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ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR
DAMPED WAVE EQUATIONS WITH
NON-CONVEX CONVECTION TERM ON THE HALF LINE

ITSUKO HASHIMOTO! AND YOSHIHIRO UEDA*

ABSTRACT. We study the asymptotic stability of nonlinear waves for damped
wave equations with a convection term on the half line. In the case where the
convection term satisfies the convex and sub-characteristic conditions, it is known
by the work of Ueda [7] and Ueda-Nakamura-Kawashima [10] that the solution
tends toward a stationary solution. In this paper, we prove that even for a quite
wide class of the convection term, such a linear superposition of the stationary
solution and the rarefaction wave is asymptotically stable. Moreover, in the case
where the solution tends to the non-degenerate stationary wave, we derive that
the time convergence rate is polynomially (resp. exponentially) fast if the initial
perturbation decays polynomially (resp. exponentially) as  — co. Our proofs are
based on a technical L? weighted energy method.

1. INTRODUCTION

We consider the initial-boundary value problem on the half line for a damped
wave equation with a nonlinear convection term:

U — Ugg + Uy + f(u), =0, x>0, t>0,
u(0,t) = u_, t>0,
| (1)
lim u(z,t) = uy, t>0,
T—r00
U(J]70) = UO(J;)7 Ut(CL’,O) = U1<CU), xr > O)

where the function f = f(u) is a given C? function satisfying f(0) = 0 and u. are
given constants with u_ < uy. In this problem, we assume that the initial data
uo(x) satisfies up(0) = u_ and lim,_,, ug(z) = u, as the compatibility conditions.
Throughout this paper, we impose the convex and sub-characteristic conditions at
the origin:

F70) >0, |f(0)] <1, flu)>f0)=0 for ué€ [u_,0). (1.2)

For the viscous conservation laws on the half line, Liu-Matsumura-Nishihara
[3] investigated the case where the flux is convex and the corresponding Riemann
problem for the hyperbolic part admits the transonic rarefaction wave. More pre-
cisely, it was shown in [3] that depending on the signs of the characteristic speeds,

2010 Mathematics Subject Classification. Primary 35L71; Secondary 37K40.
IThe research of this author is partially supported by a Grant-in-Aid for Young Scientists (B)
No. 21740111 from Japan Society for the Promotion of Science.



the large-time behavior of the solutions is classified into three cases. On the other
hand, Ueda-Kawashima [9] and Ueda [7, 8] suggested that the dissipative structure
of (1.1) is similar to one of viscous conservation laws. Indeed, Ueda [7] considered
the problem (1.1) with u, = 0 and showed that if the flux f(u) of (1.1) satisfies

f"(u) >0, |f(u)<1l for welu_,0], (1.3)

then the solution of (1.1) tends toward the stationary solution ¢, provided that the
initial perturbation is suitably small. Here, the stationary solution ¢ = ¢(z) is
defined by the solution of the stationary problem corresponding to (1.1):

{f(¢):¢xa x>0,

6(0) = u_, lim 6(x) = 0. (14)
In the case where the flux is not necessarily convex, Liu-Nishihara [4] and Hashimoto-
Matsumura [1] studied respectively the asymptotic stability of a viscous shock wave
and superpositions of stationary solution and rarefaction wave. Especially, in order
to obtain the stability result, Hashimoto-Matsumura [1] introduced a useful weight
function and handled the weighted L? energy method.

Under the above consideration, we can expect that the asymptotic stability of
the nonlinear waves holds true for the problem (1.1) under the non-convex condition
(1.2). Therefore, we first treat the case u— < 0 < uy and the condition (1.2) with
f/(0) = 0, and derive that the solution of (1.1) tends to the superposition of the
stationary solution ¢ connecting u_ and 0 and the rarefaction wave ¥ connecting
0 and uy. Here, the rarefaction wave 1% = ®(z/t) is concretely given by

0, x <0,
/) =9 (f)Hz/t), 0<a < fllug)t, (1.5)
Uy, x> f'(uy)t.

We emphasize that the sub-characteristic condition is enough to be imposed only
on u = 0.

