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1. Let T be the principal circle group whose elements make the unit disc or the
upper half plane invariant. Here we consider only the group whose elements act on the
unit disc D= {z;|z|<1} . The unit circle @= {z;|z|=1} is called the principal
circle.

Some results about the discreteness of the group of the linear transformations are
known as in the following. ‘

Proposition 1 (H. Shimizu [4)). Let A(z)=(az+b) (cz+d)™* with a, b, ¢, d ¢ §
and ad-bc=1. Let T(z)=z+1. Then the group generated by A and T is not discrete if
0< |e| <1.

The following result is due to S. Lauritzen ((2)).

Proposition 2. Let G be a nonabelian real group comsisting of the identity and
hyperbolic elements. Then G is discrete.

But it seems open under what conditions the group containing the elliptic elements
is discrete. So we shall give the necessary condition for the principal circle group with

this property to be discrete.

2. The purpose of this paper is to prove the following theorem.

Theorem. Let V(z)=(az+7C) (cz+a)?* with a, ¢ ¢ € qna’]alz— lc| 2=1 be the
transformation which preserves the unit disc D. Let F (z):ez"iz (¥=3) be the elliptic tra-
nsformation with ovder v. Then the group T'=<FE, V> genevated by E and V is not

discrete 1if 0< |c¢| < 1/V/15.

Remark 1. We shall find from this theorem the following fact: if the fuchsian
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27
group [ preserving the unit disc D contains the elliptic element E(z)=¢ v z (v =3),the
radii of the isometric circles of the elements of I except the elements of the subgroup
)= {V; Ver, V(0)=0} are smaller than v 15.

The proof of this theorem is divided into two cases with respect to the order v of
E:(i)v=7, (i) 3<v<6.

3. Proof of the case (i).
In this case Theorem is proved directly from the following lemma.
Lemma 1. Let V(2), E(z) (v=7) be the transformations defined in Theorem. Set
w=V and V,,=V,E-V;* for n=0, neZ Then it holds V,—E as n— oo, if 0<
lel < V/(2sin)2—1.

Proof. It is clear that the sequence { V,} is distinct. We write

an2+C,
V=222
Cn2+ayn

y An, Cre@, -Ianlz_ |Cn|2:1y

and we compute

: p— . -1 — —
" @n, Cn et™, 0 Any—Cn
+1— - iy
" (C’D a") <0 , € g 1> <_Cn; an>

<la"lZeim/“_lcnl26~imf‘ , *>
= *

. . ]'[
2ia, cpsin-

@

We shall get from (1)
@) lenl > (L4 [cal 2@ sindD)’ = |cpnl 2.
Now we can show by induction
3) @2sind) =1 > [c %, (=0, 1, 2, ).

It is trivial for n=0 from the assumption of Lemma. Suppose that (3) holds for n==%.
Using (2) and (3) we have

lcharl 2= leal® A+ [kl )@ sind)’ < @ sinl) 1.
Hence from (2) and (3) we have also

@) len > [cnml (n=0,1,2, ).

Thus we obtain from (2) and (4)
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®) el 20+ co )@ SN2 > [ cpin] *

Since ko=(1+ lco|?)(2 sin—f—)2<1, it is clear that |¢,|— 0 for #—>oco. Therefore we

can find from (1) and |a, |*— |c,|2=1 that 713{2 V.,=E. g.e.d.
Using this lemma we can easily prove the case (i). Since it holds /8_—0 4841--
SinF-=0.4337-+, we have /@ sinf) 7 =1 > /@ sm D71 > /—11_3

4. Proof of the case (ii). 2
Tl
This is the case in which I" contains an elliptic element E(z)=¢ * z of order v=3,

4, 5, 6. Suppose that the group '=<FE, V> is discrete. Then it is well known that
a, ¢
there exists an element W= (5 5)( [a|?—1¢]?=1) of I' such that it holds

[c] = |¢| >0 for all element U= (Z’?)of I'= <E, V> which do not fix the

infinity ((3), p. 19). The isometric circles I(W) and I(EWE-!) have the same radii

Zm
Rw=Rgwr-= 1/ |¢| with centers g, =—a/¢ and ggwgp-=(—a/¢) e Y , respectively.

At first we shall prove that I(W) and I(EWE™!) intersect to each other.
If they do not intersect, it holds Ry = Ié |’1<tan i(?)S v=<6), (See Fig.1). Hence
we have |¢| = |¢| = (tan %)_ (tan—) /—:0 577--

I(EWE™)

I(W)

On the other hand we have from the hypothesis of Theorem 0 < lc| < %

=(.258-:-. This is the contradiction. Thus we may assume that I(W) and I(EWE-1)

intersect to each other under 0< |¢| <

/__
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5. Denote by Ext (I(W)) the exterior of I(W) and set R= {z; arg (g,) <arg z
= 2,/” +arg &yt N {Ext (W)} n {Ext [[EWE™'))} (shadow part of Fig. 1). Further
we denote by ¢(S) and N(I") the Poincaré (non-euclidean) area of the measurable set S

and the normal polygon of T, respectively. Then it is obvious that o(R) = o(N(I)).

