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1. Introduction

In this paper, the author tries to solve the nomographic charts of four complex variables
which generalize the complex circular chartsl) and to illustrate the accuracy of this method,

some simple examples are shown,

2. Complex chart matrix of the functional relation
among four complex variables

We consider a square matrix of the fourth order of the form

M= P11 (21) P12 (z2) P13 (23) D1a (24) ,
P21 (21) D22 (22) D23 (23) D2a (24) (1)
Ps1 (z1) P32 (22) pss (23) Pas (24)
1 1 1 1

where z,=x,+iyi, 12=—1 (k=1, 2,8, 4) and p1;, p2; and pa; are the analytic functions of
zj (j=1,2, 8, 4) over an open domain R.
Now we consider the next two conditions :
1. Each column vector is not constant.
2. Vectors (p1j, p2i, Pai, 1) (j=1, 2, 3, 4) are linearly dependent.
. We call the matrix M¢, which satisfies the above two conditions, Massau’s four variab-
les complex chart matrix.

From the second condition, we have the relation
det (M5)=0. (2)

Det (M'5) is called Massau’s complex chart determinant of the fourth order and above

equation (2) is called a key equation or type equation for the four complex variables chart.

3. Method of nomographic solution of the key equation

We write the expression (2) as

f1 (z1) f2 (z2) f3 (23) fa (24) =0.

g1 (z1) g2 (z2) g3 (z3) ga (24) (3)
k1 (21) he (z2) ha (23) ha (24)
1 1 1 1
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If we write the points which are represented by f; (z;), g; (2;) and k; (2;) (7=1,2,8,4)
as wj, w;* and w** (5=1, 2, 3, 4), respectively, in a Gaussian complex plane, we have the
next relations :

wi=f; (2;)=f; (xj+iy;)=u; (%;, y;)+iv; (%;, y;)

b

wi=g;(z;)=g; (x;j+iy;)=uf(x;, y;) +ivi(x;, yi)

’

(4)
wi*=h; (z))=h; (%i+iy)=w (x5, 3;) +iv¥ (x5, 7).
(j=1, 2) 3’ 4)
If a given functional relation of four complex variables
F (21, 22, 23, 24)=0 (5)

be represented by the expression (3), we have three pairs of figures, namely, the first, the
second and the third partial chart in which four families of curvilinear nets w;=f; (z;),
wi=g; (z;) and w¥*=h; (z;) (=1, 2, 8, 4) are contained, respectively.

We consider the case where the values of z1, za and zz are given and the value of z4
is unknown.

From the type equation

w1 W w3a we =0,
wi w} wh wi (6)
Wi wh* wh* Wit
1 1 1 1
if we have the relation
w1 wa wa =0,
wy w} U (7)
1 1 1
we may find the complex number @, & and ¢ satisfying the following relation
wh*=aw;+bw¥+c . (j=1,2,38, 4) (8)

Relation (7) being not satisfied, we have the complex chart of three variables.2)

. . *
From the relation (8), we have the relation w¥*=aw;+bw¥*+c and w**=aw, +bw; +c.
Eliminating b in them, we have the relation

wi wi* — wi* w¥=a (wwk—w, w}) +c (w}— w}) . (¢4, 1, 7=1,2,8,4) (9)
If we put

ES *
w; wi—w;w; =2;;(wF— wh), (10)

we have the relation
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wf wh* — w¥* w¥=(ad;j+c) (wi—wh) (an

from the relation (9).
Relation (10) and (11) are represented by next relations, respectively.

0 w¥ w} =0
al;j+c wh* wH* (12.1)
1 1 1
and
0 w¥ w =0
Ay w; wj (12.2)
1 1 1

(iéei) i, j=1s 2) 39 4)
where 1;;=21;;.
Similarly, eliminating ¢ in the relation (8), we have the next relations

0 w; wj =0
buij+e wh*  t* (12.3)
1 1 1
and
0 w; wj =0
i wr  w (12.4)
1 1 1

(ZAF]', i; j=1, 2,3, 4)

where u;;=u;;.
According to the well-known theorem in the theory of functions of a complex variables,
the above relations (12) show the next relations

