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Abstract. Interactions between fluids and deformable solid objects are very important in practical
applications and it is an essential task to be able to simulate them correctly. A model for this kind
of simulation is presented. The fluid is handled by use of a particle method, the so-called moving
particle semi-implicit (MPS), whereas the solid is modeled by a spring-mass system which main-
tains its volume throughout the simulation. The interaction relies on the coupling force between
the solid and the fluid, through which the movements of both parts influence each other.
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1 Introduction

Fluid-deformable solid interaction is the interaction of some movable or deformable solid with an
internal or surrounding fluid flow [1]. The consideration of fluid-deformable solid interactions is
crucial not only in the design of many engineering systems but also in the medical science, where
as examples we can name the treatment of aneurysms in large arteries or artificial heart valves.

Animation of fluids is a particularly difficult task due to the underlying laws that govern fluid’s
motion. These laws, known as the Navier-Stokes equations, are highly unstable partial differential
equations that are quite difficult to solve in an efficient way. Recently, particle methods have
been developed to handle fluid motion. Particle methods draw attention for their advantages
of Lagrangian and meshless formulation. Large motion of free surfaces can be tracked without
numerical diffusion while fluid disintegration and merging can be analyzed without mesh tangling.
Moreover particle methods are also fitted to large deformation and fracture of solid materials [10].

Moving Particle Semi-implicit (MPS) is one of the particle methods that was developed by
Koshizuka and coworkers for incompressible flow [7] [8] [9]. Incompressibility is achieved by keeping
the density of particles constant during the computation. MPS is based on Taylor series expansion
that employs an original form of the weight function to approximate spatial derivatives of the
Lagrangian Navier-Stokes system by a deterministic particle interaction model [6].

Although fluid is simulated through a rather complex process, solids are much easier to handle.
While solids can be represented as rigid bodies delineated by a surface made of triangles, they can
also be represented as a set of linked point masses [12]. This model, for which a simple example is
given in Figure 3, is especially well suited to animation. It is used in the presented method because
of its flexibility to handle both rigid and non-rigid bodies, its easy manipulation, and the way it
fits in the interaction model.
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The purpose of this paper is to make a simple fluid-solid interaction with volume preservation
for the solid, by using MPS and mass spring model. Several models have been proposed to handle
this kind of interaction [5] [3], including those using MPS and mass-spring system [13]. However,
our model is different in the way we handle the mass-spring system. Through this model we
simulate the motion of a membrane with external force applied from above (see Figure 1a) and
the deformation and motion of a box inside parallel flow (Figure 1b).

(a) Test model 1 (b) Test model 2

Figure 1: Test models.

2 MPS in Computational Fluid Dynamics (CFD)

Finite difference method (FDM), finite volume method (FVM) and finite element method FEM are
very powerful, popular and widely used methods in CFD. In these methods, continuum domain is
discretized into a fixed discrete grid or mesh. The strategy with fixed grids assures both robustness
and accuracy when obtaining the solution of a differential equation using the discrete system. How-
ever, this strategy also gives several limitations in analyzing complex geometries and multiphysics
problems, which consequently limits the application of these methods to practical problems. The
limitations of the fixed grid and mesh-based methods have triggered the development of a mesh
free method which uses only a set of distributed nodes to express the mechanical system in a
discretized form. The particle method developed for incompressible flow is called moving particle
semi-implicit (MPS). In the MPS method, fluids are represented by a set of moving particles and
governing equations are discretized by particle interaction models, hence grids are not necessary.

2.1 Governing Equations

Governing equations express the conservation laws of mass and momentum,

1

ρ

∂ρ

∂t
+∇ · u = 0, (1)

Du

Dt
= −1

ρ
∇P + v∇2u+ f, (2)

while incompressible fluids must satisfy
∂ρ

∂t
= 0.
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Here ρ denotes density, P pressure, v viscosity, u velocity and f external force. The left-hand
side of Eq.(2) is the Lagrangian time differentiation involving advection terms. In MPS methods
advection terms are directly incorporated into the calculation of moving particles. In this study,
we solve two-dimensional problems and the only outer force considered is the gravity [9]. The
Navier-Stokes solution process by MPS is a semi-implicit prediction-correction process. Namely,
the basic Eq.(2) is divided into two parts,(

Du

Dt

)explicit

= υ∇2u+ f (3)

and (
Du

Dt

)implicit

= −1

ρ
∇P. (4)

We solve Eq.(3) first to predict the velocity and position of fluid particles. Therefore, in the first
part the accelerations of the particles taking into account all the terms except for pressure are
evaluated, and the temporal velocities and positions are calculated by

u∗ = uk +∆t

(
Du

Dt

)explicit

r∗ = rk +∆tu∗.

The pressure term Eq.(4) is included by solving Poisson equation for pressure in the second part
of the algorithm. The velocities and positions of each particle are modified as

uk+1 = u∗ +∆t

(
Du

Dt

)implicit

rk+1 = r∗ +∆t2
(
Du

Dt

)implicit

.

