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Abstract We consider the rth-order Reed-Muller codes ZqRM(r,m) of length 2m over
Galois rings of characteristic q = 2n with extension degree m. This code has similar
properties as a Reed-Muller code over a finite field. The Lee weight of the codeword
of ZqRM(r,m) is expressed by cosine functions and qth roots of unity. We determine
the minimum Lee weight of ZqRM(1,m), that is 2m. Let ZqRM(1,m)− be a shortened
1st-order Reed-Muller code. We show that the cyclic group generated by a shift map-
ping of codewords fixes 2Z q

2
RM(1,m)− and acts on the cosets of ZqRM(1,m)− modulo

2Z q
2
RM(1,m)− transitively except for 2Z q

2
RM(1,m)−. It follows that the Lee weight

distribution of ZqRM(1,m)− can be obtained from the Lee weight distributions of the
cosets of ZqRM(1,m)− modulo 2Z q

2
RM(1,m)−.
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1 Introduction

In 1994, Hammons et al. showed that the well-known binary codes, Kerdock, Preparata
and Nordstrom-Robinson codes can be obtained as binary images of linear codes over
Galois rings of characteristic 4 under the Gray map [3]. They also showed that the Ker-
dock codes over Galois rings of characteristic 4 are the dual codes of the Preparata codes
over the same rings.

This led us to the active study of combinatorial topics over Galois rings. Borges
et al. defined the quaternary Reed-Muller code and showed that this code has similar
properties as a Reed-Muller code over a finite field [1]. They showed that a Reed-Muller
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code over a finite field is embedded in the ideal-part of this code. Recently Bhaintwal
and Wasan [2] treated the generalized Reed-Muller codes over Zpn for a prime power pn.
They determined the minimum Hamming distance of the codes and characterized their
properties.

In this paper, we restrict the characteristic q to a power of 2 and discuss the prop-
erties of Reed-Muller codes ZqRM(r,m) over these Galois rings. We give express the
Lee weight of the codeword of ZqRM(r,m) in terms of cosine functions and qth roots
of unity. We determine the minimum Lee weight of the 1st-order Reed-Muller code
ZqRM(1,m) over this ring, which was not given in Bhaintwal and Wasan’s paper [2]. Let
ZqRM(1,m)− be a shortened 1st-order Reed-Muller code. We show that the cyclic group
generated by the cyclic shift mapping of codewords fixes 2Z q

2
RM(1,m)− and acts on the

cosets of ZqRM(1,m)− modulo 2Z q
2
RM(1,m)− transitively except for 2Z q

2
RM(1,m)−. It

follows that the Lee weight distribution of the shortened Reed-Muller code ZqRM(1,m)−

can be obtained from the Lee weight distributions of the cosets of ZqRM(1,m)− modulo
2Z q

2
RM(1,m)−.

2 Galois Rings GR(2n,m)

We let q = 2n,q′ = q/2,Zq = ZZZ/qZZZ and denote a finite field with 2m elements by F2m .
Let h2(x) be a primitive polynomial of degree m over F2. If a monic irreducible

polynomial hq(x) ∈ Zq[x] satisfies h2(x) ≡ hq(x) (mod 2) and divides x2m−1 − 1, then it
is called a primitive basic polynomial of degree m over Zq. Let ξq be a root of hq(x)
of degree m such that ξ N

q = 1, where N = 2m −1. Then the residue ring Zq[x]/(hq(x)) is
called a Galois ring of characteristic q with extension degree m and is written as GR(q,m).
We see Zq(ξq) ∼= GR(q,m). If it doesn’t depend on an extension degree, then we put
Rq = GR(q,m) for convenience sake.

Every ideal of Rq is given by pl
q = 2lRq, where 1 ≤ l ≤ n−1. The maximal ideal of

Rq is pq = 2Rq and Rq/pq ∼= F2m .
Every element c ∈ Rq has a unique 2-adic representation c = ∑n−1

j=0 2 ja j, where a j ∈
{0,1,ξq,ξ 2

q , . . . ,ξ N−1
q }, 0 ≤ j ≤ n− 1. The automorphism Fq of Rq defined by cFq =

∑n−1
j=0 2 ja2

j is called the Frobenius automorphism. The trace Tq(c) of c ∈ Rq is defined by

Tq(c) = ∑m−1
j=0 cF j

q .

