where (; is the eigenvalue of LR on the
weight space Uy. Let x,y denote the basis for V' from Definition 5.2. By construction
x is a basis for Uy, so x is an eigenvector for LR with eigenvalue (;. Using Definition
5.2 and Definition 6.2 we find Rx = (ug 'a + vq)y and Ly = (u* + v*¢*a™!)z; therefore
¢ = (ug ta+vq)(u* +v*¢*a~t). Evaluating this using (33), (34) and 0y = (1(qg—q 1) ™2 we
obtain (43). Setting d =1 and 0y = 1 in (41) we find Py = —oy — fo. Evaluating this using
(43) and fo = bb* + cc* — X\ we obtain (42). O

Consider a standard Uq(g[g)-module V = ®%L,V(q;) with feasible diameter d. We will now
show that the Drinfel’d polynomial of V' is equal to the product of the Drinfel’d polynomials

d
[Tiet Prian)-
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Lemma 7.9 The comultiplication A from Lemma 5.3 acts on the elements R, L as follows.

A(R) == 1®R+U63®KQ+U€;K1®K1, (44)
A(L) = 1®@L+u'ef @ Ky +v'ey Ky @ K. (45)

Proof: Use Lemma 5.3, Definition 6.2, and the fact that A is an algebra homomorphism. O

Lemma 7.10 Let V' denote a standard Uq<;[2)—mOdUl€ with diameter 1. Let W denote any
U,(sly)-module. Then for all integers n > 1 the following (i), (ii) hold on V @ W :

(i) A(R") =1® R"+ [n],R, where

R, = uq”_lear @ R" 'Ky + v¢" "] K1 @ R"K;. (46)
(i) A(L™) =1® L™ + [n],L,, where

L, =u*q¢""e]f @ KjL"' + v*¢" ey Ko @ KoL"™. (47)

Proof: (i) The proof is by induction on n. First assume n = 1. Then the result is immediate
from (44). Next assume n > 2. By (44) and since A(R") = A(R"')A(R), the expression
A(R") —1® R"™ is equal to

(AR -1®R" ") (1®R) (48)

plus u times
A(R")(eg © Ko) (49)

plus v times
AR M (e] K1 ® K)). (50)

We now find the action of (48)—(50) on V' ® W. By induction, on V' ® W the expression
AR 1) —1® R" ! is equal to [n — 1], times

uqn 2 + ® R 2K 4 Uq €IK1 ®Rn72K1. (51>
By this and Lemma 6.4, on V ® W the expression (48) is equal to [n — 1], times
uq"ef @ R" 'Ky + vg "e; K1 @ R" K.

By (25) and since V has diameter 1, the elements (ej)? and e e are zero on V. Therefore
(51) times ef ® Ky is zero on V & W 50 (49) is equal to ef ® R" 'Ky on V @ W. Similarly
(50) is equal to e; K1 @ R" 'K, on V@ W. By these comments we routinely obtain A(R") =
1® R™+ [n],R.,.

(ii) Similar to the proof of (i) above. O
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Proposition 7.11 Pick a feasible integer d > 1. Let V' denote a standard Uq(sA[Q)—module
with diameter 1, and let W denote a standard U,(sly)-module with diameter d —1. Note that

the Uq(glg)—module V @ W s standard with diameter d. The normalized split sequence for
V @ W 1is described as follows.

o(VeW) = 1,
(VW) = (¢"" =g ) (b*¢" " = cc*q¢")on 1 (W)
+ o,.(W) + o1(V)o,_1(W) (1<n<d-1),
og(VeW) = o (V)os_1(W).
Proof: Let x denote the highest weight vector in V', and observe
(Ko —q ')z =0, (K1 —ql)z = 0. (52)
Let & denote the highest weight vector for W, and observe
(Ko —q'"1)¢ =0, (K1 —q"'1)g=0. (53)
Note that x ® £ is the highest weight vector for V @ W. We claim that for all integers n > 1,
L'"R"(z ® &) —x® L"R"¢ — [n];LRx ® L™ 'R"™'¢
=@ P O e e L R
To prove the claim we evaluate the left hand side of (54). The term L"R"(x ® £) coincides
with the image of A(L")A(R") on = ® {&. Computing this image using Lemma 7.10 one
encounters the terms L, (1 ® R") and (1 ® L")R,. Using (52) and ez = 0, ¢; z = 0 we find

