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Abstruct・Gaussiancompositionofbinaryquadraticfbrmsisrecalled

insomeconvenientfbrmsandtl1ecompositionofintegralquadraticfbrmsis
generalizedinthecaseofcongruenceclasses．

Introduction

Ｉ、[3]，GausshasClefineClacompositionofquadraticfbrms,andsllown
tllattllecopmpositioninClucesagroupstructureoftlleunimodularequivalence
classesofquadraticfbrms、ＩｔｉｓｗｅＬｌｍｏｗｎｎｏｗｔｈａｔｔｌｌｅｒｅｉｓａｎｉsomorp11ism
betweentllegroupoftlleunimodularequivalenceclassesofquaClraticfbrmsand
thegroupofthealbsoluteiClealclassesofaquadraticfielCL

ThepurposeofthepresentpaperistorefbrmulateGaussiancomposition
insomeconvenientfbrmsandtogeneralizetheaboveisomorpllismtothecase
ofcongruenceclassgroups・

AtfirstinSectionl,wezecantllecompositi。､ｉｎ[３１andrefbrmulatetllem
insomeconvenientfbrms・ＩｎＳｅｃｔｉｏｎ２，wesllallshowadup1icationfbrmula
bydirectcalculationimpliedfromtlleGaussiancompostiontreatedinSection

l,whicllhasbeenimplieClfromasyzygyinourpreviouspaper[2]・Itsternary
fbrmrepresentationwmｂｅｓｈｏｗｎｉｎＳection3・

InSection4wehaveacorrespondencebetweenequivalenceclassesof
quadraticfbrmsm・dulothecongruencesubgroupro(、)andcongruenceideal
classesmod7n，andinSection5anisomorpllismbetweentllemasgroupsby
meansofconcoZdIantfbrmsin[1,Cllap、１４]・Itsternaryfbrmrepresentaｔｉｏｎ
ｍｏｄｍｉｎｅｘｐｌｉｃｉｔｆｂｒｍｓｗｍｂｅｇｉｖｅｎｉｎＳｅｃｔｉｏｎ６．

ILGaussiaｴlcompositiono丘quadraticfbrms

LetRbeanintegraldomainWedenotebyノー[α,6,c]ａ]binaryquadratic

m加,ｇ)…，+`剛十°…R剛Ｍけ１－[`ｿ,`(2)…
丁(ａｗ)＝に,ｇ][了]`[2Ｗ]・

WerecamheGaussiancompositionin[3]arrangingbymeansofmatIices・
Let力＝[α1,6,,c,]and力＝[α2,62,c2]betwoldinaryquadｴaticfbrms・Wecana
binaｴyquadEaticfbrmF＝[A,Ｂ,Ｏ１ａＧα…伽compo3itjo”｡ff,ａｎｄ力,when
therearesquarematricesPandＱｏｆｄｅｇｒｅｅ２ｓｕｃｈｔｈａｔ

Ｘ＝[麺,,y,]Ｐ`[z2,Z/2]，Ｙ＝にＷ,]Ｑ`[ｴ2,ソ2］

１



２ Ｙ・FuRuTA

anCl

F(Ｘ,Ｙ)＝た(⑯,,ﾂ,)た(町,ﾂ2)．

W胸に|:蛍小dQ薑'二重}…M塗G……….。
｡〃,and力]byPanClQ,orbybM'2,アム,p3lanCl[q,,Ｑ２,q》,q３１．

Tllefbnowingpropositionisimpmｅｄｈｏｍ[3,Ｍ.235]byuseOfmatrices
andcllangingsomeofletters，

PRoPosmoNL1([3,Ａ肌235])．Ｌｅｔ
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LetitlrtIier

｜召;１１三醐三閨！(1.3）

た＝[α1,6,,c,]’九＝[α2,62,c2],Ｆ＝[A,Ｂ,０１．

nienFisaGaussiancompositionof人ａｎｄＡＤｙＰａｎｃｌＱ,tliat

(1.4） Ｆ(Ｘ,Ｙ)＝丁,(３Ｍ/,)た(zw2)，

(1.5） Ｘ＝[⑯,,ﾂ,]Ｐ`に2,ﾂ2]，Ｙ＝[麺ｗ１１Ｑ`[＄2,ﾂ2]・

mediScziminantsof八,九andFareaIIcoincide．

is，weIiave

Thisisverifiedbydirectcalculationwllentlleresulthasgiven・Gausshas
fbunditbyanalyzingtlleconditionof(1.5)tobesatisfied(1.4),whicllimpliestlle
conversestatementofPropositionL1asfbnowsbymodifyingGauss，smethodL



GaussianCompositionofCongruenceClasses ３

PRoPosITIoN1､6([3,ＡⅢ235])．Let人＝[α1,6,,Ｃｌ],九＝[α2,62,c2]，
andＦ＝[A,Ｂ,Ｏ]beqIMratMbzmsofsamediscmninantnSupposetIiat
FiMGaussiancompositionof九肌。允迫ｙ[ZＭ２,ph,Zl3]ａｎｄ[q1,92,q&,Q3]，
tMis,tlieysat鋤(1.鋤and(L5）．nientliecoe伽entsor九九aMFare
determined町PandQamMiereMons(1.幻and(1.3)exep川zMalcliangeof
signsof・tliecoeHfcients．

…P薑ヒルdQ‐|鱸}M……口’
ｂｙ

(1.7） Ｍ２(z2,ｼ2)＝[Ｐ`[諺2,功],。`[z2,ｇ２１]・

Tllen[X,Ｙ]＝[おＷ,]Ｍ(諺2,ソ2)anClfbrjixedvaluesoh2,Ｕ２,wellave

(1.8） ［３Ｍ/,]Ｍ２(毎2,功)[F]`Ｍ２(z2,ｼ2)`[鯵,,ソ,］

＝[諺,,ソ,]た(諺2,ｼ2)[た]`に,,ｼ,]、

Thisimp1ies

(1.9） Ｍ２(諺2,U2)[F]`Ｍ２(諺2,ｼ2)＝た(⑯2,ｼ2)[た]，

amlbytakingtlleirdeterminants,ｗｅｈａｖｅ

(1.10） ｜Ｍ２(毎2,ｼ2)'2＝た(ｚ2,ｼ2)2．

Nowitfbnowsfrom(1.7)and(1.10)that

(1.11） ｡；＝た(1,0)2＝|Ｍ２(1,0)'2＝lE212，

|M………，）

(1.12）ｃ:＝た(0,1)2＝|Ｍ２(0,1)'2＝|G212,

ItisfilrthereaSytoseelbydirectcalculationthat

lM2(1,1)|＝lE21＋lFbl＋'１７１１＋|Ｇ21,

｜Ｍ２(1,-1)|＝lE21-lFhl-ll7l,|＋|G21．

Tllus(1.10)implies(α2＋62＋c2)2＝lE21＋'昭|＋lFil＋'021,（
|E21-lF21-lJFil＋'021,andllence