3 Codes over Zq

If C is a Zq-submodule of ZN
q , then we call C a linear code of length N over Zq. We define

the Hadamard product aaa ∗ bbb in the usual way. We also define the Hamming weight,
Hamming distance and the minimum Hamming weight in the same way of a finite field.
The Lee weight of a vector xxx ∈ ZN

q is defined by wL(xxx) = ∑N
i=1 min{xi,q− xi} in ZZZ, the
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ring of rational integers, and the Lee distance of vectors xxx and yyy is given by dL(xxx,yyy) =
wL(xxx− yyy). We define the minimum Lee distance of C to be the minimum Lee distance
between distinct codewords. The minimum Lee distance is equal to the minimum Lee
weight of the code C.

4 Reed-Muller Codes

4.1 Reed-Muller Codes over Galois Rings GR(2n,m)

In [2], Bhaintwal and Wasan treated the Reed-Muller codes over a finite field and that
over Galois rings of characteristic pn, where pn is any prime powers and any extension
degree. They determined the minimum Hamming weight and gave some properties. In
this paper, we restrict the characteristic to a power of 2 and discuss the properties of
Reed-Muller codes over these rings.

Definition. Let ξq be a root of a primitive basic polynomial hq(x) of degree m. Let us
consider the following (m+1)× (N +1) matrix:

(
1 1 1 1 · · · 1
0 1 ξq ξ 2

q · · · ξ N−1
q

)
=


1 1 1 · · · 1 1 1 · · · 1
0 1 0 · · · 0 b1m b1m+1 · · · b1N−1
0 0 1 0 b2m b2m+1 · · · b2N−1
...

...
. . .

...
...

...
0 0 0 1 bmm bmm+1 · · · bmN−1



=


111
ggg111
ggg222
...

gggmmm

 ,

where ξ j
q in the second row is replaced by the m-tuple (b1 j,b2 j, . . . ,bm j) ∈ Zm

q given by
ξ j

q = b1 j + b2 jξq + · · ·+ bm jξ m−1
q , 0 ≤ j ≤ N −1. We put ggg0

jjj = 111 (1 ≤ j ≤ m), where 111
is the vector whose entries are all 1. Then, rth-order Reed-Muller code ZqRM(r,m) (0 ≤
r ≤ m) of length N +1 over Rq is the code generated by the (N +1)-tuples of the form

gggi1
111 ∗gggi2

222 ∗ · · · ∗gggim
mmm ,

where i j = 0,1 (1 ≤ j ≤ m), ∑m
j=1 i j ≤ r. In particular, Z2RM(r,m) is a Reed-Muller code

RM(r,m) of a finite field and Z4RM(r,m) is a quaternary Reed-Muller code QRM(r,m).
We also see that ZqRM(0,m) = {ε111 | ε ∈ Zq} and ZqRM(m,m) = Z2m

q .

If hq(x) ∈ Zq[x] is a primitive basic polynomial of degree m and d is a divisor of q,
then hq(x) ∈ Zd[x] (mod dRq) is a primitive basic polynomial of degree m. Let α be the
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natural homomorphism from Rq to Rq/pq. Then, we have

α
(

ZqRM(r,m)
)

= RM(r,m).

We define the map τ : Rq → R q
2

as τ(c) ≡ c (mod q
2Rq) for c ∈ Rq. Then we obtain

τ
(

ZqRM(r,m)
)

= Z q
2
RM(r,m).

We notice that the commutative relationship between trace functions and the maps α or
τ holds.

For the preparation, we give the Lee weight distribution of Z4RM(1,m) which was
given in [1] and [3].

The case m ≥ 3 odd; The case m ≥ 2 even;

Lee weight number of codewords
0 1

2m −2
m−1

2 2m+1(2m −1)
2m 2m+2 −2

2m +2
m−1

2 2m+1(2m −1)
2m+1 1

Lee weight number of codewords
0 1

2m −2
m
2 2m(2m −1)

2m 2m+1(2m +1)−2
2m +2

m
2 2m(2m −1)

2m+1 1

ZqRM(r,m) has the following properties similar to RM(r,m) and QRM(r,m).

