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1. Introduction. In this note let f(x) be an integrable function with period 1,
and satisfy

i 1
(1.1 Sf(x)dx:O, Sf(xﬂdxzh
0

0
and let S,(x) be the #n-th order partial sum of the Fourier series of f ().

Our object of this note is to prove the convergence and the (C)-summability of
gap series Ve

(1.2) 2z S (mex),
where {#,} being a sequence of positive integers, satisfies

(1.3) nk+1/nk_\éc>l (k:O,1,2,...)
Actually we prove the following theorems :
Theorem 1. If, for a>1, f(x) satisfies

(1.4) (§1|'f<x>—sn<x> [fax)" -0 (1og ),
0

as n—oco, then for every non-negative integral number ¢, there exist some constants
Ay, and B depending®*) only on ¢ and ¢ such that,

1 - N 2 2 9 2
(1.5) S sup | Eckf(mx)] dx <A, 3 cF (logm (k+B>)
o N k=0 k=0
Theorem 2. If, for a>1, f(x) satisfies (1.4), then for any £>0,

1
S sup (ag,@(x)f dx<AY c2,
o ¥ k=0
where ag,ﬁ ) (x) denotes the (C, #)-mean of the series (1.2).
Theorem 1 is analogous to Kantorovitch’s one, being a maximal theorem for the

orthogonal series (see (1) and (2)), and it is also a generalization of the well known
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+ * Hereafter we suppose that A, Ag,------ are constants which may be different instances, and logq
means the iterated logarithm of ¢ times.
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Kac-Salem-Zygmund theorem (3). Now it is interesting to compare Theorem [ and
Theorem 2 for the corresponding theorems of the orthogonal series, especially Kaczmarz-
Menchoff theorem (5) and Rademacher-Khintchine-Kolmogoroff theorem (6).

2. Lemmas. In this section we prove several lemmas, which need for the proof
.of our theorems.
Lemma 1. If {n,} satisfies (1.8), then

1 1
S sup (SnN(x) )zdngcg F(x)2dx
(1] v (1]
This is well known (see (4)).
Lemma 2. Let M(%k) and N(k) be two non-decreasing sequences and <M (k)<<
N(k). If, for a>1, f(x) satisfies (1.4), then we have for any posititive integers p

and g (p<<q),
1

(i) §(;

0
1

oo f(

0

q

o[ S m) =Sy (m) | ' dx S AL ci(log M()™

M=

]

nl_\ﬂq

q
S () (%) ) dx < A’Epckz

Proof. By (1.4), it is easy to verify that, for j<Zk,

1 :
2.1 S | Sy (m2)=Su iy (njx)JfSNoﬂ) (m.2) = Sy (nkx)de

]

SA(k—j)~%(log M (k) ™.

Hence from (2.1) and (1.4), we have the following estimations,
1 q ( 2 q 5 1 2
S (k;pck S (mex) — Sy ) (7% |> dx:kgpckg [SN(k)(”kx)*SM(k)(”kx)J dx

0 ) ! - 0
1

+2k2jckc]& i’SN(j)(njx>_SM(j)(njx);”/SN(k)(nkx)“SM(k)(”kx)de
> o -

—2a k=1 ) o —a —a
<A r,t(log M(R)) +2A Z ;pch(;] (B—j) “(log M (k))

q

- k=P _q —a
A > c?(log M(k)) +2A Z ;11' ciCr—r(log M(E))

k=P k=pP+1
= A3 cl0or M<k>>ﬁza”Ag’*akifkﬂog M) ™0, (log M(r)) ™"/
<A T cR(log M) ™24 3 ¢2(log M(R) ™ 7™

k=p r=
< A3 ctlog M ()~

This is the proof of (i), and similarly we can prove (ii).

Let U( )(x) be the (C,e)-mean of X ¢Sty (n,x), that is,
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G N <
(2.2) U8 (=15 S A & uSran (m),
AN k=0
where
(2.3) t(k)=[expyk+1],

then we have the following two lemmas ;
Lemma 3. If ¢ satisfies

(2.4) <o,

then

1
(2.5) > S sup [ UL (%) fUzn (%) J dx LAY
k=0

=0 7, " m Ontl

proof. Firstly we suppose e¢=£1, then from the definition (2.2), we have

b5
nA,f) =0 "

