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Abstract

Numerical Analysis of Multiphase Curvature-driven Interface
Evolution with Volume Constraint

Rhudaina Z. Mohammad

The dissertation focuses on two main points. First, we develop a signed distance vector
approach for approximating volume-preserving mean curvature motions of interfaces sep-
arating multiple phase regions — a variant of the MBO (Merriman-Bence-Osher) thresh-
old dynamics. We construct a vector-valued analogue of the signed distance function,
which provides the needed subgrid accuracy on uniform grids without adaptive refine-
ment; thereby, alleviating the well-known MBO time and grid restrictions. We adopt a
variational method employing the idea of a vector-type discrete Morse flow, which al-
lows us to easily treat volume constraint via penalization, and even, extend our method
to include space-dependent bulk energies and anisotropic energies. We present several
numerical tests and computational examples of curvature-driven interface evolutions.

Second, we analyze a penalization method related to the above volume-constrained vari-
ational problem — an approximation method that penalizes only the increase in volume.
We present existence and regularity results of the sequence of minimizers of the corre-
sponding penalized functional. Without relying on the smoothness of the free bound-
ary, we investigate the behavior of these minimizers for sufficiently large penalty values.
Lastly, we prove the existence of a minimizing movement corresponding to our penalized
functional and some of its properties.

Dissertation Advisor. Karel Svadlenka, Ph.D.
2010 Mathematics Subject Classification. 53C44, 76 T30, 49J40, 35R35
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Chapter 1

Introduction

The bulk of the present thesis is geared towards developing a scheme for multiphase
curvature-driven interface evolutions with volume constraint. By “curvature-driven”,
we mean that each point of the interface (separating multiple phase regions) moves with
a normal velocity equal to a function of its mean curvature. This type of evolutionary
problems often appear in differential geometry and analysis (e.g., study of minimal
surfaces), and in a variety of applied problems (e.g., crystal or grain growth, phase
transitions, flame propagation, image processing).

The most fundamental problem is the pure mean curvature flow, where the normal ve-
locity is given by mean curvature. Under such motion, interfaces contract smoothly to
enclose zero volume in finite time. To preserve these phase volumes, the average curva-
ture over all interfaces is added to the normal velocity, which regularizes the flow. Such
volume-preserving mean curvature flow often appears in applications where physical sys-
tems (e.g. soap bubbles, droplets, cell structures) evolve to minimize its surface energy
while preserving mass. This is also of interest in image processing where smoothing
without shrinkage is desired to preserve significant image features.

Due to its theoretical and practical interest, a variety of computational techniques for
mean curvature flow have been proposed. Of particular interest is the MBO threshold
dynamics [68] where the characteristic function of each phase region is diffused and
sharpened separately (taking the %-level set as the interface). Such level set approach
allows the method to naturally handle complicated topological changes and does not
require explicit calculation of mean curvature. Its major drawback, however, is its time
and grid restrictions on nonadaptive meshes. To address this issue, Esedoglu et al.[36]
suggested using the signed distance function, in place of the characteristic function.
This provides the needed subgrid accuracies on a uniform mesh to accurately locate the

interface and proceed the evolution without stagnation.

Volume-preserving motions can also be produced by thresholding at the level set which
preserves the prescribed volume [85]. Unfortunately, this cannot be easily extended to
the multiphase case, since average mean curvature of each interface varies, causing inter-
faces to overlap or create vacuums. To resolve this issue, Svadlenka et al.[94] proposed
a vector analogue of the original MBO scheme using a variational approach to solve
the vector-valued heat equation and treat the volume constraint via penalization. How-
ever, due to the inherent MBO time and grid restrictions, a temporary and localized
refinement is introduced in the algorithm.



2 Introduction

In this thesis, we are interested in two main points. First, we introduce a signed dis-
tance vector modification to the MBO threshold dynamics — a scheme that benefits the
main features of its predecessors whilst resolving their key issues. To be precise, we
develop a method for realizing volume-preserving multiphase mean curvature flow that
(1) naturally handles changes in topology, (2) incorporates interfacial distances in order
to alleviate the well-known MBO time and grid restrictions, and (3) set up in a vector-
valued fashion to cater any multiphase configuration and easily treat volume constraints
using a variational approach via penalization. Using such vector variational scheme, we
extend our method to include space-dependent bulk energies and anisotropic energies.
The vector analogue of the scalar signed distance function is mathematically appealing
since it may provide hint on characterizing multiphase mean curvature flow by interfacial
distances as in [8, 41]. It also implicitly contains geometric information of the interface,
which defeats the purpose of localized refinement in [94].

Second, we analyze a penalization method related to the above volume-constrained vari-
ational problem. In particular, we consider the problem of successively minimizing the
functional [, A~ u — up—1|> + [Vu|? over all nonnegative functions v € H*(Q) whose
set of positive values have Lebesgue measure equal to [{ug > 0}| for a given nonnegative
Lipschitz function ug € HY(Q) N L>®(£2) and time step size h > 0. We use an approx-
imation method that penalizes only the increase in measure of the set {u > 0}. We
prove the existence and regularity of the sequence of minimizers and investigate their
behaviors for sufficiently large penalty value A\. Without relying on the smoothness of
the free boundary, we show that the measure of the set {u > 0} adjusts to its prescribed
value provided A is large enough; hence, the solution to the original problem is attained
without having to take A to infinity. To end, we construct a minimizing movement and
show some of its properties.

The thesis is organized as follows. We start with an overview of the pure multiphase
mean curvature flow in Chapter 2. In Chapter 3, we construct a vector analogue of
the signed distance function (Definition 3.1) and show that this vector distance-based
scheme moves the interface according to its mean curvature (Theorem 3.3) and sta-
bly imposes symmetric junction angles (Theorem 3.7). The succeeding three chapters
extend our method to include volume constraints (Chapter 4), space-dependent bulk en-
ergies (Chapter 5), and anisotropic energies (Chapter 6). We present several numerical
tests and computational examples of these curvature-driven interface evolutions. Lastly,
Chapter 7 presents theoretical results on a penalization method for an evolutionary free
boundary problem with volume constraint.



Chapter 2

Overview of Multiphase Mean
Curvature Flow

The present chapter provides an introduction to pure multiphase mean curvature flow.
In addition, we present previous works on numerical approximation of mean curvature
flow highlighting their essential features and key issues in relation to volume preservation
and the multiphase case, from which, we build the motivation for this study.

2.1 Multiphase Motion by Pure Mean Curvature

Consider a partition of RN = PUP,U---U P, into k phase regions P; C RN of positive
Lebesgue measure. Define a collection I' := |J{vi; : 4,5 =1,2,...,k} of hypersurfaces
in RY where 7ij = 7 denotes the interface separating phases P; and P;, that is, v;; =
PN Pj =90P; N aP](Z % j)

Q

V24

FIGURE 2.1: An illustration of a k-phase configuration of domain €.

The objective is to find a family {I'(¢) := (J~i;(t)} depending on time ¢ such that every
point = € 7;;(t) moves with a velocity
V(z) = —rm;; on (1), (2.1)

3



4 Overview of Multiphase Mean Curvature Flow

where, x and 7;; denotes the mean curvature and unit outer normal from phase P; to
P; at x, respectively.

Such curvature-driven interface motions often appear in differential geometry and anal-
ysis. A number of these literature include local regularity [31, 32]; behaviour of singu-
larities [57-59, 95]; uniqueness and existence of generalized solutions in the two-phase
setting — using varifolds of geometric measure theory [14], parametric approach [55],
and level-set techniques based on the idea of viscosity solutions [24, 40—43]; as well as,
existence, uniqueness, and global regularity of interfacial motion with triple junctions
[15, 66]. These problems are not only mathematically appealing, but also of practical
interest as it often arises in applications in the physical sciences and engineering. To
mention a few, grain boundary motion in annealing pure metals [34, 76], phase changes
and moving interfaces [39], fluid dynamics [79, 97|, evolution of nanoporosity in dealloy-
ing [33], and even, in the field of image processing, e.g. image selective smoothing and
edge detection [6, 19, 20, 23, 86].

More often than not, this type of interfacial motion is referred to as pure multiphase
mean curvature flow since equation (2.1) (as shown in [65, 81]) is derived as the gradient
flow for the surface energy functional

E(D) :Z/ dHN 1 (2.2)

i<g Y Vi

where H#V =1 denotes the N — 1-dimensional Hausdorff measure. In this sense, interfaces
evolve in order to decrease their surface energies, thereby, playing an important role in
the theory of minimal surfaces. In the case when there are three or more phases (k > 2),
a natural boundary condition arises from the gradient descent for (2.2), known as the
symmetric Herring boundary condition which imposes a 120°—120°—120° angle measures
at the triple junction [54].

In the two-phase (k = 2) setting, on the other hand, it was proven that an interface
under mean curvature motion contracts smoothly, becoming more and more spherical,
as it shrinks to a point and eventually vanishes in finite time [44, 55]. As an example,
consider an N-dimensional sphere of initial radius rg, then its mean curvature flow is
given by

dr N -1

P r(0) = ro.

Hence, the radius of the sphere r(t) at time ¢ is

r(t) = /3 — 2(N — 1)t,

which implies that the sphere shrinks without changing its shape and disappears at time
t=1r%/2(N —1).

It is also well-known that two-phase mean curvature motion can be characterized in
terms of the distance to the interface [8, 41]. More precisely, let P € R be the phase

region whose boundary dP coincides with interface I'. Define the scalar signed distance
d:RY - R by

d(z,t) = dist(z, P(t)) — dist (z, RN\ P(1)) .



Overview of Multiphase Mean Curvature Flow 5

Then, Vd and Ad gives the outer normal and mean curvature, respectively. Moreover,
the normal velocity of a point on the boundary at each time is given by —dd/0t; hence,
the evolution is characterized by

ad -

~

for any = € OP(t) = {d(z,t) = 0}, the zero-level set. However, as far as the author’s
knowledge, such a characterization for the multiphase mean curvature flow has yet to
be established and remains an open problem.

2.2 Volume-constrained Interface Evolution

Let us consider the case when interfaces evolve by mean curvature while simultaneously
preserving the volume of each phase region, that is, |P;(0)| = |Pi(t)], Vt >0 (i =
1,2,...,k), where | - | = £V (-) denotes the N-dimensional Lebesgue measure. This type
of motions come in handy in the problem of shape recovery where one achieves smoothing
without shrinkage, thereby, preserving important features of the image [29, 87].

This evolutionary problem known as the volume-preserving multiphase mean curvature
motion is characterized by the velocity of interface that depends on the lengths and
curvatures of all other interfaces. In the two-phase case [17, 90], the velocity of interface
T" is simply given by

V(z) = (—k + kao)n(z), z€T,

where Kk, = fF(t) k(x,t) dHN ™1 denotes the average mean curvature along interface I'.
Adding this extra term x, balances the contraction resulting from the pure mean cur-
vature flow and keeps the enclosed volume of the hypersurface constant; thereby reg-
ularizing the flow. Under a volume-preserving two-phase flow, a convex hypersurface
(interface) remains convex and approaches a constant curvature sphere [9, 45, 56]. Other
literature on this problem include existence of global solution starting from non-convex
initial hypersurfaces [35] and studies related to constant mean curvature surfaces be-
tween parallel places, in particular, stability of cylinders [11] and spherical caps [1]
under volume-preserving mean curvature flow.

Moreover, it was shown that volume-preserving mean curvature flow arises as a singular
limit of a nonlocal Ginzburg-Landau equation, in other words, a nonlocal mean curvature
motion of interfaces which preserves mass [16, 83]. For this reason, such curvature-driven
interface evolution problems often arises in physical systems where the mass of the phase
regions remains constant as in capillarity [92], biological cell structure [13], soap films,
soap bubbles, and droplets [98].

2.3 Numerical Methods on MCF Approximation

Due to its wide array of applications, an interesting selection of numerical methods for
realizing mean curvature flow (MCF') were proposed. This section introduces a number of
these algorithms and presents their pros and cons with emphasis on volume preservation
and multiphase case.
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2.3.1 Front Tracking Method

Front tracking method [17, 63, 67, 69] takes a fundamentally straightforward approach
to approximating mean curvature interface evolutions. It involves direct discretization
of a parametrization of interface and approximate its motion by explicit computation of
the mean curvature and normal direction at each interfacial discrete point, including the
average curvature over all interfaces for the volume-constrained case. In the multiphase
case, triple junctions are treated separately in order to satisfy the required Herring angle
conditions. Moreover, note that all calculations solely are concentrated on the interface.
For this reason, the front tracking method is said to be computationally efficient.

One major drawback of this method is its inability to handle interfaces that cross or have
complicated topology. To overcome this problem, one should explicitly detect and treat
changes in topology by some selection of rules (e.g. [17] for mean curvature motion of a
network of curves). This requires one to enumerate or make assumptions on all possible
topological changes that may typically occur. For example, in the two-dimensional
case, it is expected (though not proven) that interfaces interact only through junction-
junction collisions [66], which translates the problem to detecting junction collisions and
perform some form of “numerical surgery” to generate the next interface evolution. For
general interface networks, however, this method can be quite impractical to implement,
particularly in higher dimensions.

2.3.2 Threshold Dynamics

The threshold dynamics introduced by Merriman, Bence, and Osher (MBO) takes a
level set approach for realizing interfacial motions by mean curvature [68]. This scheme
is very easy to implement and avoids the complications of the front tracking method —
in the sense that it naturally handles topological changes and does not require explicit
calculation of the mean curvature and the normal direction.

In the two-phase case, the interface is defined as a boundary of some compact set which
evolves through time by alternating two steps: diffusion and thresholding. At each time
interval, the %—level set of the solution of the heat equation (taking the characteristic
function of the compact set as the initial condition) approximates the mean curvature
evolution of the interface. In fact, this has been extensively shown to converge to the

unique viscosity solution of the mean curvature evolution equation [12, 37, 60]

D D
ut—tr{<l—‘uD§z|2u) DQU} =0
u(0,z) = xr(x).

Unfortunately, this algorithm is also known to suffer from a time and grid restriction on
nonadaptive meshes [68]. This means that in order to accurately resolve the interfacial
motions via an MBO process, one must appropriately choose time step size At so that
diffusion proceeds for a long enough time that the half-level set moves at least one grid
point. Otherwise, the thresholding step would keep the interface stationary. (For an
illustration of MBO stagnation in the one-dimensional case, see Figure 2.2).

