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Abstract，SomeequivalentconditionstoLeopoldt'sconjecturerelatedwiththe

structureofGaloisgroupsofcentralextensionsarestudied

Introduction

Ｌｅｔｈｂｅａｎａｌｇｅｂｒａｉｃｎｕｍｂｅｒｆｉｅｌｄoffinitedegree，ａｎｄ′ｂｅａｐｒｉｍｅｎｕｍｂｅｒ・

Throughoutthispaper,ｗｅａｌｗａｙｓａｓｓｕｍｅ

(＊）ゾーニＴｅノセｚ(ﾉﾙC〃ノー2．

ＤｅｎｏｔｅｂｙＧ(Ｋ/ﾙ）theGaloisgroupofaGaloisextensiｏｎＫ/ﾉｾ，ａｎｄｂｙﾉｾ(`ノｔｈｅ

ｍａｘｉｍａｌ’一extensionofﾉﾚunramifiedoutside′・Thenitiswell-knownthatLeopoldt，s

conjectureforhand′isequivalenttoH-3(Ｇ(ん(`)/ｈ),Ｚ)＝0．Thisisconnectedwitha

certainproblemofcentralextensionsthroughtherelationshipbetweenthestructureofthe

Galoisgroupofacentralextensionand(thedualof)Schur，smultiplicatorH-3(ＧＺ）The

purposeofthepresentpaperistostudysomeequivalentconditionstoLeopoldt，sconjectｕｒｅ

ｉｎｔｈｉｓｐｏｉｎｔｏｆｖｉｅｗ,especiallytheconditionsrelatedwiththestructureoftheconnected

componentofunityofideleclassgroupsareobtained(Theoreml4andl5)．

1．Leopoldt，sconjectureandabundantcentralextensions．

Foranypro-finitegroupGandanaturalnumber〃,thecohomologygroupH-"(ＧＺ）
ofminusdimensionisdefinedby

Ｈ-'2(ＧＺ)＝limH-"(Ｇ/Ｕ〃Z)，
￣

whereU1runsoveropensubgroupsofGoffiniteindex,ａｎｄｌｉｍｉｓｏｆｔｈｅｄｅｆｌａｔｉｏｎｍａｐ



２
Ｙ、ＦＵＲＵＴＡ

ThenwehaveH-"(GZ)=H"(GZr・HenceH-3(GZ)二H3(GZ)へ二H2(GQ/Z),whichis
尹乢

called(thedualof)Schur'smultiplicatorofG、

ForatowerofGaloisextensionsMつＫつMenotebyKm/KthegenusfieldofK/ｈｉｎ
Ｍ,whichisbydefinition,thecompositeofKandthemaximalabelianextensionofK/AD

inMDenotebyZM/AthemaximalcentralextensionofＫ/ｈｉｎＭ,namelythemaximal
extensioninMwhoseGaloisgroupoverKiscontainedinthecenteroftheGaloisgroup

overﾉｾ・Thenwehavethefollowingtheorem(CfHeider［3,§2］，Furuta［1,Theorem

5］）．

THEoREM1．

Ｈ-3(Ｇ(Ｋ/ｈ),Z）
G(た"ﾉﾙ/Kﾙﾉﾙ)＝

りぴG("/Ａ)→G(K/ｈ)Ｈ-3(ＧＷ/ｈ,Z）

ゴヘ

WecallM伽"伽Ｍ,γＫ/ﾉｾwhenG(KKﾉﾙ/K恥)=H-3(G(K/ﾉｾ),Z),namely
DC/G("/ｈ)→G(K/虎)Ｈ-3(Ｇ(〃/虎),Z)＝0．

ForaGaloisextensionM/ｈ，ｉｔｆｏｌｌｏｗｓｆｒｏｍＴｈｅｏｒｅｍｌａｎｄｔｈｅｄｅｆinitionofco‐

homologygroupsofpro-finitegroupsthatH-3(Ｇ(〃/ｈ),Z)＝OifandonlyifMisabundant

foranyfiniteGaloisextensionKoverhcontainedinM

NowdenotebyhthealgebraicclosureofA?、Thenitiswell-knownthat

Ｈ-3(Ｇ(ん/ｈ),Z)＝０(1.1）

(CfSerre［10,Theorem4］，Heider［3,§5］，Yamashita［11,Theorem3］，Miyake［9］

SeealsoTheorem5anditsremarkbelow)．Ｈｅｎｃｅｗｅｈａｖｅ

THEoREM2G(Zr雌/K妹)二H-3(G(K/ｈ),Z）

ForanalgebraicnumberfieldK,denotebyADxthemultiplicativegroupofnon-zero

elementsofK,ＪＫｔｈｅｇｒｏｕｐｏｆｉｄｅｌｅｓｏｆＫ,ｉｎｗｈｉｃｈＫｘｉｓｅｍｂｅｄｅｄａｓｔｈｅｇｒｏｕｐｏf
principalideles、ＬｅｔＣＫ＝./K/ＫｘｔｈｅｉｄｅｌｅｃｌａｓｓｇｒｏｕｐｏｆＫ,ａｎｄＵＫｔｈｅｇｒｏｕｐｏｆｕｎｉｔ
ｉｄｅｌｅｓｏｆＫ・DenotefurtherbyKx(、)tｈｅｒａｙｇｒｏｕｐｍｏｄｍｆｏｒａｎｉntegraldivisorm

ofK,i､e､,Ｋ×(、)＝（αｅＫｘ；α＝１ｍｏｄｍ｝ａｎｄＪＫ(、)ｔｈｅｇｒｏｕｐｏｆｅｌｅｍｅｎｔｓｑｏｆＪＫ

ｗｉｔｈａＰ－componentqpsuchthatqp＝１ｍｏｄｍｐ，ｗｈｅｒｅＰｉｓａｎｙｐｒｉｍｅｏｆＫａｎｄｍＢ
ｉsthel1B-componentofm．