L,(1® R"™) is zero on z ® . Using (53) and L"R"'¢ = 0 we find (1 ® L")R,, is zero on
z ®¢. By these comments and Lemma 7.10 the left hand side of (54) is equal to [n]Z times

L.R,(z®¢&) — LRz ® L" 'R" €. (55)

(54)

The two terms in (55) are evaluated as follows. To evaluate the first term use (46) and (47).
To evaluate the second term expand LRz using Definition 6.2. Now reduce further using
(16), (52), (53) along with Definition 6.2, Lemma 6.6 and

(egeg — 1)z =0, (efe; — 1)z =0.

The reduction shows that the left hand side of (54) is equal to the right hand side of (54). The
claim is now proved. As we examine the terms in (54), we note the following from Definitions
7.1, 7.3. For 0 < n < d the vector x ® £ is an eigenvector for L"R"™ with eigenvalue

(G—a ) =q ) ("= ") o (VeW).

The vector x is an eigenvector for LR with eigenvalue (¢ — ¢~ ')%01(V). For 0 <n < d—1
the vector £ is an eigenvector for L™ R"™ with eigenvalue

(=) (=) (¢" =g ") o (W).

Also LYR¥¢ = 0 by Lemma 6.7 and since W has diameter d — 1. Evaluating (54) using these
facts we obtain the result. O
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Proposition 7.12 With the notation and assumptions of Proposition 7.11, we have Pygw =
Py Py .

Proof: By Definition 7.5 we have Py = —o1(V) — fo. Again using Definition 7.5,

d—1
Py = (—1)d7120d717j(w)f0f1'“fjflv (56)
=0

d
Pyegw = (—1)d20d7¢(V®W)fof1"'fze1- (57)

=0

Using Definition 7.4,

fo=fi+ (@ —q?)bb*q 7 —cc*¢) 0<j<d-1). (58)

In equation (56) we multiply both sides by P, and use (58) to get

d—1
PyPy = (—=1)"Y 041 5(W)
=0

< ofio fima(fi + (@ — a0 —ec’d) + 0w (V).

In (59) the sum is a linear combination of {fofi - fi_1}%,. In this linear combination, for
0 <1 < d let v; denote the coefficient of fyf;--- fi_1. We show

vi = 04—i(VW). (60)

First assume ¢ = 0. Then (60) holds since both sides equal o1(V)os_1(W). Next assume
1 <1< d—1. By construction

vi = (¢ —qg )b q " —cc*Nog1-i(W) + o1(V)og_1_:(W) + aq_i(W).

Evaluating this using Proposition 7.11 we routinely obtain (60). Next assume ¢ = d. Then
(60) holds since both sides equal 1. We have verified (60) for 0 < ¢ < d. Therefore

d
Py Py = (—1)d20d—i(v ® W)fofl T fi—l-
i=0

Comparing this with (57) we obtain Pygw = Py Py . a

Proposition 7.13 Let V = @4,V («a;) denote a standard Uq(glg)-module with feasible di-
ameter d. Then the Drinfel’d polynomial Py is given by

d
Py =[] Pran- (61)

=1
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Proof: Use Proposition 7.12 and induction on d. O

We will make a few more comments on the Drinfel’d polynomial and then prove Proposition

7.2.

Lemma 7.14 For all r € T there exists a nonzero a € F such that A\ — r is the Drinfel’d
polynomial for V(a).

Proof: Since F is algebraically closed and uu*vv* # 0, there exists a nonzero a € F such that
the fraction on the right in (42) is equal to r. The result follows in view of Lemma 7.8. O

Note 7.15 Referring to Lemma 7.14, for a given r the scalar « is not uniquely determined
in general. If ais a solution then ¢*vv*u~!(u*)"'a~! is also a solution and there is no further
solution.