In the general multiphase case, the characteristic function of each phase region is diffused
and sharpened separately [68, 84|, as shown in Algorithm 2.1. Here, the interfaces are
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FIGURE 2.2: Thresholding the diffused solution (black) of the characteristic function
(blue) reverts to the same characteristic function causing MBO to get “stuck”.

taken as the 3-level sets of all k solutions, that is, Ule{ui = 1}. Moreover, the update

in the thresholding step maintains the stability of the triple junction imposing symmetric
angles [68].

Algorithm 2.1 Multiphase MBO Algorithm

1. IniTianizaTion. Set u := y;, characteristic function of phase P; (i = 1,2,...,k).
2. DirrusioN Step. For each ¢ = 1,2, ..., k, solve scalar heat equation until time At:
ou’ ,
ai;(t, z) = Aui(t,z) in (0,00) x RV,
u'(0,7) = u(z) on {t=0} x RV,
3. TuresHoLDING STEP. For each ¢ = 1,2, ..., k, sharpen the diffused regions by setting
ul as the characteristic function of {w;(z) > uj, j =1,2,...,k}.

4. Go back to the diffusion step.

For two-phase volume-preserving motions, Ruuth and Wetton [85] suggested changing
the threshold value to 3 — 3k4(t)V 7~ 1At where k, denotes the average mean curvature
along the interface. They showed that at this threshold value, the level set preserves the
prescribed phase volume. However, this scheme lacks theoretical justification and cannot
be easily extended to the multiphase case. This is because each interface yields different
average mean curvature, causing interfaces to possibly overlap or create vacuums.

2.3.3 Distance Function-Based Algorithm

To address the time and grid restriction on the MBO threshold dynamics, Esedoglu,
Ruuth, and Tsai proposed replacing the thresholding step by a redistancing scheme [36]
where scalar signed distance function is instead, taken as the initial condition in solving
the heat equation. Here, the interface is described by the zero-level set of the solution.

Note that the key issue why MBO interface evolutions gets “stuck” lies in the represen-
tation of phase regions by the characteristic function. Since the mesh nodal values are
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set to either 0 or 1 at the beginning of each time step, the true location of the inter-
face is lost and its discrete representation is pushed to the center of the grid. Unlike
characteristic functions, signed distance functions implicitly keep geometric information
regarding the interface; thereby, providing subgrid accuracies on a uniform mesh and
allows one to accurately locate the interface. Hence, this method usually coined as the
“Distance Function-based Diffusion Generated Motion (DFDGM) Algorithm” [34] re-
solves the mean curvature motion of the interface without the need for adaptive mesh
refinement schemes.

As much as DFDGM method alleviates the time and grid restriction, it also inherits both
good and bad points of the threshold dynamics. In particular, it can naturally handle
complicated topological changes and does not require explicit computations of the mean
curvature. However, as in the MBO method, its approximation to volume-preserving
mean curvature flow in the multiphase case still remains in question.

2.3.4 Vector-type Threshold Dynamics

Svadlenka, Ginder, and Omata introduced an interesting spin on the threshold dynamics
using vectors, while aimed at realizing multiphase mean curvature flow with volume
constraint [94]. Since Ruuth’s approach [84] can not be easily extended to the volume-
presering multiphase case, a need to reformat the multiphase MBO algorithm 2.1 arises.
In particular, the authors reformulated the original multiphase MBO scheme in a vector-
valued fashion in such a way that volume constraints can be obtained by a constrained
gradient flow.

In the two-phase setting (k = 2), observe that representing phase regions by the charac-
teristic function is analogous to assigning scalars of equal weights to each phase region,
say 1 and —1, the endpoints of a 2-simplex centered at the origin. With this in mind, the
authors represented each region in a k-phase configuration, by unit vectors of dimension
k — 1 pointing from the centroid of a standard k-simplex to its vertices called reference
vectors p; (1 =1,2,...,k). Figure 2.3 shows an example of a 3-phase representation by
reference vectors.

08— — —» —s = s s
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FIGURE 2.3: Assigning corresponding reference vectors to each phase region.
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Taking the reference vector field as an initial condition, the vector-valued heat equation
is solved followed by a thresholding step that involves finding the closest reference vector
to the solution vector at each nodal point (see Algorithm 2.2).

Algorithm 2.2 Vector-type Threshold Dynamics

1. Inrriavization. Set ug(x) = p; if z € P;.
2. DirrusioN STEP. Solve the vector-valued heat equation until time At.

3. ProJection Step. Update ug by identifying the reference vector closest to solution
u(At,x), that is,

pi-u(At,z) = max p;-u(At, x).
§=1,2,....k

This redistribution of reference vectors determines the approximate new phase
regions after time At, which in turn, defines the new interface network.

4. Go back to the diffusion step.

This method can be thought of as a vector analogue of the original two-phase MBO
scheme. In fact, their equivalence can be shown by considering the functions

1

wi(t,az) = T (u(t,a:) - Pi + m

>, i=1,2,... k.

This vector setting allowed the authors to easily treat volume-constrained motions by
using a variational approach based on the idea of the discrete Morse flow to solve the
vector-valued heat equation and a penalization technique to handle volume constraints.

To overcome the MBO time and grid restriction on nonadaptive meshes, a temporary
and localized refinement technique is introduced in the algorithm as follows. Just before
the projection step, a record of the interfacial geometry is kept and recalled at the next
minimization step. If the interface crosses an element, the geometric information of the
interface is used to retriangulate the element and extend the reference vector field, which
provides enough subgrid accuracy to proceed to the next evolution.

2.4 Concluding Remarks

We summarize the key features and issues of the above-mentioned numerical methods
in Table 2.1. Weighing in both their pros and cons, we think about an MBO-based
scheme that takes advantage of the essential features of the above-mentioned modifica-
tions whilst resolving their key issues. In particular, our goal is to develop a method
for realizing volume-preserving multiphase mean curvature flow that satisfies all six key
features listed in Table 2.1. To do this, we adopt the vector approach in [94] in order to
cater any multiphase configuration and easily treat volume constraints using a variational
approach via penalization. To inherently resolve the MBO time and grid restrictions,
we incorporate interfacial distances as in [36] which provides subgrid accuracies without
the need for mesh refinement. This requires us to construct a vector analogue of the
scalar signed distance function, which in itself, is of mathematical interest, as it suggests
a good starting point to characterize multiphase pure mean curvature flow as in [8, 41]
using distances to the interface and derive a partial differential equation analogous to



10 Overview of Multiphase Mean Curvature Flow

TABLE 2.1: A Summary of Numerical Methods for Mean Curvature Flow

' Vector

Features of the Numerical Method Tgr:I:iEg MBO II\?/IL:eLtIEZS DFDGM MBO
1. does not require direct calculation of mean X v v v v

curvature and normal direction
2. handles complicated topological changes X v v v v
3. proceeds the evolution without stagnation X — v —
4. can be extended to multiphase case — v N v v
5. preserves volume in two-phase case Ve X v X v
6. preserves volume in multiphase case — X X X v
(Here, "—" means an auxilliary scheme is introduced in the algorithm to resolve the issue.)

the heat equation (2.3). This then, serves as our motivation for designing a signed
distance vector approach to approximating volume-preserving mean curvature motions
of interfaces separating multiple phase regions, as will be discussed in the succeeding
chapters.



Chapter 3

A Vector Distance Approach to
Multiphase Mean Curvature Flow

In this chapter, we present an MBO-based scheme [68] for treating multiphase mean
curvature motions which combines the vector-valued variational approach in [94] with
the idea of using interfacial distances [36] to alleviate the well-known MBO time and
grid restriction without the need for an adaptive remeshing technique (e.g. [84, 94]). In
section 3.1, we construct such signed distance function in a vector setting, which allows
us to handle any number of phases. We then modify the MBO Algorithm in section
3.2. In sections 3.3 and 3.4, we formally show that under this scheme, interfaces evolve
according to mean curvature flow and that the symmetric Herring angle condition at
the triple junction is preserved, respectively. Finally, in section 3.5, we present how we
execute our modified MBO algorithm and some numerical tests and examples.

3.1 Construction of the Signed Distance Vector Field

Consider a partition of RN = PUP,U---U P, into k phase regions P; C RV of positive
Lebesgue measure. Define a collection I' := (J{vi; : 4,4 = 1,2,...,k} of hypersurfaces
in RV where 7ij = 7ji denotes the interface separating phases P; and P;, that is,

Yij :Piﬁpj :OBﬂﬁPJ

Set up reference vectors p; corresponding to each phase region F; as unit vectors of
dimension k£ — 1 pointing from the centroid of a standard k-simplex to its vertices. (See
Appendix A for details on how these reference vectors are constructed.)

We incorporate distances to each phase region P;, as follows.
Definition 3.1. For ¢ > 0, we define the signed distance vector 6. : RN — RF~! by:

Oc(x) := Zk: [1 — min (17 diix))] Pi,

i=1

where d;(-) := dist (-, P;) denotes the usual (Euclidean) distance to phase region F;.

11
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Remark. For any point 2 € R, the following is true for any pair of reference vectors
p; and p; (i # j):

1. If B(z,e) N (P; U Pj) =0, then d.(z) - (pi — p;) = 0.

2. If B(z,e) N (P; U P;) # 0, then

P e—di(z), B(z,e)NP;j=10
5s(x)'(pi_pj):7 dj(x)_ ) B(:L',s)ﬂpi:@
eth=1) d;j(z) —di(z), otherwise

where B(z,¢) denotes e-neighborhood of z. Hence,

k
0-(x) - (pi —pi)| < ——.
[9e(2) - (Pi = Pj) <
Moreover, we note that on interface ;;, the signed distance vector d. is defined as the
sum of reference vectors p; and p;; while on regions away from the e-tubular neigh-
borhood of interface I', §. reduces to the reference vector p; corresponding to its phase
location 3.

Example 3.1. In the two-phase case, € = 1.0 yields the scalar signed distance function
(cf. [36]). In this sense, we see that the vector-valued function 8¢ is a multiphase
extension of the scalar signed distance function.

Example 3.2. For any k-phase configuration, the signed distance vector 6. approaches
the multiphase vector form of MBO (cf. [94]), as e — 0.

Example 3.3. A more concrete example of the signed distance vector d. with € = % for
a four-phase configuration is shown in Figure 3.10.

T
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e ‘/"7:/,_" ;\?a\ e EEE
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I I B
\\ W \‘\ Q\\\\\X SN
\\\\m
T

FIGURE 3.1: A 4-phase configuration (top left); the reference vectors p; € R? (bottom
left); and its corresponding signed distance vector field with ¢ = ¢ (right).
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Note that this construction is continuous, as exhibited in the next theorem.

Theorem 3.2. For ¢ > 0, signed distance vector d¢ is Lipschitz continuous.

Proof. For any z,y € RY, we see that

k
6:(2) ~dely)l < D hmin{e, diy)} — min (e, ()] o
=1

le —di(z)], di(z) <e<di(y)
B 1Zk: di(y) —el,  di(y) <e < di(x)
i | di(y) — i), dix),dily) <e
0, otherwise
k
< 7“%. - y‘a
€
since phase distance d; is 1-Lipschitz continuous. O

3.2 The Algorithm

In view of the inherent time-grid restriction of the vector-type MBO method [94] on
uniform meshes, we claim that taking € > Az will provide the subgrid accuracy needed
to prevent unwanted stagnation of interfaces. In this line, we adopt a similar algorithm
as in [94], as follows:

Algorithm 3.1 Signed Distance Vector (SDV) Method for Pure Multiphase MCF

Given an initial interface network I'g := (J{vi; : 4,7 = 1,2,...,k} and a time step size
At > 0, we obtain its mean curvature flow (MCF) approximation by generating a
sequence of time discrete interface networks {Fm}%zl at times t = mAt (m=1,... M),
as follows:

1. Inrmiavization. Construct 8. with respect to I'p,—1.

2. DrrrusioN STEP. Solve the vector-valued heat equation until time At:

w(t,z) = Au(t,z) in (0,00) x RV,

3.1
u(0,z) = () on {t=0} x RV, 3

3. ProJectioN StEP. For each x, identify the reference vector p; closest to the solution
u(At, x), that is,

pi-u(At,z) = max p;-u(At,z). (3.2)
j=1,2,...k

This redistribution of reference vectors determines the approximate new phase
regions after time At, which in turn, defines the new interface network I'y,.
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Our earlier construction of the signed distance vector field [70] is presented in Appendix
C. Here, the distance vector is obtained by rotating the sum reference vectors corre-
sponding to the two closest phase regions. The angle of rotation is determined by the
distance to the closest interface and the distance to the closest junction point, which
in turn, provide the needed subgrid accuracy. In fact, employing this definition of the
signed distance vector field as an initial condition in Algorithm 3.1 moves the interface
with a normal velocity of minus mean curvature. However, such construction has discon-
tinuities along regions where the point is equidistant to its two closest phase regions. In
this sense, Definition 3.1 provides a more stable construction independent of the triple
junctions.

3.3 Velocity of Interface

In this section, we estimate the normal velocity of an interface subjected to Algorithm
3.1 and formally show that indeed, it evolves according to mean curvature flow. Here,
the interfacial velocity is taken (in the discrete sense) as displacement in the normal
direction over time.

Theorem 3.3. Let x € ' := (J{v; : 4,5 = 1,2,...,k} such that there exists a unique
pair (i,7) for which x € ~;;. Then, the normal velocity v of interface I' at x evolving via
SDV method is

v(x) = —k + O(At), as At — 0,

where k is (N — 1)-times the mean curvature of I' at x.

Proof. For simplicity, consider N = 2. Fix ¢ > 0 and select an arbitrary point x € R?
on the interface. Without loss of generality, assume = € 7;;. Now, rotate and translate
the coordinate system so that £ = 0 in the new coordinate system and the normal 1 to
7i; pointing into P; lies in the positive x5 direction.

FIGURE 3.2: Setting up interface +;; in the new coordinate system.
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Choose 7 > 0, small enough so that By := B(0,2v/27) contains only phases P; and P,
that is, for n # 1, j, we have By N P, = (). Assume that there exists a smooth function
v : R — R whose graph (z1,7(z1)) describes the interface +;; inside the ball By. Hence,
if k defines the curvature of the interface 7;; at point « = (0,0), then v(0) = 0, v/(0) = 0,
and 7”7(0) = —k.