ForaGaloisextensionK/ｈ,ａｎintegraldivisormofKiscalledMio上ＣＯ"伽吻γif

misinvariantbyG(Ｋ/ﾉｾ)ａｎｄ



jVbねｏ〃Ｒａｍｊｉ/iiCzz吻冗ｑ／α"かzz/Ｅｒ蛇"s”ｓ ３

ｈｘｎＺＶＫ/‘K(、)/lVK/息Ｋｘ(、)＝Ｈ-1(G(Ｋ/ﾉｾ),ＣＫ)，

whichisisomorphictoH-3(Ｇ(Ｋ/ｈ),Z)．ThefoUowingtheoremiswell-known．

THEoREM3(Heider［3,§4,Satz］）．ＬｅｔＫ/ルbeagzzんiseju卿s伽ｃＷｉｉ"ｊねｄ２ｇ"eα"‘

Ｅ虎ｂｅ肋ｅ９７℃”ｑ/･〃"ｊｋｓｑ／ﾉｾ．Ｚ肋〃

(i）Ｔ〃c”α/bMys勘納Ｓ肋0とＣＯ"〃c肌α"cﾉitczz〃bcjZzhc〃ｓｏ伽/itco伽ｊ"ｓｏ"lly伽加Ｃｓ
、沈倣‘伽Ｋ/ﾙ．

(ii）Ｔ/ieWcjczss此EozﾉeγＫｍｏｄ１Ｍｓａｂ""血"ｵﾉbγＫ/ﾉ”.α"’０"１６ﾉ〃ｍｆｓａＳｂﾉto/ｌ２
ｃｏ"〃cねγα"。

Ｅ々ｍＶＭＫｘ(、)＝Ｅ虎mVK/虎ＤＫ(、)．

Nowweareinterestedinthefollowingproblem：ら

PRoBLEM・ＦｂγαwGzz伽２％e"s伽Ｋ/ﾉｳ,巾Ｃｓ仇e”Ｂ』rぶα〃α6"Ｍｚ"Ｍｒ伽sjO〃〃/bγ

Ｋ/ｈｓ"cﾉＭ/batｉｆα”腕ecllizﾉﾒsoγ躯ｑ/Ｙｎｓγzz加施cﾉ加川/Ｋ伽〃恥isα）zzl"縦‘”伽C
Q／Ｋ/肋γα〃腕ｅ〃UisoγCl／腕ｃｃ！`9,9Ｃｅ(Ｋ:ｋ)？

TheaboveproblemiscloselyrelatedtoLeopoldt'sconjecturee､９.asfollows、We

assumealways（＊),ａｎｄｄｅｎｏｔｅｂｙ虎(')themaximaM-extensionunramifiedoutside′as

inlntroduction・Thenthefollowingtheoremiswell-known（CfHeider［４，Ｓａｔｚ６，

Bemerkung］，Heider［5,Ｓａｔｚｌｌ］，Iwasawa［6jKuz,ｍｉｎ［8,Theorem7､２］）．

THEoREM4．Ｕ)zcjbγ仇ezzss"岬加〃（＊),血OPO〃尚ＣＯ蛾c〃”/bγ’2ｓ〃e/bγたが

α"’０"１１ｙゲル(')ｉｓα6"Ｍｚ"Ｍ）γα岬CCZ伽Gju伽s伽ｑ/だ"jZM2gγＵｃｏｚﾉcγﾉﾚＣＯ伽ｉ"ｅＷ〃
ん(`),ｉＣ.,Ｈ-3(Ｇ(ん(`)/ﾉｾ),Z)＝0．

REMARK・InapreviousreportWoteoncentralextensionsandLeopoldt'sconjecture，

RIMSK6kyUroku603(1987),137-151,,,westatethattheaboveabundantnessholdsifit

holdsforanyextensionＳｉｍ(`)ｏｆtype（′，′)．Howeverthestatementisnotguaranteed，
becausetheassertion(2.2,)inthereportisunexact・Butthepresentpaperdoesnotusethis
result．

2．SomeconditionsofLeopoldt,sconjecture．

ForagroupGoffiniteorderandaG-moduleAdenotebyZbtheaugmentationideal
ofthegroupringZ［Ｇ］，ａｎｄｓｅｔ１Ｖｃ＝こびｉｎＺ［ＧｌＤｅｎｏｔｅｆｕｒｔｈｅｒｂｙＡｃｔｈｅ

ぴＥＣ



４ Ｙ・ＦＵＲＵＴＡ

submoduleofAconsistsofG-invariａｎｔｅｌｅｍｅｎｔｓｏｆＡａｎｄＯＧ(Ａ)thesubmoduleofA

consistsofelemeｎｔｓａｏｆＡｓｕｃｈｔｈａＵＶＧα＝０．ForaGaloisextensionMofK,ｗｅｄｅｎｏｔｅ

ｂｙＢＫＷ)theidelegroupofKcorrespondingtothemaximalabelianextensionofK

containedin/Mbyclassfieldtheory,ｎａｍｅｌｙＢＫ(/M)＝Ｋ×．Ⅳ"/K`/〃・ＰｕｔＢｊｒ＝ＢＫ(Ｋ）
andＤＫ＝ＢＫ/Ｋｘ、ThenDKistheconnectedcomponentofunityoftheideleclassgroup
CK,andthefollowingiswell-known(CfIyanaga［7,Chap､５，Theorem65］）：

(2')〃(M'Ｍｊ二1h脚蕊::::::藍
where'ｂｉｓｔｈｅｎｕｍｂｅｒｏｆｒｅａｌｐｌａｃｅｓｏｆＡｒａｍｉｆｉｅｄｉｎＫＴｈｕｓｗｅｈａｖｅ

(2.1'）Ｈｓ(Ｇ(Ｋ/ｈ),ＤＫ)＝０

foranyintegersundertheassumptioｎ（＊)．

THEoREM5、ＬｅｊＭ/Ｋ/ｈ６ｅａｍｚ(ﾉeγｑ/UtzんｆｓＢｊｕね"Ｓｍ"ｓｚ(ﾉ肋Gzz伽９ｍ”Ｇ＝

G(Ｋ/虎)ｃｌＭｉ"ｉ蛇ｏ伽γ・Ｔｈｅ〃Ｍｆｓａ６""ぬ"ﾉﾉbγＫ/ﾉｾｳﾞＨ－１(ＧＢK(〃)/Ｋ×)＝0．

P）mfAnexactsequenceofnaturalhomomorphisms

O→BK(〃)/Ｋ×」→CK=ﾉK/Ｋｘ２－Ｗ/BKW)→０

impliesalongexactsequence

(22）…→H~､(GBK(")/Kx)ljH-I(GCK)壁H-1((WBjr("))堂Ho(GBX(")/K×)→へ
ＮｏｗＨ~'(ＧﾉK(〃))＝ＯＧ(/K/ＢｊｒＷ))/ＩＣ(/K/ＢＫ(〃)）ａｎｄＨｏ(ＧＢK(/M))/Ｋ×)二