Theorem 1 ([1], [2], [3]). (1) The number of codewords of ZqRM(r,m) is qk, where

k =
r

∑
s=0

(
m
s

)
.

(2) ZqRM(r,m) is contained in ZqRM(r +1,m) for 0 ≤ r < m.

(3) The minimum Hamming weight of ZqRM(r,m) is 2m−r.

4.2 The Lee Weight wL(ccc) of the Codeword

The entry of the codeword of ZqRM(r,m) is given by using a trace function Tq.

Lemma 1. Let 1 ≤ i1 < i2 < · · ·< is ≤ m (1 ≤ s ≤ r). We put ξ ∞
q = 0. For gggiβ , 1 ≤ β ≤ s,

there exists a unique element µiβ ∈ Rq such that

gggiβ = (Tq(µiβ ξ ∞
q ),Tq(µiβ ),Tq(µiβ ξq),Tq(µiβ ξ 2

q ), . . . ,Tq(µiβ ξ N−1
q )).

Then, for t ∈ {∞,0,1, . . . ,N −1}, the tth entry, say gt , of gggi1 ∗ · · · ∗gggis is given as

gt =
m−1

∑
l2=0

· · ·
m−1

∑
ls=0

Tq(µi1 µi2
2l2 · · ·µis

2ls ξ (1+2l2+···+2ls )t
q ).
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Hence the tth entry, say ct , of each codeword of ZqRM(r,m) is represented as

ct = Tq(λtξ t
q)+ ε

for some unique element λt of Rq and ε ∈ Zq.

Proof. We can prove the theorem similarly to the proof of Theorem 11 in [3].

We notice that there exists a unique element µi ∈ Rq such that

gggiii = (0, . . . ,0,
i

^
1 ,0, . . . ,0,bim, . . . ,biN−1)

= (Tq(µiξ ∞
q ),Tq(µi),Tq(µiξq), . . . ,Tq(µiξ N−1

q )).

Denote the number of entries of the vector xxx that are equal to d by s(d) and let ζq be
a primitive qth root of unity. Then we have

s(d) = ∑
xi∈xxx

1
q

q−1

∑
t=0

ζ t(xi−d)
q .

Lemma 2 gives a formula which is used in Theorem 2.

Lemma 2. Assume q ≥ 8. Then the following equality holds.

q′ +

q′
2 −1

∑
w=1

2(q′−2w)cos
wπt
q′

= q′
n−2

∏
j=1

(cos(
πt

2 j+1 )+1).

Proof. We prove the lemma by induction on q. It is easily verified that the equality holds
for q = 8. From the induction hypothesis,

q
n−1

∏
j=1

(cos(
πt

2 j+1 )+1)

= 2(cos
πt
q

+1)
{

q′ +

q′
2 −1

∑
w=1

2(q′−2w)cos
wπt
q′

}

= q(cos
πt
q

+1)+

q′
2 −1

∑
w=1

4(q′−2w)
(

cos
wπt
q′

+ cos
wπt
q′

cos
πt
q

)

= q(cos
πt
q

+1)+

q′
2 −1

∑
w=1

2(q′−2w)
(

2cos
2wπt

q
+ cos

(2w−1)πt
q

+ cos
(2w+1)πt

q

)
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= q+2(q−2)cos
πt
q

+

q′
2 −1

∑
w=1

2(q−4w)cos
2wπt

q

+

q′
2 −2

∑
w=1

2(q−4w−2)cos
(2w+1)πt

q
+4cos

(q′−1)πt
q

= q+
q′−1

∑
w=1

2(q−2w)cos
wπt

q
.

We express the Lee weight of the codeword of ZqRM(r,m) in terms of cosine functions
and qth roots of unity.

Theorem 2. Assume that q ≥ 8. The Lee weight of a codeword ccc of ZqRM(r,m) is

wL(ccc) = q2m−2 − 1
2 ∑

t:odd
0≤t≤q−1

n−2

∏
j=1

(cos(
πt

2 j+1 )+1) ∑
ci∈ccc

ζ tci
q ,

where ci = Tq(µiξ i
q)+ ε in Lemma 1.

