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In this paper we shall extend Walsh’s theorem ([1])) in $§ 1, 2 and investigate the
linearlization of 7(w) with property T in a domain 2 in § 3 (see § 1 for definition) and
prove the existence of non-linear one-to-one conformal mapping of D onto itself in § 4.

§1. On the extension of Walsh’s theorem.

If w'=T(w) is a given one-valued, schlicht analytic function of w, we say that a
region D of the extended w-plane has property 7  provided that the point w’=T(w)
lies in D, whenever w lies in D.

In (1), J. L. Walsh extended the resulis of Rado, Seidel and Ford [2] and
proved the following theorem.

Suppose that a domain D has property T, where T (w) is a linear transformation of
the form;

&) T P 4 P (40, AL, 0<IA|ZD).

If the origin w=0 lies in D and Greew's function G(w) for D with the pole at the
point w=0 exists, then every subvegion Dy ; {w; G (w)>—logy, 0<y< 1} has also
property T .

Futher he proved the following : Lef T(w) be a one-valued, analytic function in D
with T(0)=0 and suppose that a region D has property T and that there exists Green’s
Sunction of D. Then it holds that

@ [HOIESE o

In the case where |77(0)|=1, or when one point and its image 7'(w) simultaneously
lies on the boundary of some Dy, T(w) becomes a schlicht function which maps D onto
itself.

§2. Now we shall prove the following.

Theorem 1. Suppose that a region D of the extended w-plane has property T, where
T(w) is a one-valued schlicht analytic function with T(0)=0. If w=0 lies in D
and Greew’s function G(w) for D with the pole ai w=0 exisis, then every subregion
Dy has also property T . .

Proof. By W alsh’s method, our theorem is proved as follows. Let D' denote the image
of D by w'=T(w). By hypothesis D' =T (D) S D. Since Green’s function G'(w') for
D' with the pole at w=0 is the transform of G(w), we have G'(w') =G(T 1 (w')].
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If we consider the difference u#(w')=G(w')—G'(w'), then u(w') is harmonic in D' and
= 0 for every boundary point w' of D'. By the maximumprinciple, we have G (w') =
G'(w') in D'. Consequently, whenever w lies in D, we have G[T (w))=G(w). Hence,
if w lies in D, that is, if G(w)>—log r, we have G[T (w))>—log r and hence 7 (w) lies
in Dr. q. E. D.

If we restrict ourselves to the function 7 (w) with the special condition in Theorem
1, we have the following theorem.

Theorem 2. In Theorem 1, if T(w) is a function which is transformed inio a linear
transformation S(z) by a suitably defined analyiic function z=f(w), that is,

€)) - S@=fTf1 (2
becomes a linear transformation, S(z) is of the form
) St Pl A _EF | (440, A1, 0<|A|ZD) ;
Z - Z2—d

the case a=co being to be interpreted as z' =Az.

If we take the identical transformation instead of f(w) in (3), the above theorem
becomes the Walsh’s theorem in itself.

Proof. From (2), we have

ST [=1/"O] 1T~ | = 1.

a (0>

Since S7(0) denotes the multiplier of a linear transformation, it is sufficient tc prove
the theorem in the case |7/(0)| =1 where T(w) is a one-to-one cenformal mapping
of D onto itself. Because in the other case T(w) becomes the linear transformation which
is obtained from the linear transformation corresponding to the one-to-one conformal
mapping 7 (w) of D onto itself by multiplying a multiplier.

The trivial case where 7 (w) is the identity w is excluded.

A region Dy bounded by the level curve of Green’s function has meaning only if the
pole w=0 of Green’s function lies in D.

. Since every Dy has property 7 with T(O) 0, we find at first w=0 must be a
fixed point of T(w).

If a region D has property 7", it has also properties 72, T3, .- .

Since, now, 7T (w) is a one-tc—one conformal mapping of D onto itself, then the
functions

fw)=T» (w), (n=0, 1, 2,...),

which are generated from 7 (w) and the inverse 7! (w) by the iteration, are also one-
to-one conformal mappings of D onto itself. Hence the set { fu (w)} of all those
transformations form a finite or an infinite cyclic group G.

Now we divide G into two cases.

i) If G is an infinite cyclic group and moreover contains no infinitesimal transforma-
tions, that is, G is the properly discontinuos group, there exist two or one singular
points®, which remain invariant under 7 (w)eG, in the boundaries of D.

If there exist two singular poinis, one of them always coincides with w=0, and
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the other can be transformed into infinity without loss of generality. Since w=0 is an
isolated boundary point from the property of I, it is removable from the hypothesis of
T (w). Then a neighborhood of w=0 contains a point which is congruent to any point
of the extended plane and the region, which remains invariant under 7(w) e G,
coincides with the extended plane. This consequence is obviously inconsistent with the
property of D.

Even if there exists only one singular point, from the reason analogous to the above
we can lead to the contradiction.