)２α２－６２＋ｃ２

(1.13） 6:＝(|F1|＋|Fhl)2．



Ｙ・FuRuTA４

ｌｎｔｈｅｓａｍｅｗａｙａｓａｂｏｖｅ,ｌｅｔ

Ｍ１(３Ｍ/,)＝作,,ｼ,]P,[３Ｍ/,]Q]．(1.14）

Ｔｈｅｎ

[X,Y]＝Ｍｉ(毎Ｗ,作2,Ｕ２]＝[z2,ﾂ2]`Ｍ(ｚｗ１）(1.15）

Mi(＄,,ｼ,)[F]`Ｍiい,,Ｕ,)＝ブル,,ｼ,)[丁,]，(1.16）

|Ｍｉ(諺,,ﾂ,)'2＝Jf,い,,ﾂｴ)2．(1.17）

Ｔｈｅｎｗｅｈａｖｅ

αf＝た(1,0)2＝lMi(1,0)'2＝|E,'2，(L18）

Ｃｆ＝た(0,1)2＝lMi(0,1)'2＝|G1'2，(1.19）

andfurtller

lMi(1,1)|＝|E,|＋|｣Fil-lEl＋|G1|，

|Ｍ１(1,-1)|＝lE1l-l1n,|＋ｌＥＩ＋|G1'．

Hence

6f＝(lFil-l剛)2．(L20）

Now,weclaimtllattllelefthandsideof(1.4)isuniquebygiven力,力,Pand
QIbseethis,itisenouglltosllowtllat[X2,ＸＹ)Y21givesthreeindependent
vectorsbysuitablevaluesofaB1,392,ツエ,ソ２，andtllisiseasilyseenbecauseof

infinitelymanypossibitiesoftlleｖａｌｕｅｓｏｆｅａｃｈｏｆｚ１,＄2,ソ1,ｇ2．Thus，iftlle
coeflicientsof丁,ａｎｄ九satisfjr(1.3),tllentllecoefYicientsofFmustalsosatisfjl
(L3)．Thisisrealytllepossi1blecasebyProposition1.1,andthefbllowing
othercasesaretriviallypossi1ble:（i)Ｆ＝(一八)(－た),(ii)(-F)＝(－/i)(た)，
(iii)(-Ｆ)＝た(－jf2)．Thereisnootllezcasetllantheabovebecause,Ｄ＝
B2-4AO＝6f-4q1c,＝6;－４q2c2byassumptionoftllepropositionHence
tluesignsofa1,c1mustbefbnowsuitby4a1c,＝（lF1l-lFhl)２－，，andthe
signsofQ2,c2by4a2c2＝(IFil＋|唖|)２－Dmhecasechangingsignofonly61
oｒ６２ｉｓｎｅｖｅｒｈａｐｐｅｎ，Because,ifitllappen，ｓａｙｔｈｅｃａｓｅｏｆ－６１，tllenitiseasy
fbrinstancebyrep1acing-Z/,insteadofﾂ,toseetllat(1.16)holdsifthesignof
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Zl2andpharechanged、Buttlliscontradictstotheuniqlunessoftlleleftlland
sideasalreadyseenabove．

Remarkl､21．WeClefinepf(U)fbraquadraticfbrm了＝[α,6,c]ａｎｄａ

叩……薑に:小
(1.22） βf(U)＝2αＭ２＋6(Ｍ４＋Ｍ３)＋2cu3山．

Ｔｈｅｎ

`UIbﾌﾞ,,牛聯iiiﾉ緊川(1.23）

andtllefbzms[1]ｔｏ[8]of[3,ArM35]aZefbllowed丘｡ｍ(1.9)and(116).The
fbrm[9]coincideswitll心(JF1,)＋山(脇)＝26,62,whicllisfbllowedh｡ｍ(1.4）
bydirectcalculation．

Gaussllasgivenametllodtoobtainacompositionofgivenquadraticfbｒｍｓ
九ａｎｄ九asfbnows．

PHoPosITIoNL24[3,ART､236]．Ｍ九＝[α1,6,,c,],九＝[α2,62,c2]be
primitiveqnadraticfbrmsorsamecliscZiminant、ｓｅｔ
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OhooseeIements[ｒ],[q],[8]ａｎｄ[p]inR4aSibhws：

ｓ`[γ]≠o，ｓ`[γ]＝`[q]，

に]`[q]＝１，‘[p]＝ｓ`[`１．

ＬｅｔｍａｔＺｉｃｅｓＥＱ,Ｐ１ａｍｄＱ１ｂｅｔｌｉｅｓａｍｅａｓｉｎＰｒｏｐｏｓｉtionjl・IDytlie
componensof[p]ａｎｄ[q]・LetlMheM,Ｂ,ＯａｎｄＦ＝[A,Ｂ,Ｃ]bealsoasin
PropositionLL



６

涼｜Ⅲ1Ｊ
T1lenbytheassumptiOn

T`[9]＝ＴＳ`[,ｌ＝０．H
a11a21α3161,62,63satisfj

[Z,]and[q]・Forinstance，
(-＠,３，－(6,-62)３３/2＋
34(c2q1-(6,-62ル/2)＝
Q1qs)－３４(c2q1-(６，－６
tllesameway,wellavea2

fbrmsofProposition1.1

｡〃,and力ｂｙ[p1and［

rbrabinaryquadlrI

define丁ｕｂｙ

(1.25）

PRoposITIoN1､26．Ｌｅｔｈａｎ〃2ｂｅｔｗｏｐｴｉｍ肋

inanMeⅥ＝ﾌﾞF』andだ＝丁写・byUi,U2eSL2(R）
compositionof九ａｎ〃2DymatzicesPandqnien

positiono〃ｌａｎｄ逼迫ytU1PU2and`UiQU2・

PmoQ/HByassumption,九(Ｘ,Ｙ)＝た(22,,ﾂ,)た(z2， ｇ２),wheze

Ｘ＝に,,ﾂ,]Ｐ`[z2,ｇ２］ａｎｄＹ＝[z,， ｇ,]Ｑ`に2,ｼ2］

Ｌｅｔ

Ｐ,＝‘UiPU2,。，＝`UiQU2，

[＄1,ｼl]＝に,,ソ,1`Ur1，［⑳&,ｼｶ]＝[⑯2,ｼ２１$〃’