(2.6) U (x)-UE, (%)=

‘l“ﬁ Cy St () (nkx)

k2

By (2.4), and (2.6) and Lemma 2 (ii),

1
> sup UE (0)-US ()
Zl, e [ P o Jas
w 1 omri . 1 2
<4z x HUu® (x)AU(E)i(x)J do=A% | ol US 0-UD, (0 dx
1=07 k=2"+1 =27, "
<A ) n—1 2 ASE_% kck 2 A 1
= W(M(e)) ( n—k ) tAL net APy
2e—2 2e—2
A S e & (n—k) AN 2= A B2 2( L) )L%;k)ﬂ -
—}AL%JO k G =%—,l-1 n1+2€ K AIZ;OC‘L Alc:O O n=§+1 ! )=>2_|l¢+1 1+2¢
o 1k 1 1 el 1
1 2
SAZ ke ( v % 2-m <k+1>2—25;=§+1 a2 )
<Ay 13202( I L, 1 ! )<A 3 c2
=" k1—|—26 kl—Ze k2—26 k2e ="

This is (2.5).
Secondary if e=1, we obtain (2.5) by the same way.
Lemma 4. If f>1, then

1 1
B 2 - 2
(2.7) Soskl_p [ngv) (x)J dx<A Sosgp [\UN(x)J dx,

holds. where Uy (%) means UY (x).
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Proof. By the definition (2.2)

(U |- “ (ﬂ))(z AR =D hr DU |

(sup Uy(x) | )

( (/9)) (

b <k+1>A§§Z?)2

- : A -
<(sup [Un(0) |}tz @+ D2AGD22<A sup [Ua(w) |
Thus we obtain (2.7).

3. Proof of Theorem 1. In order to prove Theorem 1, we may suppose, for
some positive integer q,

(3.1) 5 ot (logrsa(k+B) ) <o
where B=B,,. is a constant determined by

(3.2) min ((logq B, 2 (log, 3)2/“)2 .
Now let us put, for p=1,2,3,...,q,

(3.3) to(n)=[exp Ao(n)), lo(m)=vy'n+1,
tp(m)=(exp Ap(n)), Ap(m)=(log, (n+B))H*

then by (8.2), each 2o(#), 21(%), ..., A;(n) and consequently each vo(%), t1(#), ....
7q(#) is respectively non-decreasing for #»=0,1,2, ...
Moreover,we put for /=0,1,...,g—1

Y_1(x)=sup ( % Cr, ffv(nkx) — Stom (nkx)J)z
N \k=0 -

(8.1) Y. (%)=sup (
N

k=

(=

3 Ck[STz a () — ST ) (”kx)])z

N 2
Y (%) =sup (Z cuS g (nkx)) ,
N k=0

then we easily have

1 N 1
(8.5) S sup (2 ckf(nkx)) dx< A, Z S Yi(x)dzx,
0 N k=0 l=—1 0
and from this, we obtain Theorem 1, provided that for /=—1,0,1,...,¢

1
(3.6) | Yi(0)dxsd. 3 et (logua (b +B))
. 2

Firstly we estimate Y_i(x).
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1 1

N 2 N -9
S Yoi(x) dx=§ sup 2 ¢f 2 [ £ (m )~ Seow (mx) | dx
o o ¥ k=0 " k=0-
1/ co ed d
SBR[ Fonn—Sowmn fds<E G5 —L <AF o
k=0 k=07 - k=0 k=0 (f-1)* k=0

Thus we obtain the case I=—1 of (3.6).
For a fixed [(0<I<g—1), putting for i=0,1,2,...
W Vit
(3.7) XPW(w)= = 1Ck[STl(k) (m20) —S710q gy (%) ],
k=Vi+

where {v;} is a steadily increasing sequence of integers defined by
2 .
(3.8) vo=0, V”l:VH‘[Tog—cwll(V")] (2=0,1,2,...)

then Xi(” (x) is a trigonometric polynomial, and each frequency of its terms lies in
the interval (r;41(v)n(v,), (v;41)n(vi+1)). Concering these intervals, we have by
(1.8), (3.8) and (8.2) the following inequalities.

Tt (Vis)B(Vir1) ~ vivi—vi 1 1 ;
) T (Vi )B(Vis1) i =0,1,2,...),
(3.9) n() n(v) = oy =~ @#=0.1.2,...)

where n(k) means »,(k=1,2,---)

For any integers M and N such as 0<M<N, we have, from Lemma 2 and (3.9)

g: (2 x50 (o) 'dz=3 S:X;?uozdx

=M =M
N Yo+ _ )
(3.10) <4 % cflgra®) =4 £ o
i=M k=yg,;+1 k=voytl

By (8.1) and (3.10), X2 Xéﬁ) (x) is the Fourier series of some spuare integrable
function, and Lemma 1 shows that

1

N ) 2 e V2441 2 > s
@10 | sup (z X§ (x>) di<Ay ¥ cE<AY c
o N i=0 =0 k=V2i+1 k=0

Now if we use the similar way concering > Xz(fil(x), we obtain the correspon-

ding inequality to (8.11). Hence we have

. N i=

(8.12) SISI;Ip (%0 Xi<z)(x))2dx§2 Sl[sup (gloXéP(x))ersx;p (ﬁ\; Xzi+1(x))zjdx
o i= v= .

