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Non-existence of non-zero [ '-harmonic forms
on a complete foliated manifold

Fumihiko EnomoTo

Abstract

We study Bochner type theorem for the [J'-harmonic (1,0)-form on a complete foliated
Riemannian manifold with a bundle-like metric with respect to the foliation. We have the non
-existence of non-zero [J'-harmonic (1,0)-forms under the certain assumption of the curvature of
the Levi-Civita connection.

1. Introdution.

Let M be a connected, compact and orientable foliated manifold with a bundle-like metric
with respect to the foliation. In [4]0.K.I.Vaisman showed Bochner type theorem for the foliated
harmonic(1,0)-forms:

“There are not non-zero foliated harmonic (1,0)-forms on M with positive definite

Ricci curvature of the second connection.”
In [6] O.K.S, Yorozu showed Bochner type theorem for the foliated harmonic (1,0)-and (1, m)-
forms under the certain assumption of the curvature of the Levi-Civita connection, where
m is codimension of the foliation.

In this note, we shall prove, by H. Kitahara’s method [2], Bochner type theorem for the
[J’-harmonic (1,0)-forms under the certain assumption of the curvature of the Levi-Civita
connection as M is a complete manifold.

The author expresses his hearty thanks to Professor K. Takamatsu for his valuable advice.

2. Foliated manifold

We shall be in C=-category. Latin indices run from 1 to # and Greek ones from n+1to n+
m, and the Einstein summation convention will be used.

Let M be an n+m dimensional, connected and orientable manifold with a foliation & of
codimension m. & is given by an integrable subbundle E of the tangent bundle TM over M.
Then we find about each point a coordinate neighbourhood U with coordinate (x!, ---, x7, y™*!, ...
y™ ™) such that

(i) I1x'i=1land |y2] <],

(ii) The integral manifolds of E are given locally by y™i=cn*!, ... ymm=cmm for

’

constants c« satisfying | ca| <1.
Such a coordinate neighbourhood U will be called flat.
We may assume that there exist in a flat neighbourhood U differential forms w® and vectors
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2 SRAETERLE 16425 1983

ve such that

(i) {9/ox'} -forms the base for the space of cross-sections of E in U at each point,
(i) {@' -, @ dy™?, -+, dy™™} and {9/0x!, -+, 3/OX™, Uns1, ***, Unsm} are dual bases for
the cotangent and tangent spaces at each point of U respectively,
where w'=dx'+ Ae'dy® and va=09/0y*— A'd/0x* (cf. [3] ).
Throughout this note, all local expression for differential forms and vectors will be taken
with respect to those bases. Furthermore we shall assume that M has a complete Riemannian
metric g which is bundle-like with respect to . The metric g has the local expression :

glv=gs 1 9 o' Quit+g,,)dy* & dys,

where g;;(x, y)=g (8/ax', 8/0x’) and £ up (y)=8(va,vg) (cf. [3] ).
3. [J’-harmonic form
A form ¢ on M is of type (p, q) (or a (p, q)-form) if it is expressed locally as

¢l u=-1 &

plg! :1...ipal-..,,q(x» y)wilA"'A wPA Ay 1A---A dy"“-

Hereafter, we omit “ ] ;”. Let A” ? denote the space of all (p, ¢)-forms on M and A7 the space

of all »-forms on M. Then we have the decomposition of A7, that is,

A= 3 A"

Pry=r
This decomposition induces a decomposition of the exterior derivative 4, that is,
d=d' +d"+d".

We here notice that d’: A**—A?*" 7 and (d')*=0 (cf. (4] , [5] ).
Now we may give the local expression of d"¢ and % ¢ for geA” ?:

dé = 1 ] PUR 2

9 FIA ... Ep+1 YA aq
(p+1) q!p] k1kpe) (axi éil"'ipal""’fl_) @ A-A A dy AA dy H

1 i i .
— V1., Pl g®byy
*¢ N (n—P)‘ (m—q)’p!q! g ’ gl/’}l’g ! £ qﬂll“'/pkl"'kn—p BBy ryvm—g é,‘l--.ipal...aq

@k AA @ PA dy A A dyn e

where 6'Z‘~:ZZ+1 denote the generalized Kronecker symbol, (cf. [1] ), (g%*) and (g%¥) denote the inverse

matrices of (g;;)and (g,s) respectively and » ldenote the components of the volume form

iyrein @y-ay

((n, m)-form) ;
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on a complete foliated manifold

(4.4) wr (p)=1 for peB(R),
(4.5) wr(p)—1 (R—>o0) for each peM,
4.6) wp are locally Lipschitz functions and of class C* for almost all. peM,

’

4.7 (d"wg)p= % for almost all peM,

where C’ is a number dependig only on x and the dimension (n+m) of M.

By (4.7), we have

Lemma 4.1. (cf. [2]). There exists a number C depending only on u and the dimension (n+
m) of M, such that

(1) 1l d'weRe || B(zm§% & 1l gy

Gi) 11 @0 @%b 1| g S 11 b 1] gy
for any ¢ e A°, where 11 ¢ || 5o0=<b, > por= [ por <$, ¢ >¥1.
By the direct calculation, we have
4.8) d'(wh)=w, d' ¢+2wr d'wg A &,
(4.9) & (whd) =wh & ¢—% Qug d'wpA %),

for any ¢ € A"°.
Definition 4.2. For any (1,0)-form ¢ =¢; o, we define vV '¢ by

V¢ =V.dio'RQw’.

