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Abstract

Brownian dynamics simulations were conducted to investigate the formation of a
kagome lattice in the first epitaxial layer during colloidal heteroepitaxy. When the
epitaxial particles were smaller than the substrate particles, and the interactions were
predominantly governed by the depletion force, a kagome lattice structure was success-
fully formed in the first epitaxial layer when the epitaxial particles were a specific size.
The formation process of the kagome lattice in the first layer was analyzed in detail.
Initially, the epitaxial particles adhered to positions where they interacted with three
substrate particles. When the density of epitaxial particles on the substrate increased
by sedimentation, the epitaxial particles changed locations to attach to the sites where
they interacted with one or two substrate particles, and a hexagonal structure formed.
Subsequently, particles interacting with only one substrate particle detached from the

substrate, resulting in the formation of a kagome lattice.



Introduction

Colloidal particles have a size that is comparable to the wavelength of visible light, which
makes them promising materials for use as photonic crystals. '™ Photonic crystals with open
structures like the diamond structure exhibit a large photonic band gap because the pe-
riodicity of the colloidal crystal lattice can strongly influence light propagation. Photonic
crystals with another open structure, the kagome structure, also have unique optical and
mechanical properties.>® Consequently, numerous research groups have tried to develop ef-
ficient methods to fabricate colloidal crystals with precisely controlled structures for use in
photonic devices. The structure of colloidal crystals may be controlled by adding patches
. 713 Desired structures can be formed when the number, size, shape, and position of these
patches are varied appropriately. Preparing precursors as building blocks is another useful
method to generate complex structures. 417

Colloidal epitaxy, in which colloidal crystals grow aligned with the crystal planes of the

underlying substrate, is also an effective method for generating target fine structures.!®3!

Nozawa and co-workers have fabricated various structures using colloidal heteroepitaxy. 3234
Performing Monte Carlo 2 and Brownian dynamics simulations®® for systems with the short-
range interaction mimicking the depletion force, we systematically investigated how the ratio
of the size of epitaxial particles to that of substrate particles is related to the structure of the
first epitaxial layer in heteroepitaxial growth. Complex structures, including those observed
33

in an experiment,>> were obtained by selecting a specific ratio of the size of epitaxial particles

to the size of substrate particles.

34 experimentally found that multilayer kagome lattices were generated in

Recently, we
colloidal heteroepitaxy even when simple spherical colloidal particles were used. In this ex-
periment, we observed the formation process of the first epitaxial layer with a kagome lattice
in detail and found that the kagome lattice was produced after honeycomb lattice formation

followed by the generation of a hexagonal lattice. A kagome lattice can form when patchy or

non-spherical particles such as those with an elliptic®” or rthombus®® shape are used. Even



for simple spherical particles, a kagome lattice can form when particles interact with com-
plex interaction potentials.?**° However, in our experiment,3* the particles were spherical
and the depletion force, which had a simple form, appeared to be the predominant interac-

36 are useful to

tion between particles. Monte Carlo ?* and Brownian dynamics simulations
investigate the formation of various epitaxial layers. On the basis of these studies, here we
conduct Brownian dynamics simulations to examine whether the kagome lattice observed in
our experiment forms through colloidal heteroepitaxial growth. Final structures may be
obtained in Monte Carlo simulations. However, in this study we focus on the time evolution

of the assembly process, for which Brownian Dynamics simulations are more appropriate.

Thus, we conduct Brownian Dynamics simulations.

Methods

An interaction potential that included features of the Asakura—Oosawa (AO) potential*1:42

was used in Brownian dynamics simulations. In experiments,3% 34

colloidal particles moved
downwards in solution, including polymer solutions, driven by gravity. Because the colloidal
particles were exposed to viscous resistance and thermal noise, their motion in a solution
can be described by a Langevin equation. When the viscosity of the solution is high, the
inertia term in the Langevin equation can be ignored. The equation of motion of the ith
particle is given by 3

d’l”i _l
dt &

(fi+fig+fiB)a (1)

where ¢ is time, 7; is the position of the ith particle, &; is the friction coefficient acting on
the ith particle. f;, ff, and fP are the forces from other particles, gravity, and thermal
noise, respectively. When the interaction potential between the ¢th and jth particles is

given by U(r;;), where r;; = |r;;| = |r; — 7;| is the distance between the two particles, f; is

expressed by —VU(ry;). f2,(t), f5,(t), and fP,(t), which are the z, y and z components of

