Numerical Construction of Energy-Theoretic Crack Propagation
based on a Localized Francfort-Marigo Model
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Abstract. We simulate straight crack propagation using idea from the classical Griffith theory
and Francfort-Marigo energy. According to the energy-theoretic model proposed by Francfort and
Marigo, propagation of a straight crack is described by means of sum of elastic and surface energies.
We modify the Francfort-Marigo model by replacing the global minimum by a local one in order to
be consistent with the Griffith theory. We numerically construct some energy-theoretic propagation
of straight cracks using finite element method and show some discontinuous growth behaviour of
the crack.
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1 Introduction

Crack propagation can cause serious problems. Therefore, to understand the crack propagation
phenomenon is important. Griffith’s theory [3] tells that a crack will propagate only if the elastic
energy released during the crack growth is greater than or equal to the surface energy which is
proportional to the area of the new crack surfaces.

Francfort and Marigo [2] proposed a crack propagation model based on the total energy which
is a sum of elastic energy and surface energy. They extended the classical Griffith theory and
proposed the model to describe crack propagation. This is one of the most naive models for crack
propagation, but is not suitable for numerical simulation.

Although a number of crack propagation models and numerical algorithms have been proposed
in engineering and physics, as far as the authors know, any mathematically closed model which can
be numerically computable has not been established. Among the models, in particular, phase field
model proposed in [4] is remarkable for its easy numerical treatment. It is described as a gradient
flow of an approximate energy of the Francfort-Marigo energy by using the idea of Ambrosio-
Tortorelli regularization [1]. Since it has a similar form of the reaction-diffusion equation, its
numerical simulation is relatively easier than the other models. However, the accuracy of this
model has not been studied well due to the lack of an established model.

As a theoretically reliable model, we investigate the energy-theoretic one and numerically con-
struct some crack propagation. Which will be used as a reference solution to check the accuracy
of other crack propagation models such as the phase field model.

The outline of this paper is as follows. In the second section, we will give a two dimensional
setting of an antiplane displacement and mode III crack propagation with brief explanation about
the classical Griffith theory and the Francfort-Marigo model and how we use it to make simulation.
In the third section we will propose a localized Francfort-Marigo model and show some numerical
examples. In the last section we will give conclusions and future work.
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Figure 1: Domain

2 Classical Griffith Theory and the Francfort-Marigo Model

We consider a mode III crack propagation in a plate by the deformation perpendicular to the
plate. The plate is supposed to be an isotropic elastic material with constant thickness. We
suppose that x = (z1,22) € R?is a Cartesian coordinate parallel to the plate, and that z3 is a
coordinate perpendicular to the plate. We assume that the deformation of the plate is limited to
the x3-direction. Therefore, we treat the problem as a two dimensional domain 2. We assume a
displacement field % has the following form :

T_L(.rl,xg,l‘g) = (O,O,U(’le,ﬂjg))T

Let © be a bounded two dimensional domain, with a piecewise smooth boundary I' = 9€). We
suppose that I'p is a non empty open portion of T and set 'y :=T'\ T'p. A crack in Q is denoted
by ¥ C Q and its upper and lower sides are denoted by ¥ and X~ respectively. We suppose ¥ is
a straight crack of length L with only one tip in £ as shown in Figure 1.

According to [4], the antiplane displacement u satisfies the following equations :

Au=0 inQ\X

u=g onI'p (1)
0
) onTyunE
on
We denote the solution u to (1) by 4(L,g) € H'(Q\ ). We define a corresponding bilinear form
and an elastic energy :
) _ K
a(u,v; A\ X) == Vu- Vv dz,
2 Ja\s
E(L,g) = min a(u,u; Q\ X) = a (i(L, g), a(L,g); 2\ X),
u Tp=g
where p > 0 is a rigidity constant.
We suppose that the Dirichlet boundary condition depends on time ¢, that is u = g(t) = g(-,t)
on I'p. The classical Griffith’s criterion for the crack propagation is derived from a balance of the
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Figure 2: A discontinuous crack propagation

released energy and the created crack length. According to the theory, so-called energy release late
G is defined as

)

G:: _87_[/

(L,g(t)) > 0.

