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Introduction

A complex space in which any additive (or multiple) Cousin’ s distribution has
a solution is called a Cousin-1 (or Cousin-11) complex space. In 1935 P. Thullen (12]
showed that {(z1, 22) ; |z1|<<1, |z2]|<<1, (21, 22)5%4(0,0)} is not a Cousin-I domain
but a Cousin-II domain. We shall remark in the present paper that this example
possesses another important meaning.

Let % be the sheaf of all germs of holomorphic mappings in GL(1,C). A
complex space X with H1(X, ©*)=0 is a Cousin-II ‘complex space. Thullen’s
example shows that the converse is not generally true. More generally, a Cousin-II
domain E in C2 with an isolated boundary point is a Cousin-II domain with H?t
(E, O%)%£ 0. Moreover, under the assumption of Hi(D, Z)=0 for the additive
group Z of all integers, if a domain D in C* is not a Cousin-I domain, D satisfies
H(D, O¥)=£0 . )

1. Thullen’s example of a Cousin-II domain.

LEMMA 1. Let E ={z=(21, 22, -+, z2) ; |21|<a; |za|<a,--, |z.|<<a, (21, 22)
#£(0,0)}, Ey={z; 2140, 2eE}, Eo={z; 2540 ,z= E} and NW={E4, E2} for
n=>=2 and a>0. Then ¢'/*1%2 2 B1(ll, O%).

PROOF. Suppose that ¢'/#1%2 = Bi(ll, O%). There exist geH0(Ey, OF) and
heHO(E,, ©%) such that 61/2152=g/h in ExnE,. g(e*, zs, 23,-, 2.) and 2
(21, €, z3,-, 2,) are, respectively, holomorphic and different from zero in {(#,
22, 23,, z,); Re u<llog @, |22|<a, |2s|<a@,, |z.|<a} and {(z1, v, Z3,", Z)
|z1]|<<a, Re v<llog a,|zs|<a,--,|z,|<<a}. Any branches of log g(e", 22, Za,"*, Zu)
and log 4(z1, €°, 2zs,-, 2,) are uniform and holomorphic there. If we take suitable
branches of logarithmus, we have :

log g(e®, e*, z3,-++, 2,) —log h(e*, e®, 23,++, 2,)=e """
in {(u, v, 23,-, 2,); Re u<<log @, Re v<< log @, |za|<<a,--, |2,|<<a}. Hence we
have

log g(e"+2¥7i, 25, 23,-+, z,)=log g(e€*, z2, 23,"*, Za)
in {(u, 2, 23,, 2,); Re u<log a,|zz|<a,|zs|<a,--,|z.|<<a} for any integer &
and

* Department of Mathematics, Faculty of Science, Kanazawa University

—_ 1 —



2 J. KAJIWARA -

log h(zy, e"*2%i, zg,--, z,)=log h(z1, €°, 23,"*, 24)
in {(z1, v, 2s,-, 2,); |21|<<a, Re v<llog @,|zs|<a,---,|2,|<<a} for any integer /.
If we put
G(z1, 22,, z,)=log g(e*, 22, 23,"+,2,)
for (z1, z2,-, 2,)=(e", 22,-, 2,)=E; and
H(z1, z2, 23, ,2,)=log h(z1, €’, 23,", 2,)
for (z1, 22, 2s,+, 2,)=(21, €°, 23,+, 2,) EEs. G and H are, respectively,

uniform and holomorphic in FEy and E,. Therefore they are represented by
absolutely and uniformly convergent series as follows ;

+co
G (21, 22,"',27,)? E _&va(23, 24,1, 202823, gp;=0 for g<<0

in 0<<|z1|<<a,|z:]| <<@ where g,q are holomorphic functions in {(zs, z4,"*, 2.)}
l2s|<<a,|zs|<a,-,|z.|<a}.
oo
H (21, 22,, 2a)= 2 Ihpo(23, 2a,-, 24)252%, hpe=0 for p<<0
D, q=—
in |z1|<<a, 0<|zz|<<a where kp, are holomorphic functions in {(zs, 24, -, 2,);
|zs|<a,|zs|<<a,---,|2z,|<<a}. There holds

G(z1, zo,+, 2,)—H(21, 22,, 2,)=1/212
in E1NE.. Hence we have
0=g_1-1—h1-1=1.