A O QQj» N AiiRR, (13.1)
A O QQj» A BijPPj, (13.2)
AN O PPje> N\ CiR.R;, (13.3)
A O PP A D;Q&Q, (13.4)

(i%j, i, 7=1, 2,3, 4),
where vertices of triangles P;, @;, Rj, A;j, B;j, C;; and D;; are represented by w;, wt, wh*,
al;;+c, A;;, bu;i+c and u,j, respectively.
The point A;;, B;j, C;j and D;; being represented by a@i;;j+c, 2;;, be;;j+c and u;j, res-
pectively, we have the next relations
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Hexagon A12A413A14A423A24A34 «» Hexagon BysB1aB14B23B2aBas  (14.1)

and
Hexagon C12C13C14C23C24C34 «» Hexagon D1sD13D14D33Ds4D3s  (14.2)

(1). If we know the value wys (P4) and wi‘ (@4), namely, wys and w} are constant,
then, the value w; (P;), w¥ (@;) and w** (R;) (j=1, 2, 3) being known, we know the point
B;; and D;; (ixj, 7, j=1, 2, 3, 4) from the relation (13.2) and (13.4). From the relation
(13.1) and (13.3), we know the point 4;; and C;j;. (i=j, 2, 7=1,2,3) Therefore, from the
relation (14.1) and (14.2), the point A4;4 and C;4 (¢=1,2,3) are known.

Using the relation (13.1) or (138.3), for example, A O @1Q4 «» /A A14R1Rs, we know
the value R4, namely, w** and reading the indices of curvilinear net passing through the

point R4, we know the required value z4 (=x4+iys). (See Fig. 1)

Fig. 1. First, second and third partial chart.

Step. 1. Find the point Ays, A13, B12, Byz and Byy from the relation
A A12R1R2 0 A O Q1Q2 g A B12P1P2, A A13R1R3 o« A O QIQ3 o« A B13P1P3 and
A BygP1Pg o A\ O @1€4.
2. Find the point A14 from the relation FAN A14A12A13 [ZRWAN 314312313.
Find the point R4 from the relation A O Q1Q4 «» A A4 R1Ry.
4. Read the indices x4 and y4 of curvilinear net passing through the point Rj.

w

(2). If one of the values of wy and w¥, or both values are unknown, we can find the
required value z4 by the following method.

The value w; (P;), w¥ (&;) and w*%* (R;) (=1, 2, 8) are known and using the rela-
tion (13), we can find the value A;;, B;;,C;; and D;;. (ixj, ¢, 7=1,2,3)

‘We search for the point ( so that
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Quadrilateral O B12B13Bs3a «» Quadrilateral O’ A12A413A323 (15.1)

or

Quadrilateral O D13D43D 23 «» Quadrilateral O’ C12C13Cas, (15.2)

namely, for example, /\ O B12Biz <« A O’ Ai12A413 and the middle point O” of O O’.

We search for the point A1z and Cig so thar O’ O” /| Ass A}z and O' O~ Il C12 Ciz,
respectively.

~We put the vector O Byz of the first partial chart w,=f; (2;) (=1, 2, 3, 4) drawn on
the tracing paper and the vector O Dj2 of the second partial chart w¥=g; (z;) (j=1,2,3,4)
drawn on another tracing paper, upon the vector O” A{is and O” Ciz of the third partial chart
WA=k (2) GG=1,2,8) wp=_L

We seek for the point P4, @4 and Ri which satisfy the relation

w¥* drawn on the stationary paper, respectively.

Q_’L&i=g,§_}£,:l_ , QI:Q&:Q"DJ:VJ_ and PLR;=R,Q}

O"Py O0"Aix |a) 0"Qi 0"Ciz 5|
and their indices (x4, y4) are same and the value x4-1-Zys=24 is the required value. By the
above process, we have Pi=aws+—5-¢, Qi=bw}+ vé—c and R4=—%—(PL+Q4)=—§—(aw4+
bw}+c).