2.2 Particle Interaction Model

A particle interacts with its neighboring particles within the support of weight function w(r), where
r is a distance between two particles. The weight function employed in this study has the following
form

w(r) =

{
re
r − 1 0 ≤ r < re
0 re ≤ r.

Hence, a particle interacts with only a finite number of particles located within the distance of
re. The cutoff radius re limits the number of the neighboring particles and allows to reduce the
computational cost. The accuracy may be deteriorated with few neighbor particles when we adopt
an excessively small radius. On the other hand, a larger radius will make the spatial resolution
lower [6].

To calculate the weighted average, a normalization factor called particle number density be-
tween particle i and its neighbors j located at positions ri and rj is used:

〈n〉i =
∑
j 6=1

w(|rj − ri|). (5)
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Figure 2: Particle interaction given by weight function.

This value is assumed to be proportional to the density. As the density is almost constant in
incompressibility calculation, we use the constant n0 instead of 〈n〉i in the formulation of weighted
average.

The gradient operator is modeled using the weight function. A gradient vector between two
neighboring particles i and j is evaluated as (φj - φi)(rj − ri) / |rj − ri|2 , where φ is a physical
quantity. The gradient vector at ri is then a weighted average of these vectors :

〈∇φ〉i =
d

n0

∑
j 6=i

(φj − φ
′

i)

|rj − ri|2
(rj − ri)w(|rj − ri|), (6)

where d is the number of space dimensions and n0 is the reference value of the particle number
density. In Eq.(6) a different value φ

′

i is used in place of φi because of stability reasons. If the
configuration of neighboring particles is isotropic, Eq.(6) is not sensitive to absolute value and any
value can be used for φ

′

i. However, the configuration is not isotropic in general. In that case, the

value of φ
′

i in this study is calculated by

φ
′

i = minφj for {j | w(|rj − ri|) 6= 0}.

This means that the minimum value is selected among the neighboring particles within the distance
of re. Using Eq.(6), forces between particles are always repulsive because φj − φ

′

i is positive. As
noted in [6], this contributes to numerical stability.

Laplacian operator is modeled by the following identity:

〈∇2φ〉i =
2d

λn0

∑
j 6=i

(φj − φi)w(|rj − ri|).

Here, the parameter λ is introduced so that the variance increase is equal to the analytical solution,
which yields

λ =

∑
j 6=i |rj − ri|2w(|rj − ri|)∑

j 6=i w(|rj − ri|)
.
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3 Mass Spring Model

The mass-spring model is an array of masses linked by springs. Each mass connects to its adjacent
masses as in the figure below. The movement of each mass is determined by the spring force and
damp force between the masses.

Figure 3: Basic mass-spring model.

The spring force complies with the Hooke’s law. Supposed there are springs connecting the mass
i with its neighbors denoted by Ω. According to Hooke’s law, the spring force is written as

Fint = −
∑
j∈Ω

ki,j(|li,j | − l0i,j)
li,j
|li,j |

,

and the damp force has the form

Fdamp = −
∑
j∈Ω

bi,j(vi − vj),

where kij is the stiffness of the spring, l0ij is the rest length of the spring, bij is the coefficient of
elasticity of the spring between the masses i and j , li,j is the vector connecting neighboring masses
and vi is the speed of the mass i.

According to Newton’s second law of motion, the total force on each node (mass) is

Fi = Fint + Fdamp + Fext,

where Fext is the external force that also influences the movement of nodes.
To solve this equation the Verlet method is used. Beginning at a time step n and given position

rn, velocity vn and force Fn acting on each node, the following equations are used to obtain values
for the next step [11].

vn+ 1
2
= vn +

∆t

2
m−1Fn

rn+1 = rn + vn+ 1
2
∆t

Fn+1 = F (rn+1) + Fdamp + Fext

vn+1 = vn+ 1
2
+

∆t

2
m−1Fn+1.
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4 Volume Preservation

During deformable solid object simulation we need to keep its volume constant to maintain relia-
bility of our model. Here we adopt the method of [4]. The idea is to use the divergence theorem
to transform the expression for the volume of the solid body to an integral over the surface of the
body. This integral is then evaluated using a triangular mesh for the surface and there is no need
to analyze the structure of the whole object.

The condition of total volume preservation is cast into a constrained dynamic system. The
constrained formulation using Lagrange multipliers results in a mixed system of ordinary differential
equations and algebraic expressions. The system of equations is represented using dn generalized
coordinates q, where n is the number of discrete masses. The generalized coordinates which are
simply the Cartesian coordinates of the discrete masses are defined in our 2D setting as

q = [x1, y1, x2, y2, . . . , xn, yn]
T .

The difference between V0 (original volume) and V (current volume) should be 0 for each
iteration process, which is written using the constraint function Φ(q, t) as follows:

Φ(q, t) = V − V0 = 0.