1,X %Y



fB, respectively, satisfy the following relationships;

(fix(®) = (fil, (1) = {fi.(t)) =0, (2)
i f (@) = (i, (OF5, (1) = (L FLW)) = 26ksTo(t — 1), (3)

where kg is the Boltzmann constant, T' is temperature, and angle brackets denote the en-

semble average. For a short time interval At, Eq. (1) can be differentiated as*?

1 dU(ry)
&

y AT R3
T nt - 7T—RZApgAtez + Ar?, (4)

(T + AL) = r(t) —
r(+ ) r() drij Tij 3&

where R; is the radius of the ith particle. The third term on the right hand side of Eq. (4)
shows the gravitational sedimentation of particles toward the —z-direction. Ap is the density
difference between the particle and solution. ¢ is the gravitational acceleration, and e, is
the normal vector in the z-direction. ArP represents the displacement caused by thermal
fluctuations. AxB, AyB, and AzP are the x, y, and 2z components of ArE, respectively,

which satisfy the following constraints;

(Az?) = (Ay) = (Az?) =0, (5)

((BP) = (B = ((acby) = 22T

At. (6)

In experiments, .32:334546 the main attractive force is the depletion force, for the potential
of which is often described using the AO potential. 142 The AO potential is a short-range
interaction; an attractive interaction occurs when the distance between the particle surfaces
is shorter than the polymer’s radius of gyration R,. For the interaction between the ith and
gth particles, the potential reaches a minimum when the two particles come into contact;
that is, when the distance between them is R; + R;. When R; and R, are sufficiently larger
than R,, the potential depth is proportional to RgRiRj/(Ri + R;). If the AO potential is

used, Equation (4) does not apply well because there is a hard-core repulsive interaction.



47
L,

Thus, the Morse potential,** which has a steep repulsion and short-range attraction, was

used in place of the AO potential. This is because the formation of various structures

32,33 gas previously been explained using the Morse potential. The

observed in experiments
potential minimum of the Morse potential was proportional to R;R;/(R; + R;) and located

at a distance (R; + R;). The Morse potential is given by

Ulr) = (R 1) [ 1= exp (=75 RR)] ~ Un(Ri. ), ™)

where R, = R; + R;. We can control the interaction range by changing the value of R,. The

depth of the potential Uy(R;, R;) is given by

1ARR;

ol ) = (v Ry
i J

(8)

where A is a constant. During colloidal epitaxy, hydrodynamic interactions and the variation
of colloid diffusivity near the substrate may play important roles. However, for simplicity, we
neglect these effects in our model and focus on whether the Kagome lattice can be created
solely by a simple depletion potential.

The simulations were conducted in cuboidal systems with dimensions of L, x L, x L.,
where L,, L,, and L, are the lengths of the simulation box in the z-, y-, and z-directions,
respectively. Periodic boundary conditions were applied in the  and y directions. A hard
wall was placed at z = L, to prevent particles from leaving the system. The epitaxial
particles were treated as hard spheres of radius Repi. Ngsyb, substrate particles with a radius
of Rgy, were located on the z = 0 plane. Because the motion of the substrate particles
can be ignored in experiments,®33% the particles were fixed with a close-packed hexagonal
structure with a lattice constant of 2Rg,,. Initially, N, epitaxial particles with radius Rep;
were randomly distributed within the cuboidal system. Then, they were moved according
to Eq. (4).

In the simulations, the scaled variables 7; = 7;/(2Rsp) and £ = t/t, were introduced.