On the other hand, Ri=-4— wz* and therefore, w}*=aws+bw} +c. If we use the

mathematical instrument in thlS case, we can easily find the required value z4. (See Fig. 2
and Fig. 3)

Fig. 2. 1. First and second partial chart.
Step. Find the point By, Byz and D, from the relation
A B1pP1Py v N\ O @1Q2, A B13gP1Pg o A O @1Q3 and A D12Q1Qs »» A O PP,
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Fig. 2. 2. Third partial chart.

Step. 1. Find the point Ajyp, A3 and Cys from the relation A A12R1Ro o A O Q41Q3,
A A13RiR3 o A O Q4Q3 and A Cyp RiRy » A O P4Ps,
2. Find the point O from the relation A\ O 312313 w A O A12A13.
3

Seek for the middle point G of O O'.
Find the point A{, and Cj, so that O’ O” || A4e A{y |/ C12 Cis-

e
2

Pantograph A

Pantograpt: C

Fig. 3. Method of using the mathematical instruments (Pantograph A,B and C).
Step. 1. Put the vector O Bjg of the first partial chart and O Djp of the second partial chart upon
the vector O” Aj, and O C{, of the third partial chart, respectively.
2. Seek for the point P4, @4 and R} so that

0" Py_0" Byp 0" Qq_ 0" Dy

, and P} Rj=R; Q .
0" Py 0" Al 0" Q) 0" Cy,
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3. Read the indices (%4, ¥4) of curvilinear nets passing through the point P4, @4 or Rj.

4. Affine transformation of the complex chart of four variables

Given the complex chart matrix M{, we operate a matrix

A= ai11 @iz ais ai4 , (det (A) x0),
a21 (223 az23 a24 (16)
a31 a3zz a33 as4
0 0 0 1

where every element @;; is complex number, we have the next relation

A M= @11 @12 @13 @ P11(z1)  p12(22)  p1a(za)  P1a(24)
@1 dzz @33 Q2 P21(21)  paa(22)  paa(za)  Pealze)
@31 @3z Q@33 das Da1(21)  paz(z2) pas(2s) pas(z4)

0 0 0 1 1 1 1 1

R
.

-

= a11p11+a12P21 +@13P31+ 14 @11p12+@12p22 +@13P32 +@14
@21 P11+ @22 P21+ a23P31 1t @24 @z1p12+@22P22 +@23P3n 24
@31 p11-+@zepe1+aAssPs1+aas az1pP12+aszpaz2ta@sspPsztaaa

1 1

a11P13t+a@1epez+@13paz+aia d11pi1ata@izpzataispastais
@z1p1a-t+asoPozt@espast-ase deipira-tazepPea-tazspastass (17
a31p13-+asePost+azapasz-taszs @3i1Pi1a-+a@zePoa-t+aazpsstass

1 1

— MFe
=i .

We call the matrix A a complex transformation matrix and M} a transformed complex
chart matrix.

When det (M{)=0, we have det (M$)=0 from the relation (17) and this shows that,
by an adequate affine transformation, we have another new complex chart which is conveni-
ent for use.

5. Example

1. We consider the next key equation

20 dzg 10, , .1 _
2 2 Tis z4+4 2 0.
20 R 20 . 424

Z—1+1_i 2o+24+ ¢ ;:; 2432 T}-Z‘
4z4 20 . .
1+2'z.'— z—2+1+i 23+3_l 224
1 1 1 1
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When 21=1+2¢, 2o0=—4-2{ and 23=2—7 are given, we find z4=—1.34—0.29 and z4=
3.75--1.08¢ by our method. On the other hand, we know the exact value z4= —1.336—0.290z
and z4=3.753—1.086:.

2. We consider the next key equation

21 20 423 4+ =0 .
22 1+¢
.20 .20 . ,
rl—; Z22teti z—3—2+31 54 3¢
42’1 20 . .
1137 5—1—14—2 23+3—1 24
1 1 1 1

When 21=1+2{, 2p=—4+2{ and z3=2—{ are given, we find 24=5.37+2.13{ by our
method.

We know the exact solution z,=5.367+2.142;. The original charts of our examples
have been drawn on the millimeter section papers 700 x 1000mm.

6. Conclusion

In this paper the author has found the method to obtain the solution of the nomographic
chart of four complex variables. This method being graphical, we can not expect the higher
accurate solution but we can find the first approximate value of the solution.
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