But this is a contradiction. Thus we have e!/?1%2 ¢EBL (U, OF). )

LEMMA 2. Let D be an n-dimensional complex space (n=2) and f1 and f» be
holomorphic functions in D such that the rank of the functional matvix (0f;/0t;)
(j=1,2;k=1,2,---,m) is 2 at some uniformizable point x° of A={x; f1(x)=f2
(%x)=0, x=D} for local coordinates t1,1ts,---,t, of D at x°. Then we have H1
(G, O*)=£0 for G=D—A.

PROOF. We put Gi={x;f1(x)#0, x=D} and Ga={x; f2 (x¥)# 0, x&D} and
W={G1, G2}. Suppose that H! (G, O*)= 0. Then we have Hi(I', O*)= 0. There-
fore we have el/f1/2 eBi(ll", O*). There exist g=H (G, O*) and 2=H(Gs, O%)
such that el/f1f: 2=g/h in G1NGz. From the assumption there exists a biholomorphic
mapping t=(ty, f2,+, £,)=1 (%) of a neighbourhood of x° onto E={{; |t1]|<a, |{2]
<a,-,|t,|<<a} such that f1=f1 (%), f2=f2 (%) and (0, 0,--, 0)=7(x°). Let Ey
={t; 1540 ,t€E} and Eo={t{; {254 0,t=E}. Then we have elltte =gor~1/jor—1
in E1NEs for gor~1=H(E1, O%) and hot—1cH’ (E,, O%). But this contradicts to
Lemma 1. Thus we have H1(G, £%)=£ 0.

For the purpose of constructing a Cousin-II complex manifold G which satisfies
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the condition of Lemma 2, we dare prove the following well-known lemma making
use of the prolongation of analytic sets due to P.Thullen (13).

LEMMA 3. Let A be an (n—1)—dimensional irreducible analylic set in an
n-dimensional Cousin-11 complex manifold D. Let U be a subdomain of D such
that UN A+ is connected. Then E=(D—A)NU is a Cousin-11 complex manifold.

PROOF. Let €={(p2,V1); 24} be a multiple Cousin’s distribution in £ such
that each p; is holomorphic in V;. We shall prove the uniquensss of the prolonga-
tion of € to a subdomain W of D containing E, if the prolongation exists. Let
{(P/,U)iel} and {(p;”,U;) ; i=I} be multiple Cousin’s distributions in W such
that p,/pr and p,”/pr =H°( Vi nU;, OF) for Vi nU,#8. We consider U; such that
AnU;=Q. For any point x of U,, there exists V; containing x. Then we have

/D=0 /p2)/ (" /br) EH’ (VanU;, OF).

Hence we have p)//p;” eH°(U;, O%).

The set B of all irregular points of A is an at most (#—2)-dimensional analytic
set in D. We consider U; such that AnU,;## Q. For any point x&U,;— B, there exist,
repsectively, subdomains Wi, Wos,--- and W=« of U;,—B, U,,—B,- and U;,—B
such that AnWinoU=#Q and AnWi1, AnWa, - and AN W, are (z—1)-dimensional
connected analytic sets in Wy, Wa,--- and W, and that AnWinWa#£Q, AnNWan
Ws#Q, - and AnWs-1nNWs#Q where U;,=U;. Since p;,'/p.” and p, ”/p:;" are
holomorphic in (WinU)U(Wy1—A), the sets of all their singularities are empty or
(s#n—1)-dimensional analytic sets in Wy. Since A is irreducible in W4, they must be
empty. Continuing this argument, we can prove that p; /p;,” €H (W, O%). There-
fore p;//p;”=H° (U;—B, O%). Since B is at most (#—2)-dimensional, we have p,’/p;”
=He (U;, ©*%). Thus we have proved the uniqueness of the prolongation of €.

Let E be the sum of all subdomains W of D with connected W A containing E
to which OB is prolongable. From the uniqueness of the prolongation of € there exists
a prolongation {(p;, U;); i} of € to E for any open covering {U; ; { I} of E with
connected E N A such that each U, is a Cousin-II complex manifold. We shall prove
that E=D.