Additionally, Ueda [7] and Ueda-Nakamura-Kawashima [11] considered the con-
vergence rate to the stationary solution for the problem (1.1) with u;, = 0. Ueda [7]
derived the polynomially and exponentially convergence rate to the non-degenerate
stationary solution, and Ueda-Nakamura-Kawashima [11] obtained the polynomially
convergence rate to the degenerate stationary solution under the condition (1.3). At
the second and third results of the present paper, we focus on the stationary solution
and show the convergence rate under the non-convex condition (1.2).

This paper is organized as follows. The main theorems are given in Section 2. In
Section 3, we reformulate our initial-boundary value problem (1.1) and state some
preliminaries. In Section 4, we prove the asymptotic stability result under the non-
convex condition (1.2) by using the weighted energy method. Finally, we focus on
the stationary solution and obtain the polynomially and exponentially convergence
rate of the solutions by using the space-time weighted energy method in Section 5.



Notations. We denote by L? = L*(R, ) the usual Lebesgue space over R, with the
norm || - ||z2, and H' = H'(R,) the corresponding first order Sobolev space with
the norm || - || z1. Moreover, H! = H}(R,) denotes the space of functoins f € H!
with f(0) = 0, as a subspace of H'.

For a > 0, L2 = L%(R.) denotes the polynomially weighted L? space with the
norm

Iz = ([ orip@pas)

while L? = L2 . (R,) denotes the exponentially weighted L? space with the

«o,exTp «,exp
norm
> ax 2 1/2
Iz, = ([ el @)Pda)
0

Similarly, we define the corresponding weighted Sobolev spaces H} = HL(R,) and
Hti,ea:p = Hclv,e:vp(R-f— ) .

For an interval I and a Banach space X, C*(I; X') denotes the space of k-times
continuously differentiable functions on the interval I with values in X. Finally,
letters C' and c in this paper are defined as positive generic constants unless they

need to be distinguished.

2. MAIN THEOREMS

In this section, we state our main results. The first theorem is the asymptotic
stability of the superposition of the stationary solution and the rarefaction wave
under the condition (1.2).

Theorem 2.1. Suppose that u_ < 0 < uy, f'(0) =0 and (1.2) hold. Assume that

ug—uy € H' anduy € L% Let ¢(z) be the stationary solution satisfying the problem

(1.4) and Y% (z/t) be the rarefaction wave given by (1.5). Then there exists a positive

constant gy such that, if uy < gy and |Jug — ¢ — VE()||m + ||uallz2 < g0, then the

initial-boundary value problem (1.1) has a unique global solution in time u satisfying
u—uy € C°([0,00); HY), Uy, u; € L*(0, 00; L?),

and the asymptotic behavior

lim sup |u(z,t) — ¢(z) — v (z/t)| = 0. (2.1)

t—00 20

When we consider the case uy = 0, we obtain the following corollary.

Corollary 2.2. Suppose that uy =0 and (1.2) hold true. Assume that ug — ¢ € H*
and uy € L?. Let ¢(z) be the stationary solution satisfying the problem (1.4). Then
there exists a positive constant €1 such that, if ||ug — || + ||ual|z2 < €1, then the
initial-boundary value problem (1.1) has a unique global solution in time u satisfying

u_¢€ CO([O,OO),H(%), (u_(b)x?ut € L2(0>OO§L2)7
and the asymptotic behavior

lim sup |u(z,t) — ¢(z)| = 0. (2.2)



The proof of Corollary 2.2 is completely same as in Theorem 2.1 and omit-
ted here. The second purpose of this paper is to get the convergence rates of the
solution u toward the stationary wave ¢. Both theorems are concerned with the
non-degenerate case f'(0) < 0. Theorem 2.3 and 2.4 give the polynomial and the
exponential stability result, respectively.

Theorem 2.3. Suppose that u, =0, f'(0) <0 and (1.2) hold true. Let ¢(x) be the
stationary wave of the problem (1.4), and u(x,t) be the global solution to the problem
(1.1) which is constructed in Corollary 2.2. If ug — ¢ € H. and vy € L% for a > 0,
then we have

lu(t) = ¢l < CEL(1+1)" (2.3)
fort >0, where C' is a positive constant and E, = |ug — ¢|| g1 + [|u1]| 22 -

Theorem 2.4. Suppose that the same conditions as in Theorem 2.3 hold true. Then,
ifug—¢ € H-  andwu, € L2, for a >0, then we obtain

LETP a,exp

HU(t) - (bHHl < CEa,expeiﬁt

fort > 0, where B is a positive constant depending on «, C' is a positive constant
and Ey eop = ||uo — @|lmr .+ |Jur| 12

a,exp aexp

Remark.
Corollary 2.2 and Theorems 2.3, 2.4 become the extensions of the asymptotic
stability result in [7].