(=]

IA
Ms

A

k

c

I

0

Using (3.12), Lemma 2 and the well known Menchoff’s lemma, we obtain the fol-
lowing estimations. ’

1 1

SoYl(x)dx=8051]1vp (k

I M=

“\2
OCk liS‘L'l ) (m. %) — STl+1(k) (nkx)J) dx
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N
§2S sup (Z X(”(x))
o 20
1 n e
+2S sup sup ( 2 Ck[ S‘El ) (nkx) — Srl+1 ) (%kx) l) dx
o NV ovy<m<yyiq\ k=vy+1 - -
1
ks bt m . \2
<A 2+ 2 % S sup ( = [ ISTZ(k) (nkx)ﬁsfl+1(k)(nkx)“) dx
k=0 N=0 0 yy<m<Vyyq \k =”N+1 ~
o o 2 VAl Y
=43 ct+24 F (log Gwaa—ow) T et (log ma®)
=0 N=0 k=vy+1

AP 24,5 (log uow): S 62 (1a ) °
—_ k CN=0 l N k 1+1

k=VN+1

<Af oA w5 ck\10g,+1<k+_3)) (10gl+1(k+B))2

= k=0 N=0 p=yy+1
(3.13) <A, Y c?

Lastly we have to estimate 1Yq(x) dx, but this runs on the same lines as (3.13).
y Yo

Namely, if for {v;} defined by putting /=g at (3.8), we define
Viti X )
(3 14) Xi(q)(x)= > CkSrq(k) (nkx), (ZZO,I,Z,...)
E=v;+1
then it is easily seen that

1 N o
S sup ( PN Xi”)(x))zdxéAc > cr,
° N =0 k=0
which corresponds to (3.12), and then by Lemma 2(ii) and the Menchoff’s lemma

1

N
S Sup (2 1 Stq (nkx))zdx
o ¥ k=0
1 N 2 1 m 2
<A S sup (ZXi(q)(x)) dx+A S sup sup ( > ckqu(k)(nkx)) dx
o ¥ =0 o ¥ ovy<m<vypq \k=vy+1
1
<A 2+ Ax sup ( b Cr Srq(k)(nkx))zdx
k=0 N=0 7 vy<m<Wysq “k=vy+1
o o 2 YN+1
<AF i+ AF (log Gwa—w)) T e
k=0 N=0 k=vy-+41
© © 2 YN+1 © © 2
<AF A F (g 20m)' X i AT o+ Ao T i{logeath+B))
k=0 N=0 k=”N+1 k=0 k=0
(3.15) <4.% c,%(logm(m-B))z
=0

Thus by (8.18) and (8.15) we obtain (38.6).
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4. Proof of Theorem 2. In order to prove Theorem 2, we may suppose

8

(4.1) SR+ oo
k=0

Let ag,ﬂ) (x) denote the (C, f>0)-mean of (1.2), then by (2.3) we have

(ﬁ) (x>—— ( ) N k Clrf(nkx>_

k
N 0

_ G Q)
— > AN—k T(k) (nkx)+ (ﬁ) 2 AN % Ck (f(nkx) ST(k) (nkx)J

—UP )+ P ()

Now we have by (1.4) and (2.3)

[sup (V0 (0 sz glsup e 2 (A8 6) £ f onw)—Seam) |

0 O

gt (40 £ AL s 0

/\

o ¥ .
o o 1 ad R 2
=t B[ [foun-Sewonm [dx< B A5 (log en) ™
k=0 = k=0 7, k=0 k=0
® el 1 e
< v a2 < 2
(4.2) =Ak2;o 2 et Do =Ak§o o
Next if we put
2i+1
(4.3) X;(x)= 2 aScq (mx), (2=0,1,2,...)
E=2t41

then by the similar way as §3, we can verify that there exist some spuare integrable

functions g(x) and A4(x), such that
2(x)~ 3 Xoi(a), R~ 3 Xopa (),

and

1 2N i .
4.4 | sup (z cksf(k)(nkx))zdngls (g (0)2+h(5)2)dr<A > ¢2
o ¥ Me=1 . 0 k=0

By the definition (2.7) of Uy(x), Lemma 2(ii), and (4.4), we obtain
1

Sos%p (UZN(x))zdx

1 o 1 o

<2 S sup (U2N(x)— > e Sty (nkx))zdx—k,‘zg sup (Z Cr Sr(k)(nkx)>2dx
0 N k=0 0 N k=0
1

1 2 2 =)
<A S sup (2— > key Sty (nhx)) dx+AX ¢t
0 k=0 k=0
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—}—Afc%

k=0

N
gANzo 22N 2 k224 A 2 c2=A > R2c2 3

k=0 2N =k

1
9av
(4.5) <A> ¢

k=0

Henceforth our proof runs on the same lines as that of P. Alexits ((5), page 109).
However we proceed the proof for sake of completeness of our arguments.