Proposition 7.16 Let d denote a feasible integer and let P € F[A\] denote a monic poly-

nomial of degree d. Then there ezists a standard U,(sly)-module V' of diameter d such that
Py =P.

Proof: Since F is algebraically closed there exist scalars {r; }% , in F such that P = []"_, (A —
r;). By Lemma 7.14, for 1 < i < d there exists a nonzero a; € F such that A — r; is the
Drinfel’d polynomial for V(c;). Define the Uq(s:\b)—module V = &% ,V(a;). By construction
V is standard with diameter d. Also Py, = Hle(A —r;) by Proposition 7.13, so Py = P.
The result follows. O

Proof of Proposition 7.2. For 0 <1 < d define
Gi

o; = . — 62
PR T N o
Define a polynomial P € F[\] by
d
P = (_1>d20d7if0f1"‘fi71 (63)
i=0

where the f; are from Definition 7.4. Observe that P is monic with degree d. By Proposition

7.16 there exists a standard Uq(g[g)—module of diameter d such that P, = P. Comparing
(41), (63) we find the sequence {o;}L, from (62) is the normalized split sequence for V.
Comparing (40), (62) we find {(;}L, is the split sequence for V. O

We finish this section with some formulae for later use.

Let V denote a standard U, (;[g)-ﬂlOdllle with feasible diameter d > 1, and let {U;}%_, denote
the corresponding weight space decomposition. Let (; denote term one of the split sequence
for V' and recall from Definition 7.1 that (; is the eigenvalue of LR on U,. By Lemma 6.7
the space Uy is invariant under RL; let (;* denote the corresponding eigenvalue.
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Lemma 7.17 Let V = @4,V («;) denote a standard Uq(f/)\[g)—TTLOdU/le with feasible diameter
d > 1. Then the following (i)—(iii) hold.

() G =uwq ' YL s+ o' S0 a7t — (g — ¢ V) (g% — ¢ ) (bb* " + ccrq?Y);
(il) G =ww'q ' i vt 0 at — (g — a7 ") (g? — (b + ectgt ),
(i) ¢ — ¢ =(g—a (" = N (g — ¢4 (bb* — cc*).

Proof: Parts (i), (ii) are routinely obtained using (23), (27)—(30) and Definition 6.2. Part
(iii) follows from (i), (ii). O

8 The elements A, A* of U,(sl,)

From now until the end of Section 9 we adopt the following assumption.

Assumption 8.1 Assume the field F is algebraically closed. We fix a ¢-Racah sequence
({0:}4_0; {07 1L,) of scalars in F. We fix ¢, a, b, c,a*,b*, c* that satisfy (4)—(7) and fix R, L €
U,(sl2) as in Definition 6.2.

In this section we define the elements A, A* € Uq<;[2> and investigate their properties.

Definition 8.2 With reference to Assumption 8.1 we define

A = a1+bK0—|—cK1+R, (64)
A = a1+ b0 Ko+ K+ L. (65)

We are going to show that A, A* satisfy a pair of tridiagonal relations. We now introduce
the parameters involved in those relations.

Definition 8.3 Define 3 = ¢®> + ¢~2 and

= a*(q—q ')’ —be(q® — q7?)?, (66)

= —alg—q 0
: o =a*(qg—q ) -V - (67)

Y
V= —a'(g—q”
We mention one significance of the parameters in Definition 8.3.
Lemma 8.4 The following (i)—(iv) hold.
(i) y=0;—1— B0; + 011 (1<i<d-1);
(i) v* =67, — B; + 07, (1<i<d-1);
(iil) 0 =07, — 0010 + 07 —y(0im1 +6;) (1 <i<d);
(iv) o* =072, — B0 10 + 072 —~v*(0;_, + 0) (1<i<a).
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Proof: Routine verification using (4), (5) and Definition 8.3. O

Proposition 8.5 In U,(L(sly)),

ABA* — [3],AATA + [3],AATA2 — A"A® = (A2A" — A"A2) + p(AA" — A" A),
AA = [3], A AAT + [3],A"AA™ — AA® = 47 (A2A — AA?) + 0" (ATA — AAY),

where v, v*, 0, 0 are from Definition 8.5.

