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In a Lecture note given by G. Stolzenberg?, the definition of (G)-convergence is
given as follows :
let X be a metric space and {S;} be a sequence of closed subsets of X, then it is said
that the sequence {S;} converges to a closed subset S if for any compact set KcX,

{SinK} is a convergent sequence in Comp (K) and S=U1_Lm (SinK).
Ki—>co

Moreover it is denoted that if X is o-compact, then a family of closed subsets of
X is normal in the above sense. In our former papers?, we used the above property for
a family of analytic sets in a domain of C'. However, recently, M. Kita® pointed out
that no convergent sequence of points is normal in the above definition. Therefore we
amend the definition of (G)-convergence as follows.

Definition. Let (X, o) be a metric space and {S;} be a séquence of closed subsets
of X. We say that {S;} converges geometrically to a closed subset S of X if

(i) for any point p&S, there is a sequence {p;} of points such that p;=S; and
bi—p.

(ii) for any compact set K and positive number ¢, there is a positive integer
vo=v, (K, ¢) such that SnKCS©nK for v=v,, where S©= (J {¢'€X; 0(q,q)<¢}.

geS
Note that from this definition the following properties are obtained immediately.

1. If SnK=¢, then SynK=¢ for sufficiently large .
2. If a sequence {p;} of points p;=S; converges to p=X, then p=S.
3. If {S.} converges geometrically to S and 7, then S=T.

Lemma 1. If X is o-compact, then a family & of closed subsets is normal.
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Proof. Let {K,} be a sequence of compact subsets of X such that K,cK,cKj...,
and UIK-/=X. Take any sequence {S;} of &. Since Ccmp (K,) is ccmpact metric space,
yv=

there is a subsequence {S;*’} of {S;} such that S;nK; converges to T, in Ccmp (K,).
Also, since Comp (XK,) is compact, there is a subsequence {S,®} of {S,©} such that
S;®nK,; converges to T, in Comp (K;). We ccntinue this prccess. A diagcnal sequence
{S;“°} converges to T'; in Comp (K;) for any j. Let T=UT,. From the property of
the space Comp (K), we have only to prove that 7 is closed. Evidently we may
assume T=#¢. Let {p;} be a sequence of points in T such that p;—pX. Put K={p,p;

o
i=1,2,...}, then for some positive integer j,, K&EK:;. We shall show that p;=T;, for
any j. Let p;jeT ;. Since p; T ;s for some j/, there is a sequence of points q,>&S,*’
such that ¢,’—p; (v—>o0), and since pdef{“, we may assume that ¢, Kj,.
Let d=o(p;,T;,). Since S,*’nK;, converges to T;,, there is a rositive integer v,

such that S,“’nK;, T, @/®nK;, for v=v,. Also we may assume that p(q;;(f’,pj)<—j—

2
for v=v,. Since ¢, =S, nK;,, ¢, ?=T;, %/ for v=v,. On the other hand, 0(g.,",
T)=min o(g7,0=0(q?, 1) 20 (i, t)—0 (07, p;) >d——0-=—2_ Thisisa
teT;,
.contradiction and p;eT;, for any j. Since T, is closed p=T;,cT. Q.E.D.

Lema 2. Let {S;} be a sequence of purely k-dimensional analytic seis in a domain
D of Cr. If {S;} converges analytically to a purely k-dimensicnal analytic set S in
D, then {S;} converges geomeirically to S.

Proof. This is a direct conclusion of an analytic convergence.

Lemma 3. Let X be a metric space and {S;} be a sequence of closed subsets of X
which comverges geomeirically to S. If there ave tosilive ccnstiant N, M such that for
any point pES:, Hi(S.cB(p:7))>=> Nrd whkere Hy is a d-dimensicnal Hausdorff
measure and B(p:r) is a relatively ccmtact cpen ball of radius v with cenler p in
X, and that Hi(S) <M for all i, then for any compact set K, H,(SrK) < M49/N.
Moyeover if X is o-compact, then H,(S)=<MA4%/N.

The proof of this Lemma is the same as that given in 'the Lecture note [of G.
Stolzenberg. From Lemma 3, the following Theorem of Bishop® holds.

Turorem or Bismor. Let {S;} be a sequence of purely k-dimensional analytic sets
in @ domain D of C" which converges gecmeirically to a non-empty closed set S. If
the volumes of S; are uniformly bounded, them S is also an analytic set in D.

4) Conditions for the analyticity of certain sets. Mich. Math. J., 11 (1964), 289-304.



