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Abstract: Let ¢(¢) and f(t) be real-valued functions
defined on a closed interval [a,b]. The Riemann-
Stieltjes integral of f with respect to ¢ is usually
denoted by [’ f(t)dé(t). When ¢(z) is of bounded
variation on the interval [a, b], we can treat this inte-
gral in the framework of measure theory. Let p and
q are positive numbers such that 1/p+1/¢ > 1. L.
C. Young showed that the integral [ f(t)d¢(t) in the
case that f(¢) and ¢(¢) have finite mean variation of
order p and ¢, respectively. In this paper we shall
try to extend the Stieltjes-Young integration theory
when f(t) and ¢(t) are stochastic processes.

1. Introduction

Let ¢(t) and f(¢) be real-valued functions defined on a closed interval [a, b].
The Riemann-Stieltjes integral of f with respect to ¢ (which is usually denoted
by f: f(t)dg(t)) is defined by the limit of the Riemann-Stieltjes sums of f
and ¢ whenever the limit exists. When ¢(t) is of bounded variation on the
interval [a, b], there exists a unique measure on ([a, b], B([a,b])) corresponding
to ¢. Therefore the Riemann-Stieltjes integral with respect to a function ¢
of bounded variation can be treated in the integration theory based on the
measures. But the measure theory is powerless to discuss the existence of the
Riemann-Stieltjes integral with respect to ¢ which is not of bounded variation.
Let p and ¢ be positive numbers. L. C. Young [2] showed that if ¢(¢) has the
finite mean variation of order p (cf. [1]), f(¢) has finite mean variation of order
q and 1/p + 1/q > 1, the Riemann-Stieltjes integral of f with respect to ¢
exists. We shall try an extension of the results about the Riemann-Stieltjes
integral shown by L. C. Young [2] in this paper.
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2. Result

Let (Q,F, P) be a measure space and X1, X3,-+, X5, Y1,Y,,- -+, Y, be F-
measurable real-valued functions defined on the measure space (Q, F, P). Put
X =(X1,Xs,-+,X,)and Y = (Y4,Y3,- -+, Y,). The operation of replacing by
“ 4 7 certain of the “ , ” separating consecutive terms of a finite sequence
a = (ai,as, - -,a,) may be termed a partition (). Let p and ¢ be positive
numbers such that 1/p+1/¢ =1 and a > 0. Define

m 1p / m .\ /e
SpaaX,Y) = mgx (S m01) (3BT )

k=1 k=1

where QX = (X7, X}, -+, X}) and QY = (Y{,Y;,---,Y,). Then we get the

following lemma.

Lemma.
1 14+«
Bl Y XXl < {1 . (— s )}Sp,q,a(xm,
1<k<I<n p q
where ((s) = Z n°.
n=1

Let T be a positive number. For a B([0,7]) x F-measurable real-valued
function X (¢,w) (= X (¢) in abbreviation) defined on the product space [0, T] x
) and positive numbers p and «, we introduce the following two variations of
X(¢):

n 1/p
V00 = sup (3 B[, — X,
o (1+a)/p
Vo) = sup (31X, - X PP
i=1
where A = {0 =ty <t < --- <t, =T} is a partition of the interval [0, T].
We call V,,(X) and V, ,(X) the integrated mean variation on [0, 7] of X(t) of
order p and the integrated mean variation on [0,7] of X (¢) of order (p, ),
respectively.

Let X(¢) and Y (¢) be B([0,T]) x F - measurable real-valued functions de-
fined on the product space [0,7] x 2. We give the Riemann-Stieltjes sum
of (X,Y) over the partition A = {0 = ¢, < t; < -+ < t, = T} and
u = (up, Uz, -, Up) (ticy Sug <t,1 <o <) by

S(ny; A,u) = ZYui(Xti - Xti—l)'

=1
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We give the condition (A) for X (t) and Y (¢).
Vo(X) < oo and Via(Y) < o0.
A { E[|lY; — Y;|?] is continuous in (s,t).

For a partition A = {0 =ty < t; <--- <t, =T}, put |A| = max|t; —ti_4].
Then we get the following theorem.

Theorem. Let p, ¢ and a be positive numbers such that 1/p+1/¢q = 1.
Suppose that X(¢) and Y (¢) satisfy the condition (A). Then there exists an
integral [ Y(t)dX(t) (= I) such that E[|I|] < co. That is, for any € > 0,
there exists § > 0 such that

E[|lI - S(X,Y;Au)|]] <e  for VA:|A] <6, Vu.
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