3. REFORMULATION OF THE PROBLEM

In this section, we make preparations for the proofs of Theorem 2.1, 2.3 and
2.4. Let ¢(x) be the stationary solution satisfying (1.4) and let ¢f(z/t) be the
rarefaction wave given by (1.5). As in the previous works, we introduce a smooth
approximation ¢ (x,t) of ¥®(x/t) and define

O(x,t) = Pp(x) + Y(x,t) (3.1)

as an approximation of our asymptotic solution ¢(z)+v(z/t). Then we reformulate
our problem (1.1) by introducing the perturbation v(z,t) by

u(z,t) = ®(x,t) + v(x,t). (3.2)

This is the standard strategy for solving our stability problem.

To complete this procedure, we first review the fundamental properties of the
stationary solution ¢(z) which satisfies (1.4). For its proof, we refer the reader to
13, 4, 7].

Lemma 3.1. Suppose that (1.2). Then the stationary problem (1.4) has a unique
smooth solution ¢(x) satisfying u— < ¢(x) <0 and ¢,(x) > 0 for x > 0. Moreover,
for the non-degenerate case f'(0) < 0, we have

05¢(@)] < Ce™™, x>0



for each nonnegative integer k. On the other hand, for the degenerate case f'(0) = 0,
we obtain

0;6()| < CUL+2)", 220
for each nonnegative integer k.

Next we introduce a smooth approximation of our rarefaction wave %(x/t).
We use the approximation due to Matsumura and Nishihara [5], which is defined by

U@, t) = (f) " (w(z,t))lszo, (3-3)

where w(x, t) is the smooth solution of the following Cauchy problem for the Burgers
equation:

w(z,0) = f'(uy)tanhz, =z €R.

We note that our approximation ¥ (z,t) in (3.3) is well-defined if f(u) is strictly
convex on [0,u.|; this is true even in the case (1.2) if u, is suitably small. Then,
by a simple calculation, we see that i (z,t) satisfies

b+ f(¥). =0, x>0, t>0,
¥(0,t) =0, t > 0.

Let vg(x) := ¥ (z,0) = (f) " H(w(z,0))|s>0. Furthermore, the approximation v (z, t)
satisfies the following properties which are proved in [5].

Lemma 3.2. Suppose that (1.2) with f'(0) = 0 and f(u) is strictly convex on [0, u,].
Then we have:

1) 0 <Y(z,t) < uy and Y (z,t) >0 forx >0 andt > 0.
2) For 1 < p < o0, there ezists a positive constant C' such that

1o ()] < Cminfuy, u}/P(1+t)"1+1/7},
[aa(@)]Lr < Cmin{us, (1+2)7'},
[aae(®)llLr < Cminfuy, (1+2)7'}.
3) ¥(z,t) is an approzimation of Y= (x/t) in the sense that
Jim sup |¢(z,1) - Pfi(z/t)] = 0.

{wt—l—wwxzo, reR, t>0,

(3.4)

We consider our approximation ®(x,t) defined by (3.1). By using (1.4) and

(3.4), we find that ®(z,t) satisfies
®(0,t) = u_, t>0. ’

where the error term A is

h:=(f(®) = f(¢) = f(¥))e + Yt — Vaa
=(f(@+9) = f1(0)de + (f'(& + ) = ['(¥)the + Y1t — Vhaa (3.6)



Also, we note that u_ < ®(x,t) < uy and P,(x,t) > 0 for x > 0 and ¢ > 0.
Moreover, using the estimates in Lemmas 3.1 and 3.2, we can estimate the error
term h in (3.5) as follows.

Lemma 3.3. For the error term h defined by (3.6), we estimate

IA(®)]|zr < Cmin{uy, o(t)(1+1)7"}
for 1 <p < oo, where o(t) =log(2+1t) forp=1and o(t) =1 for 1 <p < o0, and
C' is a positive constant independent of u .

We omit the proof and refer the readers to [3, 1].