Ｔｈｅｎ

ｘ＝[z,,ｼ,]`UrMUiPU2Uﾌﾞ'`[z2,ｼ2］ `Ｍ３/;１，Ｍソl]Ｂ
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Ｙ＝[諺,,ソ,]`Ur1`UiQU2U云耶[毎2,Ｕ２]＝に{,ソi]Q'`[諺３，ｼ;]’

九(３Ｍﾉ,)＝だ(OBI,ｇ{),九(毎Ｗ2)＝危(麺h,ツム)，

and

九(Ｘ,Ｙ)＝温(ごi,ｇ{)だ(毎ｶW&)，

whicllprovestlleProposition・

FortwomatricesM1,M2ofdegree2,wedefine[Ｍ１,Ｍ２]ｅＺ６ｂｙ

(1.27）［Ｍｉ,Ｍ２]＝[|E,(Ｍ,Ｍ２)|,|F1(Ｍ１,Ｍ２)'’'０，(Ｍ１,Ｍ２)'１

１Ｂ２(Ｍｉ,Ｍ２)|,|遇(Ｍｉ,Ｍ２)|,|G2(Ｍｉ,Ｍ２)|]，

whezeEj(Ｍ１,Ｍ２),Ｅｉ(Ｍ１,Ｍ２),Ｇｊ(Ｍｉ,Ｍ２)(ｊ＝1,2)lDeasinProposition1.1
replaceCltheirmatricesRQbyMi,Ｍ２、ItiseasytoseetlIat[Ｍｉ,Ｍ２］＝
-[Ｍ２,ＭｉＪ

ＢｙＧａｕｓｓ[3,Ｍ.239],wehavetllefbnowingrelationoftwocompositions
obtainedbytwopaizofmatrices{ＢＱ}and{R,S}respectively・

PRoPosmoN1､28([3,Ａ、239])．Let九＝[α1,6,,c,],九＝[α2,62,c2］
betwopmnitiveintegraIfbrmsLetFbeacompositiono〃,ａｎｄ力ｂｙＰａｎｄ
Ｑ,andFlbeacompositionノｉａｎ〃２町ＲａｎｄＳ,wliere

P薑に '○‐'二 |作に ドル薑に 二１

２
３

，
二
，
二

２
３

０
△
０
△

SupposetIiaけ,ispmnitiveandIetい]＝い,,…入6]beanelemenMZ6
sucMiatp]`[P,Ｑ]＝1．

ｓｅｔ

⑩薑に}}
where

α＝い}`[R,。]，β＝い]`[P,Ｒ]，γ＝い]`[s,Ｑ１，６＝い]`[P,sI

ThenweliavelTl＝1,andfMlieribrj＝1,2weliave

易(P,Ｑ)Ｔ＝身(R,ｓ),巧(P,。)Ｔ＝Ｅｉ(Ｒ,Ｓ),Ｇｊ(P,。)Ｔ＝Ｇｊ(Ｒ,ｓ)．

ＭＣｒｅｏｖｅｒ

ＴＩか]`Ｔ＝[F]．



Ｙ・FuRuTA８

Ｐ，Ｗ/iWecanrecallGauss，sproofasfbllows､Forinstance,(1,1)-entryof
E,(ＥＣ)TisequaltoaP,＋β91＝い]`[R,Ｑ]Pl＋い]`[P,R]91＝い]`([Rpl，Ｑ]￣
[Rq1,Ｐ]）

－入仙北に非)+入Ⅷ(に非+に;:ル
ーMに:州|量::卜ⅡMＨ
９２．DUplication

Supposetl1atp2＝ｐｈａｎｄｑ２＝qiinPzoposition1.1．Ｔ１ｌｅｎＥ，＝Ｂ２，
G1＝G2andlzl＝0.T11uswellavethefbnowingpropositionofdup1ication、

ＰＲＯＰＯＳＩＴＩＯＮ２､1．Ｌｅｔ

｡-|竃 :ルーにＩ :ルーに： ::|，

菫|昨膣竃|+にルーに

Ⅱ-Ｍに:髭叶に刎興Ｌ

γ-Ｍ|繩ﾙ州

A-l塁

２
３

℃
△
刀
二

LeMtlrtlier

ｎｉｅｎ

AX2＋ＢＸＹ＋CY2＝(α諺{＋6忽,ﾂ,＋cﾂｨﾙ:＋6aW2＋ｃｇｉ)．

nieconversestatementIloIclsasinPrOposition1.1．

Inourpreviouspaper[2,Theorem23],wellaveaduplicationfbzmulaofa
unimodularequivalenceclassofquadraticfbms，ｗｈｉｃｈｗｍｂｅｉｍｐｌｉｅｄｈｏｍｔｌｌｅ
ａｂｏveProposition21asseen1below、

LetZ3＝Ｚ＄ZeZForanelementα＝[α,山,α3]ofZ3,ｗｅset

に'剣[α]＝
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1ﾉ'(α八β,α)＝1ｌ'(α,αＡβ)＝0．

WellavefUrther

α八(βハア)＝1！'(α,β)７－妙(α,γ)β，(2.9）

や(α八β,γ八6)＝1！'(α’6)や(Ｍ)－１！'(α,γ)妙(β’6)，(2.10）

…､H(pnM-，眉

２
２
２

α
了
、
ｃ iｉｌ(2.11）

Ｎｏｗ，tllefbmowingpropositionofduplicationisimp1iedimInediatelyfrom

Proposition2､１，ｂｙｔａｋｉｎｇ２ａ１，α2,2α3,261,62,263insteadofPl,Ｐ2,Ｐ３,ｑ1,ｑ2,q3
respectively．

PHoposlTIoN2､12．ＬｅけbeabinaZyquadraticibrm・nienexceptmvial
clisangeofsigns,tliequdraticfbrm丁ｈａｓａｎｅ叩ressionブーαハノＢＤｙａａｎｄｐ
ｏｆＱ３ｉｆａｎｄｏｎｌｙｉｆ