Consider @ := [—7, 7| X [-7, 7] and assume 7 < \[, which guarantees that every e-ball
centered in @) contains a portion of interface v;;. Assume further that 7 is so small that
the following holds:

di(z) = dist(z, vi; N Q), if ze@nNPF;,
dj(z) = dist(z,v; N Q), if ze@nNP,. (3.3)

Let u be the solution of the vector-type heat equation (3.1). For convenience, we will
write ¢ instead of At. Then, the normal velocity v of interface v;; at point = 0 obtained
from SDV method can be found from the relation

0 = u(t,0,vt)- (p; — pj)
- / / —pj)®i(z — 2)dx = I + II.
RAQ

where z := (0,vt). Here, we write the heat kernel as: ®;(z1,x2) := ¢(z1)p(z2) where
2

_&
Sot(f) = 2\}56 4.

Using Remark 3.1, we show that the second integral I1 is exponentially small:

k
|17l < // —1—/ /gpt(azl)got(xg—vt)dmgdxl
k=1JrJr\(-rr)  JR\(=7,r) JR
/ / e B dry + 2 / f?dazll
vt T+'Ut

< C e Hlday < Ce . (3.4)
2f

<

(Refer to Lemma D.1 for details on how we arrived at the last inequality (3.4) and
Lemmas D.2 and D.3 for succeeding estimates used in this proof.) On the other hand,
it follows from Remark 3.1.2 and equation (3.3) that

I =——— - dist(z,v;; N Q)P¢(x — z)dx
E(k - 1) QNP; QﬂPj < Y ) ! )

k ~
= o) /Q dr;0Q(2) P4 (x — 2)dx, (3.5)

where d : R2 — R denotes the scalar signed distance. Using the Taylor expansion of the
scalar signed distance (Proposition B.1) at = = 0, equation (3.5) becomes

k
I= 8(1{;_1)/(42 [(xz + 1ka}) + (3ko 23— 3K2032y) + O<|xl4)} Oi(x — 2)dx

B k

= o) (1 + I+ I3] .
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We estimate the first integral I in the following claims:

Claim 1. I :(v+&)t+0<( + 7+ Vi)te” 4t), as t — 0.
Indeed,

/2 (22 + 2ka?) @z — 2)dx = / xopi(xo — vt)dxe + H/ x3 (1) da
R R 0

_ /R (23 + vt) pu(w2)ds + Kt
= (v+ k)t

Moreover,

/ xo®y(z—2z)dx
R2\Q

< // —i—/ /]J;2|@t(x1,x2—vt)da;1d:z:2
R JR\(—7,7) R\(—7,7) /R

—T7—vt o0 22
</ +/ + e_4t/> |xa + vt|p(x2)dxe
—00 T—vt R
o0 7_2 [e.9]
C (/ + e_4t/ ) (xo + |v|t)pe(x2)da
T 0

C <\/7E—|- |v]t> 6_%,

/ / / /lm\x1¢t(x1,:v2 vt)drydxs
R\(=7,7)
(t wi(x2 d$2+/ l’%@t(xl)d%)

§C|K]|<t \/IET—l-\[))e EC

IA

IN

IN

and

/ thai®y(z—2)d
R2\Q

| /\

which proves the first claim.

22
Claim 2. Iy = —vK2t? + O(x/i(T + \/i)e_4t>, ast — 0.
Indeed,

o
[ Gt = Yatan) we—2yie = 2 [ bgu(on) [ eagulon - vy,
R 0 R
_ 2 _ 2,2
= —K t/ (x2 + vt) pr(x2)dry = —VKt*.
R

Moreover,

<cC

/ Lk 230y (2 —2)dz
RAQ

// —I—/ /m?@t(xl,wg—vt)dxldxg
R JR\(—7,7) R\(—7,7) /R

< C’/ x?got(arl)dml/ o(zg — vt)dxy
0

<Cf@+¢>ea
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and
/ —%/@%%:L‘g@t(m—z)dx < C / / —I—/ / Ji%$2q)t($1,$2—’ut)dl‘1dl'2
R2\Q R JR\(—7,7) JR\(—7,7) /R
o0 7'2 [ee}
<C (t/ + V(T + \/i)e‘u/ > (22 + |v]t)pr(w2)das
T 0
-2 -2
<C [t NteT T 4/t (7‘ + \/i) e 4 - |U|t:|
72
< owi(r Vi),

proving the second claim.

Claim 3. I3 = O(t2), ast — 0.
Indeed,

|13]

IN

C/ |x% + :z:%!z Oy (21, 29 — vt)dr1dzo
Q

o ([Catotan [ oiten+ [ ontan [t ol outen) ) doado

< Ct? (1 +(1+ |u\x/i)4) :

IN

which proves the claim.

Finally, it follows from all three claims and equation (3.4) that

72

0=1+1= g5ty [(v+li)t+0<(1 + 7+ \/i)\/%e?j) +O(t2)] +O(e™ ).

2

Thisgivesv:—/ﬁ;+0<t+(i+7\21+1)e2t>7ast—>0. O

3.4 Triple Junction Analysis

In this section, we formally show that SDV scheme (Algorithm 3.1) preserves the sym-
metric (120°) Herring angle conditions at the triple junction. We utilize a similar ar-
gument as in [36], as follows: assume a triple junction at the origin and evolve the
configuration via SDV method for one time step t := At; locate the triple junction after
time ¢ and denote this by z; and lastly, determine the junction angles at the new junction
location point z. We proceed throughout the whole section in this manner.

3.4.1 Heat Kernel Convolution of Phase Distance

To establish the stability of the triple junction, we first need to write down the Taylor
expansion of the convolution

S(2) = 2)Pi(z — x)dx
¢S(2) /B(Oﬁ)dsmcb( )d
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of distance dg to the phase region S with the heat kernel ®;(x), when restricted to a
7-neighborhood of the origin (triple junction). In particular, we let S be bounded by two
smooth curves intersecting at the origin with an interior angle of 20 < w. Without loss
of generality, rotate the configuration so that the tangents at the origin form a wedge
3 symmetric with respect to the negative xs-axis. Choose 7 > 0, small enough so that
SNB(0,7) CR x (—o0,0].

FIGURE 3.3: Approximating phase region S by its corresponding tangent wedge 3.

We estimate dg by the distance dy to the approximating wedge ¥ and compute its
Gaussuan convolution as follows.

Lemma 3.4. The convolution of distance dx; to the tangent wedge ¥ with the heat kernel
O, restricted to some open ball B(0,T) has the following Taylor expansion at the origin:
t 1
F(z) = \\/; (gﬂ—e) + - (g sin@ + cos 6) 2o+ (1420) Y1(t) + (25 423)a(t)
4 cos?0+sin 20 + m—20 4sin?0—sin 20 + m—20 3
4 deos +sin260 + 7 o2 4 Asin‘d—sin + 7 2+O<\z| >’

. 1217
16/t ! 16/t 2 t

2 72

where 1 (t) = O((1+t+7)e™ ) and Yo(t) = Ot (1 + V1)’e @), as t — 0.

Proof. Note that

x1cosf + xosinf, in Ry :={z:—x1cotf < x9 < ztanb}
dss () = —x1c080 + xosinf, in Ry :={x:xjcotf < z9 < —xjtanh}
||, in Ry := {x: 29 > |z1|tand}

0, otherwise.

Then, using the integrals in Lemma D.4, we have

/ dy (z)P(x)dr = 20089/ xlét(x)d:n—{—QsinH/ xo®y(x)dz
R1UR> Ry Ry
Vi

= ——=[cosf (sinf 4 cos @) + sin b (sinf — cosh)| =

NG

BE
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and

/ ds (), (2)do = —— [ 9/ e drdp = —° / = Y29
= = —— (7 —20).
R3 v ! 47Tt P= Vart Jo P Qﬁ

Moreover, since dy(z) < |z|, then we have

2
Lo Ao </ / P drdg < O (74 Vi) e .
R2\ B(0,7)

7_2
Thus, ¢*(0) = % (5+1-6)+0 <(T+ \/f)e_4t>, ast — 0.

Next, we evaluate the first partial derivatives of ¢*. Note that ds; and ®; are symmetric

with respect to z; = 0, then

1
[ dsto) e m>J do= 5 [ mas(e =0,
B(0,7) 21 2=0 2t JB(o,7)

Hence, the partial derivative with respect to z1: szl (0) = 0. On the other hand, we see

that

sinf cosf

/ ds(z )i@t(z x) dx:/ e (z1c080 + x98in ) Oy (z)dx = —
R 8ZZ R, t

1UR2 2=0 2 ™
0 1 7—0 roo . 9 9
/ ds(x) (z:c)J dor=— / 3 sin p ¢ drdp = cosv.
Rs 822 2=0 2t Jo 0 4mt T

Similarly,

0 2m -2
ds(z) =—P(z—2x) sin drd Ole &
[y 220 gt el < [ sin o = o)

7_2
Thus, we get (2 (0) = $sinf + L cosf+O(e %), as t — 0.

Continuing with the quadratic terms, we have

/ dn() Lo, )Jd 1/d<>(ﬁ )@()d
r) —5 zZ— X X = — X -_— — X )ax
R1UR2 - 62% t 2=0 t Ry . 2t '

1 3

= — (23 cos 0 + ziaosin @ — 2tds(v)) By (z)dx
Ry

2t2

= 2\}% (sin 20 + cos? 9) )

0? 1
/R3 dy(z) @@(z - x)J ] de = @ |x\ (x% — 2t) Oy(z)dx

_ t%ﬁ / / (r2cos?p — 2t) r(r)dpdr

= 8\/7?(71'—29 3sin 26) .
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Moreover,

x? — 2t
4¢2

‘ Oy (z)da

2
/ dy(x) 62<1>t(z:v)J dz| < / ||
R2\B(0,7) 02 2 R2\B(0,7)

=0

00 2
t _r2
< C'/ 2! t;— e~ ddr
T
3 -2
S C%e—ﬂ
T

Hence, we get

Cizl (0) = 8\}5 (4cos® 0 +sin20 + 7 — 20) + O(r (1 + \/7;)36_%), t— 0.
Similarly,
2., (0) = 8\}7725 (4sin® 0 — sin20 + m — 20) + O(7 (7 + \/i)?’e_%), t — 0.
In addition, since
825821 Bz — x)J - %@t(x),

then by a symmetry argument, we have (2, (0) = 0. Finally, since dy; is 1-Lipschitz,
then for k > 3, we have

B n 0] < [

RQ

ak—l

Oy(z)|dx < Ct'2
8xi1~--8xik71 e = '

2 dy ()

al‘ik

O]

Using the above approximation, we can now set up the heat kernel convolution of the
distance dg to phase region S.

Lemma 3.5. The Gaussian convolution of phase distance dg, restricted to some open
ball B(0, ) satisfies the following Taylor expansion at the origin:

¢S(z) = \‘/[;T (g 10+ 9(1)) + () + %(g sinf +cos 0+ (t) ) 2
+ 16\1/5(4 cos?0 + sin 20 + m — 260 4+ (1)) 23 + \}Elﬁ(t)ZlZQ
+ ! (4sin%0 — sin20 + 7 — 20+ (t))25 + O (¢t 12[°)

16/t
where ¥(t) = O (Vt), ast — 0.

Proof. For any x € 0B, := 0B(0,r) where 0 < r < 7 < 1, we note that
|ds(z) — ds(x)| < H (0SN B, 0% N B,) < Cr?,

where H(+,) denotes the Hausdorff distance.
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Hence, for k£ > 0, we have

‘CgiQ---ik(0)_Ci21i2---ik(0)’ < /B(OJ)\dS(ﬂU) —dx ()] ’%lakali%@t(x) dx
<c [ |zf aik@(x) dz
- R2 Oxyy -+ Oxy,,
< tk% b rk+367%dr < 3.
Finally, adjusting Lemma 3.4 to the above estimates yields the desired result. O

3.4.2 Stability of the Triple Junction

For simplicity, take N = 2. Consider a triple junction of a k-phase network where
three interfaces meet, say 712, 13 and ~93. Let 26; be the interior angle of phase region
P;(i = 1,2,3) at the triple junction. Without loss of generality, translate and rotate the
whole plane R? so that the junction is at the origin and P;-boundary interfaces yi2 and
~v13 make an angle of #; € (0, %) with the negative x9 axis, as shown in Figure 3.4.

)
T2
B(0,7)
V23
P
2 PS
292 2,93 T
1
/’\
~
Y12 20,
713
Py

FIGURE 3.4: Setting up the triple junction in the new coordinate system.

Choose 7 > 0, small enough so that P, N B(0, 1) is in the lower half plane with
B(0,7) C{x € LUP,UP;: B(z,e) NP £0 (i =1,2,3)}

and such that for any x € P,NB(0,7)(i = 1,2, 3), the distance to phase region P;(j # i)
satisfies dj(x) = dist(x,7;; N B(0,7)). We then perform one step of the SDV method
with time step t.

At time ¢, we determine the location z of the triple junction by solving

{u@d%m—mﬁﬂ
u(t,2) (p1—p3) =0
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where u solves the vector-type heat equation (3.1), that is,

u(t, z) / / 2)Pi(x — z)dr =: I + 1I.
B(0,7) R2\B( OT)

For any distinct 4, j € {1,2,3}, we have by Remark 3.1.2,

2 7‘2727‘scos(9 w) +52
I (pi —pj)| < _147#// dfdr

2
< 7 /T_S(T + s)e_ﬂdr < C’We_Tt. (3.7)

where z is written as (s,w) in polar coordinates. Moreover,

I (pi—p;) — g(k’“_l)/B(O 1) i) a2 (3.8)
k . .
- @ -l (39)

Here, we write ¢ := (%, the Gaussian convolution of the distance to phase region P;.

By Lemma 3.5, we have

¢z) = Awl)x/% + B(01)22 + 3 D(01)2F + LE(01)23
Pt )(\[+Z1+Z2+\/Z122)+0(t Yzl?) =: B(61, 21, 22)
C2(Z) ,3(92, — COS (932’1 —sin 9322, sin (9321 —COS 932’2) (310)

C3(Z) = ﬂ(ag, COS (9221 —sin 922’2, —sin (922’1 —COS 922’2),

where

(Z+1-0) D(G)zl1 (4cos? 0 + sin 20 + m — 26)
B(0) = X (3sinf +cosf) E(0) = (4sin® 6 — sin 20 + m — 20)

mf

and 9 (t) = O(v/t), as t — 0. The expansions for ¢ and (3 are obtained from ¢! by
(01 +62)-counterclockwise and (61 + 63)-clockwise rotations, respectively.