The crack ¥ can propagate only if
G > 7. (2)

Where the constant v > 0 is called fracture toughness. This is called Griffith’s criterion. Francfort
and Marigo introduced the following total energy in (1):

E(L,g) == E(L,g) +~L (L= 1[Z]),

which is a sum of the elastic energy E(L,g) and a surface energy vL. The condition (2) is also
equivalent to

% (L) <0, @

They proposed the following simple crack propagation model as an extension of the Griffith
theory. They considered that L(t) = |X(¢)| is given by
L(t) == argmin &(L,g(t))
L=()<L<Lo

L=(t):= ilgt) L(s),

(4)

where Ly is the width of Q. We call (4) Francfort-Marigo model in this paper. We remark that
L(t) is a non-decreasing function, but can be discontinuous as shown in Figure 2.
We suppose that the boundary condition g(¢) on I'p is given in the following form :

g(t) = tgo(z) (x € T'p),

where & = (z1, z2) denotes the space variable. Since 4(L,tgo) is given as 4(L,tgo) = ta(L, go), we
get

E(L,tgo) = a(ta(L, o), ta(L, go), 2\ ¥) = t*a(a(L, go), 4(L, go), 2\ ¥) = t>E(L, go).
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Figure 3: Graphs of elastic energy E(L, go) with g = 1 (left) and gy = cos®(F=-) (right)

Therefore the total energy becomes
E(L,t go) = t*E(L, go) + L.

In this paper, for simplicity, we assume € = (0, L) x (—I,1) and X(t) = (0, L(t)] x {0} as
shown in Figure 1 and set p = 2. Under the symmetry condition go(x1,—1) = —go(z1,{) on I'p,
for the initial condition gg = 1 and gg = 0052(27?; ), we get graphs of E(L, go) as seen in Figure 3.
These graphs are computed by using FreeFem++ software [5].

From Figure 3, we can see the difference of the profiles of E(L, gg) between go = 1 and gg =
cosz(%). On the left figure, the graph is concave. But on the right one, the graph has two parts,
concave and convex. These shapes essentially affect the type of crack propagation as will be seen

later.

3 Localized Francfort-Marigo model

From the Griffith theory, we know that a crack cannot propagate if (3) is not reached. But, as
we will see later, the Francfort-Marigo model (4) allows a crack to have a jump even if Griffith’s
criterion is not satisfied. So, we need to modify (4) to make it consistent to the classical Griffith’s
criterion.

In order to replace the global minimum in (4), we define a notion of a nearest local minimum.
We assume f € C*([a,b]), we define a nearest local minimum of f in [a, b] as follows :

{a (if f'(a) = 0),
sup {z € (a,8]; f'(y) <0 ("y € [a,2))}  (if f'(a) <0).

We propose the following modification of the Francfort-Marigo model.

arg loc-min f(x) :=
a<lx<b

Problem 3.1 (localized Francfort-Marigo model). Let Lo, be the mazimum length of the straight
crack in Q. For a given initial crack Sg of length Lo € (0, Lo ), find 3(t) of length L(t) fort >0
such that

L(t) = arg loc-min E(L, g(t))(t > 0),
L~ ()<L<Lo
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where
Lo (t=0
L) = sup L(s) (t>0)
0<s<t
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Figure 4: Graph of total energy E(L,t go) with go =1
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Figure 5: Graph of total energy £(L,t go) with go = cos?(
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Length of Crack Propagation

Figure 6: Length of crack propagation with gy =1
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Figure 7: Length of crack propagation with gy = COSQ(Q’TL:”;)

We set v = 0.5 then using relation £(L,t go) = t2E(L, go) + 7L, we get graphs of the total
energies as shown in Figures 4 and 5. In both cases in Figures 4 and 5, if the initial crack length
Ly is small enough as drawn by dots, the condition (4) is not reached until the end of these
simulations. We remark that a solution of Problem 3.1 does not propagate too, but one of the
original Francfort-Marigo model (4) does. But if we take Lo near 0.6 as drawn by square, length
suddenly jumps to the end, in one time for the case of gy = 1.

On the other hand, in the case of gy = cos? (7= L) there is a little jump and after that the crack
starts propagating smoothly until the end of length The obtained solutions to Problem 3.1 are
shown in Figures 6 and 7. We remark that the difference of the behaviors of these solutions arises
from the difference of the profiles of E(L, g9) as shown in Figure 3.
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4 Conclusions and Future work

We studied energy-theoretic crack propagation models analytically and numerically in this paper.
We computed the elastic energy E(L, go) for each L by using FreeFem++. For the Francfort-Marigo
model, we investigated the relations of the behaviour of a solution and the profile of the graph of
E(L, go). We pointed out that the solution can propagate with a jump even if Griffith’s criterion
is not satisfied. We proposed a localized Francfort-Marigo model to make it more consistent to the
classical Griffith’s criterion and numerically constructed some solutions. We observed that they
exhibit several discontinuous behaviours but are consistent to Griffith’s criterion.

The behaviour of the solutions of Problem 3.1 which were constructed numerically in this paper
is expected to represent theoretical straight crack propagation in an ideal setting. They will be
useful for checking the accuracy and reliability of other models, such as the phase field model.
Some comparison results with Takaishi-Kimura model will be reported in our forthcoming paper.
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