Proof. From ζ at
q +ζ (q−a)t

q = 2cosπt cos
(q−2a)πt

q
and

q′

∑
j=1

ζ−2 jl
q = 0,

wL(ccc) = ∑
ci∈ccc

{ q′

∑
j=1

j
q

q−1

∑
t=0

ζ t(ci− j)
q +

q−1

∑
j=q′+1

q− j
q

q−1

∑
t=0

ζ t(ci− j)
q

}
=

1
q ∑

ci∈ccc

{
q′2 + ∑

t:odd
0≤t≤q−1

ζ tci
q

(
ζ−t

q +2ζ−2t
q + · · ·+q′ζ−q′t

q

+(q′−1)ζ−(q′+1)t
q + · · ·+ζ−(q−1)t

q

)}
+

1
q ∑

ci∈ccc

q′−1

∑
l=1

ζ 2lci
q

(
ζ−2l

q +2ζ−4l
q + · · ·+q′ζ−ql

q +(q′−1)ζ−(q+2)l
q + · · ·+ζ−2(q−1)l

q

)
=

1
q ∑

ci∈ccc

{
q′2 + ∑

t:odd
0≤t≤q−1

ζ tci
q

(
q′ cosπt +

q′−1

∑
j=1

2 j cosπt cos
(q−2 j)πt

q

)}

+
1
q ∑

ci∈ccc

q′−1

∑
l=1

ζ 2lci
q

(
ζ−2l

q +2ζ−4l
q + · · ·+q′ζ−ql

q +(q′−1)ζ−2l
q + · · ·+ζ−(q−2)l

q

)
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=
1
q ∑

ci∈ccc

{
q′2 − ∑

t:odd
0≤t≤q−1

ζ tci
q

(
q′ +

q′−1

∑
j=1

2 j cos
(q′− j)πt

q′

)}

+
1
q ∑

ci∈ccc

q′−1

∑
l=1

ζ 2lci
q q′(ζ−2l

q +ζ−4l
q + · · ·+ζ−ql

q )

=
1
q ∑

ci∈ccc
q′2 − 1

q ∑
t:odd

0≤t≤q−1

(
q′ +

q′−1

∑
j=1

2 j cos
(q′− j)πt

q′

)
∑
ci∈ccc

ζ tci
q

=q′2m−1 − 1
q ∑

t:odd
0≤t≤q−1

(
q′ +

q′
2 −1

∑
w=1

2(q′−2w)cos
wπt
q′

)
∑
ci∈ccc

ζ tci
q .

From Lemma 2, we obtain

wL(ccc) = q2m−2 − 1
2 ∑

t:odd
0≤t≤q−1

n−2

∏
j=1

(cos(
πt

2 j+1 )+1) ∑
ci∈ccc

ζ tci
q .

4.3 An Embedding System of ZqRM(r,m)

We will show that if q≥ 8, then Z q
2
RM(r,m) is embedded in the ideal part ZqRM(r,m)∩pq

of ZqRM(r,m).

Theorem 3. The code ZqRM(r,m) has the following partition.

ZqRM(r,m) =
∪

e0,e1,...,ek−1∈Z2

(
2Zq′RM(r,m)+

(
e0111+ e1ggg111 + · · ·+ emgggmmm

+ em+1ggg111 ∗ggg222 + · · ·+ ek−1gggm−r+1 ∗gggm−r+2 ∗ · · · ∗gggmmm
))

,

where k =
r

∑
s=0

(
m
s

)
.

Proof. First we prove that the subsets 2Zq′RM(r,m) + e0111 + e1ggg111 + · · ·+ ek−1gggm−r+1 ∗
gggm−r+2 ∗ · · · ∗gggmmm are disjoint. We denote the (N +1)-tuples of the form gggi1

111 ∗gggi2
222 ∗ · · · ∗gggim

mmm

by rrriii (1 ≤ i ≤ k−1), where i j = 0, 1 (1 ≤ j ≤ m). Assume that

2xxx+a0111+a1rrr111 + · · ·+ak−1rrrk−1 = 2yyy+b0111+b1rrr111 + · · ·+bk−1rrrk−1,

where xxx,yyy ∈ Zq′RM(r,m). Thus,

2(xxx− yyy) = (b0 −a0)111+(b1 −a1)rrr111 + · · ·+(bk−1 −ak−1)rrrk−1,
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and applying the map α ,

000 = (b0 −a0)111+(b1 −a1)α(rrr111)+ · · ·+(bk−1 −ak−1)α(rrrk−1).