Remark. From (3.6), (3.7), (3.9) and (3.10), we deduce the following:

L. If0; = § (1 = 1,2,3), then z moves with a speed of at most O(1).

2. If 0; = 5+ O(1) (i = 1,2,3), then z moves with a speed of at least O(ﬁ)

We now locate the triple junction after one SDV time step as follows.

Lemma 3.6. After time t, the triple junction moves via SDV method from the origin
to the point z = (21, 22):

4/ 7t
= — (20046, —71)+O(VEt+t
“ 37r+2\/§( 2+ 6 —m) + 0 )
47t I
= (6 — =)+ OVt + 1),
2 2+m/§<1 3> ( )

where § = max(6h — 5,02 — §).
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Proof. Using expansions (3.10) and relations (3.7) and (3.9), we rewrite equation (3.6)
in terms of &; := %zi, as follows:

0 = ap+boér —coba + OVt + €%
0 = a1 —bé& —cab+OWEt+[EP)

where the coefficients are given by

ag = %(01—92) a)p = %(91—93)
bo = B(@Q) sin 03 bl = B(eg) sin 92

= B(02)cosfOs3 + B(01)  c1 = B(63)cosby + B(6;).
Note that

bocl + blco = B(@l)B(QQ) 1103 + B(eg) (93) sin (91 + B(Ol)B(Gg) sin 02

%[( — )( ((92) cos 03 + B(Gl)) — (01—02)(3(93) cos By + B(Ql))]
1

(62 — 63) - $B(%5) + O(8%)

= 7=B(3) (202 + 61 —7) + O(6?),

aobs + arby = 7 (61— 02)B(63) sin B + (6, —63) B(6) sin bs)
= L (200 — 02— 03) - 2 B(Z) + 0(8?)

= 2EB(3) (6:-5) + 0(5?),

|
B
E

Coa1 — apcCy

|
3

where § = max(61 — 5,02 — §). Thus, we get

s
3

Coa1 — apC 205+ 601 — 7
— 4+ 0 \/E =——— 4+ 0+ \/E , t—0
2 boc1 + bico ) \/37TB(§) ( ) as
apb1 + a1bg 01
74_0\/{:73 +O0(+Vt), ast—0.
& boc1 + bicy ( ) \/EB(%) ( )

O

Next, we look at the effect of the SDV interface evolution after time ¢ on the phase
interior angles of the triple junction located at point z := z (61, 62) given by Lemma 3.6.
Consider the map © : R?2 — R? which defines the junction angles at time ¢ as follows:

1 _ N31 - Nio _ Nig - Nog
O(01,09) = = | cos 1<>, cos 1< ,
(01.62) =5 ( TN [T Vsa] TN T Nas]

where the normal N* to interface 7;;(i,j = 1,2, 3) is defined by

N9(z) =V (u(t,2) - (pi — Py))
= i (G (), )~ () + O(™), t—0.

Here, the partial derivatives of (* are computed from expansions (3.10). We now establish
the stability of triple junction in the following theorem:
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Theorem 3.7. Let (51, 52) = 0O(61,02), be the junction angles after time step At. Then,
there exists a 2 X 2 matrix M whose largest singular value o < 1 such that

_m| s
0 — %

as At — 0. Here, § = max(f; — %,02 — %)

1 —

) )

+O0(6* + VAL, (3.11)

5 —

wlxy wly

Proof. For convenience, we write ¢ instead of At. Using the Taylor expansions (3.10),
we see that at point z := 2(%, §), we have

IN12] = [N = [IN* = 23 B(E) + O(VE))

and

2
NN = NN = (N B(5)) + OV,

as t — 0. Hence,

0(3.3) =(5.3) +O(W1), t—0.

col

On the other hand, write © := (% cos™! \Ill,%cos_1 ¥2). Hence, \I/Z(g, 5) = —%, for

i = 1,2. Now, using expansions (3.10) and Lemma 3.6, we arrive at the following partial
derivatives:
U, (5.5) = NPT [(NP=0INT2)-Ng2(5, 5) + (N2= 0! N NGY(E, §)]
B'(%)  2V3E(%)-D(%
_@ 1+\/§ (;:,) n \/§ (3) _ 2(3)
4 B(3) V7 B(%)
= a+0Wt), t—0.

+0(Vt)

In a similar fashion, we get

‘1’52(%%) = O(\/i)7 t—0,
V(2.5 = O, ¢
V(21 = atOWD), t0

(See Appendix E for details on how the above calculations were carried out.) It follows
that
a 0

0 ol O(Wt),

DO,5) = —¥ [

as t — 0. Take M := —?alz whose singular value o = @a ~ 0.2451 < 1. Finally,
equation (3.11) follows from the Taylor expansion of © near (%, 7). O

The above theorem guarantees that at every time step of SDV algorithm 3.1, the phase
interior angles at the triple junction that are initially close to the symmetric configuration
will always tend to get closer to %” with an error of order v/At. In fact, it follows from
Theorem 3.11 that over a period of time T > 0 (assuming no topological changes occured

on the interface evolving via SDV method with time step size At), the junction angles
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stably imposes the symmetric Herring condition [54] at the triple junction, as exhibited
in the following corollary.

Corollary 3.8. At time step n = |T/At|, let 07 (i = 1,2) be the angle measure at
triple junction x = 0 of an interface network evolving via SDV method. Then, for some
constant C > 0,

9?*%‘ < C(\/EwLULT/AtJ).

Proof. Fix n = |T/At] for a given time T' > 0. Denote z, = |0} — %I, yn = |05 — |,
and J,, = max(zy, yn). Applying Theorem 3.7 iteratively gives

Ty < a:cn1+0(n1+\ﬁ)

< (oxn2+C<n2+F))+C(52l+@>
= 0%y 0+ C(1+0)VAL+C (62 ) +002_,)
< 02(0%3+C(n3+F>)+C(1+U)W+C(5§1+o—5 2)

= Ty 3+ C(1+0+?)VAL+C (62 + 02 5+ 0252 3)

o"wo+C(L+o+-+0" ) VAL+C (55 + 007 o+ +0"'6)

= 170\/At+0 (xo— U)#—C’Z}aj On—j
j:

1

Note that 6; = O(0d;—1 + VAt) where j = 1,2,...,n. Then at any jth time step, we
have

5 <C (05]-,1 + \/E)2 < O (0?07 + At)

Hence,

ZO’j*légii = (52 1+05n 2_}_0,257214734_“._{_0_”715(2)
j=1

¢ (0-26727,_2 + At) + 0'57%_2 + 0'25721_3 R O.n—l(sg
C(o+0%) 6 o+ CAt+0%62_g+ - +0"'65
Co(140)6% o+ CAt+0%2% 4+ +0" 152

IN A

< Co™t (1—i—a—i—---+a”_1)53+C’(1—|—0—|—---+02(”_2))At

1— n—1 1— 2(n—2
ORI A - e Ll St
1—0¢

2 2
1-0o 1—-0 1-0 1—0

2 2 2
o Cog Co 002n500 —}—At’
l—-0 1-0 o3(1 — o)

) at

1—0

which gives the desired result. The same holds for y,. O
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3.5 Numerical Results

In this section, we present several numerical tests and experiments, starting with our
treatment of the numerical computations involved in our algorithm. In addition, we look
at how well our method compares to the original MBO method [68] and present some
computational examples.

3.5.1 Numerical Computations

We adopt a variational method centered on the idea of a vector-type discrete Morse flow
(DMF), which solves the heat equation by discretizing time and defining a sequence of
minimization problems approximating the original problem [61, 82] (see Appendix F).
For a k-phase configuration of domain  C R", we impose Neumann boundary condi-
tions and rewrite the multiphase SDV algorithm 3.1 for approximating mean curvature
flow, as follows:

Algorithm 3.2 SDV Method for Pure Multiphase MCF via Minimization

Given an initial interface network I'g := (J{v; : 4,7 = 1,2,...,k} and a time step size

At > 0, we obtain its MCF approximation by generating a sequence of time discrete

interface networks {Fm}n]‘f:1 at times t = mAt (m =1,... M), as follows:

1. InrTiavizaTiON. Set ug := 0. with respect to I'y,_1.

2. MinmvizaTioN. Discretize At = h x K and successively solve the following problem
forn=1,2,...,K:

ey _ lu—u,1|*  |[Vu]
jn(u)—/ﬂ< oty ) de (3.12)

3. ProjectioN. Define the new interface I'y, = U (OP;j(ug) N OPj(uk)) N where
i

Pi(u) := {x €Q:p;-u(At,z) = max p; - u(At,x)} ,
J=L445.

the set corresponding to phase P; with respect to u.

In constructing the signed distance vector d., we compute the distance d; of each node
to phase region P; using the exact Euclidean distance to its piecewise linear interface.
We then improve the value accurate to second order by fitting a circle into the three
discrete interface points closest to the point projection of the node onto the piecewise
linear interface, and computing the distance to the fitted circle.

We approximate functional by utilizing the finite element method (FEM). The domain
Q) is triangulated into a finite number of elements, over which the function is assumed
to be piecewise linear and continuous. Throughout the whole paper, we use a nearly
uniform mesh where interior elements are isosceles triangles whose base and altitude are
both equal to the mesh size Ax. An example of a mesh triangulation of a square domain
Q) into 32 elements is illustrated in Figure 3.5.
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FIGURE 3.5: Triangulating domain © = [0, 1] x [0,1] into 32 nearly uniform elements
(black) with 22 nodes (blue).

Moreover, the minimizers are then found via gradient descent method, as follows:

Algorithm 3.3 Steepest Descent Method

To approximate a solution u to the minimization problem (4.1), we perform:

1. Given an initial approximation v, set u := v.

2. Set z = VJ/(u). If ||z|2 = 0, then stop.

3. Solve min,~o J(u — 7z) for step length 7 by a bisection line-search method.
4

. Set u:=u— 7z. Go to step 2.

3.5.2 Error Analysis: Shrinking Circle Test

In this subsection, we consider the classic two-phase problem for testing algorithms
realizing mean curvature flow and look at the errors of SDV method in comparison to
the original MBO method.

Take a circle of radius ro = 0.35 on a [0, 1] x [0, 1] domain as our initial condition. Note
that its mean curvature evolution remains a circle of radius r(t) satisfying

dr 1 /

For various mesh size and time step configurations, we run the original MBO and SDV
method with this initial setup for ¢ = Az, 2Ax, 5Az, 1.0 until the exact extinction time
T = mAt = 0.06125. We note that SDV method with ¢ = 1.0 corresponds to the
two-phase signed distance (DFDGM) scheme in [34, 36].
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At each time step, we use a Least-Squares fitting method to fit the resulting inter-
face points {x;} in a circle and record its radius rg;. In particular, we minimize
> (]a:z - C)? - 7’2)2 with respect to the center C' and radii . The error on the radius of
the shrinking circle is taken as the average over time [0,7/2]. Results are summarized
in Table 3.1 for the original MBO method, and Tables 3.3, 3.2, 3.4, and 3.5 for the SDV
method with varying e values.

TABLE 3.1: MBO Method: Errors for varying mesh-time configurations

mesh\time 2 4 8 16 32 64 128 256
10x10 0.01508 | 0.00604 - - - - - -
2020 0.01229 | 0.01154 | 0.00660 | 0.00294 - - - -
40x40 0.00151 | 0.00174 | 0.00072 | 0.00167 | 0.00377 - - -
80x80 0.00223 | 0.00171 | 0.00096 | 0.00071 | 0.00069 | 0.00266 - -

160x160 | 0.00088 | 0.00192 | 0.00104 | 0.00047 | 0.00066 | 0.00029 | 0.00053 -
320x320 | 0.00129 | 0.00210 | 0.00120 | 0.00070 | 0.00011 | 0.00010 | 0.00038 | 0.00082

TABLE 3.2: SDV Method (e = Az): Errors for varying mesh-time configurations

mesh\time 2 4 8 16 32 64 128 256
10x10 0.00478 | 0.00416 | 0.00684 | 0.00981 | 0.01424 | 0.01912 | 0.02764 | 0.04201
20x20 0.00201 | 0.00257 | 0.00270 | 0.00382 | 0.00505 | 0.00749 | 0.01075 | 0.01540
40x40 0.00224 | 0.00174 | 0.00093 | 0.00097 | 0.00124 | 0.00211 | 0.00351 | 0.00524
80x80 0.00136 | 0.00202 | 0.00083 | 0.00014 | 0.00003 | 0.00024 | 0.00075 | 0.00158

160x160 | 0.00140 | 0.00202 | 0.00109 | 0.00056 | 0.00015 | 0.00044 | 0.00031 | 0.00006
320x320 | 0.00147 | 0.00201 | 0.00106 | 0.00053 | 0.00011 | 0.00008 | 0.00040 | 0.00054

TABLE 3.3: SDV Method (¢ = 2Az): Errors for varying mesh-time configurations

mesh\time 2 4 8 16 32 64 128 256
10x10 0.01226 | 0.00471 | 0.00523 | 0.00995 | 0.01213 | 0.01189 | 0.01301 | 0.02007
20x20 0.00499 | 0.00258 | 0.00277 | 0.00412 | 0.00506 | 0.00642 | 0.00792 | 0.01015
40x40 0.00290 | 0.00185 | 0.00105 | 0.00120 | 0.00149 | 0.00239 | 0.00375 | 0.00543
80x80 0.00154 | 0.00204 | 0.00084 | 0.00020 | 0.00011 | 0.00037 | 0.00099 | 0.00202

160x160 | 0.00142 | 0.00202 | 0.00110 | 0.00059 | 0.00010 | 0.00035 | 0.00021 | 0.00014

320320 | 0.00147 | 0.00200 | 0.00107 | 0.00054 | 0.00012 | 0.00006 | 0.00037 | 0.00049

TABLE 3.4: SDV Method (¢ = 5Az): Errors for varying mesh-time configurations

mesh\time 2 4 8 16 32 64 128 256
10x10 0.01492 | 0.00787 | 0.00428 | 0.00828 | 0.01055 | 0.01100 | 0.01302 | 0.02136
20x20 0.02259 | 0.01325 | 0.00382 | 0.00222 | 0.00371 | 0.00426 | 0.00627 | 0.01031
40x40 0.00834 | 0.00396 | 0.00126 | 0.00173 | 0.00182 | 0.00182 | 0.00227 | 0.00362
80x80 0.00262 | 0.00209 | 0.00098 | 0.00059 | 0.00046 | 0.00063 | 0.00096 | 0.00131

160x160 | 0.00170 | 0.00204 | 0.00114 | 0.00067 | 0.00004 | 0.00021 | 0.00002 | 0.00033
320x320 | 0.00153 | 0.00201 | 0.00108 | 0.00056 | 0.00015 | 0.00002 | 0.00031 | 0.00038
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TaBLE 3.5: DFDGM (e = 1.0): Errors for varying mesh-time configurations

mesh\time 2 4 8 16 32 64 128 256
10x10 | 0.01492 | 0.00787 | 0.00428 | 0.00828 | 0.01055 | 0.01100 | 0.01302 | 0.02136
20x20 | 0.02410 | 0.01402 | 0.00430 | 0.00214 | 0.00372 | 0.00426 | 0.00627 | 0.01032
40x40 | 0.02570 | 0.01556 | 0.00583 | 0.00105 | 0.00165 | 0.00175 | 0.00229 | 0.00361
80x80 | 0.02533 | 0.01548 | 0.00611 | 0.00103 | 0.00105 | 0.00089 | 0.00087 | 0.00122

160x160 | 0.02544 | 0.01557 | 0.00605 | 0.00100 | 0.00091 | 0.00065 | 0.00044 | 0.00045
320x320 | 0.02555 | 0.01561 | 0.00610 | 0.00100 | 0.00089 | 0.00058 | 0.00032 | 0.00022

From Table 3.1, we see that as time step At decreases relative to the mesh size, the
original MBO method ceases to evolve the interface until extinction time as indicated
by the symbol “~”. This confirms the time-grid restriction of the MBO method on
uniform mesh configurations.