To maintain the volume at a constant value, implicit method is applied. The equation of motion
and kinematic relationship between q and q̇ are discretized in the following way:

q̇(t+∆t) = q̇(t)−∆tM−1∇Φ(q, t)λ+∆tM−1FA(q, t), (7)

q(t+∆t) = q(t) + ∆tq̇(t+∆t). (8)

Here FA are spring forces acting on the discrete masses, M is a dn×dn diagonal matrix containing
discrete nodal masses, λ is a Lagrange multiplier, and ∇Φ = ∇qV . We treat the constrained
equations at new time implicitly,

Φ(q(t+∆t), t+∆t) = 0. (9)

Eq. (9) is now approximated using a truncated first-order Taylor series:

Φ(q, t) +∇ΦT (q, t)(q(t+∆t)− q(t)) + Φt(q, t)∆t = 0. (10)

Substituting q̇(t+∆t) from Eq. (7) into Eq. (8) we obtain

q(t+∆t) = q(t) + ∆tq̇(t) + (∆t)2{M−1FA(q, t)−M−1∇Φ(q, t)λ}. (11)

Substituting this result into Eq. (10) results in the following identity, which yields the Lagrange
multiplier by a simple division:

∇ΦT (q, t)M−1∇Φ(q, t)λ =
1

∆t2
Φ(q, t) +

1

∆t
Φt(q, t) +∇ΦT (q, t)(

1

∆t
q̇(t) +M−1FA(q, t)). (12)

5 Weak Coupling of Fluid and Solid

In this simulation the interaction between the fluid and the solid is carried out in the manner of
weak coupling, where the effect of the fluid on the solid is calculated after one iteration of the fluid
[13]. Steps of the interaction between the fluid and the solid are described as follows.
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1. Determine the motion of fluid particles for one calculation step using the MPS method with
time step ∆tfluid.

2. Calculate the fluid force F fluid
i , consisting of pressure and viscous force acting on each solid

particle i that interacts with fluid:

F fluid
i = F pressure

i + F viscosity
i ,

where F viscosity
i = mi(

Du
Dt )

explicit (without considering external force f), and F pressure
i =

mi(
Du
Dt )

implicit.

3. Determine the motion of the solid particles using the spring network model for time ∆tfluid.
This amounts to solving the set of equations of motion with respect to the solid particles,

mir̈i + bi,j(ṙi − ṙj) = Fi + F fluid
i (13)

with the Verlet method. Here, the dot denotes the time derivative, j is a neighbor of the
solid particle i and Fi includes the spring forces and volume constraint. Since the time step
∆tsolid used in mass spring calculation is different from the time step ∆tfluid, the motion of
solid was calculated for ∆tfluid/∆tsolid iterative steps.

4. Return to step 1 and repeat procedures 1. - 4. until the final time is reached.

6 Results and Discussion

First, we tested the mass spring and volume preservation model using a 7 × 7 mass spring system
with the configuration of springs as in Figure 3. The response of the object was compared for the
cases with and without volume constraint after applying an external force from above for a period
of time and then releasing it. The difference is shown in Figure 4 and Figure 5 shows the evolution
of the relative volume error computed by the formula

ε =
V − V0

V0
.

Next, we tested the fluid-solid interaction model using two problems (Figure 6). In the first
computation, the upper part of a two-dimensional tube corresponds to a deformable solid wall and
acts like a membrane, while the the bottom part is considered as a rigid wall. External force is
applied on the upper wall from above for a period of time. Solid deformations due to the external
force cause oscillations of the membrane. This vibration triggers an interaction between fluid and
solid and a flow is observed inside the tube. In order to preserve tube’s volume, we connected the
bottom and upper part with a spring. In this way, the whole domain is included in the mass-spring
system and the volume is thus preserved. For the upper membrane, 3 × 39 nodes are used.

In the second test problem, both upper and lower part of the tube are rigid walls, while we
insert a deformable solid object inside the tube. The boundary condition on the inlet is selected as
uniform velocity U0 in the negative x-direction Here we use 9 × 5 nodes to approximate the box,
which deforms into a parachute-like shape, while being transported by the fluid flow.
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Figure 4: Mass spring model without and with volume preservation.

Figure 5: Relative error of volume during the simulation.

7 Conclusion

We have succeeded in simulating a simple fluid-solid interaction by use of the Moving Particle
Semi-implicit method for fluid flow and mass-spring system for solid deformation keeping the
volume constant throughout the simulation process. The key of the model is a weak coupling
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Figure 6: Results of test problems.

interaction between the fluid and the solid, where the effect of viscosity and pressure count as the
external forces for mass-spring system after one fluid iteration. We use a smaller time steps for
solid calculations then for fluid calculations. To be able to simulate a real part of a human body
like in [13] or [5], parameter tuning and increase in resolution are indispensable.

References
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