Finally we introduce the perturbation v(x,t) by (3.2) and rewrite our original
problem (1.1) as
Vg — Vgr + 0y + {f(P+0) — f(®)},+h =0, >0, t>0,
v(0,t) =0, t>0, (3.7)
0(,0) = v9(x), 1(x,0) = vy (x), >0,
where we put vg(x) := ug(z) — Po(x) with ®o(z) := ¢(z) +1o(x) and vy (z) = u(x).
We will discuss this reformulated problem in Sections 4 and 5 to prove our main
theorems.
In order to derive the existence of the global solution in time described in The-

orem 2.1, we need the local existence theorem. For this purpose, we define the
solution space for any interval / C R, and M > 0 by

Xu(I) :={v e C%I; HY(R,)) ; vy € C°(I; L*(Ry)),
sup;e; ([lo(8) || + [Jve(t) ][ 22) < M}

For the solution space X, (I), the local existence theorem of the solution v for (3.7)
is stated as follows.

Proposition 3.4 (local existence). For any positive constant M, there exists a
positive constant toy = to(M) such that if ||vollgr + ||villre < M, then the initial
boundary value problem (3.7) has a unique solution v € Xopr([0,t0]).

We prove Proposition 3.4 by using a standard iterative method and omit the proof.

4. ASYMPTOTIC STABILITY OF NONLINEAR WAVES

The aim of this section is to prove Theorem 2.1. For this purpose, it is important
to derive the following a priori estimate of solutions v for (3.7) in the Sobolev space
H'.

Proposition 4.1 (a priori estimate). Suppose that the same assumptions as in
Theorem 2.1 hold true. Then, there exists a positive constant €5 such that if v €
X.,([0,T7]) is the solution of the problem (3.7) for some T > 0, then it holds

()l + [l (®)1I72 +/0 (loe(m) 72 + (D72 + IV @0 (n)72) dr

< C(llvollzn + oallZe + fus )

(4.1)



fort €[0,T], where C is a positive constant independent of T

Before proceeding to the proof of Proposition 4.1, we give some preparations
for a weight function. Since f”(0) > 0 and |f’(0)| < 1 by (1.2), there exist positive
constants r and v such that

f"(w)>v and |[f'(u) <1  for  |u| <7

We also assume that u_ < 0 < uy < r throughout this section. In this situation, we
choose the weight function as

w(u) = f(u)+dg(u) for u € fu_,r], (4.2)

where g(u) is defined by g(u) = —u*™ + r*™ and § and m are positive constants
determined later. For the weight function (4.2), we obtain the following lemma.

Lemma 4.2 (Hashimoto-Matsumura [1]). Suppose that f(u) satisfies (1.2). Let
w(u) be the weight function defined in (4.2). Then, for suitably small § > 0 and
suitably large integer m, there exist positive constants ¢ and C such that

c<w) <0, (f'w—fu)(u) ¢
foru e [u_,r].

For the proof, readers are referred to [1]. Furthermore, we prepare the key
lemma for the weight function (4.2) as follows.

Lemma 4.3. Suppose that the same conditions as in Lemma 4.2 hold true. Then,
for suitably small 6 > 0, we obtain the inequality

(w0 — fu') (w)? < w(u) (43)
foru e [u_,r|.
Proof. By the definition of w, we rewrite (4.3) as
{9 = 1))} < {(f +09)(w)} (44)

Thus, the inequality (4.4) is enough to derive the inequality (4.3). In order to get
the inequality (4.4), we divide the interval [u_,r] into [u_,—r] and [—r,r]. We first
consider the interval [—r,r]. By the condition |f'(u)] < 1 and (fg)(u) > 0 for
u € [—r,r], we choose ¢ suitably small, obtaining

{(f +0g)(w)}* =82 {(f'g — fg)(u)}*
= 62g(u)*(1 = f'(w)?) + f(w)*(1 = 6% (w)?) +26(fg)(u) (1 + 6(f'¢')(u))
> 3%(u)* (1= f'(u)?) + f)*{1 = 0% max |g'(w)|?)

+20(fg)(w){1 -6 max |fg(u)]}

>0 for wel—rrl.