Proof: Routine verification using Lemma 6.4, Lemma 6.5, and Definition 8.2. O

Note 8.6 The above equations are called the tridiagonal relations [56].

AN

9 The action of A, A* on a standard U,(sl)-module

Throughout this section Assumption 8.1 remains in effect. We fix a standard U, (sj[g)—module
V with diameter d and let {U;}{, denote the corresponding weight space decomposition.
Let {¢;}4, denote the split sequence of V.

In this section we describe the action of A, A* on V.
Lemma 9.1 We have ¢* # 1 for 1 <i < d. In other words d is feasible with respect to q.

Proof: Immediate from Lemma 3.2. O

Lemma 9.2 The following hold for 0 <i <d:
(i) The element R acts on U; as A — 6;1.

(ii) The element L acts on U; as A* — ;1.

Proof: Immediate from Definition 8.2 and (24). O

Lemma 9.3 The following hold for 0 <i <d:
(i) (A=6:1)U; C Ui,
(ii) (A* =0 )U;, CU;_4.

Proof: (i) Combine Lemma 9.2(i) with the inclusion on the left in (39).
(ii) Combine Lemma 9.2(ii) with the inclusion on the right in (39). O
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Lemma 9.4 The element A (resp. A*) is diagonalizable on V with eigenvalues {0;}%,
(resp. {0:}4_,). Moreover for 0 < i < d the dimension of the eigenspace for A (resp. A*)
associated with 0; (resp. 05 ) is equal to (f)

Proof: We first display the eigenvalues of A. Recall that {6;}¢, are mutually distinct, and
U; has dimension (‘j) for 0 < ¢ < d. By Lemma 9.3(1) we see that, with respect to an
appropriate basis for V', A is represented by a lower triangular matrix that has diagonal
entries {0;}%,, with 6; appearing (f) times for 0 < ¢ < d. Hence for 0 < ¢ < d the scalar
6; is a root of the characteristic polynomial of A with multiplicity (f) We now show A is
diagonalizable. To do this we show that the minimal polynomial of A has distinct roots. By
Lemma 9.3(i) we find HfZO(A — 6;1) vanishes on V. By this and since {6;}%, are distinct
we see that the minimal polynomial of A has distinct roots. Therefore A is diagonalizable.
We have now proved our assertions concerning A; our assertions concerning A* are similarly

proved. 0
At this point it is convenient to introduce the primitive idempotents for A and A*.

Definition 9.5 For 0 < i < d we define the following elements in Uq(sAIQ):

A—0;1 A* —0%1
B = J - - J
=11 e, D 1 5= (68)
0<5<d 0<j<d * J
J#i J#i

We observe that E; (resp. EF) acts on V' as the primitive idempotent of A (resp. A*)
associated with the eigenvalue 0; (resp. 0). In particular E;V (resp. E;V) is the eigenspace
of A (resp. A*) on V associated with the eigenvalue 6; (resp. 65).

Lemma 9.6 Each of E;V and E}V has dimension (Czl) for0 <1 <d.

Proof: Immediate from Definition 9.5 and the last sentence in Lemma 9.4. O

Lemma 9.7 The following hold for 0 <i <d:
(i) BV 44+ EV=U;+---+ Uy,
(i) BV A+ +EXV=Uy+---+U.

Proof: (i) Let X; = >, U; and X/ = 3¢  E;V. We show X; = X/. Define T; =
[15_;(A—06,1). Then X] = {v € V|Tv = 0}, and T,X; = 0 by Lemma 9.3(i), so X; C X/.
Now define S; = H;;B(A —0;1). Observe that S;V = X/, and S;V C X; by Lemma 9.3(i),
so X! C X;. By these comments X; = X/.