Since 111 and α(rrr111),α(rrr222), . . . ,α(rrrk−1) are basis vectors of RM(r,m), then ai = bi, 0 ≤
i ≤ k−1. Therefore, the cosets are disjoint.

We put ggg000 = 111. From now on, we will show that

ZqRM(r,m) ⊆
∪

e0,e1,...,ek−1∈Z2

(
2Zq′RM(r,m)+

(
e0111+ e1ggg111 + · · ·+ emgggmmm

+ em+1ggg111 ∗ggg222 + · · ·+ ek−1gggm−r+1 ∗gggm−r+2 ∗ · · · ∗gggmmm
))

.

First, we consider the case r = 1. We put

C1 =

{
2xxx111 +

m

∑
i=0

digggiii | 2xxx111 ∈ 2Zq′RM(1,m),di ∈ Z2

}
.

If we put ai = 2δi + νi ∈ Zq,δi ∈ Zq′ ,νi ∈ Z2, then
m

∑
i=0

aigggiii =
m

∑
i=0

(2δi + νi)gggiii ∈ C1, that

is, ZqRM(1,m) ⊆ C1. Since
∣∣C1

∣∣ =
∣∣∣ZqRM(1,m)

∣∣∣= qm+1 from Theorem 1, we obtain
ZqRM(1,m) = C1.

Next, we assume r = 2. We put

C2 =

{
2xxx222 +

m

∑
i=0

digggiii + ∑
1≤i< j≤m

ei jgggiii ∗ggg jjj | 2xxx222 ∈ 2Zq′RM(2,m),di,ei j ∈ Z2

}
.

If we put bi j = 2δi j +νi j,δi j ∈ Zq′ ,νi j ∈ Z2, then 2δi jgggiii ∗ggg jjj ∈ 2Zq′RM(2,m), νi jgggiii ∗ggg jjj ∈
C2, and

∑
1≤i< j≤m

bi jgggiii ∗ggg jjj = ∑
1≤i< j≤m

(2δi j +νi j)gggiii ∗ggg jjj ∈C2,

so that
m

∑
i=0

aigggiii + ∑
1≤i< j≤m

bi jgggiii ∗ggg jjj ∈C2. It yields ZqRM(2,m) ⊆C2.

From Theorem 1,
∣∣C2

∣∣ = qk and
∣∣∣ZqRM(2,m)

∣∣∣= qk, where k = ∑2
s=0

(
m
s

)
. There-

fore ZqRM(2,m) = C2.

It can be proved in a similar way for the case r ≥ 3.

The above theorem implies that Z q
2
RM(r,m) is embedded in the ideal-part of ZqRM(r,m).
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4.4 Minimum Lee Weight of ZqRM(1,m)

It is easily verified that w(q)
L (τ(ccc)) ≤ w(2q)

L (ccc) where w(q)
L (τ(ccc)) and w(2q)

L (ccc) are the Lee
weights of the codewords of τ(ccc) of ZqRM(r,m) and ccc of Z2qRM(r,m) respectively.

Theorem 4. Suppose that q ≥ 8,m ≥ 3 and (q,m) 6= (8,3). The minimum Lee weight of
ZqRM(1,m) is 2m and 111,−111 are the codewords with minimum Lee weight. For the case
(q,m) = (8,3), the minimum Lee weight is 6.

Proof. It is sufficient to prove the minimum Lee weight of Z8RM(1,m) is 2m. We put
C = Z8RM(1,m). The Lee weight of every codeword ccc ∈C is written as

wL(ccc) = n1 +n7 +2(n2 +n6)+3(n3 +n5)+4n4,

where ni is the number of entries of the codeword ccc that are equal to i for 0 ≤ i < 8.
We assume that wL(ccc) < 2m for every ccc ∈ C,ccc 6= ε111,ε ∈ Zq. Since the minimum

Hamming weight of RM(1,m) is 2m−1, 2m > wL(ccc) ≥ 2(n2 + n6 + n4)+ n1 + n7 + n3 +
n5 = 3 ·2m−1 −2n0. Thus

n0 > 2m−2. (4.1)

We put a = n0 − n4,b = n1 − n5,c = n2 − n6,d = n3 − n7. By (4.1), we have a =
n0 − n4 > 0. Let ζ be a primitive 8th root of unity. From the theorem by Kumar et al.
[4, Theorem 1], we obtain ∣∣∣a+bζ + cζ 2 +dζ 3

∣∣∣< 3
√

2m.