(ＢＫ(Ｍ)/Ｋ×)G/1VK/ｈ(ＢＫＷ)/Ｋｘ)．Bymeansoftheseisomorphisms，theconnecting

homomorphism5＃ｉｓ､inducedfromthenormmap・Moreprecisely,ｌｅｔｑＢＫ(〃)ｅＯｃＵＫ／

B蝿(〃)),namelyjVKﾉﾙｑｅＢ膨(〃)．Then5#(qBK(〃))=(X-MVc.β-1)(qBK(〃)),where

LjVcandparetheinducedhomomorphismstotheeachcorrespondingresidueclasses

ThuswehaveKer3#二(Ｘ･Bjr(")/BK("))/((IGhBK(")),whereＸ＝（ロヨK；ｊＶｆノ

ロｅﾉｾＷＫ/,bBK("))=B偽(Kﾙﾉﾙ）ThereforeG(K"/脂/Kﾙﾉﾙ)二BK(Kル)/BK(K"ﾉﾊﾉﾆ(ＢＫ

(Kﾙﾉﾙ)BK(〃)/BK(〃))/((ＩＣﾉK･ＢＫ(〃)/BK(〃))=Ker5#＝ＩｍＰ#二Ｈ-1(GCKWH-1(Ｇ

Ｂx(")/K×）HenceifH-1(GBKW)/K×)=0,thenＧ(KIMﾉﾙ/K恥)=H-1(GC胸)=H-3(Ｇ
Ｚ),whichistobeproved．

REMARK・SinceH-1(Ｇ(Ｋ/虎),ＤＫ)＝Ｏｂｙ(2.2),Theorem5impliesTheorem2．



ｊＶ０ねｏ〃Ｒａ加坑czzt伽Cl／α"〃/団加s伽ｓ ５

ＦｏｒａｐｒｉｍｅｑＯｏｆＫ,letＫ＄bethe1B-completionofKwhichiseｍｂｅｄｅｄｉｎＪＫａｓ

usuaLandU卿｡川鍛thegroupofunMK鰯LetfurtherUK=経`U聡,thegroup
ofunitideleswhose2-comｐｏｎｅｎｔｓａｒｅｅｑｕａｌｔｏｌｆｏｒａｌｌｐｒｉｍｅｄivisors2of′・Denote

byC差)thegroupofelementscofCKsuchthatc'ＥDK=BK/K×bysomenatural
numberjprimetofThenH-l(G(K/ﾙ),CY))=０

THEoREM6、此OPO〃尚ＣＯ晩c伽”/bγ′ｉｓ伽e/ｂＷｈが

(B）Ｈ-1(Ｇ(Ｋ/ん),Ｕ'KBK/Ｋ×)＝Ｏ

/bγα'ＺｙＱｚ伽Ｂ伽"sわ〃ＫＯＺﾉcWbcWii"/蛇cノビg花CCC伽ｊ"e‘ｊ〃ﾉﾚ(`)．

Ｐ）りq/・Ｂｙ(2.1')andanexactsequenceO→ＢＫ/Ｋｘ→Ｕ'KBK/Ｋｘ→(Ｕ'KBK/Ｋ×)/(ＢＫ／

Ｋ×)→0,wehaveH-1(Ｇ(Ｋ/ﾉｾ),Ｕ'KBK/Ｋ×)二-1(Ｇ(Ｋ/ｈ),(Ｕ'KBK/Ｋ×)/ＤＫ),ａｎｄｉｎａｓａｍｅ

ｗａｙＨ－Ｉ(G(K/ｈ)，（〃KBK/K×)CX)/DK)二H-1(G(K/ﾉｩ)，（U'KBK/K×)CX))，whichis

isomorphictoH-1(Ｇ(Ｋ/ﾙ),Ｕ'KBK/Ｋ×)．ＯｎｔｈｅｏｔｈｅｒｈａｎｄｗｅｈａｖｅＢＫ(ﾉｾ(`)ﾉ/Ｋ×＝
(〃KBK/Kx)CX)HencethepropositionfollowsfromTheorem4andTheorem5

3．StructureofBK．

ＬｅｔＫｂｅａｎｙＧａｌｏｉｓｅｘｔｅｎｓｉｏｎｏｆﾉｾoffinitedegree〃containedinﾉｾ(')，fixedonce

forall，ａｎｄａｓｓｕｍｅ（＊）asinlntroductionOthernotationbeingasinthepreceding
sectiDn,putfurtherG＝Ｇ(Ｋ/ん)．

Ｄｅｎｏｔｅｂｙハ(恥)thegroupofrootsofunitycontainediｎＫ＄whoseordersare

powersof‘LetＴ'K=駆恥(K鼈),whichiscontainedinU'歴PutＢ'K=Tハ，
whereBKisasbeforethesatulationｏｆＤＫｔｏノK,ｎａｍｅｌｙＤＫ＝ＢＫ/Ｋ×・ＴｈｅｎＵ'ＫＢＫ＝
Ｕ'ＸＴ'ＫＢＫ＝Ｕ'ＫＥ'Ｋ、Ｈｅｎｃｅｗｅｈａｖｅ

(3.1） Ｈ-1(ＧＵ'ＫＢＫ/Ｋｘ)＝Ｈ-1(ＧＵ'ＫＢ'K/Ｋ×)．

ThereforeitfollowsfromTheorem6thatLeopoldt，sconjecturefor′istrueforﾉｾ,if
thefollowingcondition(Ｂ，)issatisfied：