On the other hand, SDV evolutions of the interface does not show any tendency of
stagnation, which indicates that the distance to the phase regions provides the needed
subgrid accuracy to help relax the inherent time-grid restrictions. Note that one can
achieve a fairly good MCF approximation using phase distances even on small (at least
one mesh size Ax) tubular neighborhood of the interface; thereby, saving computational
costs. In particular, smaller ¢ values behave well on coarse mesh/time configurations.
On finer mesh/time configurations, we see that SDV scheme with large ¢ values gives
a better MCF approximation since they hold more geometric information regarding the
interface.
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0.05 H e=3AX i 0.05 H £=3AX i

e=5AX £=5AX

R0y qre— €=T0AX s
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FIGURE 3.6: Evolution of the radius of a circle generated via MBO (red) and SDV
method (non-red) on a 40 x 40 mesh with At = T/32 (left) and At = T'/256 (right)
versus the exact solution (black).
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Take for example, a configuration with 40 x 40 mesh resolution and time step size At =
T/32. In this setup, Table 3.1 seem to indicate that MBO method does not stagnate
interface evolution, however, Figure 3.6 reveals that this interface evolution is quite
unstable and shows tendency of stagnation. In contrast, SDV method behaves fairly
well under this configuration even with a distance tubular range € as small as the mesh
size Ax. Moreover, we observe that SDV method works well even on a smaller time step
size At = T'/256 after the onset of MBO interface stagnation. Under this configuration,
it is noticeable how phase distances help alleviate the MBO time-grid restriction. As is
evident from Figure 3.6, SDV mean curvature evolutions with larger ¢ = 5Axz, 1.0 are
closer to the exact solution since their signed distance vector d. implicitly carries more
geometric information regarding the interface.

Note that at certain unevenly distributed configurations, the error unexpectedly jumps
to irregular values. We expect that this is caused by numerical hanging of the interface
on the nodes in some special cases. Moreover, the error is highly sensitive to the way of
its calculation, especially around the initial state and before the extinction. However, it
can be said on the whole that the error converges to zero approximately linearly in both
space and time, as expected from the MBO approximation and as seen from the error
tables.

3.5.3 Triple Junction: Stability Test

In this subsection, we wish to check if our method imposes the symmetric Herring
conditions at the triple junction.

Consider a three-phase initial condition where a T-shaped interface is rotated 90° coun-
terclockwise such that the T-junction point is located at point (0.25,0.25). On a
[0,1] x [0,1] domain, take phase P3 as the region to the left of line x = 0.25, and
the remaining top and bottom regions as phases P, and P», respectively (Figure 3.7).

1

)7

0 0.2 0.8

FIGURE 3.7: Evolution of the initial T-junction (blue) via SDV method and its under-
lying interface network at different times (black).
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We triangulate the domain into 12, 800 elements (Axz = 0.0125) and evolve the interface
via SDV method with time step At = 1.5 x 1073 and DMF partition K = 30. We
wish to investigate the evolution of the initial T-junction and its underlying interface
network, in particular, we look at the stability of the triple junction.

Let us consider the stable configuration of the problem (cf. [46]). Note that interface
~12 lies on the line y = % for any t > 0. Moreover, we can define interface 723 by

Ya3(t,y) = u(y) +vt, ye€(0,3),

where u describes the shape of interface and v denotes its transport velocity. Hence,
interface v13(t,y) = y23(t, % —y). If the graph v := 723 evolves by mean curvature, then
it satisfies the equation

8’7 Yyy u” 1 N/
ot 1—{—75 v 1+ (u)? ( an u)

By the Neumann boundary condition, we have u'(0) = 0, and thus,

L (). (3.13)

vy = tan~

The Herring condition [54] at the triple junction, on the other hand, gives
rrly _ 1

u'(5) = cot(5) = 7

Hence, the transport velocity v = 2tan_1(%) =

e

7 T

stable inferf. S0l s
Y=0.470
y=0.490
Y=0.505
Y=0.550 s |

O Il 1 L L Il o L L L L
0.1 02 03 04 05 03 035 04 045 05

FIGURE 3.8: Transport velocities at y = 0.47,0.49, 0.505, 0.55 (left) and interface profile
at time t = 50At (right) of the SDV numerical solution (colored) versus the constantly
transported stable solution (black).

In Figure 3.8, we see that the transport velocity of the numerical interface solution
approaches v = %. In fact, for the first few time steps, the interface rapidly approaches
the 120°—120°—120° junction angle conditions, and then gradually adjusts itself to reach
its stable configuration.
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From (3.13), we determine the shape of the constantly transported stable solution by
u(y) = —2nfcos(5y)|+¢, ye(0,3)

where the constant ¢ of horizontal shift may be chosen appropriately. Comparing this
with the numerical interface solution obtained via SDV method, we see that it is in good
agreement with the exact shape of interface in the stable state, as shown in Figure 3.8
for time ¢t = 50At.

T T T
Phase 1

05 Phase 2w |
Phase 3 mmmm

0.4 B

0.3 B

02 - B

01 + B

0
0.1 + B
-0.2 B
1 L L 1 1 L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

F1cURE 3.9: Relative error plot of the phase interior angle measures at the triple
junction for the first 100 time steps.

To end, we measure the junction angles at each time step using the tangents to the
quadratic interpolation of the piecewise linear interface near the triple junction. It is
evident from the relative error plot (Figure 3.9) that the triple junction first rapidly ap-
proximates the angle conditions, which is consistent with the previous result. Thereafter,
the numerical interface solution gradually reaches a stable state with junction angles of
measure 120°+ 0.16 yielding a relative error of at most 0.14%; thereby confirming that
our method stably imposes the Herring angle conditions at the triple junction.

3.5.4 Numerical Examples

We present numerical examples of mean curvature evolution using the SDV method. In
Figure 3.10, we take a smooth closed curve as an initial condition whose mean curvature
evolution shrinks inward to a circle until concentrically collapsing to a single point. We
also consider a four-phase initial condition that evolves into a shrinking triple bubble
and eventually vanishes. Note that the 120°—120°—120° angle conditions at the triple
junctions are satisfied.

Here, the domain €2 := [0, 1] x [0, 1] is triangulated into 12, 800 elements and the evolution
time step At = 5.0 x 107° is discretized into 30 DMF iterations. Note that under this
configuration, the original MBO algorithm [68] fails to generate such mean curvature
flow approximation as it stagnates after approximately ¢ = 5At. However, our method
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FIGURE 3.10: An example of a two-phase (left) and four-phase (right) mean curvature
evolution generated via SDV method.

naturally alleviates this MBO time and grid restriction without having to retriangulate
elements based on its interfacial geometry (cf. [94]).

3.6 Concluding Remarks

We designed a method for approximating multiphase mean curvature motion of inter-
faces using vector-valued signed distance function. Our method is based on the vector
reformulation of the alternating diffusion and thresholding scheme of the MBO algo-
rithm. This vector setting allowed us to handle any number of phases. Moreover, using
signed distance vector field as the initial condition, we showed that interface evolution
via our method does not stagnate on nonadaptive meshes — alleviating the well-known
MBO restriction without the need for retriangulization. We also formally established
that SDV method evolves interfaces with a normal velocity equal to its minus mean cur-
vature up to a linear order of time and naturally imposes the Herring angle conditions
at the triple junction points.

It would also be interesting to know how well this method handles nonsymmetric junc-
tion angles. The MBO-based scheme for nonsymmetric junction angles in [88] forces
one to either use a finer mesh or a larger time step to prevent stagnation in the gen-
erated interfacial motions; hence, its SDV counterpart should be able to alleviate this
problem. Lastly, we state an open problem: “Can pure k-phase mean curvature flow be
characterized by our construction of signed distance vector, in particular,

k
o(z) := Z dist (x, P;) pi,

=1

the distance linear combination of the reference vectors p;? Can the theory in [8, 41] be
used and/or extended to the multiphase case?”






Chapter 4

On Volume-preserving
Multiphase Mean Curvature Flow

This chapter tackles the problem of incorporating volume constraint in the SDV method,
so that a volume-preserving mean curvature motion of the interface is realized. In
particular, we look into altering either the diffusion or projection step in Algorithm 3.1,
in such a way that the normal velocity of the interface is then given by minus mean
curvaure plus a term constant along the interface, which depends on the lengths and
average curvatures of all other interfaces. We first look at the problem in the two-phase
case and present a method of treating the volume constraint in section 4.1. We then,
extend this to the multiphase case in section 4.2. Finally, in section 4.3, we present
several numerical tests and examples.

4.1 Two-phase Flow under Volume Constraint

Consider a two-phase mean curvature flow where volumes of both phase regions are
preserved. In this case, the velocity of the interface v is simply given by

V(z) = (—k(x) + ka)n(z), a.e. in 7,

where k is the mean curvature, x, is the average mean curvature along the interface
and 1 denotes the outer normal to the interface [56]. Ruuth and Wetton [85] introduced
a two-phase volume-preserving MBO scheme, which retains solving heat equation with
the characteristic function as its initial condition, and treats volume constraint in the
thresholding step. Instead of taking the usual %—level set, the solution is truncated at
value 3 — $£4(t)V/m 1AL, that is, the level set which preserves the prescribed volume.
This approach automatically evolves the interface with a normal velocity of —k + k4
without having to directly compute the mean curvature or the average mean curvature.

Let us look at the same scheme in the light of the two-phase SDV method. Following
the same argument as in the proof of Theorem 3.3, it is easy to show that the prescribed
volume will be preserved if we change the threshold value from 0 to e~ 'x,At. Unfortu-
nately, this cannot be easily extended to the multiphase case, since different interfaces
give different average mean curvature values. Phase regions may either overlap, or not

35
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even touch at all, creating vacuums; thus, the global interaction of the phase regions are
ignored. Moreover, this scheme lacks theoretical justifications.

In this line, we take a different approach and incorporate the volume constraint into
the diffusion process while retaining the same projection step. Let us continue in the
two-phase setting and discretize time At = h x K. We solve the heat equation by
successively minimizing the functionals

h |u — un—1[? 2
T (u) = #—HVU\ de, n=1,2,... K, (4.1)
Q

taking ug as the scalar e-signed distance function 6. with respect to the interface. Note
that the first variation of the above functional yields

0 = dij (u—l-Tgb)

=0

= /) “"1¢»%vu V.

(T

for any ¢ € C§°(Q2). Hence, in the weak sense, the minimizer u satisfies

U — Unp—1

= Au=0. (4.2)

Moreover, we see that interpolating the corresponding minimizers with respect to time
and then taking h — 0 yields the solution of heat equation [82].

We incorporate a volume constraint under Dirichlet boundary conditions into the mini-
mization problem 4.1. In the following theorem, we look at the behaviour of the mini-
mizer on the phase boundary and derive its the free boundary condition.

Theorem 4.1 (cf. [94]). Let u be the minimizer of functional

j@:é@”ﬁ£+ww>m (4.3)

over set A= {u € H}(Q) : {u > 0} =V} where u. € HY(Q), h denotes the length of
the discrete time step, and V' € (0,|€2|) is the prescribed volume. Then,

[((%u)QL =X ond{u>0}NnQ,

for some constant X\ > 0. Here, [-], denotes the jump of the function across interface
v, the zero-level set of u.

Proof. Let ¢ € C§°(9,R?) and p > 0 small. Define u, € A by u,(7,(z)) = u(z) where
To(x) = 4+ p((x). To preserve the volume of {u, > 0}, we must have

vV = /QX{up>0}:/1QX{u>O} det(DT))

Tp

= /QX{u>0} (L+pV-C+0(p?),
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which implies that

0 = V- O(p).
/{M} ¢+ 0(p)

Taking p — 0 and using the divergence theorem, we get the following condition on (,

[ ¢n (14)
o{u>0}
Then, for any ( satisfying (4.4), we must have
lim M = 0. (4.5)
pl0 p

First, we note that

T (up) = j(uoT;1>
1 _ _ _
= /Qh|uo7'p1—u*|2+|Vu(Tp 1)'D7'p1|2

1
= /19 E’u — uy 0 7, det(D7,) + |[Vu - (D7,) " det(Dr,).
Tp

Meanwhile,
s 0 Tp(2) = ux( + pC()) = ua() + pVun(z) - ((2) + O(p?), p =0,

and by the divergence theorem,

[v-w= [ wcn=o

Hence, we get

[ o=~ u
Q

[ =) = (T )+ OGP det(Dry) — u =
= [ =2 w) (Va0 plu— Y+ O?)
= o [ =209 ¢ = 20T O + - (220 +0(p)

= p/(u2—2uu*)V-C—2u(Vu*~<)—|—O(p), p— 0.
Q

On the other hand, note that
(D7p) ' = (I+pD¢) " =1 - pDC+ O(p%), p—0.
Then, we have
[Vl = 1wl = [ [Fu= pu-DE+ O (1497 ¢+ 0G) - [TuP
Q Q

= p/Vu|2V'§—2VuDCVu+O(p), p— 0.
Q
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Hence, (4.5) becomes

Q Q

h
Write
Cle) = e
where ¢ is a compactly supported scalar function such that
o{u>0}

which follows from (4.4) and noting that n = —Vu/|Vul.