Suppose that E E D. N:ig{x ; i (x)=0, x=U,} is a pure (#—1)-dimensional

analytic set in ES5D—A. From P. Thullen (13) the set of all essential singularities
of N is empty or coincides with A. Since N is analytic in ANU, it is empty.
There exists an (#—1)-dimensional analytic set L in D such that LmE~=N. We
shall take a point x° of D0E and an open connected neighbourhood W, of x° with
connected ENW,nA such that there exist holomorphic functions fi, fz, - and f; in
W, satisfying the following conditions :
f1, f2,-- and f, are irreducible in each point of W,. W,nL is the union of

irreducible sets {x; f.(x)=0,xW,} in W, for e=1, 2,---.s. Without loss of !
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generality we may suppose that each {x; f,(x)=0, xW,nU;} is connected in W,
NU; for any @ and i.

We consider f, such that {x; fo(x)=0,x=W,} ¢CA. We take U, containing
xieix; fo(x)=0, xW,} —bL;Ja {x; f(x)=0, x=W,}. We can take an integer o,
such that p;,/f%s is holomorphic and different from zero in some neighbourhood W'
of x1. Then p,,/f% and fos/p;, are holomorphic in (Uian,,—bQi{x s fy (2)=10,
xeW,HUW’. Since {#%; fo(x)=0,xcU,; UW,} is connected and irreducible in
each point of U,»lmWo,: Piy/ [ and f%/p;, are holomorphic in U;;n W, — bLi}a{x s fo
(x)=0,x=W,}. Let x be any point of U;n{x; f. (x)f 0,xcW,} — bga{x 5 o
(%)=0, x=W,}. There exist, respectively, subdomains Wy, Ws,-- and W=« of
W, nUiy —bga{x s fi(x)=0,x&W,}, W,nU,, —bl;Ja{x ; f,,(x)=:0 , xEW,}, - ‘and
W,nU,, ~de31 {x; f3(x)=0,x=W,} such that Win{z; fu(2)=0,xW,}, Wan
{2; fa(x)=0,x=W,},- and Win{x ; fu(x)=0, x&W,} are connected in Wy,
Wa,-+ and W and that WinWan{x; fa(x)=0, xW,3#Q, WanWsniz; fa
(x)=0, x€W,}#*Q, - and WeanWsn{zx; fo(x)=0, x=W,}4Q where UiO:Ui.
Since p;,/f% and fla/p;, are holomorphic in (Wa—{x; fo(x)=0, x€W,})n(Win
Ws), they are holomorphic in W,. Continuing this argument, we can prove that
pi/f%csH(W,, O%). Thus we have proved the existence of an integer «, such that
pi/f% is holomorphic and different from zero in each U;nW, — bl;la{x s fo(x)=0,x
eW,} for f, with {x; fa(x)=0, xc W,}A.

For f, with {x; fo(2x)=0,x=Wo}cA, we take U,; with U, n{x; fa(x)=0,
xeW,} 0 E+£x5. If we repeat the same argument as above for this Ui,, we can
prove the_ existence of an integer «, such that p;/f% is holomorphic and different
from zero in each U,n W, —bg {x; f, (x)=0,x&W,} as Enw,nA4 is cnnected.

We put po=ai71 J%. For U; with U;nW,#<, p;/p, and p,/p; are holomorphic
in U;nW, except in an at most (#—2)—dimensional analytic set bg {%; f5 (x)=Ff¢
(x)=0, x€U;nW,}. Therefore they are holomorphic in U,nW,. Hence we have
0:/p,€H(U;nW,, O%). This means that {(p;, U,);i€I}U{(p,, W,)} is a multiple
Cousin’s distribution in EUW‘, which is a prolongation of € to EUW,. But this is
contradictory to the definition of E. Therefore we have E=D and § has a prolonga-
tion € to D. Since D is a Cousin-II complex manifold, € has a solution p~ in D.

Its restriction p to E is a solution of @.
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Let €={(m;,V1); 24} be any multiple Cousin’s distribution E. If we take
V, sufficiently small, m, is represented as a quotient p; /g, of holomorphic functions
b; and ¢g; which are mutually coprime in each point of V;. In this case {(p;, V;);
ied} and {(g;, V;); A4} are multiple Cousin’s distributions from S. Hitotumatu
(5). Let p and ¢ be their solutions in E. Then p/q is a solution of .

If E fs a complex space with H1(E, 0%)=0, E is a Cousin-II complex space.
But the converse is not generglly true as the following proposition shows. '

PROPOSITION 1. Let A be an analytic set in an n-dimensional Cousin-11
complex manifold D satisfying the condition of Lemma 2. Then E=D — A is an
' example of Cousin-11 complex manifold with HI(E,O%)=£0.