(Ｂ，） Ｈ-1(ＧＵ'ＫＢ'K/Ｋ×)＝0．



６ Ｙ・ＦＵＲＵＴＡ

lnordertodealthecondition(Ｂ')inthefollowingsection,wepreparesomeresults

LEMMA7．Ｂ;=BＫ

Ｐ７Ｄｃｌ/､、TheconnectedcomponentsDjrandDルｏｆｕｎｉｔｙｏｆＣＫａｎｄＣルarecorrespond

tothemaximalabelianextensionsofKandofﾉｾrespectively、Hence1VK/ＡＤＫ＝りん．On

theotherhandwehaveHo(GDK)=０ｂｙ(21')ThusD:=1VK/臆DK=D臘」tfollows

fromHilbert'stheorem90thatD:=(BK/K×)c=B;/ﾙ×・SinceDlFB偽/ﾉﾚ×,wehavethe
lemma．

LEMMA8・jVK/虎ハ(Ｋ躯)＝ﾉu`(んp）z(ﾉﾉbe〃1ＰｌＰα"cノＰ/|/’．

Ｐｍｑ/・Put９＝１Vﾙ/ＱＰａｎｄ９グーlVK/Q118．Letのａｎｄ６ｂｅｐｒｉｍｉｔｉｖｅｒｏｏｔｓｏｆｕｎｉｔｙｏｆ

ｏｒｄｅｒｓ９－１ａｎｄ９'－１，ｗｈｉｃｈａｒｅｅｌｅｍｅｎｔｓｏｆルｐａｎｄｏｆＫ邪respectivelyThenwecan

choseのand5sothat6＝Ｍｒ$/たりの,because９ノー1＝(9-1)(9企'＋〆2＋…＋1)ａｎｄ、｡＝④q
byageneratorぴofthecyclicgroupG(Ｋ肥/ﾉｾp）oforderfNowlet9-1＝ｓハ(s，′)＝

1．Then5sisageneratorof似,(ﾉｾｐ)．Ｓｅｔの,＝のs、Ｔｈｅｎ６s＝jVK＄/たりのＬＬｅＭｂｅｔｈｅ
郷P

orderofの,,thatis,のf＝1,andlet〃＝"'ハ("',′)＝1．Thenの,ｅＭＫ$)andjVK,/偽，
のf＝§"',whichisalsoageneratorof'ＭﾉｩIj）Thisprovesthelemma．

PRoPosITIoN9・Ｈｓ(Ｇ,Ｔ'K)＝０/bγαﾉﾉﾉ"姥ビハｓ・

Ｐｍｑ/・ItfollowsfromthedefinitionofT'Kandsemi-localtheoryofcohomology

groupsthat川ＧＴ'K)二,ﾘﾘ,川ＧＭ(K獺)),whereG鰯=G(K鰯/たり)and邪isanyoneof
primedivisorsofP、ＬｅｔＰｂｅａｐｒｉｍｅｏｆ虎notdividing′・ＴｈｅｎＬｅｍｍａ８ｉｍｐｌｉｅｓ

Ｈｏ(G$,川(Ｋ$))＝０．ThensinceG肥iscyclicandノリ,(K躯)isfinite,wehavefurther

H1(Ｇ肥,川(Ｋ昭))＝0．HenceHo(Ｇ,Ｔ'K)＝Ｈ１(Ｇ,Ｔ'K)＝0,whichimpliesthepropositionby

thewell-knownpropertyofcohomologygroups

WerecaUthestructureofB偽For､ﾆﾉﾙ,ｓｅｔｌｏｌ＝リリMhevolumeofq
wherellpstandsforthecanonicalvaluationandqptheＰ－ｃｏｍｐｏｎｅｎｔｏｆｑ・

LetZbethecompletionofZbymeansofsubgroupsoffiniteindeMhusZ二写Z,，
wherePrunsoverallrationalprimeｓａｎｄＺｐｉｓｔｈｅｐ－ｃｏｍｐｌｅｔｉｏｎｏｆＺ

ＬｅｔＢ;＝｛ｑｅＢ偽；ｌｑｌ＝1｝・ThenanyelementoofB；iswrittenasfollowｓ

(Cf・Iyanaga［7,Chap､５，Theorem63］）：
几，

(３２）ｑ＝α",……ワノｗＡ)……ｄ仏)，



Ｍねｏ〃Ｒａ”i/iiaz加犯ｑ／α"”/＆た"sjo"ｓ ７

ｗｈｅｒｅａｅｈｘ,ルー(s‘，熟)ｅＲ×Ｚ,臣ガー(x＃p),ｘｉｐｅＺｐ，γ２ｔｈｅｎｕｍｂｅｒｏｆｃｏｍｐｌｅｘｐｌａｃｅｓｏｆ

ｈ,ａｎｄｄｄ(/)＝ｅＷ~=1.ｔｆｏｒｔｅＲ、

ＬｅｔＰｂｅａｆｉｎｉｔｅｐｒｉｍｅｏｆﾉｬ，ａｎｄｓｅｔ１ＶＰ＝１Vﾙ/QnForanyglobaluniteofﾉｾ,ｓｅｔ

ｓ＝ごpに）・どp(1)

ｉｎルp,whereep(1)ｉｓａｕｎｉｔｏｆﾉｾpsuchthatep(1)＝ｌｍｏｄＰ，ａｎｄ６ｐ(e)isarootofunity

of恥forderadMsorof川-1For蕊=(jwp)eZ=写Z,ｗｉｔＭ二Z,,letに震ﾙbethep
-componentofe霞．Ｔｈｅｎｗｅｈａｖｅ