By using & = & Reub/Repi, which is independent of R; because §; is proportional to R;,

2
sub

ts is given by 2§ R:, /ksT. L, and L, were determined on the basis of the hexagonal
structure of the substrate particles, and L, was set to achieve a volume fraction of particles
p. In our simulation, we used Ngy, = 36, Nepi = 900, and p = 0.1-0.3. The normalized
time increment At = 5.0 x 107° was employed in Eq. (4). The scaled gravitational force

is given by a(Repi/Rsub)’e., where a = 47 R%,

,9Ap/3kgT. Because the experiment® was
conducted with Ap ~ 50 kg/m? for polystyrene with a typical value of Ry, = 5.0 x 107" m
at room temperature, o was estimated to be about 3 x 1072, Thus, we used this value in
our simulation. In our model, the effect of gravity on the polymers in solution was neglected
because the polymers that we considered were much smaller and lighter than the epitaxial

particles. Hereafter, although the tilde have been omitted from 7 and ¢, time and length are

scaled unless otherwise specified.

Results and discussion

In our previous studies,*® the ratio Repi/Rsub required to generate the desired structure

was consistently about 1.1 times larger than the values reported in experiments.??33 In

a recent experiment,3*

a kagome structure was observed when Repi/Rsu, = 586/1338 =
0.438. On the basis of this observation, our model predicted the formation of the kagome
lattice at Repi/ Reup = 0.48. Thus, we performed the simulations using particles with 0.47 <
Repi/Rsun < 0.49 and investigated the dependence of the formation of a kagome lattice on

the size of epitaxial particles.

A typical snapshot of a kagome lattice. First, the simulation was conducted with
Repi/Rsur, = 048, A/(2ReupksT) = 5.6, and p = 0.02. Under these conditions, the potential
minima for the interaction between an epitaxial particle and substrate particle Uy(Repi;s Rsub)s
and between epitaxial particles Up(Repi, Repi), were 3.63 and 2.69, respectively. Thus, the

interaction between an epitaxial particle and substrate particle was stronger than that be-



Figure 1: Snapshot of the epitaxial layer exhibiting a kagome lattice. The simulation pa-
rameters were as follows: Ny, = 36, Nepi = 900, p = 0.02, and 2R, A/kgT = 5.6. The
simulation was performed up to t = 2 x 10® with At = 5.0 x 107%. Substrate particles are
represented in white, epitaxial particles forming the kagome lattice are shown in green, and
other epitaxial particles on the substrate are depicted in cyan.

tween epitaxial particles. However, both interactions were sufficiently larger than thermal
fluctuations. Figure 1 shows a snapshot of the first epitaxial layer at t = 2 x 103. When the
distance between an epitaxial particle and substrate particle exceeds r. = 0.1, the interaction
is considered negligibly weak and these epitaxial particles are not drawn. In Fig. 1, green
particles represent those forming in the Kagome lattice, and cyan particles represent other

epitaxial particles attached to substrate particles.

Criteria for identifying particles included in the kagome lattice. When the kth
particle attached to the substrate particles is part of the kagome lattice, its local bond
orientational order parameter, defined as

6o(k) = , ©

N
Z exp(6i9kl)
l

is unity. In the calculation of ¢g(k), particles were considered neighbors when the distance

between them satisfied |rg;| < 3r¢, and the summation was performed over these neighboring



particles. In the definition of ¢g(k), 0y, is given by

O = cos™! (r’“’ : e‘”) , (10)

|7k

where e, represents the normal vector in the z-direction. Particles forming a kagome lattice

in an experiment 32

were observed to each be attached to two substrate particles. Thus, the
kth particle was considered to be part of the kagome lattice when it was attached to two

substrate particles, had four neighbors that were attached to two substrate particles, and

satisfied ¢g(k) > 0.7.
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Figure 2: Time evolution of the numbers of particles attached to substrate particles during
the simulation shown in Fig. 1. ny, no, and n3 represent the number of particles attached
to one, two, and three substrate particles, respectively. When counting ns, the number of
particles forming the kagome lattice, ny, is excluded.