We substitute ζ =
√

2
2 (1+

√
−1) to the above inequality.

a+bζ + cζ 2 +dζ 3 = (a+
√

2
2

b−
√

2
2

d)+
√
−1(c+

√
2

2
b+

√
2

2
d).

Therefore∣∣∣a +bζ + cζ 2 +dζ 3
∣∣∣2

= (a+
√

2
2

b−
√

2
2

d)2 +(c+
√

2
2

b+
√

2
2

d)2

=
√

2
2

(a+b+ c+d)2 +(1−
√

2
2

)(a2 +b2 + c2 +d2)−
√

2(a(2d + c)+bd) (4.2)

< 9 ·2m.

We assume that m is odd. By the table in Subsection 4.1, we have

n0 +n4 = 2m−2 + 2
m−3

2 , n2 +n6 = 2m−2 − 2
m−3

2 ,

n1 +n5 = 2m−2 +δ2
m−3

2 , n3 +n7 = 2m−2 −δ2
m−3

2 ,
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where δ = ±1. Then it follows

2m > wL(ccc) ≥ n1 +n7 +3(n3 +n5)+2(n2 +n6)

= 3 ·2m−1 −2(n1 +n7)+2(2m−2 −2
m−3

2 )

= 2m+1 −2
m−1

2 −2(n1 +n7).

Therefore n1 +n7 > 2m−1 −2
m−3

2 .
Since wL(ccc) = wL(−ccc) for ccc ∈C, we may assume n1 > n7 without loss of generality.

Since 2n1 > n1 +n7 > 2m−1 −2
m−3

2 ,

n1 > 2m−2 −2
m−5

2 , (4.3)

and
n3 +n5 = 2m−1 − (n1 +n7) < 2m−1 − (2m−1 −2

m−3
2 ) = 2

m−3
2 .

Then n1 > 2m−2−2
m−5

2 > 2
m−3

2 > n3 +n5 ≥ n5, so that b > 0. Furthermore from n1 +n7 >

2m−1 −2
m−3

2 and 2m−2 −2
m−5

2 < n1 ≤ 2m−2 +2
m−3

2 ,

n7 > 2m−2 −2
m−1

2 . (4.4)

For m > 3, we have n7 > 2m−2 −2
m−1

2 > 2
m−3

2 > n3 +n5 ≥ n3, so that d < 0 and bd < 0.
Thus

d <2
m−3

2 − (2m−2 −2
m−1

2 ) = −2m−2 +2
m−3

2 +2
m−1

2 ,

c ≤2m−2 −2
m−3

2 .

Then we have
2d + c < 2(−2m−2 +2

m−3
2 +2

m−1
2 )+2m−2 −2

m−3
2

= −2m−2 +2
m−3

2 +2
m+1

2 .

Furthermore we assume m ≥ 7, then 2d + c < 0. We see the last term −
√

2(a(2d +
c) + bd) > 0 of the equality (4.2). Also we see δ = 1 as n5 = 2m−2 + δ2

m−3
2 − n1 <

δ2
m−3

2 +2
m−5

2 from (4.3).
Consequently from (1−

√
2

2 )(a2 +b2 + c2 +d2) > 1
4(a2 +b2 + c2 +d2), we obtain

1
4
(a2 +b2 + c2 +d2) <

∣∣∣a+bζ + cζ 2 +dζ 3
∣∣∣2

< 9 ·2m.

On the other hand,

a2 +b2 + c2 +d2 = (n0 +n4)2 +(n1 +n5)2

+(n2 +n6)2 +(n3 +n7)2 −4(n0n4 +n1n5 +n2n6 +n3n7)

= 4(22m−4 +2m−3)−4(n0n4 +n1n5 +n2n6 +n3n7).