Let P := {u > 0}. Then, by Green’s theorem, we have

1/ 9 ( Vu) Vus-Vu
I = — u”—2uuy ) V- 2up———
b o VOl vl

1 Vu Vuy-Vu

= = —¢ (2uVu — 2uVuy — 2u, Vu) - — 2u¢
h /pug\p ( ) 1] [Vl

1/ [ 9 Vu ]
+ - @ (u” —2uuy) = M
b Jogusoy ( )!VU\ N

* 2 * 2
_ / A —2¢|Vu\u u +/ [ Uy — U 4
PUQ\P 8{u>0} h .

- / 20|Vl
PUQ\P

Meanwhile, we see that

1
VulD¢Vu = ¢Vul'D <‘§ |> Vu + |vuyV“T (Vu ® Vo) Vu

= mvu (Vuve”) Vu = |Vu|Vu - V.

Plugging this in the second integral II and using Green’s theorem, we get

I = /yw v. ( o |> 9| Vu|Vu- Vi

Vu Vu
= —oV (|Vul? +/ [qsv 2 -'n]
/pug\p IVeB) al * oy 12V o )

+ / 2V - (|Vu|Vu)p — 2/ [9[VulVu -7l
PUQ\P d{u>0}

_ 2/ VUV V) - 2+ (V- V(| V) + [Vl Aw)
PUQ\P

Vu
[Vul
+/ [¢|Vu!2+2|Vu|Vu V“]

o{u>0} |Vu|

— / 2¢|Vu|Au —I—/ ® [\Vu|2]7
PUQ\ P a{u>0}
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Thus, (4.6) becomes

u

0 = / 2¢|Vu| (— — —I-Au) —l—/ o [|Vul?]. .
PUQ\P h o{u>0} !

Using (4.2), we have for any ¢ satisfying (4.7),

[ slvep), =0
o{u>0}

that is,
[\Vu|2] _ (o i =X\, ond{u>0}NQN
0% - 8,’7 - ) )
-

for some constant A > 0. O

In view of the results in [5] and the above free boundary condition, we can rewrite the
minimization problem (4.3) as follows

min / <‘“_“*‘2+|W|2+A > dx (4.8)
o Jo h X{u>0} : .

Moreover, one can expect that this minimization is “in the continuous setting” equivalent
to solving the parabolic free boundary problem

ue = Au+ AOH o), (49)
where H! denotes the one-dimensional Hausdorff measure.

Hence, if we wish to preserve the volumes of phase regions, then we must solve (4.9),
instead of the heat equation in the diffusion step of Algorithm 3.1. To be precise, we
write out the two-phase volume-preserving SDV scheme below:

Algorithm 4.1 Two-phase Volume-preserving SDV Method

Given an initial interface I'g := 9Dy for some region Dy C R? and a time step size At > 0,
we generate a sequence of time-discrete approximations {I',} to its volume-preserving
mean curvature motion at time t = nAt, by obtaining I',, from I';,_; as follows:

1. Construct the scalar e-signed distance function

5.(0) 1 min (g,dist(z,T)), x € Dy (4.10)
c(z) = - :
€ | —min(e,dist(z,Tg)), z € R2\Dy.

2. For a suitable A, solve parabolic equation (4.9) with . as the initial condition.

3. Set '), := dD,,, where D,, := {x : u(At,x) > 0} C R2.

Next, we estimate the normal velocity of the interface evolved via Algorithm 4.1 in the
following theorem.
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Theorem 4.2. For the choice \(t) = —%Ha\/ﬂ Algorithm 4.1 evolves interface T’y
according to volume-preserving mean curvature motion with normal velocity

v=—K+ ke + O(At), as At — 0.

Proof. We proceed in the same manner as in the proof of Theorem 3.3. Thus, we have a
situation of Figure 3.2, where we identify phase P, with Dy, phase P; with R?\ Dy, and
7i; with I'g. For simplicity, we denote ¢ := At. Then, the normal velocity v of interface
Iy at point z = 0 follows from

0 = wu(t,0,vt)

¢
= 0c(2)Py(z — 2)dx + / / p(s,x)®y_g(x — z)drds =: A+ B,
R2 0 JR2

where z = (0,vt) and pu(s, ) = AM(s)H' [ {u>0}-

The proof of Theorem 3.3 shows that

A=

m\r—t

[(v+k)t+ O], ast — 0. (4.11)

Denote P(s) := {z : u(x,s) > 0}. Then, for B, we have

B = /t /BP A(s, 2)®y_s(z—2)dS(z)ds

|z—(0,vt)
::‘// / ﬁfe A ds s
op(s)NQ Jorsng ) ™2t —s)

= — ﬂw (I +1I), (4.12)

where @ := [—7, 7] X [T, 7]. Note that integral II is exponentially small:

t -2
| < // t\/ge_‘MdS(x)ds
0 Jop(s)\Ql— S

< max |0P(s |/ \[e T S)ds

s€[0,t]

1
< C max \/E/ —e ’ds

s€[0,t] 2 s
4t

o0 72
< C't\/i/2 e ds = Ct\/te™ 7. (4.13)
yra

Here, we assume that 0P(s) has finite length for s € [0,¢]. For integral I, we have

t lz—(0,vt)|2
I= // ﬁe_ Wt=s) dS(x)ds
0 Japsngt —s

t T v(s,z1) %+ (zg—vt)
:/// 8(ﬁ m%)¢wwmdmms
0 J—7J—00 81’2

t—s

trs/ [© w NI 5
= + — g, 11 +9/(s, py1)2dyadyrds =: Iy + I, (4.14)
0J="\J—-0 0
P
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where w = p~!(y(s,py1) —vt) and p = /t —s. Using the following expansions at
0 = (0,0)
~'(0)
1++/(0)
= 1+0 (s + (mm)?).

L+9/(s,p91)2 = V1+7(0)+ (71(0)s + p7"(0)1) + O(s* + p*a?)

and
v(s, py1) = vs + O (s* + (py1)?)

we can estimate integral I» as follows:

t rT rw
yl?
|I2] C\/i//p/ ’y2| —T (1—|—5 +(t—5)y1)dy2dyld5
0J=2J0
p

IN

\/m
t [e.e] 1 7& ) ) w
C\/i// N (L+s +(t—5)y1)/ |[y2|dy2dyrds.
0J—o0 - 0

IN

Noting that

w w2 5 A 84
dys = — < (t —
[t =5 < =902 0 +
and )
/ yle~ T dy; = O(1), n=0,2,4,6.

R

yields the following estimate
I < C\f/ 3/2 ((t=s)? +sY) (1 +s*+ (t—s))ds = O(t?), t—0. (4.15)

Next, we expand integral I1 as follows

t rT 2 0 2
S Y1 _v2
L = //p\/zfise‘ix/wrv’(s,pm?/ —Lyoe™ T dyndyrds
0J=" - —00

z 2
/ [/ / Hay+ [ O(s® + p*yd)e™ T dy: | ds
0 t—s R\[-Z,Z —

T
P

=: Ii1+ Lo+ L3. (4.16)

Substituting s = tsin?#, we have

I = 2[/ —ds = 4tf/ sin? 0df = /%t (4.17)
Moreover,
s o
I < 2 1 dyd
[Ii2| < /0 Wiz y1ds

IN

v
t o] 2
2/ \/5/ ﬂ(f%dylds
0 T T
P

t -2 2
Cﬁ/ e W9 ds < Ctv/te™ ot (4.18)
0

IN



42 On Volume-preserving Multiphase Mean Curvature Flow

and
b N 5 i
|I13] < CV't s /e 4dy1+(t—8)/y16 idy|ds
0o Vi—s R R
s :
< CVt </ ds+/ \/t—sds> = O(t?), (4.19)
0 Vs 0

as t — 0. Finally, combining the resulting integrals from (4.11) to (4.19), we get
1 2
0=A+B=~- {(v—f—ﬁ)t—nat—l—O(ﬁ—}—t\/ie_M)} ,ast— 0,
€

which gives the desired result. O

This tells us that with a suitable choice of A(t), we are assured that a two-phase volume-
preserving mean curvature motion of interfaces is realized via Algorithm 4.1. Extending
this to the multiphase case, however, would require calculation of A at each time step —
not an easy task. Hence, we turn to the minimization problem (4.8), which is numerically
easier to implement as compared to solving parabolic equation (4.9). To solve this
minimization problem, we use a penalization technique [2] which allows us to perform
nonvolume-preserving variations without having to compute A. For a small positive
number p, we consider the minimization problem:

. Ju — us|? 2) 4 sen (V- |{u>0}])
i /Q (h+;vU| + (V = [{u > 0}, (4.20)

where V' is the prescribed volume. It was shown that as p — 0, the penalized solution
converges to a solution of the constrained minimization problem (4.3). What’s more is
that it was shown that the exact minimizer can be achieved for some sufficiently small
penalty ¢ < 1 without having to take the limit to zero [2]. This fact provides a great
advantage in numerical computations.

Similar results were obtained by Tilli [93] for the problem of minimizing the Dirichlet
integral where two or more level sets have prescribed measure, using a technique that
penalizes only the decrease in measure. Translating this to our problem results in the
following minimization problem

min/ Mﬂvuy? do+ 2 (fu> 0} - V) (4.21)
HY(Q) Jo h 0 *' '

We draw inspiration from this penalized minimization and extend it to the multiphase
case, as will be shown in the succeeding section. We further look into this volume-
contrained variational problem in Chapter 7 and study the behaviour of its minimizer
for small penalty values.

4.2 Multiphase Flow under Volume Constraint

In the previous section, we streamlined our SDV scheme in such a way that it easily
translates into the multiphase case. Our numerical scheme is based on a simplification
of the theory in [2] given by Tilli [93], which penalizes only the decrease in volume;
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thereby, keeping the penalization term always nonnegative. However, since the tendency
of volume change in each phase region is not a priori known, we instead, opt to penalize
both increase and decrease in volume of the phase regions.

Note that such minimization problem can be easily extended to the multiphase case by
adding penalties for each phase region. We summarize this volume-preserving scheme
in the following algorithm.

Algorithm 4.2 Multiphase Volume-preserving SDV Method

Given an initial interface network I'g := (J{vi; : 4,7 =1,2,...,k} and a time step size
At > 0, we obtain its approximation of the volume-preserving mean curvature flow by

generating a sequence of time discrete interface networks {Fm}%zl at times t = mAt

(m=1,...M), as follows:
1. InrranizaTion. Set ug := 8. with respect to I'yp_1.

2. MinmvizaTion. Discretize At = h x K. For a small positive number p, successively
minimize (n =1,2,..., K):

k

Fhw) = 7w+ =3 Jws — £ (Pr(w))

|2
0=

, (4.22)

where V; denotes the prescribed volume of phase P;, £V denotes the N-dimensional
Lebesgue measure, and

Pi(u) := {aj €Q:p;-u(lAt,z) = max  p;- u(At,z)} ,
J=L44500

the set corresponding to phase P; with respect to solution u.

3. ProjectioN. Define the new interface I'), = U (OP;j(ug) NOPj(uk)) N
i#]

4.3 Numerical Results

In this section, we present a numerical analysis of the penalty parameter in our volume-
preserving SDV scheme. We also present numerical test on the stability of the triple
junction under volume constraint and some numerical examples of volume-preserving
mean curvature flow in the multiphase case.

4.3.1 Analysis of the Penalty Parameter

Consider a volume-preserving two-phase case where two disjoint circles of radii ;1 =
0.1996 and 7o = 0.1384 make up one phase.Since volume is preserved, the larger circle
will grow as the smaller circle shrinks and eventually vanishes, hence satisfying the
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following differential equation

d?”l 1 2

= ,

dt 1 r1+ 7o (423>
dra 12 '
dt ) i+

We run the volume-preserving SDV method with ¢ = Ax for penalty parameters ¢ =
10~% where i = 0,1,...,10. Here, the domain Q = [0,1] x [0,1] is triangulated into
12,800 elements (Az = 0.0125) and time step At = 2.5 x 10~% is discretized into DMF
K = 30 partitions. We then, compare these results with the precise approximation of
the exact solution to the ordinary differential equation (4.23) using Runge-Kutta (RK4)
method of order 4.

0.25 ,
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time time

FIGURE 4.1: Evolution of radii (left) for varying penalties g (colored lines) and exact
solution (black line). A closer look at the evolution of smaller circle (right) for time
t > 0.022 where penalties o = 1075,...,107? overlap.

For large penalty parameters o = 10°,107%,...,1073, Figure 4.1 shows that weak pe-
nalization on the phase volumes allows the bigger circle to shrink when in fact, it should
grow. For stronger penalty parameters o = 107%,107°,...,1071°, on the other hand,
the result behaves, as expected, similar to the exact solution where the bigger circle
grows as the smaller circle shrinks. We note that as ¢ — 0, result approaches the exact
solution. This is indeed, consistent with the fact that exact solution can be achieved
with a sufficiently small penalty without taking o — 0 [2, 93]. Moreover, the fact that
the solution almost does not change when o — 0, justifies the use of penalty method on
our algorithm.

4.3.2 Junction Stability: Double Bubble Test

Consider a three-phase volume-preserving case where two phases are identical squares
sharing one common side of length 0.28. Denote P; as the left initial square phase, P
as the right initial square phase, and Pj as the remaining phase. The stationary solution
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of such configuration is known as a double bubble [53] which consists of three circular
arcs meeting at two points at equal 120° angles. Since the initial square phases P; and
P, have equal volume, the common circular arc would have zero curvature, hence, a line
separating the two identical circular arcs.

‘ 0.67 : : :
0.8 10665 F
0.66 \
07 ¢ 10655 |
065 |
06 - 10645 |
0.64 s : : :
05 | 047 048 049 05 051 052 053
0.36
04 | 10.355 |
0.35
03 ¢ 10345 |
034 |
02 | 10335 |
: ‘ w s w \ 0.33 ‘ : \
02 03 04 05 06 07 08 047 048 049 05 051 052 053

FIGURE 4.2: Three-phase initial configuration (left in black); its numerical (blue) and
exact (red) stationary solution. A closer look at the interface network near the triple
junctions (right).