胸β(（,,(2)＝矛(３Ｍ/,)作2,ソ2)，

where５，＝[２Ｍ/,}[αル2,ﾂ2]and(2＝[諺ｗ,][己作2,ﾂ2]．

Ｒｅｍａｒｋ２､13.Wenotetllatfbranyintegralbinaryquadraticfbrm了,tllere

azequadzaticfbzmsaanMsuchthaけ＝α八βInfact,let丁＝[α,6,c]ＥＺ３，
andlete＝9.cd.(α,c).ｎｋｅ７,seZsothaM．＋c`＝e・Ｔｈｅｎ

(2.14） 丁＝α八β，

where

‐[:｣ぞＪｐ－ｌ筈向等１(215）

Ｚ

Ｎ･MIM圏､二＄z$す,….…ilMm…,加腕βis…，
aｓｆｂｍｏｗｓ

腕βＭ=(･'一Ｍf+:帆`")“+戦(2.16）
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Forany丁＝[α,6,c],let

|÷

＄
α
０

ｃ
０
毛瓦(了)＝(3.4）

Letfmtller

［X,,Ｘ2,Ｘ３]＝にMB2胸]面(/)．

Thensince妙(丁八x)＝4(X;－X3X,)＝4[X,&,Ｘ３１Ｔｆ[X1L,Ｘ３],wellave

妙(丁八x)＝4x瓦(了)Ｔ`画け)`x、(3.5）

Ｒｅｍａｒｋ３､6．Ｉｔｉｓｗｅｎ－１ｍｏｗｎｔｈａｔ瓦givesanisomorp11ismbetweentlleLie

ringoftlleortllogonalgroupO(3)bymeansoftlleusualLieproductandthe
LieringofR3bymeansofthevectorproduct､Ifwedefineaproduct[A,Ｂ]T
fbrmatricesA,Ｂｏｆｄｅｇｒｅｅ３ｂｙ

［A,Ｂ]Ｔ＝ＡＴＢ－ＢＴＡ，

wllezeTisasin(3.3),thenwehave

[AルーT(半)，
whereaandpareelementsofZ3sucllthaM＝ＧＩ(α)ａｎｄＢ＝面(β)．

Ⅱ………y‐'…に…ﾄ'二,塾吻俳b…
Ⅱ[α]三18]modlSL2(Z),thenwehave

Ｔ(β)Ｔ`瓦(β)三瓦(α)Ｔ`T(α）modSL3(Z)．

l:;:」Infact,fbz[β]＝‘Ｕ[α]ＵｂｙＵ＝ ＥＳＺ２(Z),let

僻 剃
－２zLW4

2ZL2TL3＋１

－２cL1zL2

Ｕ１＝

TlnenUieSL3(Z),and症(β)ZWr(β)＝‘Ｗｒ(α)Ｔ`正(α)U,．
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１４．CorrespondencebetweenquaClraticfbrmsandidealsmodm

LetK＝ＱＭｉ)beaquadraticfield,wheMi…quarefteerationalinteger，
andDbetllediscriminantofK・WecanarationalintegerDa伽c7immcM
mte9e7whenDisadiscriminantofsomequadraticfield，namelyDsatisfies
eithezoneofthefbllowingcomlitions:（i)DissCluareheeandD三１ｍｏｄ４，
(ii)Ｄ＝4α,disasquareheeanM＝１ｍ。ｄ４．

DenotebyNtlleabsolutenormtotllerationalnumberfieldqLetｗ－２ｌ
－
ｒ
Ｗ

唖一価一一２

ｗｈｅｎα三１ｍｏｄ４，

whenα≠１modI4

Tllen｛1,ｕ｝fbrmsaZ-basisofOK，tlleringofintegersofKLetqbea
hactionalidealofK、Thenwecanchoose｛，．＠,γ(6＋ｕ)｝asaZ-basisofq，
where7EQ;α’６ＥＺ;ａｎｄγ＞0,α＞０.Wedenoteitbyq＝γ[＠,６＋ｕ],and
thebasisiscaneClaccwzo〃ｉｃａｌ６ａ３ｉ３ｏｆｑ・ItisuniqulydeterminedbyCL，and

caneCltlle7ed皿cｅｄｃａ７ｚｏ汎icaJ6a3is，ｗｈｅｎＯ＜６＜α、Anintegralidealqiscaned
P7jmｊｆｊＵｅｉｆ７＝１．

Denoteby△othefbllowingsugroupofSL2(Z)：

△F('１小ez＞
ForanyrationalintegeZm,denotebyro(、)tllefbllowingsubgroupofSL2(Z)：

１Ｗ-(|:州(z'仰三Lo三,…ザ
Forabinaryquadraticfbrm巾,ﾂ)andasquarematrixUofdegree2，tlIe

fbZm丁UisClefinedbyJfu(毎,ﾂ)＝（[２Ｗ]`Ｕ)＝[Ｗ]`Ｕ[f]Ｕ`[２Ｗ]ａｓin(1.25)，
andwehaveeasilythefbnowing

mMMA41M'=[:;::]b…i……Tl、
丁U('’0)＝矛(皿,,us)，ノロ(0,1)＝丁(皿2,山)．

IrgM(皿,,翅3)＝1,tlientlIereisUinSL2(Z)sucMiaけ(皿,,町)＝丁u(1,0)．
IrgM(u2胸)＝１，tlientliereisUinSL2(Z)suclMhat巾2,皿4)＝丁u(0,1)．

FozrationalbinaryquadraticfbrmsJf1and九,deline

(4.2）八三九modro(、）。ｒｍｏｄ△０
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if九＝深byUero(、)｡rbyUE△orespectively、
LetDbeadiscriminantinteger,andmbeanyrationalinteger・Weclassifjr

theprimitiveintegZalbinaryquadraticfbrmsofdiscriminantDmodlb(、),and
canitsclassaneguiuqJe"ｃｅｃｈ３３ｍｏｄｍｏｆｑｕａｄｒａｔｉｃｆｂｒｍｓｏｆｄiscriminantD・

Ａｎｙ丘actionalidlealqiswrittenlbyq＝（，｡)qo,wllere7EQandC10is
primitive.Ⅱｒ[α’6＋u]isacanonicalbasisofq,then

Ｎｕ＝７２α，(4.3）

Nowwedefinemappings垂ａｎｄⅥbetweenfractionalidealsofKamlrational
lbinaryquadraticfbrmsasfbllows：

