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Abstract

The (f,g,u,0,3)-structure has been defined by X. Yano and M. Okumura [5] in even
dimensional manifold. It is well known that the submanifold of codimension 2 of an
almost Hermitian manifold and a hypersurface of an almost contact metric manifold admit
the (f,9,4,v,2)~-structure under certain conditions. A hypersurface is said to be invariant if
the tangent hyperplane is invariant by the action of the tensor f. The invariant hyper-
surface of a manifold with (f,g,%,»,4)~structure was investigated by X. Yano and M.
Okumura [6]. In the present paper we shall study the hypersurface such that the vector
fields #, v are tangent to the hypersurface of a manifold with (f,9,%,v,3)~structure and
the invariant hypersurface of a manifold with (f,9,u,v,2)~structure satisfying certain
conditions.

1. (£,g,uv,2)-structure

Let M be a (2x#+2)-dimensional differentiable manifold of class C=. If there exist
in M a tensor field f of type (1, 1), a Riemannian metric g, two vector fields #, v and a
function 4, such that

I f =0 tuut o ot
fj S Gs—=05i—uiu;, —v,v;,
fj ui=12v;, fj = —2uj, 1)
filul=—2v%, filwi=2yh,
uul=vv=1-—2 yovi=20,
where #;=g,;ui, v;=g;;v/, then the structure is called (f, 9, u, v, A)-structure.

Putting fi;=f;'g,;, we can easily see that
fil“—:_ ije
Next, we consider a product manifold M X R?, where R? is a 2-dimensional
Euclidean space. Then we can define in it an almost complex structure F with local
components F;# given by
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£l v
(Fp)=|—u; 0 —2 {2)
—v; A 0

The local components of Nijenhuis tensor N of F, are written as (Suzuki [3])

St =L = S S (P S ) ut (P —p )+ 0t (P ivi—pivi),
NP = — fip i+ g b+ (P ifi"—p i f ;™) —A(pivi—pivi),
N® = —f"0, 0+ f"Pn0i (P ifi " =7 if ™)+ 27 iui—p %)),
Ny)i=(2.)"+0v i,
Ne)i= ()i —utpid,
N y=—(E.uw)i—Apk,
NEi=—(R0)i—fi"7nt 3
N =—(Lu)i+f;"7uk,
NE,=—(L£0)i—2pi4,
Nuyyay=[u,01",
No,ii=—=%4,

N(l)é%;:_ivl,

where £, denotes the operator of Lie derivation with respect to #*, and p; denotes the
operator of covariant differentiation with respect to g;. If it satisfies S,-,."—:O, then the
(f, g, u, v, A)-structure is called to be normal. On normal structures, X.Yano and M.

Okumura [6] proved the following
Treorem A. Let M be a manifold with normal (f, g, %, v, 2)-structure satisfying

pvi—r.v,=2fi (4)
then we have
fitmfu —fitonfii=u, () —u(pa) +0,(piv) —0i(p 00)- (5)
Turorem B. Let M be @ manifold with normal (f, g, u, v, 2)-structure satisfying (4) and
piti—pithi=27f;, (6)

v being @ certain function. If the function X(1—22) is almost ever ywhere non-zero,

then we have
Vll:uj_rvi’ (7)

and t is a constant.
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On the other hand, the (f,g,u,v,2)-structure is said to be quasi-normal if it satisfies
(8). On quasi-normal structure, X. Yano and U-Hang Ki [4] proved the following

Tueorem C. In a manifold with quasi-normal (f, 9, w, v, )-structure such that
the function 2(1—22) is almost everywhere non-zero and (4) is satisfied, we have (8).

Taking account of Theorem A and the definitions of quasi-normal (f,g,u%,v,2)
-structure, we can see that a normal (f,g,%,v,2)-structure satisfying (4) is quasi-normal
(f.9,4,v,8)-structure. Therefore, we find that in a normal (f,9,u,0,2)-structure satisfying

(4), from Theorem C, the condition (8) is satisfied. Consequentely, we can state the
following
Remark. Theorem B establishes without condition (8).

2. Hypersurface of M with (F,g,u,v,d)-structure

We consider a (2s4-1)~dimensional differentiable manifold V and the immersion :
V—M as a hypersurface (V) of M. The hypersurface i(V) is represented parametrically
by the equation

xr=x*(y°),

where {x"}, {y°} be local coordinates of M and (V) respectively, and the indices @, 3, c,

etc. run over the range {1, 2, ---, 2z+1}.
If we put B,*=8,x*, (8,=0/3y%), the induced Riemannian metric ia on (V) is given
Erb‘:glchiji'

Choosing a unit normal vector N* to the hypersurface i(V) in such way that the
vectors Bi*,B*, ..., B, h N form the positive orientation of M, then we have

9i:By'Ni=0, g;;NiNi=1.
The transform f;"B," of B,' by f;* and the transform f,"Ni of N by fi* are
respectively given by
Ji"B,'=¢,°B," -+ w,N*,
Fi'Ni= — B, {8)
where ¢,° is a tensor field of (1, 1)-type, w, is a 1-form in (V) and w“=-w,,§”“.
The vector fields #* and »* have the form, along (V)
ur=B,"u*+aN*,
vh=B, 0"+ AN, )
where #*, v* are the vector fields of 7(V), and @, f are the functions of (V).