(i) Similar to the proof of (i) above. O

Lemma 9.8 The following (i), (ii) hold on V' provided that d > 1.
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(i) ESAE; = apEf where
ag = 00 + Cl(QS - 6;)_1. (69)

(i) E4A*E; = aE, where

G+ (05— 07) (00 — 0a1)

. 70
041 — 04 70

* %
a; =07 —

Proof: (1) The expression Ej —1 is zero on E;V by Definition 9.5, and EfV = U, by Lemma
9.7(ii). Therefore it suffices to show that EJ(A — agl) is zero on Uy. By Definition 7.1
LR — (41 is zero on Uy. By Lemma 9.2 and Lemma 9.3, LR = (A* — 071)(A — 6,1) on U.
By Definition 9.5, EjA* = 65 E§ on V. We may now argue that on Uy,
Ei¢, = ELR
B3 (A" — 6;1)(A — 1)
= (0 — 071) Eg(A — 6ol).
By this and (69) the expression Ef(A — agl) is zero on U.
(ii) The expression E;— 1 is zero on E4V by Definition 9.5, and E;V = U, by Lemma 9.7(i).
Therefore it suffices to show that E4(A*—aj1) is zero on Uy. By the paragraph above Lemma
7.17, the expression RL — (1 is zero on U,. Evaluating Lemma 7.17(iii) using (4), (5) we
find
G =G = (07 — 03)(0a—1 — ba) — (05 — 07) (6o — a—1). (71)
By Lemma 9.2 and Lemma 9.3, RL = (A — 6,-11)(A* — 631) on U,;. By Definition 9.5,
E4A =04E,; on V. We may now argue that on Uy,
E. (¢ = E4RL
= E4(A—0,11)(A"—0;1)
= (0g—04-1)Eq(A" = 631).

By this and (70), (71) the expression Eq4(A* — ajl) is zero on Uy. O

Lemma 9.9 For 0 <i,j <d the following (i), (ii) hold on V.
(i) EA*E; =0 if[i — j| > 1;
(i) EFAET =0 df [i— j| > 1.

Proof: Assume d > 2; otherwise there is nothing to prove. We first show that £;A*E; = 0
on V for 1 < |i — j| < d. For notational convenience define a two variable polynomial

PO ) = A2 = B+ 12 =y (A + ) — o, (72)
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where 3, 7, ¢ are from Definition 8.3. In the first equation of Proposition 8.5 we multiply
each term on the left by F; and the right by F;. We simplify the result using the fact that
E,A=0,FE; and AE; = 0,E; on V. After a brief calculation this shows

on V. We claim that in (73) the coefficient of E;A*E; is nonzero. Of course 6; — 6; # 0
since 6y, . .., 0, are mutually distinct. We now show p(#;,6;) # 0. Since |i — j| < d we have
1<i<d—-1lorl<j<d—1 Wemay assume 1 < < d — 1 since p(6;,0;) = p(6;,0;).
By Lemma 8.4(iii) we have p(6;,6;-1) = 0 and p(6;,0;+1) = 0. The expression p(6;, 1) is a
quadratic polynomial in y with roots 6,_1, 6;+;. Since |i — j| > 1 we have 6; # 6, and
6; # 0,+1. Therefore p(6;,6;) # 0 as desired. Now in (73) the coefficient of E; A*E; is nonzero,
so F;A*E; = 0 on V. Swapping the roles of A, A* in the above argument, we similarly find
EfAE; = 0 on V for 1 < [i — j| < d. Next we show that FyA*E; = 0 on V. Observe
(A* —051)Uy; C Uy—q by Lemma 9.3(ii), so A*Uy C Uy—1 + Uy. By Lemma 9.7(i), £,V = Uy
and Ey 1V + E;V = Uy_1 + Uy. By these comments A*E;V C Ey 1V + E;V. We assume
d > 2 so By vanishes on E;_1V + E;V and therefore EgA*E; = 0 on V. Next we show that
E3AE; =0on V. Observe (A—6y1)Uy C Uy by Lemma 9.3(i), so AUy C Up+U,. By Lemma
9.7(i1), E{V = Uy and E§V + EfV = Uy + U;. By these comments AEGV C EjV + EfV.
We assume d > 2 so £ vanishes on EGV + EfV and therefore EjJAE; = 0 on V. Next we
show that E4jA*Ey = 0 on V. Since V = Zf:o U; it suffices to show that E;A*Ey = 0 on
U, for 0 < i < d. Observe E;A*Ey = 0 on U; for 1 < ¢ < d, since Zle U, = Zle E;V by
Lemma 9.7(i) and since Ey vanishes on E;V for 1 <i < d. To show E;A*Ey = 0 on Uy, recall
Uy = EjV so it suffices to show that E;A*EyE; = 0 on V. By Definition 9.5, 1 = Z?:o E?
on V. In this equation we multiply each term on the right by AE]. We evaluate the result
using Lemma 9.8(i) and the fact that EfAE; =0 on V for 2 <i < d. This yields