］FbzahactionalidealqofKwitliacannonialbasis7[α’6＋②],define垂as
fbnows．

垂(『[｡,6+・])=:地+(6+“)ソ)－[･岬]，(4.4）

wllere6'＝26＋１．r＝26accorClingasα三１mod4oznot,anClD＝(6')2-4αc・
TllelastfbZmdeterminsanintegercbyN(6＋u)三Ｏｍｏｄａ,since[α’6＋②]isan
idealbasis、ｒｈｅｉｍａｇｅｏｆ垂ｏｆａｎｉｄｅａｌｉｓｄｅｐｅｎＣｌｏｎｔｈｅｃｌｌｏｉｃｅofitscanonical
basis,butisuniquemoCl△０．

Convezselyletブーァ[α,6,c],where[a,b,c]isprimitive・TllenweClefine唖
bｙ

弩垣１町１－卜(4.5）

wllereD＝６２－４αc・Ｔ１ｌｅｉｍａｇｅｏｆ⑫isacanonicalbasisofanideal，sinceDis
adiscriminantinteger，

ＰＲｏＰｏｓＩＴＩｏＮ４,6．LetDbeadiscmminantinteger・TlienpZimitivebinazy
quadraticibrmsofdiscziminantDmod△oandpZimitiveidealsoftlieqlla〔Iratic

MK＝Ｑ(V万)cozreSpondo…Mierby②and唖im,ersely；

PmoO/:ＬｅＭ＝[α’６＋ｕ]beaprimitiveintegralideal,ａｎｄ｡､([α’６＋②])＝
[＠,6',c１，wllezeD＝(6')2-4αcasin(4.4).Notetllattheclassofdb([α’6+u]）ｍｏｄ
△oisnotdependontheclloiceofcanonicalbasisofu・Ｗｅｈａｖｅ⑫([α’6',C]）＝

ﾄ￥Ｈ上十￥Ｈ，+字|……d三…d,
｡rnotHenceu(｡､(q))＝[＠,6＋u]＝CL

Converselylet了＝[α,6,c]ａｎｄＤ＝６２－４αc、Ｔｈｅｎｗｅｈａｖｅ唖(了）＝

ﾄ竿|=,…小…F,Ｈ１…"…dm…副
mod4ornotHence②(亜(丁))＝[α,61,Ｃ]＝[α,6,c]．
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ＰＲｏＰｏｓＩＴＩｏＮ４､7．Letql,q2bepmnitiveidealsofaquajraticjfeldK＝

QM7),andIet[α1,6,+u]心2,62+四]betMrcanonicaIbasisreSpectivelJ,;
Supposeq,＝Ｍ２町入＝（γ＋、(`＋”))/u),wIiere7,8,ｔ,u,ｅＺ,Ｍ＞O

mgMM=LmMn…U-に;竃'二ｓL劇(Z)…Mi…,＝
u），２６３三Ｏｍｏｄｍａｎｄ

[α1,6,＋ ②]Ｕ＝地2,62＋u']．

剛L･ＭＦ．-…=｡,皿鬮=(旱-Mm=6…
Ａ４＝８＋ｔ＋６２ｔｏｒ＝８＋６２taccordingasα三１ｍｏｄ４ｏｒｎｏｔ、Tllensince

凶,=叶旱｡亜=α…dmgMニユ､.d….…h…北,,６，＋
“1=Ｍ+“lVWwh・川イ鰯`,蝋IOMMh…d伽
Q,＝M2anClNル0,thereisUinSL2(Z)suchtllat地2,62＋ul]＝[α1,6,＋u]ひ．

H…[洲V_妙帖炉川M…Ⅲ‐

(4`）〃し趣lii｝

LⅢ=に:竃}TM…-(ｱ+M`)吻臺md-…+け＋
mA4)u，＝ｕ）．Ｈｅｎｃｅｗｅｈａｖｅｍ３三0,川三Ｔｕｍｏｄｍ,whichprovestlle
proposition・

Defineei'ｘ(、)ｂｙ

(4.9）ｅｉ'X(、)＝{い);入ＥＫｘ；入三１ｍ。d×ｍ,Ｍ＞0}、

THEoRBM4､10．LetＫ＝Ｑ(V万)beaquadraticMdoMscmninantD
andmbeanyzationalintegerlYientlieideaMassesmodek(、)。fKand
tlieequivaIencecIassesmodｒｏ(、)。fprimitivebinawquadraticfbrms了(Ｍ）
･ＭＳＣｴiminantDsucMliaけ(1,0)isprimetomcorrespondbydbancl辺。ne
anotherinverselyB

PmoO/ＩＩｎｔｌｌｅｓａｍｅｗａｙａｓｔｈｅｃａｓｅｏｆｍ＝１，wecanprovethetheoremas
fmows．

（i)Letq1andd2beprimitiveidealsｏｆＫｐｒｉｍｅｔｏｍ,andsupposethat
q,三q2modeiir(、).Ｌｅｔｑ,＝い)Ｑ２,where入ＥＳを(、).Let[α1,6,＋ｕｊ]and［
[α2,62＋②]]Decanonicalbasisofq1andq2respectively､TllenbyProposition
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4､7,thereisUinro(、)suchtllat[α1,6,＋u']Ｕ＝北2,62＋“],and(4.4)and
(4.3)impliy

｡(風Ⅲ)=麦N(…(…)ｇ)=会N(１．ｍ…l`Ｍ）

＝上N(ＭＷ`Ｍ)=去取ルハ+･ルツ、α１

＝型｡2亜(Ｑ２)＝亜(Ｑ２）modr｡(､)．
α１

（ii)Converselylet力,九beprimitivequadraticfbrmsofdiscriminantD，

曇mMいぴ)イルツwﾙy化にＭ:'&r｡(…)L､Ⅷ(た1-.Ｆ
[α1,6,＋幻],Ⅲ(た)＝Ｑ２＝[α2,62＋②]inexpressionofcanonicalbasis・Ｔｈｅｎ
(4.4),(4.5)andProposition46impmes