Now, applying f,* to both members of (8) and (g) respectively and using (9), we find

-3 -
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6, b %= — 0%+ uu’+ov,0°+w,w,
¢c auc: — Xva_*_ dw“,
®.v°=2u"+ fw°,
¢, ‘we=au’+ fv°, {10

Utt®=1—a2—22, pu'=1—pF2-22,
waw'=1—a2—f2,

UV = —f, Wath'=—AF, wav"=2d.

3. The hypersurface such that u, v are tangent to the hyrpersurface

We now assume that the vector fields #*, v* are tangent to the hypersurface i(V),
then we have
ut=u’B,", v*"=v'B,", 1
that is, we have ¢=0, £=0 in (9).

Therefore, (1) becomes

}, b, %= —0§Fuu"--v,v" +ww”,

b, Ou’ = —X‘l)a, ¢e avc:xun’
¢, “w'=0,

Ut =00 =1— 22, {12)
w,aw'=1,

UV =t =V,w"=0.
If we put
Vo= (" 0, (3
where A+#1, then we have
Vit g,
¥, St =0, ¥, "w,=0.
Putting 5,,,,1#¢“-=31fcb, we obtain
6= Ve {15)
Thus, we have following, from (14 and (15,

Traeorem 8.1. The hypersurface which is tangent to u, v of a manifold with (f,
g, u, v, X)=structure admits an almost contact metric structure (¥, w, ‘D if A#1 in (V).

— 4 —
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In a manifold M with normal (f,g,u,v,2)-structure satisfying (4), we have (Yano
and Okumura [6])

pipid=—(1+13)ag;;,
where 7 is a constant.
Transvecting the equation above with B,’B,’ and using the equation of Gauss:
7B, =Ry N,
where %,, is a second fundamental tensor, as #;N'=0 in £(V), we have
papak=—(1 +19)2g0+hsalNop 2.

In a hypersurface #(V) which is tangent to #* and o*, by virture of (7), 1),
Nip;2 vanishes.

Thus, 1 being not identically zero, by Obata’s Theorem [1], the complete hypersur-
face #(V') is isometric with a sphere. Consequentely, we have following

Treorem 3.2. A complete hypersurface which is tangent to u and v of a manifold
M with normal (f, ¢, u, v, 2)-structure satisfying (4) is isometric with a sphere, if the
Sunction 2(1—22) is an almost everywhere non-zero function in M.

4. Invariant hypersurface of a manifold with (f,g,u,v,d)-structure

We assume that the hypersurface Z(V) is invariant, that is, the tangent hyperplane
of {(V) is invariant by linear transformation f;*. Then we have
fi"B,'=9,"B,", (16)
that is, we have in (8)
w;, =0, an
Hence, {10) becomes
$,°9,%=—0F+uu’+v,0°,
au’+ pv* =0,
¢, 'u’=0, ¢, %°=0, (18)
at+ =1,
U= — a2, Y0 =1--F2, u,v"=—af
because of 2=0 on (V).
If we put
Va={psi(V)|a(p) = 0},
Ve={p=i(V)|8(p) + 0},
then V, and Vg are open in (V) and VU Vg=i(V).
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Putting 7;® = ;;vb in Vo and nﬁ,ﬂ)=—k}r #, in Vp, we have 709 =2® in VNV
If we define a 1-form 7 by
7:0dy? in Vg,

77 -
7¢%dy? in V;,

then 7 is well defined on (V) and we find
wy=— Py, V=01, 19
Now, in a manifold M with (f,g,%,v,1)-structure, we assume that
Nyt = (&) " +0hp:2=0,
N/ = (£.f) " —p,2=0, @
that is

wip fi' —filpuh+ £ty wi+vrp =0,
Vipif ' —fiip oh b f g —ubp =0, A)

Then transvecting @) with B,’B, we have, by virture of (19 and (7,

(Popac)tu®+ N (pif ;" )B,'B — .27t +aB0 " Byo -+ by (P ath?) — Xy ty '+ 07 a2 =0,
(PibacdP+ AN (7 )B, Bu— 8,70+ 8D Bye + 3 (at®) — Pbehtsd—thep ok =0. B
Subtracting the equation which is multiplied « to the second equation of {89 from
the equation which is multiplied # to the first equation of {2, we have
(7y0ac) (But—av?) —¢ 2 (Bpyphe —apyve) + boe (BPate” — apav?) + (Fv.+au.) pai=0. (23
Substituting (19 into (23, we have
(PeBac)n’+ by a’® — a7, 7. =0,
because of a2+ fi=1 and dp,a+fp.f=0,
from which, we have
(P19a )0+, a1’ — ¢, "7, 0" =0

or

Nuc:(£l¢)uc:0-

On the other hand, we know (Yano and Okumura [6]) that an invariant hypersurface
i(V) of M with (f,g,4,v,2)~-structure admits an almost contact metric structure (¢, 7,
0.

Thus, we conclude that the hypersurface 7(V) admits a K-contact metric structure
(Sasaki and Hatakeyama [2]). Consequentely, we have following

— 6 —
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Turorem 4.1. Let M be a manifold with (f, g, w, v, X)-structure satisfying N, " =0.

Then the invariant hypersurface i(V) of M admits a K-contact metric structure.
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