The process of kagome lattice formation. Many particles form the kagome lattice in
Fig 1. To understand the formation process of the kagome lattice, we investigate how the
number of particles in the kagome lattice evolved during the simulation. Figure 2 shows
the time evolution of the number of particles in the kagome lattice, n,. Additionally, this
figure shows the time evolution of the numbers of particles attached to three substrate
particles ng3, to two substrate particles but not included in the kagome lattice nq, and to

one substrate particle n;. In the initial stage, ng is larger than ns, and particles forming the



kagome lattice were not observed. At this stage, because the density of particles attached
to the substrate was low, epitaxial particles seldom attached to each other, which means
that the epitaxial particles hardly interacted with each other. Thus, the epitaxial particles
preferentially attached to the sites where they could interact with three substrate particles
to maximize their interaction with substrate particles. As the simulation time progressed,
the density of particles on the substrate increased because of the sedimentation of particles.
Once the interaction between epitaxial particles became possible, ny increased sharply at
about t = 6.4 x 10%. The state with large n, remained until around ¢ = 1.32 x 103. In the
intermediate stage (6.4 x 102 < ¢t < 1.32x 10%), epitaxial particles attached to three substrate
particles were hardly observed, although epitaxial particles attached to one substrate particle
were still present. When ¢t = 1.34x 103, n; and ny decreased and ny, increased suddenly. When
1.34 x 10® < t, particles forming the kagome lattice and onese attached to two substrate
particles but not part of the kagome lattice were observed. By contrast, n; and n3 were

negligible.

Figure 3: Snapshots of the first epitaxial layer during (a) the initial stage (¢t = 600) and
(b) the middle stage (t = 680). The simulation parameters were as follows: Ny, = 36,
Nepi = 900, p = 0.02, 2R, A/kgT = 5.6, and At = 5.0 x 107°

Snapshots of the initial and middle stages. We also examined how snapshots of the

first epitaxial layer evolved during the formation of the kagome lattice. Figure 3 shows



typical snapshots of the initial and middle stages. In these snasphots, particles attached to
three substrate particles are shown in red and those attached to two substrate particles but
not forming the kagome lattice are shown in yellow. Particles attached to one particle are
depicted in cyan and those forming the kagome lattice are shown in green. In the initial
stage (Fig. 3a), the density of particles on the substrate is low and particles appear to be
located at random. By contrast, in the middle stage (Fig. 3b), the epitaxial particles form a
hexagonal structure consisting of the particles attached to two substrate particles and those
attached to one substrate particle. Considering Fig. 1, it is evident that the kagome lattice
formed when the epitaxial particles attached to one substrate particle detached from the
substrate.

In an experiment,3* a kagome lattice was generated after honeycomb lattice formation
followed by hexagonal lattice formation. Thus, the sequence of structural transitions ob-
served in our simulation agreed with those observed experimentally. The simulations were
performed using an interaction energy that was much larger than the thermal energy. Thus,
we compared the internal energy gain per particle for honeycomb lattice formation with
that for kagome lattice formation to investigate which structure is more stable. Because the
particle size is small, epitaxial particles in the honeycomb lattice do not interact with each
other, but they each interact with three substrate particles. When the epitaxial particles

form an ideal honeycomb lattice, the internal energy gain per particle, €noneycomn, 1S given by

12ARgyp Repi

€honeycomb — 3U0(Rsub7 Repi) - m
su epi

(11)

By contrast, in the kagome lattice, an epitaxial particle interacts with two substrate particles
and four neighboring epitaxial particles. Thus, the internal energy gain per particle, €gome;

is estimated to be

8A Rsub Repi

agome = 2U RsuaRei 4ARei:—
€kag 0(Rsub, Repi) + 5= Rom & R

+ 4AR.p:. (12)

10



The difference between the energy gains of the two structures is given by

4A Rsub Repi

€honeycomb — €kagome — _m <0. (13)
su epi

The number of particles needed to form the kagome lattice is larger than that needed to
generate the honeycomb lattice, and therefore the formation of the kagome lattice is favored
when the density of epitaxial particles is high. The honeycomb lattice forms in the initial
stage, when the density of epitaxial particles on the substrate is low. Wnen epitaxial particles
in solution settle on the substrate, the density of epitaxial particles on the substrate increases,
and the honeycomb lattice transitions into the kagome lattice, which has a larger interaction

energy gain when that of the honeycomb lattice.
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Figure 4: Schematic figures of ideal second epitaxial layers formed on the first epitaxial
layers of (a) the hexagonal lattice and (b) the kagome lattice. For particles in the first
layer, particles attached to one and two substrate particles are shown in blue and yellow,
respectively. For particles in the second layer, particles attached to one, two, and three
particles in the first layer are shown in blue, yellow, and orange, respectively.