(4.11）九(＄,ｙ)三.b⑫(丁'(２Ｗ)）

＝上N(町邇+(…)ﾂ)=岩N(I･山+翅ルツ、、.｡△,a1

ByassumptionandadUustingUby△oifnecessary,ｗｅｈａｖｅ

(川）た(M)=た(Ｍ`U)一士川･ｗｗＭ）

＝上N([､Ｍ２＋ｍ町(62＋四)川Ｑ２＋山(62＋四)]`[諺,Ｕ])．
a2

Nowletびbetllenon-trivialautomorphismofK/Ｑ・Thenby(4.11)thero・tsof

丁,(毎,1)are-hL土二and-L±竺二.Compairedwith(4.12),thezeis…ｌｅｍｅｎｔ
ａ１ ａ１

ＡｏｆＩｒｓｕｃｈｔｌｌａｔ

(塁::期:1筐t蹴乙Ⅲ＿(…)ハ(4.13.）

Howeverthelatteroftllesecondequalityin(4.13)doesnotllappen、Because
(4.12)implies

九(M)=上川電十Ⅲｗ)=筈N(`M+(`脚｡)ｼ)=皿･血(M〕ａ２ ａ２
Ｈｅｎｃｅ

Ｎ入＝里＞０．
α１

(4.14）
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Ontheotllerhand,thesecondcaseof(4.13)implies

1７

｜::騨沖'一|雛|鮮二;l)'一M|:l緋ｌ
Ｔｈｅｎｂｙｑ,＞Ｏａｎｄａ２＞０，wehaveM＜０，wllichcontradictto(4.14)．

Nowleい＝(s＋如腋,wlle…,３，tEZandg.c､..(8,t)＝1.Thentllefirst
of(4.13)impliesq2三・,`/Ｍ１t/γ三ＯｍｏｄｍＨｅｎｃｅにOmodlm・Moreover
(4.14)imp1iesq2＝ｑ１ＭＩ三α182/72ｍｏｄｍ､Hence`2三７８ｍｏｄｍｍｌｌｕｓ８三７
ｍｏｄｍ・Hence入三１moClm,ａｎｄ(4.13)imp1ies[α2,62＋②]Ｕ＝地,,6,＋`J]、
since川＞０by(4.14),wellaveq2三q1modeir(、)．

95．Classcompositiono缶qUadraticfbrmsmodm

lntllissection,1ｅｔｍｌｂｅａｎｉｎｔｅｇｅｒｓｕｃｈｔｈａｔｍ三Ｏｍｏｄ４ｗｈｅｎｍｉｓｅｖｅｎ，
Forarationalquadraticfbrm丁(３Ｗ)＝α$2＋6zﾂ＋cﾂｭandasquarematrix

u-に小'ん,)一昨,ｼ'`u)鱸､('川
LetＫ＝Ｑ(V万)beaquadzatMeldofdiscriminanmlnozdertoshow

thattllecorresponClencedDand亜definedinSection2giveanisomorpllism
betweentlleclassgroupofidIealsmodek(、)。fKandtlleequivalenceclass
groupｍｏｄｒｏ(、)｡fbinaryquadraticfbrmsofdiscriminantD,weshallrefera
paztof[1,Cllapterl4]modifjling1bymeansofequivalencemodro(、)．

Letuscananintegralquadzaticfbr、ル,UWepre…t3aninteger3
modro(、),whentllereisamatIixUinro(、)suclltllat8＝丁u(1,0)．Tllis
isequivalentthattllerearerationalintegersaB,ｇｓｕｃｈｔｌｌａｔｚ三１ｍｏＣｌｍ，
9.ｃｄ.(２Ｗ)＝1,ａｎｄル,ｍﾂ)＝8．

ＬＥＭＭＡ５､1[１，CHAp､14,LEMMA21]．Ｌeけ＝[α,6,c]beapzimitive
ibrmandIetMbeanyinｔｅｇｅｒｐｒｉｍｅｔｏｍ・Ｔｈｅｎｔｌｉｅｒｅｉｓａｎｉｎｔｅｇｅｒｐｒｉｍｅｔｏ
Ｍｗliicliisrepresented町了modro(、)．

Pmoq/:Thisisshowninthesamewayasin[1]]Dytaking丁(ｚ,ｍソ)suchthat
z三１ｍ・ClmanClg.c､..(垂,ﾂ)＝１insteadof作,ﾂ)．Namelyletpbeapnme
dividingM、Weconsidertllreecases

（i肋化.ifアイｚａｎｄｐｌシthenナ(z,ｍソ)ispIimetop．
（ii池化Similar．

（iii”|α,plc,SOP十6mhenp化,アイgensurestllat矛(z,ｍﾂ)isprimeto
p．

Ｌ]８MMＡ5.2[1,ＣHAP､14,ＬＥＭＭＡ２､2]、Supposethattwoprimitiveibzms
witlMliesamemiddIecMfcient[α1,6,ｃ１１ａｎｄ[α2,6,c2］areequimJentmocl
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ro(、)．LetJbeanintegersnchtMllc1,ｌｌｃ２ａｎｄｇ.c､｡(α,,α2,Ｊ）
ｎｉｅｎ[!α1,6,J-1c11and[Ｊα2,6,J-1c2]areequivalentmod]DC(、)．

Tllisis]provedinthesamewayasin[1]takingMivisiblebym、

TwoPrimitivefbrms

1．

方＝[αj,6』 cj］ (j＝1,2）

ofdiscriminantDarecanedco”cow1q，ztorulzi化｡if(i)ｑ１ａ２≠0,(ii)tlletwo
miCldlecoefMentsaretllesame,say6,＝62＝６and(iii)thefbrm

(5.3） 九＝[α,α2,6,*］

ofdiscriminantDisintegraLThen九isnecessarmyprimitive・Moreover九
coincideswithaGaussiancompositionofJfiand丁2,wllicllwmbesllownlater

inProposition3.10．

Letuscalltheabove九ｔｈｅｃｏ"co7dα"fcomPMfio汎ofｈａｎｄ力．

Remark5､4．Ｗｈｅｎｇｃｄ.(α,,α2)＝１，thecondition(iii)fbnowsh｡ｍ(i）
and(ii)([1,Chapl4,NotebefbreLemma2､3]),andwellave皿(た)唖(た)＝Ⅲ(た）
since[α1,6＋幻化2,6＋uI＝[α,α2,6＋u）]ｗｈｅｎ9.c､..(α,,α2)＝1．