S. Kawasaki and M. Yamada 11

Thus it follows

1
4
(a2 +b2 + c2 +d2) = 22m−4 +2m−3 − (n0n4 +n1n5 +n2n6 +n3n7) < 9 ·2m.

Therefore we obtain

22m−4 −71 ·2m−3 < n0n4 +n1n5 +n2n6 +n3n7.

From (4.1), we have n0n4 = n0(2m−2 + 2
m−3

2 − n0) < 2m−2+ m−3
2 . We have n1n5 < 3 ·

2
m−5

2 (2m−2 − 2
m−5

2 ), n3n7 < 2
m−3

2 (2m−2 − 2
m−1

2 ) by using (4.3) and (4.4). When n2 =
1
2(2m−2 − 2

m−3
2 ), n2n6 = n2(2m−2 − 2

m−3
2 − n2) has the maximal value, it leads n2n6 ≤

1
4(2m−2 −2

m−3
2 )2. From the above result, we have

22m−4 −71 ·2m−3

< n0n4 +n1n5 +n2n6 +n3n7

< 2m−2+ m−3
2 +

1
4
(2m−2 −2

m−3
2 )2 +3 ·2

m−5
2 (2m−2 −2

m−5
2 )+2

m−3
2 (2m−2 −2

m−1
2 )

= 6 ·2m−3+ m−3
2 +22m−6 −5 ·2m−4.

If we put x = 2
m−3

2 ≥ 4, then the above inequality is written as

x2

2
(6x2 −12x−137) < 0.

The inequality does not hold for x ≥ 6, namely m ≥ 9. Therefore we have wL(ccc) ≥ 2m

for odd m > 7.
Next, we assume that m is even. By the table in Subsection 4.1, we know n j + n j+4

is one of the following values 0,2m−2 ± 2
m−2

2 ,2m−2,2m−1,2m for 0 ≤ j < 4. The Lee
weight of the codeword wL(ccc) is greater than or equal to 2m if n j + n j+4 = 2m for some
j, n1 +n3 +n5 +n7 = 2m, or n2 +n6 = 2m−1. For the case n0 +n4 = n2 +n6 = 2m−2 and
n1 +n3 +n5 +n7 = 2m−1, wL(ccc) = 2(n2 +n6)+4n4 +2m−1 +2(n3 +n5) ≥ 2m.

We discuss in a similar way to the proof of odd m for the other cases. We put x = 2
m−2

2 .
For n0 + n4 = 2m−2 + 2

m−2
2 ,n2 + n6 = 2m−2 − 2

m−2
2 ,nl+1 + nl+5 = 2m−2 + δ2

m−2
2 , δ =

±1, l = 0,2, we obtain
x2

4
(3x2 −12x−130) < 0

and for n0 + n4 = 2m−2 + 2
m−2

2 ,n2 + n6 = 2m−2 − 2
m−2

2 ,nl+1 + nl+5 = 2m−2, l = 0,2, we
obtain

x2

4
(3x2 −8x−138) < 0.

Thus we have wL(ccc) ≥ 2m for even m > 8.
We see the codewords 111 and −111 have the minimum Lee weight 2m. Hence the min-
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imum Lee weight of ZqRM(1,m) is 2m for m > 8 and q ≥ 8. It remains to verify the
case for m ≤ 8. We obtain the minimum Lee weight is 2m for 4 ≤ m ≤ 8 and q = 8 by a
computer search. We also obtain the minimum Lee weight of Z8RM(1,3) is 6 and that of
Z16RM(1,3) is 23 by a computer search. Thus the minimum Lee weight of ZqRM(1,m)
for q ≥ 8, 3 ≤ m ≤ 8, (q,m) 6= (8,3) is 2m.

4.5 Lee Weight Distribution of ZqRM(1,m)−

Let ḡgg111, ḡgg222, . . . , ḡggmmm be the vectors obtained from ggg111,ggg222, . . . ,gggmmm by removing the first en-
try. The cyclic code ZqRM(1,m)− is defined from ḡgg111, ḡgg222, . . . , ḡggmmm in the same way as
ZqRM(1,m), which is called a shortened 1st-order Reed-Muller code. The shift mapping
S is defined as

S : ZqRM(1,m)− → ZqRM(1,m)−,

vvv = (a1,a2, . . . ,aN) 7→ S(vvv) = vvv(1) = (aN ,a1,a2, . . . ,aN−1).