(3.3)(e蔓ルーごり(ど)g(圏,,) .ｅp(1)鞄，
whereｇ(兇,Ｐ）isarationalintegersuchthat

(3.4）ｇ(魂,Ｐ)＝妬mod・ＷＰ－Ｉ,９s）

forallrationalprimes9suｃｈｔｈａｔ９１ＷＰ－１)andasufficientlylarges．

PRoPosITIoN10・jVDZtz肋"6c”gczsa60zﾉc,z(ﾉe〃czzﾉe

(△）Ｕ'んｎＢ'んqvK/A(Ｕ'ＫｎＢ'K)．

Ｐ,、/、ＬｅｔＥﾙａｎｄＥＫｂｅｔｈｅｇｒｏｕｐｏｆｇｌｏｂａｌｕｎｉｔｓｏｆhandKrespectively,ａｎｄlet

(Ｋ:ｈ)＝'"Lets1，……bbeasystemoffundamentalunitsoＭＰｕｔ"蔵=ど/風＝

jVK/ｊｂｅｉｆｏｒｊ＝１，……，γ・ThentheyareindependentoverZasZ-modulebymeansof

power・

Ｎｏｗlet(ISU'ＡｎＢ'偽．Ｔｈｅｎ(IeB1T'偽．Henceqhastheformas(3.2)：

(3.2'）ｑ＝α"Ｉ!……〃坪,(A)……ｄ仏)b，

ｗｈｅｒｅｂＥＴ'ん．MoreoversinceqeU'ん，ｗｅｈａｖｅａｅａａｎｄ

(３５）α＝６ｓ？……ｅγ，
CZT

where6isarootofunityinﾉｾｘａｎｄａｉＥＺ・Ｌｅｔ〃ゴー§p(ワガ)・ワノp(1)ａｎｄｅビーワタ(e〕ｅｉｐ(1)

bedecompositionsbymeansof(3.3)iMp・ObservingI-componentsofqfor〔｜′ａｎｄ
ｂｙｍｅａｎｓｏｆ(3.3),itfollowsfrom(３．２，)that

(3.6）１＝αIJ5,("`)g(蕊`'１)"i,(1)x"、

wherexizeZ‘ａｎｄｇ(斑‘，〔）ｂｅａｓ(3.4)ｗｉｔｈＰ＝ＬＬｅＭｂｅｔｈｅｏｒｄｅｒｏｆ６ｉｎ(3.5),ａｎｄ

set‘＝′e‘',（`'，′)＝1．Ｔｈｅｎｂｙ(３５)ａｎｄ(3.6)ｗｅｈａｖｅ

(3.7）、"j,(1)~,Ｍ，＝§doIJeiI(1)｡``,,and

(3.8）、§,("‘)~`(露`｡!)`,＝ｎ５Ｉ(ど`)､``,、

IfPisanyrationalprimeotherthanＡｔｈｅｎｌ/′”isanintegerinZp・Ｄｅｎｏｔｅｂｙ



、笑１８」の①｛［Ｑ眉（、。、）出のシ・の油・］言．（［‐ご【）｜□］星］
二Ｕ口のｓの①白石ロ［口巨○回面出出。］Ｃ八八の《（ぬ。へ『－耳》【）・ロ○日虞『（二ｓ二）則①出の二ｇ《（①．、）ロロロ（」．、）【△

の戸口二①ニシ

ニの日泪□①』石垣ロＢ｝ロの昌侶・の』○二口の呵耳廷昌口○君のｏｑＢｏＱ①□面の△（［）ｓ唇。（害）二いⅡ害］①曰
・国×国Ⅲ山（やニヘガ）Ⅱ》Ｑ２①二芦

へ挫》唇：：：一層ⅡＰ（Ｃ［。、）

］のの・匙（：：：へ［Ⅱ》

衿。」（国｝。」ロの日の｛の①ｓ《屋、へ《ござⅡ分渭①ニゼ巳］①曰．（①．、）ロロ⑤（ぬ。、）属の口①△、黙ｂ口呵さ日①二言

（》Ⅱへ白の二足房、菖窯ｌⅡｓ「（①。、）
》升へロの二彦痘》｛、やご

易二つ①巨垣①での｛旦弐〕ロの口ＣＱ■白ｏＵＩへ①の○二』房《墨：：：（［Ⅱ》泊。】国弔○一口①〔届①｛①

巨呵の△（ＳＤⅡやｓ〕①曰・包宕渭○の冒し石の日自己口、日のロー《埋｝○の］旨。Ｕ石口‐二岩□二日、①三二口

｝｜］ロ①昌昼房

、弐二口①昌彦

『｜］

『蜑耳

（［ｌ耳》【）一Ｇ℃ロロ『Ⅱｓｐの二呉房

（［－耳》Ｓ一ｓでロロ、朴・ロ①二芦

ロの二畳戸

口の二邑房

①レロニ①芦①Ｑ口の四．（［‐〕》【）｜・の白酒９戸目呵泊。｝

ご△ハの（（幻、《［１］》【）・己。［肩《ござⅢ川猩、（〕目宕）助

○の看①シ甸二①言《、｜〕縄○四

．》、二口①二言（量）三ｕｓの日・の苣二〕兵ＰⅡ耳（、ご）８目①因

。、ざ（［）号④口・《ござ（⑰）９》口《、いⅡ《ござ幻目、いⅡ耳（、ご）

の①一［９日｛（ぬ．、）己ロ甸二出①己。①二］ロ○・の①凶消呵「易「旨①一目坦口の【二

。、国（［）〕》④ロ、さ（や⑳）］》貝、いⅡ一（：④ロ）、いⅡ］（、ご）

の①｛｛Ｑ［眉『（ぬ．、）己ロロ

くいロ函ロ色．浄

全盈Ｖ二二一三 §（具這Ｓｍ（⑰）二》回

《頁》蕊Ｉ（［）一一へロ。（｝《》Ｓｍ（害）］幼曰
く呉（［）号⑳目・こ（二傷壹）画（⑰）二》口

（の、《［‐ニン「）．己○日虞、《、、ＭⅢ｜Ⅲ量『（耳 （のｓ《［－ニン「）・己。【眉

・式（［）号唇回。（二《さ）画（冬）耳いけⅡ二（》》唇）口Ⅱ二四
『

《《、ざ（⑰）】》ロⅡ§（】ｓ毎）函（》⑳）】》■（［［．⑰）

●
～

￣､
一

助
◎
｡



ｊＶ０ねｏ〃Ｒａ加倣Zz如犯ｑ／α"”/欧陀"s伽ｓ

Hence(α`),=6,.