Next, we consider the interval [u_, —r]. Taking ¢ sufficiently small, we have

(f+0g)(u) > min f(u)—0 max |g(u)|2l min  f(u)

u€lu_,—r] u€u_,—r] 2 uefu_,—r]

for u € [u_, —r]. Therefore, using the inequality

*{(f'g — f9')(u }<52?MX|Ub—fdMMF

ue|u— T'

and choosing ¢ suitably small such that

6 max |[(f'g— fg')(u)| <

min _ f(u),
u€u_,—r]

u€u_,—r]

N | —

we obtain the desired inequality (4.4) for w € [u_, —r] and complete the proof. O

Using Lemmas 4.2 and 4.3, and the technical weighted energy method given by
[1], we prove Proposition 4.1.

Proof of Proposition 4.1. We introduce a new unknown function v as
v(z,t) = w(®(z, t))o(z, t), (4.5)

where w is the weight function defined by (4.2). Substituting (4.5) into the equation
of (3.7), we obtain

(w(®)0),, — (w(®)v)_ + (w(®)2), + {f(®+w(®)0) — f(®)} +h=0. (4.6)
Multiplying (4.6) by 0, we get

2

{%(w ) (@) + w(@)ﬁt@} — w(@)F2 + (@) + = (wyg — Wap + ) (B)D

t 2

v

(4.7)
where we define F as
f:—;mwv?ww®mf+ﬁ@+w@> v—/f¢+w — f(®)dn.

By using the equation (3.5) and the condition ®, = f(®) + O(|¢)| + |1,|), we find
that

(Wit — Wy + w0,) (P) = W' (P)(Pyy — Do + By) + 0" () (D] — D7)
= w'(®)(h — f(®),) +w"()(PF — D7)
= —{w"(2)0; + (f'w)(P)} s + ()P} +w'(P)h
= —(fu" + fu)(@)2s + O(|¢| + [u]) s + O(|B] + []*).



Moreover, by the straightforward calculation, we have

o, / (@ 4 w(@)n) — f(@)dy+ P, / (@ + w(@)n)a! ()

. (4.9)
= 5 ("0 + fw')(@) &% + O(|0]) @, 0%,
Therefore substituting (4.8) and (4.9) into the equality (4.7), we obtain
1
{G0@ 4 w@)d + 0w} +w(@)i + 57" = fu @Rt
—w(®)0; + F, = —0h + O([0] + [¢] + I%D% +O([h] + [¢ha]*)0"
Next, we multiply (4.6) by 27, obtaining
G+ 2w(®)0] + H — (2w(®)0,0,) , = —204h, (4.11)

where G and H are defined by
G = w(®)0; +w(®)0: + (we(P)D?), + (Wi — Wep + wy)(P)D?
128, / F(® + w(@)n) — F()dn + 20, / F1(® + w(@)n)w (@)ndn,

H = 3wy ()0} — wi(P)TF — (Wi — Wag + we)e(P)0?
- 2{f’ (® 4+ w(P)0)w(P) — w,(P) } 40,

—2@/{]“ (® 4+ w(® }dn—2<1>/{f (@ + w(®)n)w'(®)n},dn.

Applying the relations (4.8) and (4.9), we rewrite G as
G = w(®)T; +w(P)T; + (ws(2)17)s + (fw — fu")(®)2,7”

4.12
+ O]+ [6] + 48,5 + O]+ f2)5? )
On the other hand, making use of the equality
f(@+w(@)t)w(®) — we(P) = (f'w — fu')(®) + O(0] + [¢] + [¢a]),
we have
_ — / ~ ~ ~ ~12
H = 2(f'w — fu) (@)t + O(7] + 4] + [0ul) it + O(o) iy

+ O([0a ) (07 + 02) + O([a]? + [Waal + [0a]® + [02thee| + |wm\>

Summing up (4.10) and (4.11), and substituting (4.12) and (4.13) into the re-
sultant equation, we obtain

(E+Ri),+ D+ F, = Ry + Ry — (0 + 2,)h, (4.14)



where E, D, F, Ry and R, are defined by

E = w(®) (%@2 + 0F + 02 + @@t) + (f"w — fw") (@)D, 07,
D = w(@)(i2 +5) + 2w — fu ) @)ide + 5 (F'w — ful) (@),
F= —%w(@)xGZ — w(®) (00, + 20,0,)

+ (f(@ + w(P)d) v—/f (® + w(®)n) — f(D)dn,
= O([o] + || + |a])®20% + O(|h| + |1ha]*)0%,
= O(|0] + |¥] + [a])0es + O[] ) (37 + T2)