We run SDV method with ¢ = 3Az under penalty parameter o = 107%. Here, =
[0,1] x [0, 1] is triangulated into 12800 elements with mesh size Az = 1.25 x 10~2 and
time step At = 5 x 10~* with DMF partition K = 30. We test if the stationary solution
of the volume-preserving flow via SDV method satisfies the double bubble theorem by
measuring phase volumes and contact angles 6; (interior angle of phase P;(i=1,2,3)) at
both triple junction points J; and Jo located above and below line y = 0.5, respectively.
Here, the junction angles are computed using the tangents to the quadratic interpolation
of the piecewise linear interface near the triple junction.

TABLE 4.1: Double Bubble: Phase Volumes under penalty parameter o = 1076,

phase region | prescribed volume | stationary state volume | absolute error
P 0.0784 0.078385 1.5 x 107°
P, 0.0784 0.078385 1.5 x 1075
Ps 0.8432 0.843229 2.9 x 1075

TABLE 4.2: Double Bubble: Contact Angle Measures at the Triple Junctions

angle | triple junction Jy | relative error | triple junction Jy | relative error
01 120.012° 1.0 x 1074 120.013° 1.0 x 1074
0o 119.846° 1.3 x 1073 119.845° 1.3 x 1073
03 120.023° 1.9 x 107* 120.023° 1.9 x 10~*

The phase volumes and contact angle measures at both triple junctions of the numerical
stationary solution are shown in Tables 4.1 and 4.2. We see that the volume of each
phase region is preserved under penalty parameter o = 1076 with a loss of at most
0.0001%. This volume loss may be credited to the approximation error arising in the
numerical computation of phase volumes inside individual finite elements.
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At both triple junctions, the interior angles of the initial phase squares rapidly increase
from 90° to 120° £ 0.64 after 10 time steps, then gradually adjusts to its stationary state
of measure 120° 4+ 0.15 at time ¢ = 500A¢. On the other hand, the junction angle of
the outside phase decreases from 180° to 120° + 0.85 after 10 time steps, then gradually
stabilizes to a measure of 120° 4 0.02 at time ¢t = 500A¢.
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FIGURE 4.3: Relative error plot of the phase interior angle measures at junction J; for
the first 160 time steps.

This is in fact, depicted in the relative error plot (Figure 4.3) of phase interior angle
measures at junction Ji. In particular, we see that after time ¢ = 10A¢t, the junction an-
gles whilst preserving phase volume, tries to achieve a stable state until approximately
t = 120At. This confirms that SDV method stably preserves the Herring (120°) an-
gle conditions, and hence, the stationary volume-preserving solution evolved via SDV
method indeed, approximates a double bubble.

4.3.3 Example: Ten-phase Volume-preserving Flow

Consider a ten-phase configuration where the initial interfaces are circular arcs. The
domain ©Q = [0,1] x [0,1] is triangulated into 12,800 elements and time step At =
2.5 x 10~* with DMF partition K = 30. We preserve the phase volumes using SDV
method with e = Az under a penalty parameter o = 1076.

Figure 4.4 depicts the mean curvature evolution of the initial circular arcs with volume
constaint. Under this motion, we see that the top leftmost bubble slides to the right
forming a quadruple junction point at time ¢ = 133A¢, which immediately splits after
one time step into two triple junctions and stably cradles itself between two bubbles.
Hence, SDV method is able to naturally handle topological changes. Observe also that
the symmetric Herring angle conditions are satisfied. In fact, the contact angles at the
triple junctions behave in a similar manner as in the double bubble case, where the
angle measure rapidly tends to the symmetric condition and then, gradually adjusts to
its stationary angle measure 120° 4 0.24°.
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FIGURE 4.4: Initial 10-phase configuration (top left); its evolution after At = 2.5x 1074
(top center) and at different times; and its stationary solution (bottom right).

TABLE 4.3: 10-phase Flow: Phase Volumes under penalty parameter o = 1076,

phase region | prescribed volume | stationary state volume | absolute error
P, 0.011185 0.011208 2.3 x107°
P, 0.011592 0.011585 7.0 x 1076
Py 0.012702 0.012687 1.5 x 107°
Py 0.016988 0.016985 3.0x 1076
P 0.019179 0.019178 1.0 x 1076
Py 0.028773 0.028767 6.0 x 1076
P 0.046392 0.046393 1.0 x 1076
Py 0.052734 0.052734 1.0 x 1077
Py 0.064719 0.064722 3.0 x 1076
Py 0.735737 0.735741 4.0 x 1076

Note also that the volume of each phase region is well preserved relative to the penalty
parameter o = 107°, as shown in Table 4.3. Under this configuration, we were able to
achieve a fairly good approximation of multiphase volume-preserving MCF without the

need for any auxilliary mesh refinement technique — an advantage of the vector-type
MBO method [94].
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4.4 Concluding Remarks

Up to this point, we were able to develop a signed distance vector approach for realizing
volume-preserving mean curvature flow in the multiphase case. We have shown that our
SDV method benefits the key features of its predecessors and at the same time resolves
their underlying issues (see Table 4.4).

TABLE 4.4: SDV Method in comparison to other MBO-variant Algorithms

Features of the Numerical Method Ol\r/llggal E/IZ:EZS DFEDGM \'/\/Iethg MSeIch\gd
1. does not require direct calculation of mean N N v v v
curvature and normal direction
2. handles complicated topological changes v v N v v
3. proceeds the evolution without stagnation X — v — v
4. can be extended to multiphase case v v v v v
5. preserves volume in two-phase case X N X v v
6. preserves volume in multiphase case X X X v v
(Here, “—" means a refinement technique is needed to alleviate MBO time and grid restrictions.)

The key in approximating volume-constrained multiphase flow lies in the variational
approach to solving the vector-valued heat equation. The volume of the phase regions
are easily preserved using a penalization technique. In fact, we showed that the numerical
SDV solution does not change for small penalty values, which confirms the theory [2, 93]
that the exact solution can be achieved with a sufficiently small penalty without passing
the limit in the penalty parameter. In the succeeding chapters, we experiment with this
vector variational approach to incorporate space-dependent bulk energies (Chapter 5)
and generalize to anisotropic mean curvature flow (Chapter 6).



Chapter 5

Multiphase Mean Curvature Flow
considering Bulk Energies

The present chapter deals with volume-preserving multiphase mean curvature evolution
of interfaces considering space-dependent bulk energy density. We start with an intro-
duction to the problem and some related works in section 5.1. In section 5.2, we present
an extension of our method to realize volume-preserving multiphase mean curvature flow
considering phase energies. We also show our method evolves the interface according to
its mean curvature plus the difference in bulk energies at the interface. Lastly, in section
5.3, we present numerical experiments and computational examples.

5.1 Introduction

Consider a k-phase configuration where each phase region P; (i = 1,...,k) have pre-
scribed bulk energy density e; = divf for some vector-valued function f : RY — RN,
We wish to find a family {I'(t) := J7:;(t)} of hypersurfaces depending on time ¢ such
that every point 2 € I'(t) moves with a velocity

V(z) = —(k+e—e)n, =€y, (5.1)

where x and n;; denotes the mean curvature and unit normal vector from phase P; to P;
at x, respectively. This interfacial motion is derived as the gradient flow for the energy
functional

E(P)—Z/

i<g v

k
ARy / e:(@)dLN (5.2)
i=1" Pk

where HV ! is the (IV — 1)-dimensional Hausdorff measure and £V is the N-dimensional
Lebesgue measure.

Let us verify this derivation for the two-phase problem in R2. Consider a smooth Jordan
curve «y := 715 parametrized as follows:

v(s) = (n(s),n2(s),  selabl,  ~(a)=7(b)

49
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Then, the mean curvature and outer normal is given by

Y3 — V91

R =
Iv'[3

_ L / _ /
) n ‘7/’ (727 ’71) .

Thus, for some vector u(z) = (ui(x),us(x)) and v = (vi(x), v2(x)), the energy functional
(5.2) becomes

E(v) = /d?—[1+/u-77d7-l1—/v-nd7-l1
2l v 2l

b b
= [ (s)lds + / (s (1, 92)7h — a1, 12)7,)ds

b
+ / (01 (1,727 — va(71,72)7})ds.
a

The gradient flow of this energy can be found from its first variation. For any smooth
curve ((s), s € [a,b] where ((a) = ((b), we have

A g eiolas] = [TAEGE) B
& [+ C“'dLo -/ e

- - [ (B ) oo

/ b (miv2vy — (%)%, ey — ()%
a

1V (s)?
= /Rn'C7
.

)-st

and

b
oo o+ o+ )0+ ) = vl + o+ )] + i)

e=0
b ou ou ou ou
= / wi(y1,72)¢5 + <8£C 1(2) vy — u2(1,72)¢1 — <872C 2C2>
b9 ou G, B,
= 8U171C2 172(1 + u272€1 u2 'Cz

a

_ [ (%m, 0w
_/a (8’}’1 + 8’7 ) (727 ’71 C /6177 C

Similarly, we get

d b
% (V1 (V1,65 72,6) V.6 — 112(71,e7’72,e)’71,ed5J = / eam - ¢,
€Ja e=0 Y

where v, = v 4 €(. Thus, we have
d
2B te)| = [(nter—e)n-C
€ e=0 Y

which confirms the normal velocity (5.1) on interface ~.
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A related two-phase problem under volume constraint was considered in [50, 94]. It was
shown that two-phase interfacial motions with normal velocity

v=—k—f+A1),

for some function A of time (with a magnitude that precisely guarantees volume preser-
vation) can be realized by applying the original MBO process to the following partial
differential equation in an N-dimensional space under Neumann boundary conditions:

_ f 1
U = AU + \/Tﬂ't + )\H I_a{u>%},

where ) is a non-local term depending only on time. This term is a Lagrange multiplier,

chosen so that the region enclosed by the %—level set of the solution preserves the phase

volume for all times. Moreover, f is a term related to a given outer force and H! ls (u>1}
2

is the (N — 1)-dimensional Hausdroff measure supported in the boundary of the set
{z :u(t,z) > %} This modification to the original MBO scheme was applied to carry
out a two-dimensional simulation of gas bubbles rising from the bottom of a container
filled with a viscous field, taking f = Sy where y is the coordinate direction of gravity
and [ is a constant expressing buoyancy determined by the physical configuration.

One can think of the above two-phase configuration as a system where the gas phase
enclosed by the interface has zero bulk energy, while the outer liquid phase has bulk
energy density f. We wish to extend this the multiphase setting using our SDV method
to incorporate the influence of pressure force in the parabolic framework, where the bulk
energy can be interpreted as an energy potential.

5.2 Incorporating Bulk Energies in SDV Method

In this section, we extend the results in [50, 94] to realize multiphase mean curvature
motions considering space-dependent bulk energies.

Consider the vector-valued nonhomogenous heat equation

w(t,r) = Au(t,z) + w(z) in (0,00) x RV,

(5.3)
u(0,z) = 6.(x) on {t=0} x RY,
where w is a term related to the prescribed phase energies. The question is how to
construct the (k — 1)-dimensional vector w so that a normal velocity v = —k — e; + ¢;
is realized at interface ;; using our method.

We apply our SDV process to (5.3) and estimate the normal velocity of interfaces. We
wish to determine the conditions for w, so that interfacial velocity (5.1) is achieved. For
simplicity, take N = 2. Fix € > 0 and = € ;;. We proceed in a similar fashion as in the
proof of Theorem 3.3 where we set up a neighborhood of x in a new coordinate system
as shown in Figure 3.2.

Let u be the solution of equation (5.3). For convenience, we write ¢ instead of At. Then,
the normal velocity v of interface ;; at point = 0 evolved by applying our SDV process
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0 (5.3) can be found from the relation

0 = u(t.0.0) (0~ py)
B / Oe( —Pp;)®i(z — 2)dx
/ (/ / ) pj)q)t s(l' - Z)d:L‘ds
RAQ
= I+1+4+1 (5.4)

where z := (0,vt). By Theorem 3.3, we have

I= S(kjk_l) [(v +r)t+ O<(1 7+ x/i)x/ielif) + O(tQ)] + O(e*%).

Moreover, if w-(p; — p;) is bounded in R?, then we can show that integral IIT is
exponentially small as follows:

I < maxw(x // By o(x — 2)dads
RAQ R2\Q
t
N C/ (/ / +/ /) SDt—s(CUl)(Pt—s(a?z - Ut)d.fb'gda}lds
0 R JR\(—7,7) JR\(-7,7)JR

t 2
< C/ e 2t=s)ds
= C/ “2e7%ds

< Cmax—2 e %ds
>‘r'2 S 72

— 4t At

2

= O(t?e ).

Now, using the expansion of w around 0, we have

= //_T/_T i—Pj)Pt—s(z—2)dzds
N // / ))'(pi—Pj)‘I’t—s(w—z)dmderO(t%*%f)

= I —l—ffg—i—O(t e 4t)

t [e'e) fe'e)
I = w(0)-(pi—p)) / / pis(@1) / ois(w2)duadards
0 —00 —00

— w(0)-(pi—Dy) /0 ds = w(0)- (pi—p;)t.

Note that

Moreover, since 2k > k — 1 for k > 1, then

pi —p;j| = — <
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(See Appendix A for the properties of symmetric reference vectors.)

Thus, we see that

|II] < C’// / —p;)|Pi—s(x—2)dxds

< Clpi—pjl / / / |21 + z2|pr—s(21)pr—s(x2 — vt)dradrids
0 —o0 J —00
Ck t [e'e] [e%e]
< r10—s(r1)dT1 + |z2|pi—s(x2 —vt)ds | ds
E-1 .
<

(562 T rv|t>¢t_s<x2>dm2> s

Q\F +||t) C_kl(\/i+t)t.

e
_ k0k1/0<

Then, (5.4) gives

0 = [E(k_l)(v+/€)+W(0)'(Pi—Pj)+O(\/7E)] t, t—=0.

This leads to the following theorem.

