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1. Introduction

In the present note let f(#), —oco<#< +oo, be Lebesgue integrable on the interval
(0,1) and periodic with period 1. Then we put, for every positive integer %,

Fult, )= S fG+5

which is known as the Riemann-sum of the function /(#).

In [2] B. Jessen has proved that if 7;|7;4,, then we have, for almost all 7,

a n lim 2y, f)=0 f Har.

Since then various sufficient conditions of (1. 1) for an increasing sequence {7;}
without assuming any arithmetical property have been given, but in the case where
S(2)EL, (0, 1) the essential point is to deduce from them the convergence of the

1 L
series ;f |47, (2, f)—f f(DHat|?dt (c. . for example [ 57]). Therefore.under these
0 0

conditions we have, for almost all #,
1
lim 70, (¢ ha, /)= f FOde,
>0
0

where {/;} is any sequence of real numbers. (c.f. [1]).

On the other hand it is not known whether or not there exists a function of the class
L, (0, 1) such that its Riemann-sum does not converge to the integral almost
everywhere.

The purpose of this note is to prove the following
Theorem. Let {7,} be any increasing sequence of prime numbers. Then there exist
a sequence of real numbers {4;} and a function f(#) of the class Z,(0, 1) for any

2221 such that the translated Riemann-sum Fu,(¢+hy, f) diverges almost everywhere
in 7z as A—4oo *¥)

2. Proof of the theorem

In this paragraph we prove the theorem. Let us put, for £4=1, 2,---.-
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% %) In the same way we can prove this theorem for the case where {#,} is any increasing
sequence of positive integers. (c.f. [4]).
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2. D ap =25 log=2(k+1))!/2,

and
k&
@. 19 Nk=ﬂlnm.

Then by the above definitions, the series 3}a,, cos 21V, converges to a function f(#)
m=1

for almost all # which belongs to the class Z,(0, 1) for any p=>1 (c. f. [6]). On the
other hand since 7; is a prime number, we have

@. 2 Fu (2, =13 a, cos 2nV,, 1.
m=f

Further let us consider the sequence {#,,(# +x,/)} for any fixed #, 0<£<1, and
expand all real numbers x, 0<x<1, as follows;

X =Ic§ Spk<x> jv/c“1 (SﬂkaD =0; 1: """ s g _1>’
and put
@. 3 0() = Poni ()7 g,

2. 3) Hity x)= ﬁl @[ €08 21{0m(2) + Vit s} — f "cos 27 {0,(a) + Vnto}dc].

0

Then by (2. 1), (2. 3) and the relation
| cos 2nV,,(ty+x)—c0s2m{0,,(x) + NVuto}| L2nnyty <2a(m—+1)-1,
we have,
Q. b | L3(t9,20) — Lty toe, [ S Ak
and, for £>1,

1
@. 49 IIHIECZ‘O, x)dx—log=' % <Ar1/2,
0

where 4 is ¢ constant independent of #,. Since {¢,(x)} is a sequence of independent
functions, by (2. 3) [a, cos 27{0,(x)+V,7%}] is also a sequence of independent
functions. Applying the lemma of A. N. Kolmogoroff [3] to A;(%,x), we obtain

@. 5 SOl Hilto, 2)>D) |= +oo.

By (2. 4) and (2. 5), we have for any ¢ (0<e<1)
. 6 SHOZHL, Fulytaf)>1=) | = +oo.

Next let {#,(w)} be a sequence of independent random variables on a probability space
(2, B, P) and for each £
2.7 Piz(w)<x}=x, for 0<x<1.
By (2. 6) and (2. 7), we have
g PLln(ty+2p(@))>1—e} = too,

and this implies, by the Borel-Cantelli’s lemma,
2. ® P{}ci—m Fu(ty+tp(0))>1—e} =1,
oo
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Since 7, in (2. 8) is arbitrary, there exists a point @, such that
2.9 | (0<sL1, i’i‘m Fn(t+t(w))>1—e) |=1.

If we put 4, =7,(w,), then by (2.2) (2.9) and the fact that lim F &+, f)At=0,
|-)oo
we can prove the theorem.

We can not seen that there exist a bounded function f(#) and a sequence of real

numbers {%;} such that #,(#+4;,/) does not converge to ff(t)a’z‘ almost everywhere
in # as A— oo,
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