PROOF. We have Hi(E, O%)s40 from Lemma 2. We put B={x; f1(x)=0,
x=D}. Let B; be irreducible components of B in D (j=1, 2, 3,---). We put 4;=

B;nA. From the proof of Lemma 3, we can prove by induction that any multiple

Cousin’s distribution in D — U A; is prolongable to D — EOJ Aj for m=1, 2, 8, as

j=m j=m+1
0
B, is irreducible in D — U A4;. Therefore any multiple Cousin’s distribution in
j=m+1

E is prolongable in D. Since D is a Cousin-II complex manifold, E is a Cousin-II
complex manifold.

We have easily

COROLLARY. If E is a Cousin-11 domain in C2 with an isolated boundary
point, E is a Cousin-11' domain with HI(E, O%)£0 .

For the sheaf O of all germs of holomorphic functions, however, the author does
not know whether there exists a Cousin-I domain E in C* (#228) with H1(E ,D)=£ 0

or not.

2. Domain D with Hi( D, O%)£(.

Next we shall seek a sufficient condition that a Cousin-1I domain D, which is
not a Cousin-I domain, satisfies H1(D, O%)=£ 0. Let Z be the additive group of all
integers.

LEMMA 4. If a domain D in C* satisfies Hi(D, O%)=Hi(D, Z)=0 (n=1),
then we have H1(D, D)= 0.

PROOF. Let B={V1; A4} be any open covering of D and {fi.; A, n =4} be
any element of Z1(%B, D), that is, a 1-cocycle of B with value in £. There -exists
an open covering U={U, ; &I} finer than ¥ such that each U; is an open sphere in
D. Let p:I-4 be a projection. For brevity we put f;j=fp)»¢i) in U;nU;. Then
we have {efii; i, jeltezi(ll, ©%). As H(D, O¥)=0, we have Hi(ll, O%)=0.
Hence there exists z; cHO(U;, %) for any i<l such that hi/hj=ef” inU;nU;#2.
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Since each U, is an open sphere, any branch of log %; is holomorphic and uniform in
U;. We take an arbitrary but fixed branch of log %; for any ;=l. We put

1
n;j 2—27‘1/——*1“ (log #; —log hj — fij)

in any U;nU;#<5. Then each #;; is a holomorphic function in the intersection of
two spheres U; and U; and satisfies ¢2®V —1 #;j=1 in U;.nUj. Therefore #n;; is an
integer and there holds {x;;; i, jel}eZi(Ul, Z). As HY(D,Z)=0, we have H?
(U, Z)=0. Hence there exists an integer #; for any 7 such that {z;;; i, j<I} is a
coboundary of the 0 -cochain {#;,i&I}. If we put

fi=log h; — 27/ "1 n;

in any U;. Then we have {f;, icI}eC°(I1,9Q) and {f;j; %, jl} is its coboundary.
Thus we have proved that H1 (D, O)=0.

From Lemma 4 we have

PROPOSITION 2. Under the assumption of HA(D, Z)=0, if D is a domain
in C' with HY(D, O)5# 0, then D satisfies H1(D, %)+ 0 . '

Thullen’s example is not a Cousin-I domain but a Cousin-II domain in C2 with
Hi(D, Z)=0. Hence it is an example of Cousin-II domain with H1(D, %)+ 0,
from Proposition 2, too. More generally we have

COROLLARY. If E is not a domain of holomorphy but a Cousin-11 domain
in C2 with HY(E, Z)=0, E is a Cousin-11 domain with H1(E, O%)#40.

3. Intersection of Cousin-II domains.

In the previous paper [ 6 ), we have proved that for any #=>3 there exist Cousin-
I domains Dy and Dg in C* such that Dyn D2 is not a Cousin-I domain. Moreover,
in the previous paper (8), we have proved that a domain D in Stein manifold M
with a smooth boundary is holomorphically convex if and only if DN G is a Cousin-
I open set for any holomorphically convex subdomain G of M. We shall remark that
an intersection of two Cousin-II domains is not necessarily a Cousin-II open set.

By P. Cousin [ 2) and K. Oka (10) it is well known that a polycylinder in C*
is a Cousin-II domain if each component is simply connected except one.