Therefore G has no singular points and is a finite group.

ii) If G is an infinite cyclic group and contain the infinitesimal transformations, G is
a continuous group and there exist infinite singular points. We note that w=0 is a
fixed inner point of D, hence it is not a singular point.

After all G is a finite or a special infinite group.

When the universal covering surface D> of D is mapped onto the umit circle |z|< 1
by the polymorphic function z=f(w), so that w=0 corresponds to the origin of |z|<{1,
every element of G corresponds to a linear transformation SL, which holds |z|< 1
invariant while L moves over the Fuchsian group I, of the automorphic function w=w(z)
=f-1 (w). All such transformations SL form a Fuchsian group I°, in which 7', is
contained as the invariant subgroup. Therefore we have the relation G =I'/I", , that is,
G is isomorphic with the factor group I'/I', which is a elliptic cyclic group®.

Thus we obtain the relation S=f77f 1 and S(z) has the form (4) in Theorem 2. This
is the consequence to be proved. q. E. D.

8§ 8. On the linearlization of the one-to—one conformal mapping

T(w) of D onto itself.

The subject of this paragraph means that, if we can decide a suitably defined
analytic function in D, 7(w) can be made linear by it. In other words, it is the problem
to decide a conformal mapping function z=f(w) from D onto a schlicht domain D’ of
the extended z-plane, so that the transformed function s=f7f~! may be linear, and of
the form .

) ‘ z'=5(z)=Az (1A4l=1D).

Let m be a closed set of the boundary points of D. We can suppose that the set 2
contains the points which belong only to the fransfiniie. kernel ® for the other point,
for instance, the isolated point, is removable. Generally, the boundary consists of
continums and the points of the discrete set. ,

In the case, when G is an infinite group, the problem is difficult. But it is not difficult
in § 2. Without loss of generality, we can place two fixed points at w=0 and infinity.
We draw a Jordan curve % and the images %4, of % obtained by T, that is,

® k =T (k), (v=1,2,..., n—1).

If we denote the angular region bounded by %y and kyi1with Ry (ky, Byy1), SO nile cover

y=0
the extended w-plane without overlappings and gaps. Suppose that #2, is the subset of
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m in R, and m:;g:TV (my ). If m, is surrounded by a finite number of closed Jordan
curves

M C ., (u=1,2,...,%)
in DnR,, wm, is also surrounded
by the images

® €O, (w=12,...,m
of (7) in DR, . (c.f. Fig.)

By the conformal mapping

9 zn=fn W),
a subregion D, , which are
formed from D' by removing
(7, (8) and their inside, can
be mapped conformally onto a
region B, of the z-plane bounded
by a circle with radius 74 .
Therefore T (w) is transformed
into Si (2) by fn (w). As S, (2)
is a schlicht conformal wmapping
of B, onto itself and is linear, so it is transformed into the form

(10) 2'y =An 2y, (J4x |=D.
Next we consider the infinite sequence of the system of curves
© (n=1,2,3,"""n)
an Cuu, (n=1.2.3,....)
which satisfy the following conditions;
o)

o is inside of the curves of the system C (:)n

2). Any point w of D belongs to D, for sufficiently large 7.

1). The curves of the system C

From the infinite sequence {D, }, we obtain D= lim D, .

74> 00

Now we normalize the infinite sequence { f» (2)}, so that in any given point w, of D
|f'% (wo )] = 1 may establish for all n. The functions f. (w), which map schlicht
conformally any given compact subregion of D for sufficiently large #, are bounded by
Koebe's distortion theorem. Thus {f, (2)} form a normal family and hence for a
suitablely chosen subsequence there exists a non—constant, schlicht analytic limit function
in D

(12) lim fvn, (w)=f(w).

n—>oe
Therefore 7 (w) is transformed into a linear transformation
(13) Z'=AZ (JAI=D

by f(w), where A=lim Ay, . Thus our theorem is completely proved.

n—>oo

§ 4. On the existence of the non-linear one-to-one conformal mapping of a domain D

onto itself .
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If the boundaries of D consist of continums only, the existence of the above
transformation is obvious. In the case where the boundaries are formed entirely by a
discrete point set, the existence of such a transformation can be proved in the following
way.

We begin an elliptic transformation

S: z' =Az, (JA|=1)
and we take a discrete point set #2 of 2-dimensional positive outer measure in the angular
region Ro :

(14) I < g 2 ZEOID 20,12, D)
Then the 2-dimensional outer measure of the image
(15) my =S¥ (m) w=1,2,..., n—1)

is also positive.

Now let w=j(z) be a regular analytic function in the extended z-plane without the set
m deleted onto a schlicht region D’, the boundaries of which are a discrete point set m’
of 2-dimensional measure zero.

Then the transformed function 7T =f S f~! is obviously nonlinear. Because by such a
function the set m' corresponds with the set f (m) of 2Z-dimensional positive outer
measure.
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