+ O(|thue] + [Val” + [$xthre] + [Vaaa])0*
Therefore, integrating the equation (4.14) over R, we get the energy equality

d oo oo 00
0 0 0

Here, calculating the discriminants and using Lemmas 4.2 and 4.3, we have the
condition

/dew||(17,77x,6t,\/®x6)||%2, /ﬁdx~||(f;z,f;t,\/(1>zﬁ)||ig. (4.16)
0 0

We next consider the remainder terms. We first estimate the third term on the right
hand side of (4.15). Using Lemma 3.3 and the Sobolev and Young inequalities, we
obtain

/|(27—|—217t)h|d:6§/ |z7h|dm+2/ b da
0

< CIallA Nl Nl + 218132 + Ce|[Rl3
< e(l[5al22 + 1anllZe) + C(IBIPRIRIY2 + [hl122) (4.17)
< (I8, 12: + [7]122)

O s YO0+ £ /5 10g8T(2 4 £) + Jus |21+ £)79/2)

for any ¢ > 0, where C. is a positive constant depending on . By Lemmas 3.1, 3.2
and 3.3, and the same computation as in (4.17), we estimate R; and R; as

/ |Rl|dxsc/ (161 + [] + [t2]) @, 2 dxw/ (1] + [6a]2)7? de
0 0 0
< O (9]l + iy [) | V/E28122 + 13l 22

< C([10] oo+ us ) [V 20|72 + |0 |72
+ Col|9]| 22 Jug O (1 + £) 70 1og™ (2 + ) + [uy [F(1 + 1) 72}

[hllx + lalf32) (4.18)

10



and
/ IRyl dxsc/ CER R dxw/ (32 + ) de
0 0 0
e / (el + [l + [stbma] + |thana]) 5 d
0

~ ~ ~ ~113/2)~ 11/2
< C(I8lle + s ) (1372 + 15172) + CITITNTll " (1wl 2 + sl 2)

+ Cllofl 2 19 22 (1192178 + 190l oo [0 [ 1)
< ([l + us]) (10172 + 192[172) + elloa17:
~ 4/3 4/3

< C(II6llzoe +us ) (1Tell 2 + 1921 22) + €l|Tz]|72
ot CellolfZa {us VP (14 8) 770+ fusy P+ )77+ Jus (14 8)72)
(4.19)
for any € > 0, where C. is a positive constant depending on €. Therefore, integrating

(4.15) over (0,t), substituting (4.17), (4.18) and (4.19) into the resultant equality
and taking € and supy<;<p [|[v(¢)| g1 + |uy| sufficiently small, we obtain

t
1917 + (1722 +/0 19alZ2 + 15122 + |1V @c0l|Z2dr < C(|0lIF + 1917 + [us[°).

Finally, by the positivity of w in Lemma 4.8 and the simple relations v, =
w0 + wv, and v; = w0 + wy, we find that ||v||z2 ~ ||7]||z2 and

[v2llz2 < CUIV @l 22 + 102 22), 0222 < CUIV Pavllz2 + [lvall22),
o[> < CUIV @2tz + |0l z2),  [[ocll2 < CUIV @avllze + vl 22)-

Thus, by using the above inequalities, we have the desired estimate (4.1) and com-
plete the proof of Proposition 4.1. O

Proof of Theorem 2.1. The global existence of solutions to the initial-boundary
value problem (1.1) can be proved by the continuation argument based on a local
existence result in Proposition 3.4 combined with the corresponding a priori estimate
in Proposition 4.1. We omit the details and refer the readers to [1, 7]. O

5. CONVERGENCE RATES OF STATIONARY SOLUTIONS

In this section, we prove Theorems 2.3 and 2.4. The main idea of the proofs
are due to Ueda [7]. We use the space-time weighted energy method introduced in
Kawashima-Matsumura [2]. Before stating the proofs, we give a preparation. The
following lemma is concerning the inequality of the nonlinear term f and the weight
function w.

Lemma 5.1. Suppose that f(u) satisfies (1.2) and f'(0) < 0. Let w(u) be the weight
function defined by (4.2). Then, for suitably large integer m, there exists a positive

11



constant ¢ such that
(fw' = frw)(u) = ¢ (5.1)
foru e [u_,0].
Proof. By the definition of weight function w, we have
(fw' = flw)(u) = 0(fg" = f'g)(u).