Remark5､５１f6f-4q1c,＝62-4ｑ１ｃａｎｄ６三6,mod2a1,thenfbzany
integermwehave

[α1,6,,c,]三[α1,6,c］modro(、)．

Infact,letＵ＝ wllere6＝６，＋２α1ｔ．T11en

`U[幻ハルl恥 b<2１
ＬＥＭＭＡ５､６［１，ＣHAP､14,Ｌ】BMMA23]・ＬｅｔＣ１,Ｃ２ｂｅｔｗｏｃＩａｓｓｅｓ

ｍｏｄｒｏ(、）。fpmnitivehmsofdiscriminantD≠Ｏ・ＴＩientlierearecon-
cordantibrms方＝[αj,6,*1ｅＣｊ(ノー1,2)．」FMlier,tlieymaybecliosenso
tMa1,ｑ２ａｒｅｐｒｉｍｅｔｏｏｎｅａｎｏｔｌｉｅｒａｎｄｔｏａｎyintegerMgiveninadvance

Pmoq/:Thisisprovedbyslightmodificationoftlleproofof[1]asfbnows・
ＢｙＬｅｍｍａ５､１，theclassC1representssomeintegｅｒａ１ｐｒｉｍｅｔｏＭａｎｄＣ２
ｒｅｐｒｅｓｅｎｔｓｓｏｍｅｉｎｔｅｇｅｒａ２ｐｒｉｍｅｔｏａ１Ｍ，Hencetllerearefbｒｍｓ

[αj’6j,*]ｅＣｊ（j＝1,2)．
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Let6beanintegersuchtluaｔ

６三6ｊｍｏｄ２ａｊ（j＝1,2)，

1９

whoseexistencefbnowshomthatq，ａｎＣｌａ２ａｒｅｐｒｉｍｅｔｏｏｎｅａｎｏｔｈｅｒａｎｄ

辱三〃､．d…昨|;萱]＆ｒｍ)……+２．Ｍh．obl
RemarM､5,integersc;areCletermMl1by

,巧い,矧咋[魏琴I
N。ｗ方＝[｡』,6,C;]istobezequiZed、

ＬＥＭＭＡ５､７［１，ＣHAP､14,ＬＥＭＭＡＭ]・ＬｅｔＣ１,Ｃ２ｂｅｔｗｏｃｌａｓｓｅｓ
ｍｏｄｒｏ(、)。１.pmitiveibrmsoi・discziminantD≠OTIientIiereisacIass
CsuclMliattlieconcordantcompositionor方ｅＣｊ(j＝1,2)alwaygIiesinO

Thisisprovedinthesamewayasin[1]bytakingtlleequivalencemod
ro(、)fbrtheequivalence～、

Ｎｏｗ，ｗｅｃａｎｄｅｆｉｎｅａｐｒｏｄｕｃｔｏｆｔｗｏｃｌａｓｓｅｓｍｏｄｍｏｆｑｕａｄｒａｔｉｃｆｂｒｍｓ
ｂｙｔｌｌｅconcordantcompositionofrepresentativesoftheclasses・Thefbllowing
theoremisimp1iedIhomTlleorem4・l0andRemarlに5.4．

THEoREM5､8．LetＫ＝Ｑ(V万)be川IMaticjMdoMSczimmmtn
nien③ａｎｄ唾ｇｉｖｅａｎｉｓｏｍｏ叩liismMweentliegrouporidealclasｓｅｓｏｒＫ
ｍｏｄｅｉｋ(、)amMiegronpo化qnivaIentclassesmodl1o(、)｡f・binaryqMratic
ibrmsofdisc工iminantD．

Foraprimitivequadraticfbmn丁,denotelbyChz(丁)tlleclassof丁modro(、)．
Wecamafbrmjf3acomZ'０伽｡〃oftwoprimitivefbrmsノianCl九moClm,ｗｈｅｎ

鰄搬↓髄搬鰍鰍鯛;二鮒澤
PRoPosITIoN5､９．Ｍ九＝[α1,61,c1]ａｎ〃2＝[α2,62,c2]betwopmni‐

鶏癬悪手競竺#,P工羅證露競継ニマ鰐維濁謡
九＝[α,α2,6,5]、Ｔｌｉｅｎ九isacompositiono〃,ａｎ〃2modmibranJ,integer
m､Lett,＝(62-6,池,/2,22＝(6,-62ルョ/2.nien5＝6,＋2α1t,＝62＋2α2ｔ２．

〃……,…=……+岫酬'i=[制作
[;小川・咋仇ＷＨ吃Th加川．………



2０ Ｙ、FuRuTA

concordlantfbrmswitllthemiddlecoeficient6,andwellavetllepropositionby
definitionofconcordantcomposition，

PRoPosITIoN5､10．Ｌｅけ１＝[α1,6,Cl]ａｎｄ九＝[α2,6,c2］beconcor-
dantpmnitivM,rmsoMscziminantDslIclMliatg・Ｇｄ(α,山)＝１Let九＝
[α,α2,6,*]betlietlieconcordantcompositi。、。〃,ａｎｄ力．ＺＭｅ皿1,u2eZso
tliata1ul＋α2Ｕ２＝１１andIetTu＝Ｃｌ皿2＋ｃ２Ⅶ1．TIien九coincideswitlMhe
GaUssiancompositionoMLinedf｡ｍ[P]＝[1,0,0,-uIancl[q]＝[０，α,,α2,6]・

ＰｍＯ/HInordeｴtoobtaintlleGaussiancomposition,weapplyProposition
1.24．since６，＝６２＝binthepresentcase，tllematrixSinPropositionL24is

＆-|茎1,iiil
Let[γ]＝[-1,0,0,0]・T11ensinceS`[γ]＝‘[O川α2,6]，ｗｅｃａｎｔａｋｅ[q]＝
[０，α,,α2,6]ａｎｄ[`]＝[0,趣,胸,0]ｉｎＰｒ･position1.24.MoreoversinceS`[3]＝
`[Ｍ１+Ｑ２Ⅱ2,0,0-c2皿,－c,皿2},ｗｅhave[Z,]＝[1,0,0,-ul],Ａ＝－|Ｑ|＝α,α2,Ｂ＝
|P,|＋|Ｑ,|＝６，ａｎｄＯ＝－ＩＰｌ＝⑪、HenceProposition1.24implies九＝
[A,Ｂ,０１，tlleGaussiancompositionof丁,ａｎｄ九。btaineClh｡ｍ[Z,]ａｎｄ[q]、