It is well known that the Poincaré area of the normal polygon N of the fuchsian
group can be computed by using the Gauss-Bonnet formula ((1J, [3]). Suppose that N

has 2# sides with no free sides. Associate with each cycle a number /, which is 1 for an

accidental cycle, the order of a generator of the cycle for an elliptic cycle and oo (that

is, 1//=0) for a parabolic cycle. With this definition, the value of o (N) is given by

6) 2n(n— 1—2% ),

the sum being extended over all cycles. Using (6), we have

- (¥=3)

@) o(NI) = 477(}, (1=4, 5)

71' —
R

Here the constants of the right hand side of the above inequality are the minimum
values of o(N(I")), when T" has the elliptic element of order v ((3)).

Denote by 26 the intersecting angle of I(W) and I(EWE-") (Fig. 1). Since o (R)=27
—n—-7-—26, we obtain easily from (7) and ¢ (R) = o (N("))

I 6=y
2 bis _
(8) 7T——U——29 = 10 (v=4,5)
- (=6

Hence we have the following estimate :

——  (=3)
9 8 < _g_ (v=4)
T

T) (U:: 5» 6)
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6. In order to develop the further discussion, we have to seek for the relation
among the angles 7”, g and the radius RW:|—%|. For this purpose we shall give the

following lemma (See p. 510 of (5)).

|~

Lemma 2. There is a relation among the angles T” 6 and the radius Ry =

C|

as in the following :

T
1+cot? &

o
(10) (Ry)™* = —1+ 1+tan?s

1(EwE™)

1(W)

Fig. 2.

Proof. By a suitable linear transformation preserving the unit disc, we may
assume that (W) is orthogonal to the real axis (Fig. 2). For the brevity we set (02{5,
a=Rwy and p=gy, (>0). Let (x— p*+y2=a? be the equation of I(W). Since I(W) is
orthogonal to @:|z| =1, then it holds ©?=a?+1, so that the equation of I(W) in the
polar coordinate is

11 r?—27p cos p+1=0.

Hence we have from (11)

dr _ rpsine
(12) dp ~— pcose—r

%
Since 4 is the angle between the tangent of I(W) at P (» ¢) and the vector OP, we
obtain from (12)
v p% costo—1

0 sin @

_ . dr _
(13) tan 6= r/d¢ =
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Hence from (13) and 0?=4a%+1, we have

1+cot?e
a4, 1dcotio
a?=—1+ T tan’s . g.ed.
7. Now we can prove the case of (ii). We obtain from (9) and (10) the following
estimate :
4)  Rwr=(l¢] Pz M, > B=vs6),

15
where M,= —1+4/3(1+tan2% . M,=—-1+2/(1 +tan2—753 . M, :(l—tanzig—)/Z tanz %,
Ms=1. Thus we can conclude that /15> |c |7}, if T" is discrete.

Remark 2. In the case of v=2, Theorem does not necessarily hold. Take the
sequence {x,}>_, such that 0 <x,<1, }}{2 x,=0. We consider the group I generated
by the following two elliptic transformations: E(z)=—z and

A+x2)z—2x,
2%n2— (142x7)

Az)=

It is obvious T" is discrete, but the reciprocal of the radius R4 of the isometric circle I(A)

is | 2x,7/ (1—x% ) | which tends to 0 as #—co.
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Abstract A simple and systematic recipe is presented which gives for any integer
& (distortion parameter) the family of exact solutions for gravitational fields of
spinning masses and which reduces to give the famous Kerr solution for =1 and the
Tomimatsu-Sato solutions for =2, 3,and 4. Our family of solutions reduces to that
of the Weyl metrics in the case of no rotation where the parameter ¢ vanishes.

Kerr? has discovered a solution (§=1 solution) for the gravitational field of a

spinning mass. Ernst® has formulated the axially symmetric gravitational field
problem, obtained the differential equation

(& —1V°E = 26* yé - v§

and showed that the Kerr solution satisfies this equation. Tomimatsu and Sato® have
discovered a series of solutions (§=2, 3, and 4) for gravitational fields of spinning
masses which reduce to the series of Weyl? metrics in the limit of angular momentum
parameter g =0.

We shall present a simple and systematic recipe to give exact solutions with arbitr-
ary integer §(distortion parameter) which are members of the series of Kerr and
Tomimatsu—Sato solutions and which therefore reduce to the family of Weyl metrics® in
the limit of the parameter ¢ =0.

We use notations in reference 3). We use prolate spheroidal coordinates x, v in
place of cylindrical coordinates p, z and the notation a=x2—1 and b=y*—1. Ernst’s
complex functions ¢ are written as g=(u+w)/(m+in). We use the notations
A=u*+v*—m?—n?, G=m?*+n?, H=um+vn, and I=vm—un. There are the distor-
tion parameter § and the angular momentum parameter ¢ (and p such as p2+¢g?=1).

Our family of exact solutions with any integer & can be expressed, besides px, qy, @,
and &’ (=1, 2, 3, « ¢ ), by functions F(¢) with = §*—ksand ke=0, 1,2, » - , 5 The
functions F(7) are polynomials of a, b, p?, and ¢?. Polynomials F(7) are homogeneous
with degree 7 over ¢ and b and simultaneously homogeneous with degree § over p? and
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