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Abstract. Prime decomposition criteria in non-abelian normal extensions L of
degree 8 are studied, where L is obtained by adjoining a square.root or a quartic root of
the fundamental unit of a quadratic field according as the norm of the unit is equal to—1
or 1.

§1. Introduction

Let m be a positive square free rational integer. In this paper we give an expression
to the 2" (n=1 or 2) residue symbol of the fundamental unit &, of the quadratic field k=
Q (/m), relative to certain primes q.

If the norm of &, is —1 we consider the quadratic character of &,. This case has been
already studied, for example in [1] , [4] . If the norm of &, is +1 we consider its
biquadratic character. This case has been studied in [5] , [6] , and later in [3] so as
to include also the case where the norm of &, is —1. Here we apply the methods and results
of [2] to the construction of [3] ; this will give for certain g an expression of ( sc’l" Y2n
by certain prime decomposition symbols defined in [2] .

We set 7=R+S./m, where (R, S) is the minimum positive solution of

1.1 R2—mS%=1.

By [3, Lemma 1] there exists a unique decomposition m=de, d, e>0, a unique pair of
positive integers V, W and a unique number t=1 or 2 such that t=] if m#1 (mod 4), (t, d)
+(1, 1) and that

(1.2 t=dVi—eW? n=¢2

where

(1. 3) SZVJHEJ{W/E.

If N(ep)=—1, e=&2 or &, and if N(en)
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4+
=
o
o
I
o
S

or &, according as the
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diophantine equation r?>—ms®=4 has or has not odd solutions (r, s).

The prime decomposition symbol we will consider is [dt, -et, q] , as defined in [2,
Definition 1. 1 and Definition 5. 2] .

Let m=p; p; ---Pr the decomposition of m in a product of prime numbers. We consider

odd primes q such that

R

Then & can be interpreted as an integer modulo q, the quadratic residue symbol (%) is

= =2H=1 (=1, 1)
well defined, and equal to (qi) where g is a prime ideal (of degree 1) divisor of q in any
subfield of Q(/ =1, v t, VD1, =+, ¥/ Do)
§2. Calculation of [dt, —et, q]
We apply [2, Theorem 5. 1] with d,=dt and d,=-et. As t?=dtV?—etW?, the number
m of [2, Theorem 5. 1] is equal to 1. Also the number d of [2, Theorem 5. 1] is equal

to our number t. Thus we obtain :

PROPOSITION. Let q be a prime number satisfying (1. 4), and congruent to 1 modulo 8
if tis even or if m is even and d or -e=—1 (mod 4). Then

[dt, -et, q] =F)=(1),
where b, X, Y is any solution of the following diophantine equation such that
(b, x, y)=1 and (b, 2m) =1:

a) qb2:X2+XY+mTle Y? f m=—1(mod 4), d=—e=1 (mod 4), t=1;

b) agb?*=X*+mY? i m?—t—l (mod 4),d o —e=1 (mod 8),t=1;
if m=—1(mod 4), d=—e=—1 (mod 4), t=1,

{ i m_%—l (mod 4), d or —e=5 (mod 8);

d) gb*=X%*+4+16mY? if m=2 (mod 4), d or —e=—1 (mod 4);

e) qb*=(h+8X+4Y)*+16mY? if m=—1(mod 4), t=2.

c) gh?*=X?44mY?

§3. Determination of (%)
Asin [3] weset d'=dt &' =et, u=t—W/—¢, z=t+W/=¢, v=2t+2V/d
v=2t—2V./ d and define the following fields:
6.1 k=Q (/' —m),K=Q (/" d,v =€), L=K (/" x).

Then, as yu = V3d, L is a dihedral extension of @ whose subfield structure is as
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follows :
//L\
Qv v) QW) K QW u QW 7
~. IS
QW d) k Q(/ —¢)
\ /
Q

As (d, ¢)=1or 2 and as v and y are prime to one another up to a square factor in K,
the only ideals which can ramify in L/k lie above 2. Therefore the conductor § of L/k is
a power of 2.

Let S be the ray class field modulo i above k, and let K and K* respectively the central
class field and the genus field above K relative to S/Q.

Then LcS, and, as Gal(L/K) belongs to the center of Gal(L/@), LCK. As L/Q is non
abelian, LQK*, so that [K: K*]=2.

Let q be a rational prime congruent to 1 modulo 4 and decomposed in K* in ideals of
the first degree. From [2] we have

o S
6.2 [d, —e, q]z(f%) |
K
SR /1 S 7R 2 ’*/ \L
N#/xq a " q” K

where § and q are prime ideal factor of q in K* and K respectively. I|<
According to [2, Theorem 4. 3] , the field K* is given as 1?
Q

6.3 K*=kiQ /1),
where ki is the ordinary genus field of k, and f is a positive rational integer, which can
be calculated from the conductor f of the extension L/k. As f and | have the same prime
factors, f is a power of 2. Therefore the primes g=1 (mod 4) completely decomposed in
K* are the primes satisfying (2. 1) and, in the case where f>4

(3. 4) q=1 (mod f).

From the value of f given in [3] , we deduce the value of f. Both of them are listed in the
following table :
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Table 1

m t, d, e f f

e=1 (mod 4) lor?2 lord
=1 d 4

m=1 (mod 4) —e=1 (mod 4) 4 8

t=2 16 16

t=1, d=—e=—1 (mod 4) 16 16

m=—1 (mod 4) t=1,d=—e=1 (mod 4), W odd 8 8
t=1 d=—e=1 (mod 4), W even lord lord

d=2, —e=—1 (mod 4) 4 8

d=-1, e=2 (mod 4) 4 8
m=2 (mod 4) d=2 (mod 4), —e=1 (mod 8) lor2 lor4
d=1+{mod 8), e=2 (mod 4) lor?2 lord

Now, using (1. 2) and (1. 3) we obtain
(3. 5) ev=t(e+1),

so that (—g—):(%) (%). Using (3. 2), and noting that f=16 if t=2, we see that we have
the following :

THEOREM. Let m be a square free positive rational infeger, m=p; Dy D, s
decomposition in prime faclors. Let & be defined by (1. 3), and q a prime number satisfying
(1. 4) and (3. 4) wheve t is given in Table 1. Then

(3. 6) (%): [dt, —et, q] .

COROLLARY. If m and q satisfy the conditions of the Theorem, then
ev_,dt \_,—et
6.1 S=cP=-D,

where b is defined in the Proposition.
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