AGaussiancompositionobtainedinPropositionllisarepresentativeof
thecompositionoftlleunimodularequivalenceclassbutnotnecesaｪｉｌｙｏｆｔｈｅ
ｃｌａｓｓｍｏｄｍｉｎｔｈｅｃａｓｅｍ＞１．NowbyProposition1.26,tlleproofofPropo-
sitio、５．９andlPropositio、5.10,wellaveaGaussiancompositionofequivalence

THBoREM5､11．Ｌｅけ1＝[α1,61,Cl]ａｎｄ力＝[α2,62,c2]betwopmnitive
lbrmsoMsc並minantDsuclMIlatgM.(α,,α2)＝１．ＺＭｅｕ,仰ｅＺｓｏｔｌｉａｔ
Ｍ,+α池＝1,andIetf,＝(62-6,池,/2,t2＝(6,-62”/2and⑪＝c1u2+cWL
LeMilrtIier

Hl奎｝Ｈ１芋｝
〃=岬脳lvrw-wいけ，

andFbetheGanssiancompositionof矛１ａｎｄｊｅ２ｂｙＰａｎｄ９ＴｈｅｎＦｉｓａ
ｃｏｎｃｏｒｄａntcomposition，ａｎｃＭｅｎｃｅａｃｏｍｐｏｓｉｔｉｏｎｍｏｄｍｆｂｒａｎｙｍ：

ｑ､(F)＝Ｃｈ､(た)0m(た)．

Ｍｏｒｅover,IetP1andQ1beobtainediiomPanclQasinPrOposition1.1．ｎｉｅｎ
ＦｉｓｇｉｖｅｎｂｙＦ＝[A,Ｂ,０１，wliereA＝－|Ｑ|＝α,α2,Ｂ＝lP1l＋lQ1l,ａｎｄ
ｏ＝－lPl＝⑩．
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I6・Duplicationmodm

2１

Letmbeaninteger,ａｎｄ了＝[α,6,c11DeanintegZalbinaryquaClraticfbrm
suchtllatgc.｡L(α,、)＝1.Denotebyq､(丁)tlleclassof丁ｍｏｄｍ・Thepurpose
ofthissectionistoconstructaClupmcationFof丁moClm,i､e､,afbrmFsuch
tllat

(6.1）ｑ⑭(了)2＝０m(F）

fbzagivenfbrm丁＝[α,6,c]．

Ｒｅｍａｒｋ６,2．Adup1icationobtainedhomProposition212isarepresenta‐
tiveoftheduplicationoftheunimodularequivalenceclassbutnotnecesarilyof
theclassmod77zintllecａｓｅｍ＞１．

NowinorClertollaveaduplicationofノｍｏｄｍ,wechooseafbrm了,＝丁u'＝
[α1,6,,c,]suclltllatUiero(、)and９．c､..(α,α,)＝LTllenaduplicationof丁
modmisobtaineCl]bydefinitionasaconcordantcompositionof了anClf1・

ＬＥＭＭＡ６､3．Ｌｅｔ了＝［α,6,c]beapzimitiveibzm，andsupposetM

gMM=エL･`ハーハ[…ＭＦＩ糊'二Ibm
nien

(6.4） ｡,＝了い,,、)＝α私f＋6Ｍm＋cm2．

ancltliereM1sucMiatgM.(α,,α、)＝1．

PmoO/HThefbrmula(6.4)isfbmowedh｡ｍＬｅｍｍａ４､1immediately・Wecan
choose皿，fbrinstanceasfbnows、Letα＝αｏｈ,wheregc.。(α０，c）＝ｌａｎｄ
primedivisorsofhanClccoincide・ＬｅＭ，＝α；三１ｍｏｄｍｂｙｓｏｍｅｉｎｔｅｇｅｒ
ｅ・Ｔｌｌｅｎｇ.c､。(α,,、)＝1Ｍ．reover９．cd.(α,,α)＝１．１，fact,ｉｆｐｌＬｔｌｌｅｎ
ｐｌｃ,ｐ↑私,,Z,＋mandW6owingtoprimitivityof了.Hencepイα,､Ｉｆｐｌａｏ，
thenpl皿,,Z,＋ｍａｎｄｐ＋cHencep＋α,．

Ｌｅｔナー［α,6,c]beasaboveaprimitivefbrmofdiscziminantD，
9.ｃｄ(Ｍｎ）＝１．Ｌｅけ，＝[α1,6,,c,]beafbrmobtainedasinLemma
Choose７，８ｅＺｓｏｔｈａｔａ７＋α１８＝１，ａｎｄｌｅｔ

and

6．３．

(6.5） ６＝α７６１＋α186.

Ｌｅｔ

(６６） to＝(6,-6”/２，ｔ,＝(6-6,沖/2，



Ｙ、FuRuTA2２

卜{'零lN-{川(6.7）

and

九＝了vb，ハーブ】'i＝丁Unvi(6.8）

Thensince6＝６＋Ｍｏ＝６，＋2α1t,,ｔｈｅｆｂｒｍｓ九ａｎCl丁,areconcordant,i､e・’
九＝[α,6,50]ａｎｄ力＝[α1,6,己,],wheze5o＝(Ｚ２－Ｄ)/4α,５１＝(５２－，)/4α,、
LetＦ＝[αα1,6,5]betheconcordantcompositionof九ａｎｄ了,，wllereE＝
(５２－，)/4QqLThenFsatislies(6.1),andwellave

THEoREM6､9．Ｌｅ〃＝[α,6,c]beanintegralqnadraticibrmofHiscmn‐
inantD,anaＦ＝[αα1,6,可beanintegralqnadratic化rmdeterminedbytlie
ibllowmgdata：

α,＝Ｑｕｉ＋6mｕ,＋cm2,whereu1iSanintegersncMiatu,三１modm
andgM.(皿,,c)＝１．

６＝αγ6,＋α136,Where6f三Ｄｍｏａ４ａＭγ＋α,`＝１
５＝(５２－，)/(4＠｡,)．

menFisaduPlicationo〃ｍｏｄｍ,i・ａ,Ch2(Ｆ)＝Chz(矛)2．

Ｒｅ化rences

I;|等脇三鷲撞鮒鰐辮(::ｺﾞ(f：iilliIi会岳瀧謡臓::7ijop…
decompositionsymlbol,NagoyaMathJ.,９８(1985),77-86．

[3］０Ｆ・Gauss,Ｄｉ３ｑ州onesmtAmicqe,tzanslationtogezmanbyH・Haser，
Chelseal889．