Putting first of all, for %<6< L,

1

_7(® _pye+D .t
(4.6) 2.(0)=Us" () =Ux""Vm)= RERYIEDN=

Z kcy, Asbef)k St ()

then we have, by Lemma 2,
1

2 | 0yr(x)? = ioﬁ 8 ket (20— ke Y
n= 0 1= :
AR e s (2R 1 k—1)2f
—ASwe p Lol sARrd 2 e (175
(4.7) <Ay k2 % n<Ach,
k=0 2";k 22

and by Lemma 4, (4.5) and (4.7), we heve
S:suNp(U D) anze | sup(U (®-UGTO o) dx +2§:sgp( UGt ) dx
<2 S:s%p (62N(x))2dx+AS:s%p (UN(x))zdx

”
(4.8)

IA

Ms
Ms
Ms

A

k

ci+ A
0 k

c? A

0 k

IA

c?

I
I
I

0

From (2.4), (4.8) and Lemma 3, we have

Sl 0O 0 Vax <o | U ) d '

s (Weofarz | sp (V@) dee o s

(U(e)(x) U(e)(x)) dx<A2ck+2N20 81 . Sup<2N ) (U,Se)<x)~U<€)(x)>
=0 7o 2V<m< N+

(4.9)

IA
M8
°q

A

2L AT <AXcE
% ¥=0 ¥=0

Thus from (4.2) and (4.9) we obtain, for-;—<e<l

1
(4.10) S sup (01\@ (x))zdng b3 c?
N k=0

0

1 oo
) We obtains sup U,,(%)2dx<A Y ¢Z, because of (4.5), Lemma 3 and the following estima-
o om 1 = 1
tionsg sup U (x)2dxg2s sup U2n(x)2dx+2§ sup  sup  (Up(x) —Ugn(x)12dx
4 o 7 0 % Nyl
< Axc2+2 z S sup (U (8) ~Ugn (£)12dx = A ¥ c2.
02" <mcan 1
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Now if we put, for —;—<e<1,
1 1
1 7 =D\ a, < 1 V=D _7© 2
SoSlJl"p N;EO (Uk (x)) dx“_jsos%p ( N EO[ Uy (%) =Uj (x)J )dx
1
AP O) —
+ 2 S sup—+ 2 (Up” (x))2d x=P+Q,
o ¥ Ni=o
then by (4.9) we obtain

1
(4.11) Q=2 | suw ( ]@(x))zdngl 32
N k=0

0
Moreover if we put

(= 2 [0S D0~ @ ),

n=0

then from Lemma 2, we have the following estimations

1 1 ‘
> S Mon (%) dx= 5 Z} S [Uwge"l)(x)—U&)(x)szx

N=0 N=0 2N n=0 0"

1

oo ZN 2
:N§0 2N 7:20 S (EA( ) Z Agek— )ka ST(I;) (nkx>) dx

gAw 1 ( IS 1))2k20

Bl

_ 2 e—1 2 € 2
-4 > o X o kg;gzN(A,ghk )) (AS)
N
o 1 2 1 A 1 5
< - 202 = H - = i
(4.12) =AN§O oF k§ok g Ak=0kc/t 2NZ2A on :Agock

Now we easily estimate P, namely, by (4.12)

i 1 1
Pés sup mv(x>dx§8 sup 7,y (%) dx+8 sup sup  |7,(%)—7g(%)|dx
o ¥ o ¥ o N oN<m<oN+L
1 1

1.13) =2 | nge(nda+ 3 | @ 1gva(®) +1gw(2))d5ZA 3 oF
¥=0 ’, N=0 7, k=0

From (4.11) and (4.13), we have

1 N o
(4.14) [ sup— = (U,Sf “1>(x>)2dx§A S 62
0 N k=0 k=0
After these preparations we can now easily verify Theorem 2. Let %>ﬁ>0,

then (it is clear that, without loss of generality, we may suppose 0<Cf<<1%)

7 QIO - )zAUf ~) ALV yl-b,
An =
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where ¢ satisfies —L<e<

Noboru MATSUYAMA

1 +/A<1, and by (4,14),

;3 1 (A0 AF V) 5 (UF D) ax

k=0

2

Sosup (U( )(x)) dx<8 sup< (ﬂ)>

éS sup (W% (Uke-1)(x))2) sup - A(B))Z > (A(ﬂ—f) Ak(e—l))zdx

k=0

——‘—kgo ( AA(E; 7 AISE ) 1>)2

1

2
A§ k SUP Ao

N2/?-—1§A % ¢
k=0

This and (4.2) show the truth of Theorem 2.
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