In order to derive the desired inequality, we decompose the interval [u_,0] into
[u_,—r], [=r,—r/2] and [—r/2,0]. We first consider the case [u_,—r|. For u €
[u_, —r], we have

(fg' = f'9)(u) = —{2mu" =" f(u) + f'(u)(—u®™ +1™)}
= —2mu2m_1{f/(u)( -1+ 2 m> % + f(u)

Here, we note that |r/u| <1 and f(u) > ¢, |f'(u)] < C for u € [u_, —r], where ¢y
and C' are positive constants. Thus we can choose m sufficiently large such that

(5.2)
}.

"(u) (-1 ‘f — > 2 :
Fay (=145 5+ fw > 5 (53)
Therefore, (5.2) and (5.3) imply the following inequality
(fg' = ['g)(u) = comr®™=* > 0. (5.4)

For the case u € [—r,—r/2], since f > 0,4 > 0 and f' < 0 < g, it immediately
holds

(fg' = f'g)(w) = (fg')(u) = (f9')(=r/2) > 0. (5.5)

Finally, for the case u € [—r/2,0], since f > 0,¢' > 0 and f' <0 < g, we get
(g = F9)w) = (Fo)w) = _min [('g)(w)] > 0. (5.6
Thus combining (5.4), (5.5) and (5.6), we obtain the desired estimate (5.1). O

Proof of Theorem 2.3. When we consider the case uy = 0, the solution of (1.1)
converges to the stationary solution ¢. In this case, applying the weighted energy
method, we obtain the equation (4.14) with ¢» = 0. More precisely, we get the
following differential equality.

(E+Ri),+ D+ F, =R+ Ry, (5.7)
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where E, D, F, Ry and R, are defined by
E=uw(9) (%zﬂ T2 00 ) + (fw — f0)(6)9aT
D = w(@)(F2+ )+ 2w = Fu)@)ia + ("0 — Fu) ()67
F = —2w(0),” — w(0)(T0, +20i,)
(106wl 567~ [ 70+ v6) ~ (o,
= O(E)e®,  Ro=O(])od,.

Here, we note that the perturbation v is defined by v = u — ¢ and v is defined by
v = w(gb)v Applying Lemma 5.1 to F, we calculate F as

S = F0)(@) + (@) + 200) + O(1of)

> 0 — C(0] + 7)) + O(|o]),

~F

(5.8)

where ¢ and C' are positive constants.
Let v and g be any positive constants satisfying 0 < v, 5 < a. We multiply the
equality (5.7) by (14 ¢)7(1+ )%, obtaining
{(A+)A+2)’(E+R)}—yA+) 1 +2)?(E+ R)+ (1 + )" (1 +2)°D
+{1+)1+2)°F}, — A+t A+ 2) ' F=(1+t)(1 +2)° (R, + Ry).
(5.9)

Substituting (5.8) into (5.9), integrating the resultant inequality over R, x (0,¢) and
taking supg<,<7 [|v(t)|| L sufficiently small, we have

(14 70,550l + | (41710500 VBN + B )

0
t t
< O +9C [ (1477550, 52) () By dr + 80 (1+ 7 82} (I

for an arbitrary v and 8 with 0 <+, § < «a, where C' is a constant independent of
~ and (. For the above estimate, applying the induction argument, we can obtain
the desired estimate (2.3) in Theorem 2.3. For the details, we refer the readers to
6,7. O

Finally, we prove Theorem 2.4 by using the space-time weighted energy method.
Proof of Theorem 2.4. Let a, 8 > 0. Multiplying (5.7) by e’’e®*, we obtain

{P'e™™(E + Ry} — Be’e™™(E + Ry) + e”'e* D

_ _ _ _ 5.10
+ {eﬁteaxF}x — aelte™ F = eﬂtew(Rl + Ry). ( )
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Substituting (5.8) into (5.10), integrating the resultant inequality over Ry x (0, 1)
and taking supg<,<p [[v(t)[[z sufficiently small, we get
t

t
(B, 5 DI+ / (@, 5) (2 dr +a / 072 dr

a,exp a,exp

t t
< CER oyt 8C [ DIy dr + (0 O [ N8I
0 ’ 0

a,ex

where Cy, C; and C' are positive constants independent of o and . Taking o > 0
and 8 > 0 suitably small such that fCy < « and (o + 8)C; < 1, we obtain the
desired estimate in Theorem 2.4 and complete the proof. O
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