Ｎｏｗｗｅｈａｖｅａｄ,＝ｂｃｗｉｔｈｃｅＴ'ん，ａｎｄ(3.2')implies

qd'＝αd'〃四｡，……ワァ。,(Ｍ')……ｄ殖(/,h‘，)ｂｄ,
入江，

＝ｃ"{!`'十風 ……ワヅ+鰯６，Ｍ)……ｄ鐙(/婚d')b`，

Let6andbbeelementsofT'Ksuchthatc＝jVK/俺Ｂａｎｄｂ＝ⅣK/偽？,whoseexistence
arefollowedfromLemma9・LetfurtheraAt)＝(｡‘(/),1,……,l),theelementofC'"such

that1Vxﾉﾙ(a,(/))＝の`(/),where′"＝(Ｋ：ﾉｾ）Ｓｅｔ

ｑ＝Ｃｅ，￣￣’'州……e〉州３，(Ｍ')……ｄ仏`')Ｍ

ＴｈｅｎｆｉＥＢ'K、Sincetheorderof6I(＆)ｉｓｐｒｉｍｅｔｏ′，ｗｅｈａｖｅ５,(e`)g(,`．’)＝

６，(ど')“'/`卿．Hencethe2-componentofQisequalｔｏ

ＩＪ６山)g(蕊’'1)`，+g(，',')・ｎｅ`(1);Ｍ+ｙｊ`＝’