We denote a cyclic group of order N with a generater S by G. We can show that
ZqRM(1,m)− has the following partition similarly to Theorem 3:

ZqRM(1,m)− =
∪

D1,D2,...,Dm∈Z2

(
2Zq′RM(1,m)− +D1ḡgg111 +D2ḡgg222 + · · ·+Dmḡggmmm

)
.

Let

ZqRM(1,m)−/2Zq′RM(1,m)−

=
{

2Zq′RM(1,m)− +D1ḡgg111 +D2ḡgg222 + · · ·+Dmḡggmmm | D1,D2, . . . ,Dm ∈ Z2
}

be the quotient group of ZqRM(1,m)− modulo the ideal-part 2Zq′RM(1,m)−.

Theorem 5. G acts on ZqRM(1,m)−/2Zq′RM(1,m)− transitively except for 2Zq′RM(1,m)−.
That is, the cosets of ZqRM(1,m)−/2Zq′RM(1,m)− have the same Lee weight distribu-
tion. The ideal-part 2Zq′RM(1,m)− is fixed by G.

Proof. We put vvv = (a1,a2, . . . ,aN) ∈ 2Zq′RM(1,m)− + b1ḡgg111 + b2ḡgg222 + · · ·+ bmḡggmmm, and
vvv(s) = (a(s)

1 ,a(s)
2 , . . . ,a(s)

N ) ∈ 2Zq′RM(1,m)− + b(s)
1 ḡgg111 + b(s)

2 ḡgg222 + · · ·+ b(s)
m ḡggmmm. We know

bi = α(ai) and b(s)
i = α(a(s)

i ) for i ∈ {1,2, . . . ,m} easily.

We prove (b1,b2, . . . ,bm) 6= (b(s)
1 ,b(s)

2 , . . . ,b(s)
m ). The vector ḡggiii is written as

ḡggiii = (Tq(µi),Tq(µiξq),Tq(µiξ 2
q ), . . . ,Tq(µiξ N−1

q ))

for some element µi ∈ Rq from Lemma 1. Let λi = α(µi) and θ = α(ξq). From the
commutability of the trace function and the map α , the l-th entry of α(vvv) is given as
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b1T2(λ1θ l)+b2T2(λ2θ l)+ · · ·+bmT2(λmθ l) = T2((b1λ1 +b2λ2 + · · ·+bmλm)θ l)

= T2(θ j+l)

for some integer j. Thus we obtain

α(vvv) = (T2(θ j),T2(θ j+1), . . . ,T2(θ j+N−1))

and also
α(vvv(s)) = (T2(θ t),T2(θ t+1), . . . ,T2(θ t+N−1))

for some integer t.
Since the sequence T2(θ n), n = 0, 1, . . . , N −1, has period N ( cf. [5] ), we have

T2(θ j+l) 6= T2(θ t+l) for some l, which implies α(vvv) 6= α(vvv(s)). Therefore (b1,b2, . . . ,bm)
6= (b(s)

1 ,b(s)
2 , . . . ,b(s)

m ), namely vvv and vvv(s) belong to different cosets.
Now, we show that G acts on ZqRM(1,m)−/2Zq′RM(1,m)− transitively. Assume

that the codewords vvv, vvv′′′ are contained in the same coset. It is equivalent to vvv− vvv′′′ ∈
2Zq′RM(1,m)−. The vector vvv− vvv′′′ is represented by trace function Tq from Lemma 1.
Therefore vvv(1) − vvv′′′(1) = (vvv− vvv′′′)(1) ∈ 2Zq′RM(1,m)−. Therefore vvv(1), vvv′′′(1) are contained
in the same coset. It completes the proof.

Theorem 5 says every coset except for 2Zq′RM(1,m)− has the same Lee weight dis-
tribution. It turns out that the Lee weight distribution of ZqRM(1,m)− can be obtained
from the Lee weight distributions of the cosets of ZqRM(1,m)− modulo 2Zq′RM(1,m)−.
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