A (1,0)-form ¢ is called V'-parallel, if V' ¢ =0.

Definition 4.3. A symmetric linear mapping #’ : A% °—A"" is defined by

’ 1 ]
#¢=Tro1 R dyo”

I

for any ¢ :ﬁ ¢, where R’k":gﬁ Rkji . % is called positive, if both <#'¢, ¢>,=20 and

<Z¢, d>p=0 iff ¢$,=0 for each peM. £’ is called non-negative (resp. non-positive), if
<®'P, p>, 20 (resp.<0) for each peM.
Lemma 4.2. (cf. [2] ). For any ¢ eA" °,

0= <<wpV'?¢, Wep >> oo +2 1| V' B || 3, +4<< & WP, weV'd>> eRr,
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where (V2$)=V" V0",
Proof. For given ¢, we consider a (1,0)-form & defined by

1 i
® = T101 (Vi) ',

Since sk (sz &) isa (n—1, m)-form with compact support in B (2R), the Stokes’ theorem gives
the equality

[ ud (% (wr®)=0.

On the other hand, we have d(% (w';cb)): —k (é"(w';tb)).

Since we have that
, 1 Y j
<d wg, &> =Tior (d"wg) (Vi) &7

=2 5 (d'wp)' ¢ (9.

=2<d Wy, V' b >,
we have, by Lemma 3.2 and (4.9)

8w ®)=— <wpV'2P, wpd>—2 | weV'¢ | *—4<d wpd, weV'¢>.

Therefore we have the assertion.
Let ¢ be a (1,0)-form on M. By the Schwarz inequality and Lemma 4.1, we have

(410) 2| < d wp@, We¥' > pop, |
S2 11 d'we@ 1 gor | WV b 11 4op,

C ,
=2 ® I & 11 gory 1| WV ¢l BER)

C 2 ’ :
S50 B 1 e+ 11 w277 11 )
and
(@11 | <wpl)' b, w0 p] So (0 11 0T 11 byt i1 10 1 )

for every ¢>0.
By Lemma 3.2, we have

(412) | Kwpd' @, wpd > pup, | < — << wpV' @, Wed > popy+ KW R’ P, Wrd >> piogy
Thus from (4.11), (4.12), (4.13) and Lemma 4.2, we have, for every >0

P2 1 :
o Il weld @ Il poopyt—5 Il wa I R
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22 | Kupll'@, wpd > pup, |
2 2K W D Wb gy T4l WV’ B | ppyt 8K d wrp, WV > g
22K wp R b, Wd > pop,+4 (1——%) I wev' ¢ Il Z(m—4% 116 1l e,
In paticular, setting [1'¢ =0 and letting o—oo, we have
Lemma 4.3. For any [(1'- harmonic (1,0)-form ¢,
022<< we[' ¢, Wed > pop+4 (1—%) Il weV ¢ i i,(m—4% I é 11 Bm

Theorem 4.1. Let M be an (n+m) dimensional connected and orientable manifold with a
foliation of codimension m, and M has a complete Riemannian metric being bundle-like with
respect to the foliation. ,

(1) If @' is positive, then there are not non-zero [1'-harmonic forms in L;' 0

(ii) If #° is non-negative, then (1 -harmonic forms in L;'o are V' -parallel.

Proof. Let ¢ be a [J'-harmonic (1,0)-form in L;'ﬁ.

Noticing || ¢ || ia(m_’ Il ¢ |1 (R—o0) and Lemma 4.3, we have
02 limsup {2<Kwr R P, wpd > ppo+4 (1—L) Hwew'd 112, .}
= jmsup R » Wr B@R) R RV BeR)
On the other hand, we have, from the positivity of %2’

KL we' b, W > pyp, 20

for R>0 and

=59 11 w9 ¢ 1 20

for sufficiently large R>0.
Thus the above three inequalities give

™ P_IE,SUP<< W' b, Wep > 5,p, =0,
(**) limsup (1——$) 1| wew’$ 11 e, =0.
b R BRR)
Evidently it holds that for 0< R, < R,
<K leﬁ'qS, leqS >>B(2R“§ < szg’_qS, Wp, é >>B(2R2),
Thus form (*), we have for any R >0,

LwpH' $, wep>> 0.

BRR)
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Since wy, is positive in B(2R), we have for any peM,

<#'¢, $>,=0.

By the positivity of ', we have ¢ =0.
Taking account of the non-negativity of %" and (**), the case of (ii) is proved by the same
way.

Example 4.1. Let S? denote the 2-dimensional sphere of constant sectional curvature and f a
positive valued function on 1-dimensional Euclidean space R with the standard metric. Then the

warped product M =R X 5% is a connected, orientable and non-compact foliated manifold with
{y}x S?* as leaves. And the metric of M is complete and bundle-like.If we takef(y):2+(—;—)5in ¥,
@’ is positive.

Example 4.2. Let T?denote the 2-dimensional flat torus. We set f(y)= e~ for any ye R . Then
the warped product M =R X,T? is a connected, orientable and non-compact foliated manifold

with {y}x T? as leaves, whose metric is complete and bundle-like. And £’ is non-positive. We
define (1,0)-form ¢ on M by

¢ =V [y @

. , . . 1.0
Then ¢ is non-zero [J'-harmonic form in L, .
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