AE; = agEj + ETAE; (74)
on V. In (74) we multiply each term on the left by A* to find
AAE] = agf £y + 07 ETAES (75)

on V. By Definition 9.5, 1 = Z?:o E; on V. In this equation we multiply each term on the
left by E4A*. We evaluate the result using Lemma 9.8(ii) and the fact that F4A*E; = 0 on
V for 1 <14 < d — 2; this yields

EdA* = EdA*EO + EdA*Ed_l + CLZEd (76)
on V. In (76) we multiply each term on the right by A to find
EdA*A = eoEdA*EO + Qd_lEdA*Ed_l + 9da;Ed (77)

on V. Consider the equation which is 87 Ey times (74) minus E,; times (75) minus (76) times
041 E; plus (77) times Ef. We simplify this equation using the fact that A*Ef = 05 E§ and
E4A = 04E,; on V. The calculation shows that on V' the expression (6y — 04_1) E4A* EoE;
coincides with E;E{ times

(93 — HT)CZO + (Hd,l — Hd)afl + Gdﬁf — 9d7198. (78)
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Note that 6y—6,_; is nonzero since d > 2. By (69), (70) the expression (78) is zero. Therefore
E A*EyE; = 0 on V and hence E4A*Ey = 0 on V. Next we show that EfAE; = 0 on V.
Since V = Z?:o U; it suffices to show that EjAE} = 0 on U; for 0 < ¢ < d. Observe
EfAES =0on U for 0 <i<d—1,since Y00 U; = S0 E*V by Lemma 9.7(ii) and since
E vanishes on £}V for 0 < i < d—1. To show EjAE; = 0 on Uy, recall Uy = E4V so it
suffices to show that EjAETE,; = 0 on V. We mentioned earlier that 1 = Z?:O E;onV.
In this equation we multiply each term on the right by A*E;. We evaluate the result using
Lemma 9.8(ii) and the fact that E;A*E; =0 on V for 0 <i < d — 2. This yields

A*Ed = Ed_lA*Ed + CL:lEd (79)
on V. In (79) we multiply each term on the left by A to find
AA By = 041 Eg 1 A*Ey + 0ga’, B, (80)

on V. We mentioned earlier that 1 = Z?:o E? on V. In this equation we multiply each term
on the left by EjA. We evaluate the result using Lemma 9.8(i) and the fact that EfAE; =0
on V for 2 <i < d— 1; this yields

EfA = aoEj + EJAE] + EjAE] (81)
on V. In (81) we multiply each term on the right by A* to find
EJAA" = 0ja0Ey + 0T ESAET + 0 E;AE] (82)

on V. Consider the equation which is 6;_; £ times (79) minus Ej times (80) minus (81)
times 07 Fy plus (82) times E;. We simplify this equation using the fact that AE; = 0,F,
and EjA* = 65E; on V. The calculation shows that on V' the expression (67 — 6%) EfAEEy
coincides with EjE, times (78). The scalar 67 — 6} is nonzero and we already showed that
(78) is zero, so EJAESE,; =0 on V and hence EfAES =0 on V. O

Lemma 9.10 For 0 < i < d the following holds on V :

GE;
Eir(A)E, = —— %% 83
oA = GG — 05) - (05— 07) (83)

Proof: Tt suffices to show that
(6 — 07)(05 — 05) - - - (05 — 07) Egmi(A) — il (84)

is zero on EJV. We pick w € E{V and show (84) is zero at w. Setting ¢ = 0 in Lemma
9.7(ii) we find E;V = Uy. By Definition 7.1 we find L'R" — (;1 is zero on Uy. By these
comments L'R'w = (w. Using Lemma 9.2 and 9.3,

L'R = (A* — 071) (A" — 031) - - (A* — 07 1)7:(A)
on Uy. Therefore
(A" =07 1)(A" = 651) - - (A" — 07 1) (A)w = Gu.