During the transition from honeycomb lattice to kagome lattice, a hexagonal lattice is

11



temporarily formed. When considering only the first epitaxial layer, the transition from the
hexagonal lattice to the kagome lattice appears energetically disadvantageous, because the
internal energy gain decreases as a result of the loss of one epitaxial particle. However, the
formation of upper layers on the kagome lattice is energetically more favorable than that
on the hexagonal lattice. For simplicity, we considered the difference between the second
layers on the kagome and hexagonal lattices. Figure 4 schematically illustrates the first
and second ideal epitaxial layers, where the lattice constant is assumed to be 2R, with
Repi/Rsu, = 0.5. The number of attracting particles is indicated by color differences. In
the first epitaxial layer, all particles interact with two substrate particles in the kagome
lattice (Fig. 4b). By contrast, some particles in the hexagonal lattice interact with only one
substrate particle. The presence of these singly interacting particles causes the first layer in
the hexagonal lattice to become uneven. This structural unevenness affects the attachment of

the second layer to the first epitaxial layer. The second layer i in an experiment *

possessed a
hexagonal structure, and thus here we considered the second epitaxial layer with a hexagonal
structure without the modulation of the lattice constant in the zy plane. Many particles
in the second layer were attached to only one particle in the first epitaxial layer, although
some particles attached to three first layer particles. Removal of the particles interacting
with only one substrate particle from the first epitaxial layer allowed particles in the second
layer to interact with two or three particles in the first epitaxial layer. Consequently, the

hexagonal lattice in the first epitaxial layer transitioned into the kagome lattice to increase

the energy gain when generating hexagonal upper layers.

Relationship between the formation of the kagome lattice and upper layer struc-
ture. Before and after the formation of the kagome lattice, the particle distribution in
the z-direction changed considerably in the simulations. Figure 5 shows the distribution of
epitaxial particles in the z-direction. The upper layer did not form before the generation f

the kagome lattice (Fig. 5a). However, once the kagome lattice was produced at the first

12
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Figure 5: The distribution of particles in the z-direction (a) before (t = 1320) and (b) after
(t = 1340) kagome lattice formation for Fig. 2.

epitaxial layer (Fig. 5b), not only the second layer but also much higher layers were generated

at the same time.
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Figure 6: Snapshots of (a) the second layer and (b) the third layer at ¢ = 1340. In both (a)
and (b), particles in the lower epitaxial layers are sown in dark gray, whereas particles in the

second and third layers are depicted in white. The simulation parameters were as follows:
Naup, = 36, Nepi = 900, p = 0.02, 2Rg, A/kgT = 5.6, and At = 5.0 x 107°

Figure 6 a and b shows the particle positions in the second and third epitaxial layers at
t = 1340, respectively. In this figure, the particles in the top epitaxial layer are shown in
white particles and those in the lower epitaxial layers are shown by dark gray. The epitaxial
particles in the second and third epitaxial layers was found to form hexagonal lattices.

Figure 7 shows the first and second epitaxial layers during the initial stage of kagome lattice

13



Figure 7: Snapshots of the first and second epitaxial layers (a) immediately before kagome
lattice formation (¢t = 1328.0) and (b) Immediately after the start of kagome lattice formation
(t = 1329.4). Particle colors in the first layer are the same as those in Fig. 1 and particles
in the second layer are shown in gray. Particles in ower epitaxial layers are dark gray. The
simulation parameters were as follows: Ny, = 36, Nepi = 900, p = 0.02, 2R, A/ kT = 5.6,
and At = 5.0 x 107°

formation. The particle colors in the first epitaxial layer are the same as those in Fig. 1,
whereas the particles in the second epitaxial layer are shown in gray. We focus on the areas
indicated by red circles. Immediately before the formation of the kagome lattice (Fig.7a), a
lattice structure was not present in the second epitaxial layer. However, when the kagome

lattice began to form, a hexagonal structure was locally created on the kagome lattice.