ｂｙ(3.8)ａｎｄ(3.9),ｗｈｅｎ２ｉｓａｐｒｉｍｅｄｉｖｉｓｏｒｏｆ′・Ｈｅｎｃｅｗｅｈａｖｅ

ｑ＝Ｕ'ＫｎＢ'Ｋａｎｄｑｄ'＝1ＶK/ｊｂｑ・
聖L a

Thusthecondition(△)holdswhenc/，＝1．

Supposethat‘，＞1．Ｌｅｔ（Ｋ：ｈ)＝′'ｉａｓａｂｏｖｅ・Since（ＣＩＩ，，′)＝１，wecantake

integers〃ａｎｄｚﾉｓｏｔｈａＭ'〃＋′〃zノーＬＴｈｅｎｗｅｈａｖｅｑ＝ｑｄ'灘ｑ‘蝿‘＝1VK/ﾉﾚ(倣い)ａｎｄｑｕ
’Ｌ Ｊへ

ｑに（Ｕ'ＫｎＢ'K)(Ｕ',ｂｎＢ'た)こ(Ｕ'ＫｎＢ'１r),whichsatisfies(△)．

4．Equivalentconditionto(B)．

Notationbeingasintheprecedingsection,letfurther6`“ｂｅａｐｒｉｍｉｔｉｖｅ′滅一throot

ofunity・

ItfollowsfromTheorem6and(3.1)thatLeopoldt，sconjecturefor′istrueforh,ｉｆ

(Ｂ'）Ｈ-1(Ｇ(Ｋ/A､),Ｕ'KDK/Ｋ×)＝O

foranyfiniteGaloisextensionKoverhcontainedinAD(')．

Thepurposeofthissectionistoｓｈｏｗ(Ｂ')underthefollowingassumption．

(#） Ｈｓ(Ｇ(Ｋ/ﾉｾ),Ｔ'ＫｎＢＫ)＝０forallintegerss．



1０ Ｙ・ＦＵＲＵＴＡ

PRoPosITIoN1L

HS(Ｇ,Ｂ'K/Ｋｘ)＝０ヶα"‘０"ｂＷＨＳ十'(Ｇ,Ｔ'ＫｎＢＫ)＝0．

Ｐ'､CQ/・ＳｉｎｃｅＢ'K/ＢＫ＝Ｔ'KBK/ＢＫ二Ｔ'K/(Ｔ'ＫｎＢＫ),wehaveanexactsequence

O→ＢＫ/Ｋｘ→Ｔ'KBK/Ｋｘ→Ｔ'K/(Ｔ'ＫｎＢＫ)→0．ThisimpliesHs(ＧＢ'K/Ｋ×)二

Ｈｓ(Ｇ,Ｔ'K/(Ｔ'ＫｎＢＫ))foranyintegers・BecauseHs(ＧＢK/Ｋ×)＝Ｈｓ(Ｇ,ＤＫ)＝０

ｂｙ(2.1,)．Moreoveranexactsequence
C

０→(Ｔ'ＫｎＢｌｒ)→Ｔ'K→Ｔ'K/(Ｔ'ＫｎＢＫ)→O

impliesalongexactsequence

…→Ｈｓ(Ｇ，Ｔ'K)→Ｈｓ(Ｇ，Ｔ'K/(Ｔ'ＫｎＢＫ))→Ｈｓ+'(Ｇ，Ｔ'ＫｎＢＫ)→Ｈｓ+'(Ｇ，Ｔ'K)→

HencethepropositionfollowsfromProposition9

LEMMA12．Ｂ'KG＝Ｂ'K,がＨ１(Ｇ,Ｔ'ＫｎＢＫ)＝0．

Ｐｍｃｌ/、Ｗｅｈａｖｅ（Ｂ'K/Ｋ×)G＝ZVK/偽(Ｂ'K/Ｋ×)＝lVK/A(ＢＫ/Ｋ×)・IVK/ﾙ(Ｔ'ＫＫｘ/Ｋｘ）by

Propositionll、Moreover1VK/虎(ＢＫ/Ｋ×)＝Ｂｈ/ＫｘｂｙＬｅｍｍａ７,andlVK/k(Ｔ'K)＝Ｔ'たby

Proposition9・Ｔｈｕｓｔｈｅｌｅｍｍａｆｏｌｌｏｗｓ．

PRoPosITIoN13．〃伽ＣＯ"成加〃(#)たsatjS/iiCユル〃伽ＣＯ"戊加〃(Ｂ，)ハＭｆｓ：

Ｈ-1(Ｇ,Ｕ'ＫＢ'K/Ｋ×)＝０

〃００/・SetHs(Ａ)＝Ｈｓ(Ｇ,Ａ)foraG-moduleAandanintegers，Anexactsequence

O→Ｕ'ＫｎＢ'K→Ｕ'K→Ｕ'K/(Ｕ'ＫｎＢ'K)二Ｕ'ＫＢ'K/Ｂ'K→Oimpliestheexactsequence

(4.1）…→H-1(Ｕ'K)→H-l(Ｕ'ＫＢ'K/Ｂ'K)→Ｈｏ(Ｕ'ＫｎＢ'K)→…

Aprimedivisor1PofKisunramifieｄｉｎＫ/hif1P/|/′bytheassumptionthatKCh(')．

HencewehaveH-1(Ｕ'K)＝0．WehavefurtherHo(Ｕ'ＫｎＢ'K)＝(Ｕ'ＫｎＢ'K)G/lVK/虎(Ｕ'Ｋｎ

Ｂ'K)ａｎｄ(Ｕ'ＫｎＢ'K)G＝Ｕ'たｎＢ'んｂｙＬｅｍｍａｌ２・HencePropositionlOimpliesHo(Ｕ'Ｋｎ

Ｂ'K)＝OandfurtherH-1(Ｕ'ＫＢ'K/Ｂ'K)＝０ｂｙ(4.1)．Ontheotherhandanexactsequence

O→Ｂ'K/Ｋｘ→Ｕ'ＫＥ'K/Ｋｘ→Ｕ'ＫＢ'K/Ｂ'K→Oimplies

…→H-1(Ｂ'K/Ｋ×)→H-1(Ｕ'ＫＢ'K/Ｋ×)→H-1(Ｕ'ＫＢ'K/Ｂ'K)→…

ThenthePropositionfollowsfromtheaboveresultandPropositionll．

THEoREM14・LcOPo〃tIsco蛾c〃”/ｂＭα"cノィメs〃e,が伽ＣＯ"`伽〃(#)たsajfS/7C‘

/bγα'2ｙ/ii"ｊ蛇CCZ伽“〃s伽Ｋｏｖｅｒルcontainedinﾉｾ(`)．

日切/・ItfollowsfromTheorem6thatLeopoldt，sconjecturefor′ｉｓｔｒｕｅｆｏＭｉｆ
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Ｈ-1(Ｇ(Ｋ/ﾙ),Ｕ'KBK/Ｋ×)＝0,whichisequivalenttoH-1(Ｇ(Ｋ/ん)，Ｕ'ＫＢ'K/Ｋｘ)＝０ｂｙ(3.

1)．ThisholdsbyPropositionl3,if(#)issatisfied

DenotebWz`(ん｡｡)thegroupofidelesofAFwhosefinitecomponentsareallequaltoZ

andinfinitecomponentsarerootsofuniｔｙｏｆｏｒｄｅｒノーthpower．

THEoREM15，血⑰o〃尚ＣＯ蛾c〃”/bγ′ｊＳ”c/ｂＷｂｊＷｚ‘ｏ"ﾉｌｙが

Ｔ'ｈｎＢルー〃`(ん｡｡)．

Ｐ,、/・Bytheassumption(＊),itiseasytoseethatHs(Ｇ(Ｋ/ﾉｾ),Ｔ'ＫｎＢＫ)＝Ofors＝

1,2,ｉｆＴ'ＡｎＢｂ＝川(ﾉｾ｡｡)．Hencethe“ifpart，，ofthetheoremisimpliedfromTheoreml4

immediately、Ｉｎｏｒｄｅｒｔｏｐｒｏｖｅ“onlyifpart''’1ｅｔｃ,，…，ｅγbeasystemoffundamental

unitsofｈ,andassumeqeT',ｉｎB”Ｔｈｅｎｑ＝αe}`…どＭ(A)…ｄ仏),whereaeﾉｾ×，

ルー(ｓｉ，熟)ｅＲ×Ｚ,andothernotationbeas(3.2)．MoreoversinceqeT'た，ｗｅｓｅｅｔｈａｔ

ａｉｓａｇｌｏｂａｌｕｎｉｔｏｆｂ．Ｈｅｎｃｅｗｅｃａｎｓｅｔ

(42）ｑ＝ＧＩＩ…ごﾅ｡,(A)…の鰯(い
Let〃ｂｅａｎｙｎａｔｕｒａｌｎｕｍｂｅｒａｎｄＰｂｅａｒａｔｉｏnalprimeotherthan′・Thenthereare

rationalintegerMsuchthaty,＝萸ｶﾞｍｏｄＰ"(ノー1,…,γ)．Put〃＝Ef…ど）．Nowobserv‐

ingfinitepartsofideles,ｗｅｈａｖｅ

(43）〃＝Iief-麗!…e1lr-蕊＝５(el1…eﾉﾘ，卿=(Uef1…e〉僻)，卿，

whereqstandsforthefinitepartofｑ，ａｎｄｂｉｓａｎｉｄｅｌｅｏｆﾉｾsuchthat5＝(Ｂ)が,whose

existenceisfollowedfromqeT'ル，andfurtherリガisanelementofZsuchthatP〃ﾜｶﾞｰｙｉ－

恥forﾉｰ1,…,γ・ThenthereisfurtheraunitlMf/bsuchthat〃＝"{"(Cflyanaga[７，

Chap､5,Theorem62])．ＬｅＭ＝`?…Gｼ,where必eZThen〃＝"γ…"ﾂ卿=どＩ…eｻﾞ．
ＨｅｎｃｅｗｅｈａｖｅｊＦﾂﾒ，",andfurtherl〃｜瀦ガｆｏｒノー１，…，γ・Thisholdsforanyrational