In this equation we apply Ej to both sides and use EfA* = 05 ES, Ejw = w to find (84) is
zero at w. The result follows. O
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10 The proof of Theorem 3.3

Throughout this section we adopt the following assumption.

Assumption 10.1 Assume the field F is algebraically closed. We fix a ¢g-Racah sequence
({0:}0 ;{07 }4_,) of scalars in F, and a sequence {(;}%_, of scalars in F that satisfy condition
(ii) of Theorem 3.3.

With reference to Assumption 10.1, our goal in this section is to display a TD system over
F that has parameter array ({6;}%q; {0719 o; {¢:},). To this end we fix q,a,b,c,a*, b*, c*
that satisfy (4)—(7). Using this data we define R, L € Uq(;[g) as in Definition 6.2, and then
A A* € Uq(§[2> as in Definition 8.2. Let {F;}%,, {Ef}L, be as in Definition 9.5. In view
of Proposition 7.2 and Lemma 9.1 we fix a standard U, (;[g)—ﬂlOdllle V with diameter d that
has split sequence {¢;}4 .

Lemma 10.2 The elements EjE E, EjEq E; are nonzero on V.

Proof: By construction EgV # 0. Concerning E§EqE§, by the equation on the left in (68)
we have E; = 74(A)74(64)'. By Lemma 9.10 (with ¢ = d) Eira(A)E; = n3(05) 'CaE: on
V. Therefore EfEE; = 14(04) 'n3(05) " 'CE; on V. By this and since (4 # 0 we find
E§E4E§ is nonzero on V. Concerning EfFEoEf, by the equation on the left in (68) we have
Eo = n4(A)nq(0o)~*. By [41, Proposition 5.5], ng = E?:o Na—i(6o) 7. By these comments and
Lemma 9.10,

BB E; = Eina(fo) an i(00)13-:(05)G;

on V. In the above line the sum is nonzero by (9) so EjEyE{ is nonzero on V. O

Definition 10.3 Let T denote the subalgebra of Uq(,';\[Q) generated by A, A*. We observe
that T" contains E;, Ef for 0 <1 < d.

Observe that T'E;V is the T-submodule of V' generated by EjV. We now examine this
module.

Lemma 10.4 Let W denote a proper T-submodule of TEFV. Then EFW = 0.

Proof: Suppose EW # 0. The space EjV contains EfW and has dimension 1, so EjV =
EgW. The space W is T-invariant and Ej € T so EgW C W. Therefore EjV C W,
which yields TEFV C W. This contradicts the fact that W is properly contained in T'E;V .
Therefore E;W = 0. O

Lemma 10.5 Let W and W' denote proper T-submodules of TEJV. Then W 4+ W' is a
proper T'-submodule of TE;V
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Proof: We show W + W' # TE;V. The kernel of Ej on TE}V is properly contained in
TEGV, since 0 # EfV C TEGV. This kernel contains each of W, W’ by Lemma 10.4, so this
kernel contains W + W’. Therefore W + W' £ TE;V and the result follows. a

Definition 10.6 Let W denote a proper T-submodule of TEjV. Then W is called mazimal
whenever W is not contained in any proper T-submodule of TE;V, besides itself.

Lemma 10.7 There exists a unique mazimal proper T-submodule in TEGV .

Proof: Concerning existence, consider

Z W, (85)

where the sum is over all proper T-submodules W of TE§V. The space (85) is a proper
T-submodule of TE;V by Lemma 10.5, and since TE;V has finite dimension. The T-
submodule (85) is maximal by the construction. Concerning uniqueness, suppose W and
W’ are maximal proper T-submodules of TE;V. By Lemma 10.5 W + W' is a proper T-
submodule of TE;V. The space W 4+ W' contains each of W, W’ so W+ W’ is equal to each
of W, W’ by the maximality of W and W’. Therefore W = W’ and the result follows. O

Definition 10.8 Let M denote the maximal proper T-submodule of TE;V. Let L de-
note the quotient 7T-module TE;V/M. By construction the T-module L is nonzero, finite-
dimensional and irreducible.