Dependence of kagome lattice formation on the interaction energy and size ratio
of particles. Experimentally, it is relatively straightforward to modify the interaction
strength between particles by controlling the density of polymers in the solution. It is also
feasible to conduct experiments with different ratios of epitaxial particle size to substrate
particle size. Thus, we investigated how the formation of the kagome lattice depended
on both the interaction energy and particle size ratio. In the following, we performed 20
individual runs and report the average.

Figure 8a shows the dependence of the number of particles forming the kagome lattice

on interaction energy. Because the attachment of epitaxial particles to substrate particles

14
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Figure 8: Dependence of the number of particles included in the kagome lattice on (a)
interaction energy and (b) particle size. Data are averaged over 20 individual runs.

becomes easier with larger internal energy, the number of particles forming the kagome lat-
tice increased with the interaction energy. However, when 2Rg,,/kgT = 6.0, the interaction
energy became too large and the three-dimensional nucleation in the solution was no longer
negligible. The number of ny, decreased because the number of particles attached to the
substrate particles became small. However, the formation of three-dimensional nuclei de-
viates from the experiment observation* Figure 8b shows the dependence of the number
of particles forming the kagome lattice on particle size. The interaction strength decreases
with particle size in Eq. (7). In addition, for smaller particles, the interaction between epi-
taxial particles in the kagome lattice configuration becomes weaker because the interaction
is short-range. A kagome lattice such as that shown in Fig. 1 can form when 7epi/7sun < 0.5.
However, when 7epi /7sun, < 0.49, the kagome lattice was hardly generated in the simulations,
which is probably because even the small fluctuation of particle positions induced by thermal
fluctuations prevents the formation of the kagome lattice when the particle size approaches

its upper limit.

Conclusions

Brownian dynamics simulations were conducted to examine the formation of a kagome lattice

observed in an experiment.®* The kagome lattice formed when Repi/Rsu, = 0.48. which is

15



consistent with the experiment results. In the simulations, when the particle density on the
substrate was sufficiently large, a honeycomb lattice formed followed by the formation of
a hexagonal structure. Subsequently, the particles attached to one substrate particle were
incorporated into the layer, leading to the formation of a kagome lattice in the first epitaxial
layer. In the experiment,®® the number of epitaxial particles on the substrate increased
before the formation of the kagome lattice. Thus, the simulations exhibit the same trend as
the experimental observations.

The transition the transition from the preliminary Structures to the final structure ap-
pears reasonable when considering the energy gain. When we compare the honeycomb and
kagome lattices, only the energy changes in the first layer need to be considered. However,
for the transition from the hexagonal structure to the kagome lattice, we need to consider the
ease of forming the second layer structure. Although the situation is different, a multistep
process to form final structure has also been observed in a different system.“® In both cases,
the systems appear to follow a multistep pathway to lower the overall free energy of the
process, rather than choosing a single-step path that needs overcoming a larger free energy
barrier to overcome.

Althogh the simulation results successfully captured the formation process of the first
epitaxial layer, a large difference remains between the simulation and experiment regarding
the upper layers: a kagome lattice did not form in the upper layers in the simulations whereas
it formed in he third, fourth, and sixth epitaxial layers in the experiment.3* At present, we
do not have an obvious explanation for this discrepancy between the simulation results
and experimental observations. However, we hypothesize that strain in the heteroepitaxial
layer may play an important role. In the experiment,3* the lattice spacing in the epitaxial
layers decreased in the upper layers, which was probably related to strain caused by the
lattice mismatch between the epitaxial layer and substrate. By contrast, our simulations
did not exhibit a similar pronounced decrease in the lattice spacing as the layer number

increased. Nevertheless, because our model captured the essential properties of the process

16



of kagome lattice formation, the kagome lattice may form in the upper layer under suitable

conditions. Alternatively, additional factors may need to be incorporated into the model to

achieve kagome lattice formation in the upper layers. Investigating the reasons behind the

differences between the experimental and simulation results in the upper layers remains an

important direction for future research.
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