LEMMA 5. Let By be a relatively compact subdomains in a Riemann suvface
whose boundary consists of finitely many Jordan curves and points and By be
Stein manifold comtractible to a point. Then HL(D, %)= 0 for D=B1XBs.

PROOQOF. There exists simply connected subdomains By’ and Bi” of By such that
each connected component of Bi’NBi” is simply connected and B=By'UB1”. We
put D'=By'XBy and D’=B;i’xBs. From Riemann’s mapping theorem, D’ and
D’ are Stein manifolds contractible to a point. Hence from H. Grauert (3] we
have H1(DY, O*)=H1(D”, O*%)=0. We consider an open covering U={D’, D’} of
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D. Then we have H1(D, O%)=H1(UIl, O%).

Let F be any element of H? (D'n D7, O%). Since each connected component of
D’'n D is simply connected, log F is uniform and holomorphic in D’'nD” for any
branch of logarithmus. Since Hi(Ul, )= 0, there exist gH’ (D', ©) and A=H’
(D7, D) such that log F=g—h in D'nD?. If we put G=e/=H’ (D, O%) and H=
e"eH’ (D7, %), there holds F=G/H in D’'nD”. Th}ls we have proved that H1(D,
OF)=H1(U, OF)=0.

Let

Di={z=21, 25,, 2,) 3 1/2<]21|<<2, |22|<<2, |23]|<<2,--,|2,|<<2}
and

Do={z; |z1|<<2, 1/2<<|z22]<C2, |23|<<2,---,|2,|<<2}.
for #2=2. From Lemma 5 Dy and Dy are Cousin-II domains. But their intersection

DinDo={(21, 22) 5 1/2<<|21]<<2, 1/2<| 22| <2} x{(23, 24,"+, 2.) ; |23]<<2,

|241<<2,, |z.]<<2}
is not a Cousin-II domain as the first component of the righthand side of the above
equation is not a Cousin-I domain from T. H. Gronwall {4 ). K. Oka (10) gave a
similar example as T. H. Gronwall (4 ).

PROPOSITION 8. For any n=2 there exist Cousin-11 domains Dy and Dy in
C+ such that Dy Dy is not a Cousin-11 domain.

It is more interesting to prove Proposition 3 for Dy De with vanishing funda-
mental group. We call a complex manifold simply connected if its fundamental

group 74 vanishes.

4. Sums of Cousin-II domains which unite themsel!ves.

It is equivalent to the Levi problem that the sum DiUDs of domains of holo-
morphy D1 and Da, which unite themselves, that is, which satisfies Di—Dsn D2
Dy—DiNDs=5, is also a domain of holomorphy. In this way the Levi problem is
affirmatively solved by H. J. Bremermann (1), F. Norguet ([ 9) and K. Oka [11].
In the previous paper [ 6] we have remarked the existence of an n-dimensional
complex manifold D which is a sum of subdomains D; and D with the following
properties for #=3 ; Dy and D, are Stein manifolds which unite themselves. There-
fore H1(Dy, O)=H1(D2, O)=0. D is not, however, a Cousin-I complex manifold
and therefore H1(DyUDs, )4 0. It is more interesting if this is solved for a
domain in C».

Concerning the Cousin-II problem, however, we can make a similar example in
C", We put
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D={z=(21, 22,", 2") ; 1/2<|21|<<2, 1/2<<|22| <2, |23|<<2, |24|<<2,--, |2.]|<<2},
Di={z;Im 21>—1/4,z€D} and Dy={z;Im z:<<1/4, 2z=D}.

Then H1(Dy, O%*)=H1(D,, O%)=0 from Lemma 5.
Dy and D, unite themselves and D=D;UD,. From T. H. Gronwall [ 4 ], however,
D is not a Consin-II domain. Hence we have Hi(D, O%)40.

PROPOSITION 4. For n=2 there exist relatively compact domains Dy and
Dy in C with the following properties ;

(1) Hi(Dy,0%)=H1(Dy, %)= 0 (therefore D1 and D, are Cousin-11 domains).

(2) Dy and Do unite themselves.

@) D1UDs is not a Cousin-11 domain (therefore Hi(D1UDy,0%)#40).

The above domain D;UDs is a domain which is locally a Cousin-II domain.
Therefore Proposition 4 gives a negative answer for the Levi problem for Cousin-II

problems. It is more interesting to prove Proposition 4 for simply connected D1 U Dg.
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