Proposition 10.9 The sequence (A;{E;}Ly; A% {Ef}L,) acts on L as a TD system with
parameter array ({6;}{_o; {07 o; {Gi}io)-

Proof: We first show that (A; {E;}; A*;{E;}9 ) acts on L as a TD system. We start
with a few statements that follow from the construction. The space L is a direct sum of the

nonzero spaces among {F;L}% , and a direct sum of the nonzero spaces among {E;L}% .
For 0 <i<d, (A—6;1)E;L =0 and (A* — 6;1)EfL = 0. Using Lemma 9.9,

A*E;L C E;_ L+ E;L+ E;j L (0<i<a), (86)
where £_; =0 and E;y; = 0. Moreover
AEILC Ef L+ E/L+FE; L (0<i<a), (87)

where £, = 0 and E£j, ; = 0. Observe that EjL # 0 since M does not contain EgV. We
now show EyL # 0. Suppose EyL = 0. Then E TE;V C M so EgEjV C M. In this
containment we apply Ej to both sides and use EjM = 0 to get EjE E;V = 0. This
contradicts Lemma 10.2 so EFyL # 0. Next we show EyL # 0. Suppose E4L = 0. Then
E,TE;V C M so E4E;V C M. In this containment we apply Ej to both sides and use
E;M = 0 to get EjEqE;V = 0. This contradicts Lemma 10.2 so E4L # 0. We now show
E;L #0for1<i<d-—1. Let ¢ be given and suppose F;L = 0. Then EoL + ---+ E; 1L
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is a nonzero proper T-submodule of L in view of (86). This contradicts the irreducibility of
the T-module L. Therefore E;L # 0 for 1 <i < d — 1. There exists an integer 6 (0 < § < d)
such that EfL # 0 for 0 <7 < 6 and Ej ;L = 0. By the above comments the sequence
(A;{E 3} s A {E}0_,) acts on L as a TD system. Now d = d by the third sentence
below Note 1.2. We have shown (4; {E;}¢_o; A% {E;}L,) acts on L as a TD system which
we denote by ®. By construction ® has eigenvalue sequence {f;}%, and dual eigenvalue
sequence {07}9 . By Lemma 9.10 and since the canonical map TE;V — L is a T-module
homomorphism, we have
GEG

Eir(A)E = —— 520 0<i<d
oA = G G = 63) - 6 = 07) ( )

on L. By this and Definition 2.4 the sequence {(;}, is the split sequence for ®. By these
comments ® has parameter array ({6;}% ;{07 }L; {¢}L,) and the result follows. O

It is now a simple matter to prove Theorem 3.3.

Proof of Theorem 3.3. The implication (i)=-(ii) is proved in [45, Corollary 8.3]. The im-
plication (ii)=>(i) follows from Proposition 10.9. Now assume (i), (ii) hold. Then the last
assertion of the theorem follows from Proposition 2.6. O

11 Remarks

In this section we prove the shape conjecture for the TD pairs over an algebraically closed
field that have ¢-Racah type.

Proposition 11.1 Assume the field F is algebraically closed, and let {p;}%, denote the
shape of a TD pair over F that has q-Racah type. Then p; < (‘f) for 0 <11 <d.

Proof: For the TD pair in question we pick a standard ordering of their primitive idempotents
to obtain a TD system. Without loss we may identify this TD system with the one in
Proposition 10.9. Referring to the TD system in Proposition 10.9, we show that each of
E;L and E?L has dimension at most (f) The space E;L is the image of E;TE;V under
the canonical homomorphism T'E;V — L. Therefore the dimension of ;L is at most the
dimension of E;T'EGV. The space E;TE;V is contained in E;V so the dimension of E,TE;V
is at most the dimension of E;V. The dimension of E;V is (‘j) by Lemma 9.6. Our conclusion
for E;L follows from the above comments. Our conclusion for E}L are similarly obtained.
O
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