primePotherthan′andanynaturalnumber〃、ThereforetheP-partof死iisequalto

OforanyrationalprimePotherthan′，ａｎｄｈｅｎｃｅ弘ｃａｎｂｅｃｏｎｓｉｄｅｒｅｄａｓａｎｅｌｅｍｅｎｔｏｆ

Ｚ,、ＢｙｔｈｅａｓｓｕｍｐｔｉｏｎｑｅＴ'ル，ｗｅｈａｖｅａｎノーｃｏｍｐｏｎｅｎｔｏｆｑｉｓｅｑｕａｌｔｏｌ・Hence

wehavel=ef1…e夢by兇仁Z`NowifLeopoldt'sconjectureistruefor′,thenwehave

ｴﾎﾟｰ０ｆｏｒノー1,…,γ，Ｔｈｅｎｑｅ山(た｡｡),whichistobeproved．

NowcombiningTheorem4，６，１４ａｎｄ15,ｗｅｈａｖｅ

THEoREM16．Ｕ)@ぬγ仇eCzss"岬加〃（＊),ルノＭＤｚｲﾉﾉﾉＺｇｓｊＺｚ花沈c"ねα”ｃ９"ｊｚﾉzz/b"t、

Lc”o〃ｂｃｏ砿c雌花/bγ′ｉｓ”e/bWb、

ﾉｾ(`)isα6""｡〃"Ｍファα,ＺｙＧｚんｉｓ“剛s〃ｃＷ１ｒ"ｊｊＷｊ２ｇγＣＢＯ"eγﾉﾚＣＯ"〃"ecMzb(`)．

Ｈ-3(Ｇ(ん(`)/ﾉｾ),Ｚ)＝0．

(a）

(b）

(c）



1２ Ｙ・ＦＵＲＵＴＡ

(d）Ｈ-1(Ｇ(Ｋ/ﾉﾚ)，Ｕ'KBK/Ｋ×)＝０／bγα'ＺｙＱｚんjsejr剛s”ＫＯＺﾉcγｈｑ／だ"地ｃ/29"C

CC〃、伽ｃｄｊ〃ﾉｾ('ﾉ．

(e）Ｈｓ(Ｇ(Ｋ/ｈ),Ｔ'ＫｎＢＫ)＝Ｏ/bγα/〃"/圏gC応ｓα"‘/bγα"ｙＧｃｚ/､s“〃s伽ＫＯＺﾉcγﾉｾｑ／

β"蛇ｄ２ｇ"ｃｃ･伽加ccMch(`)．

(f）Ｔ'ルｎＢｶｰﾙ(ん｡｡)．

Asacaseofthecondition(ntobeSatisfied,thefollowingresultisobtainedinｔｈｅ

ｓａｍｅｗａｙａｓｔｈｅｐｒｏｏｆｏｆＴｈｅｏｒｅｍｌ5．

PRoPosITIoN17・Ｔｌ２ｅｃｏ"`伽〃(/)issatfSノガセユヴルγＷＭ〃α〃〃〃"伽cγＩＶＳ"cﾉ〃んzﾉ

ﾊﾞﾙ､(`'V一言)is）zz沈施`０２ﾉｃＷＩＭｂγα〃ｊ"/図9℃γ">１Vα"ＣＭ）γα岬""ｊ化Ｃｌ/ＡＭ(ﾉﾊe"ﾉＢ２=

ん(§小

Ｐｍｑ/、Inordertoprovetheproposition,ｉｔｉｓｅｎｏｕｇｈｔｏｓｈｏｗＴ'ルｎＢﾙｰﾉu`(ん｡｡)．

ＬｅｔｑｅＴ'んｎＢﾙ．Ｔｈｅｎｉｎｔｈｅｓａｍｅｗａｙａｓｔｏ(4.2)intheproofofTheoreml5,ｗｅｈａｖｅ

ｑ＝ＧＩＩ…e》ｗＡ)…6霜(リ

Let〃beanynaturalnumber・Ｎｏｗｗｅｔａｋｅａｐｒｉｍｅｎｕｍｂｅｒ′insteadofPintheproof

ofTheoreml5．Thentherearerationalintegersyisuchthatyi＝兇ｉｍｏｄ.’"(ノー1,…,γ)．

Putど＝どf…ellr・Nowobservingfinitepartsofideles,ｗｅhave

(44）ど＝Ｈｅｆ－露!…eｸﾞｰ蕊'＝５(el1…直ﾉﾘ`願，
ｗｈｅｒｅｑｓｔａｎｄｓｆｏｒｔｈｅｆｉｎｉｔｅｐａｒｔｏｆｑａｎｄりｉｉｓａｎｅｌｅｍｅｎｔｏｆＺｓｕｃｈｔｈａｔ〃ﾘｶﾞｰｙｉ－

銑forﾉｰ1,…,γ､LetL=ﾊﾞﾙi(`Ｖ－ｇ~).NowbydefinitionofT'ん,theI-componentsofq

areequaltｏｌｆｏｒａｌｌｌｌＡａｎｄｔｈｅｏｔｈｅｒＰ－ｃｏｍｐonentsarerootsofunityoforderノーth

powercontainedinhpHenceLisunramifiedoverﾊﾙ,Thereforeif">１V,thenにｈ芽
byassumptionoftheproposition,whichimpliesfurthereeﾉｾ`"(Cflyanaga［7,Chap5,the

proofofTheorem62]）ThenwehaveqeUlⅧnT'偽by(42)forallMVThuswe
haveq＝１．

CoRoLLARY18、Ｌｅ”oJhl尚ＣＯ班c〃花/bγ′お伽e/bγﾉｾ,加e〃伽cjzzss〃"”beγｑ／

ﾉﾚ(§`卿)ｉｓ〃ＣＭ/zﾉ趣肱ｂｙ′ノbγα,Ｚｙｓｚ４ﾉｸﾞﾌﾟC帆tIbノムcz邨犯．

REMARKByusinglwasawa，sversionofLeopoldt'sconjecture,theabovecorollaryis

provedsimplｙａｓｆｏｌｌｏｗｓ,whichduetoSShirai・

Foranynaturalnumber〃,takeanaturalnumber〃whichissufficientlylargeand

dependingto"sothatifeEEhande=lmod''，､,thenﾉｾ>`(`V-g~)isunramifiedoverﾉｾ,､､

Thenbytheassumptionofthecorollary,ｗｅhaveに(んｶﾞ)'卿,whichimpliesfurtherに



川佗ｏ〃RZz加減αzﾉﾉ0〃ｑ／CWZtMEr蛇"sjo"ｓ 1３

(んx)`Ⅷ(Cflyanaga[7,Chap5,theproofofTheorem62]),henceeeE;mThuswehave

(にEh;`=lmod'繩にE;鰯,whichisIwasawa'sversionofLeopoldt，sconjecture
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