Theorem 5.1. Let x € T' := J{vi; : 4,7 = 1,2,...,k} such that there exists a unique
pair (i, j) for which x € ~;;. Suppose w - (p; ) is bounded in RN and

w(@) - (pi—py) = (,f_l)< ~e)),

where e; denotes the energy density function of phase P;. Then, the normal velocity v
of interface I' at x evolving via an SDV process on (5.3) is given by

’U(Z’) = —K—€i+ej+O(At)7 as At_)o’

where k is (N — 1)-times the mean curvature of ;; at x.

A simple design for vector-valued function w would be:

Pi — Pj
w(z) = 2e

(6i - 6]')(1‘), T e Dw17w2

0, otherwise,

(5.5)

where
Dy, oy = {x € Q : dist(z, vi5) < wi, dist(z, P,) > wa (Vr #14,7)},

for some w1,w7 > 0. Note that

Ipi — pj|? k
T I (e —e€j) = 7E(k— 1)(61' —ej) < 400

(see Appendix A for properties of symmetric reference vectors).
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Similar calculations were carried out in extending the MBO Vector Threshold Scheme
[94] to include interfacial motions considering space-dependent bulk energies (see Ap-
pendix G). We employed this algorithm in [89] to simulate two-dimensional rising gas
bubbles (in a three-phase setting) with prescribed contact angles.

5.3 Numerical Results

In this section, we present some numerical experiments using our algorithm to simulate
rising gas bubbles in a liquid-filled container. Here, we incorporate the influence of
pressure force in the parabolic framework where the bulk energy density is taken as an
energy potential. In particular, we consider an initial condition where the first & — 1
phase regions are gas bubbles with zero bulk energies, i.e. e =ea = --- = ex_1 = 0,
while the liquid phase P, has bulk energy density e, = f : RV — R. It is expected from
Theorem 5.1 that the normal velocity at each interface using our method is given by

v(x) _ —K, T € Vij (Z,j #* k),
—k+f, €k (i £ k).

Since mass is preserved, we add a term that penalizes the phase volumes. More precisely,
we write out the algorithm.

Algorithm 5.1 Multiphase SDV Method with Volume Constraints and Bulk Energies

Given time step size At > 0 and initial interface network I'g := |J {ij : 4,5 = 1,2,...,k}
where each phase region P; have prescribed energy density e;, we obtain its volume-
preserving MCF approximation by generating a sequence of time discrete interface net-
works {Fm}%zl at times t = mAt (m =1,... M), as follows:

1. InrmianizaTioN. Set ug := 8. with respect to 'y 1.

2. Minmvization. Discretize At = h x K. For a small positive number p, successively
minimize (n =1,2,..., K):

1 1< 2
Fhtw) = i + 5 [ (w)dat =3[V - £ P,

=1

where V; denotes the prescribed volume of phase region P;, £V denotes the N-
dimensional Lebesgue measure, and

Pi(u) := {aj €Q:p;-u(At,z) = max p;- u(At,:c)} ,

j=1,2,...k

the set corresponding to phase P; with respect to solution u.

3. ProsectioN. Define the new interface I'y, = U (OP;(ug) NOP;(uk)) NKL.
i#j
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5.3.1 Rising Bubbles with Equal Volumes

Consider a three-phase initial condition where phase regions P; and P» are circles of
equal radius » = 0.125 centered at (0.3,0.4) and (0.7,0.4), respectively. The region
outside the two circles denotes the external phase P; with bulk energy density f = 10y.
As in [50, 94], y denotes the coordinate direction of gravity and § = 10 is a constant
expressing buoyancy.

It is expected that under volume-preserving mean curvature motion, both interfaces will
behave in a similar manner and move up at constant speed. However, due to the implicit
nature of our algorithm, it may happen that the motion of one interface depends on the
other, for example, interfaces may move at different speeds, collide, or pull away from
each other. To be sure that this does not happen in our method, we conduct a simple
test to check that the resulting motion of interfaces 13 and 723 behave accordingly and
are independent of each other.
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FIGURE 5.1: The motion of two split bubbles of equal volumes (in a three-phase setting)
in liquid-filled container with bulk energy density f = 10y (w1 = wa = 2A)x at different
times (left) and the plot of their speed versus time (right).

Under parameters ¢ = Az, o = 1075, and w; = wy = 2Az, we run our method and
plot the resulting evolution in Figure 5.1. Here, the domain [0, 1] x [0, 1] is triangulated
into 12,800 elements (with mesh size Az = 0.0125) and time step size At = 1.5 x 1073
is discretized into 30 DMF partitions. We also compute the speed of the interface by
tracking the motion of a representative interface node, in this case, the centroid. It is
clear from the results that our method moves both interfaces upward in a similar manner
and at a constant speed relative to computation error, which can be improved by the
choice of parameters.

5.3.2 Rising Bubbles with Unequal Volumes

It is known that buoyant force on a bubble is proportional to its volume, hence, bigger
bubbles rise faster than smaller bubbles. In the following setup, we check whether or
not this behavior is captured by our method.

Consider a three-phase initial condition where two circles of unequal area make up phase
regions P, and P, with zero energy density and the remaining region as the external
phase P3 with prescribed bulk energy f = 10y. In particular, we take P; as a circle of
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radius r; = 0.13 centered at (0.25,0.35) and P» as a circle of radius 7o = 0.17 centered
at (0.7,0.35).
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FIGURE 5.2: The motion of two split bubbles of different volumes (in a three-phase
setting) in a liquid-filled container with w; = wy = 2Az at different times (left) and
the plot of their speed versus time (right).

Using the same parameters as in the previous experiment, we see that the interface with
a larger enclosed volume rises faster as expected (Figure 5.2). Moreover, the motion of
both interfaces approaches a constant speed, relative to computation errors.

5.3.3 General Transport Motions

So far, we have experimented with bulk energy densities resulting in upward motions,
that is, bubbles moving in the vertical direction. Let us now take f = ax+ fy. Consider
a simple two-phase case where the interface is a circle C' of radius ro centered at (zg, o).
Note that the total force around this interface is given by

/fn = /(aﬂf+6y)<ﬂf—xo,y—yo>
C C
2w
= ro/ (a(zo + rocost) + B(yo + rosint)) (cost,sint)dt
0

2
= r%/ (acos2t,ﬁsin2t>dt:%Ac<a,5>,
0

where Ao is the area of circle C. This tells us that the motion of the interface is in
the (a, §)-direction and that the influence of the pressure force on the interface varies
proportionally to its enclosed volume.

Let us check whether our algorithm is able to move interfaces in any arbitrary direction.
Take a circle of radius 0.15 centered at (0.3, 0.3) as our initial condition. We trianglulate
the domain [0, 1] x[0, 1] into 12, 800 elements (with mesh size Az = 0.0125) and discretize
time step size At = 5.0 x 10~% into 30 DMF partitions.

Under parameters ¢ = 5Az, 0 = 1077, w; = wy = 2Az, and a = § = 50, we run our
method and plot the resulting evolution in Figure 5.3. We also compute the speed of
the interface by tracking the motion of its centroid. Results indicate that our algorithm
can move interface in a (o, 3)-direction at a relatively constant speed while preserving
the prescribed phase volume.
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FIGURE 5.3: The volume-constrained motion of a gas-liquid interface with liquid bulk
energy f = 50(x +y) in the (1, 1)-direction (left) and its speed versus time plot (right).

5.3.4 Example: Six-phase Volume-preserving Flow with Buoyancy

Consider a six-phase configuration where phase regions P; and P are polygons of differ-
ent heights and initially attached to the floor boundary, Ps and P, are two overlapping
quadrilaterals, P5 is a circle whose volume is smaller than the volume of phase P, be-
low it, and Py is the remaining external phase region (see Figure 5.4) with bulk energy
density f = 25y.
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FIGURE 5.4: Initial 6-phase configuration (top left) and its volume-preserving mean
curvature evolution with zero gas bulk energies and liquid bulk energy f = 25y under
volume penalty o = 1076 with time step size At = 1073 at different times.
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The domain [0, 1] x[0, 1] is triangulated into 28, 800 elements (with mesh size Az = 8.33 x
1073) and time step size At = 0.0010 (with K = 20 DMF partitions). We preserve the
phase volumes under a penalty parameter ¢ = 107% and w; = wy = Az. Under the above
parameters, we evolve the interface using our SDV scheme with ¢ = Az and plot the
resulting evolution at different times ¢ = 2At¢, 5At, 9At, 20At, 60AL, T0AL, 100At, 150A¢.
One can think of this setup as a simulation of multiple gas bubbles rising in a liquid-filled
container.

Observe that our method evolves interfaces by its mean curvature while being pushed
upwards by the prescribed buoyant force and trying to preserve all phase volumes. This
is especially evident in the motion of phase regions P3 and P, as it evolves into a double
bubble (see Figure 5.5). Note that the double bubble slightly tilts counterclockwise due
to the difference in phase volumes (V3 = 0.025223, V; = 0.028242), resulting in phase
P, to rise a little faster than Ps.
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FIGURE 5.5: A closer look at the first evolution of the rising double bubble (left) and
the two phase regions initially attached to the boundary floor (right).

The motion of the two phase regions P; and P» that are initially attached to the bound-
ary floor is a result of the competition between the buoyant force pushing the bubbles
upwards and the surface tension force holding the bubbles down (Figure 5.4). In the case
of phase region P; with a relatively low height and larger contact angle, the adhesive
force prevails and the bubble stays attached to the boundary floor until reaching a stable
state with a 90° contact angle (due to the Neumann boundary condition). On the other
hand, phase region P» detaches itself from the boundary floor since a large portion of
the region is away from the boundary floor and the initial contact angle is small enough
that its curvature evolution and the buoyant force can easily peel it from the bottom.

0.1 02 03 04 05 06 07 08 08

FIGURE 5.6: A closer look at the evolution of the interface forming a four bubble link.

Phase P» then, continues to rise up and evolve into a circle. However, since its volume
Vo = 0.029114 is relatively larger than that phase region Ps (V5 = 0.022442), it is able to
catch up to this bubble and attaches itself onto it. The two phase regions then, evolves
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to form a double bubble while moving up and turning clockwise (since P, rises faster
than Ps). At this stage, we now have two rising double bubbles P3 — Py and Py — Ps
while phase P; remains attached to the boundary floor. Note that the volume difference
in the later formed double bubble (|Vo — V5| > |V3 — V}|) is greater than that of double
bubble P3 — P4. This means the double bubble P, — P5 turns faster than that of P3— Py,
causing phase P; to attach to Py forming a four bubble link (Figure 5.6). This link then
continue to evolve according to its mean curvature as it is being pushed upwards by the
buoyant force.

TABLE 5.1: 6-phase Flow: Phase Volumes under penalty parameter o = 1076,

phase region | prescribed volume (t = 0) | phase volumes at t = 150A¢ | absolute error
P 0.021743 0.021512 2.3 x 1074
P 0.029114 0.029125 1.1 x 1075
P 0.025223 0.025238 1.5 x 107
Py 0.028242 0.028259 1.7 x 107
Ps 0.022442 0.022484 4.2 x107°
Ps 0.873236 0.873376 1.4x 1074

Finally, as depicted in Table 5.1, all phase volumes are preserved relative to the pre-
scribed penalty parameter, and at the same time, the symmetric junction angle condi-
tions are satisfied.

5.4 Concluding Remarks

By applying our signed distance vector scheme to a vector-valued non-homogeneous heat
equation, we were able to extend our algorithm to approximate mean curvature motions
of interfaces separating multiple phases with prescribed bulk energies. This allowed us
to simulate multiple rising gas bubbles in a liquid-filled container, as exemplified in our
numerical experiments. As a side note, we comment that our construction of the vector
function w is in respect analogous to the characteristic function. This means that there
is a possibility that the interfacial motions may stagnate as it is being driven by the
external force. One can, of course, construct a continuous vector w as need be, however,
we reiterate that our choice of w is to reduce computational costs and rely on the signed
distance vector to provide subgrid accuracies.






Chapter 6

Volume-preserving Anisotropic
Mean Curvature Flow

This chapter deals with anisotropic mean curvature flows. In particular, we generalize
our signed distance vector scheme to allow anisotropic energies. Section 6.1 provides
a background on anisotropic mean curvature flows and some related numerical scheme,
which leads us to our algorithm in section 6.2. In section 6.3, we investigate the accuracy
of our method and present numerical results and examples.

6.1 Introduction

Anisotropic mean curvature flow is characterized by the gradient descent of the anisotropic
surface energy

Ey(T) = /F o(n) dH 1,

for a given anisotropy function ¢ : RV — R. Note that pure mean curvature flow
follows from the Euclidean distance ¢(-) = | - |. Here, we assume ¢ € C3(RVT1\{0}) is
nonnegative, convex, and positively homogeneous of degree one. A typical example is
the discrete {"-norm given by

T

N
¢(z) = ||zllir = (Z xil’”) , 1<r<oo,
i=1

where x = (z1,...,zN).

For ¢ € C3°(U) where U denotes a neighborhood of I', define ¢, = = + e((x)n(z) for
x € U and consider I'c = ¢¢(T"). Then, (as shown in [28, Lemma 8.2]) we have

= / kgCdHN L,
e=0 r

where the anisotropic mean curvature is defined by

d
2 By(T.
I s(L'e)

ky = divrng(r), zel.
61
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Here, divr denotes the surface divergence on I' and iy = Vé(n) is called the Cahn-
Hoffman vector. Hence, the velocity of interface I' under ¢-curvature flow is given by

V = —div FV¢(n)a

in the direction of the outer normal 1 of I". Such evolutionary problems are related to
the description of crystal growth [18] and appear in physical systems involving phase
boundary motions [10, 51, 52]. Generalized solutions [24] and some regularity properties
[47] have also been established.

The corresponding volume-preserving flow is a modification of the anisotropic mean
curvature flow, with an extra term that balances the contraction and keeps the enclosed
volume of the hypersurface constant, where velocity of the interface is given by

Viz) = (—% +]£ %) ns(x), weT.

Under this motion, convex hypersurfaces in Euclidean space have been proven to remain
smooth and convex for all time, and converge to a limit determined by the anisotropy
[9]. In the succeeding sections, we are interested in the extent of our SDV method to
realize volume-preserving anisotropic mean curvature flow.

6.2 A Numerical Scheme for Anisotropic Evolution

There is an existing number of numerical methods for anisotropic mean curvature flow
which includes, e.g., the case of graphs [26, 27|, curve shortening flow [30], and curves
with triple junctions [13].

The direct approach is to solve the gradient flow of the surface free energy by minimizing

Bo(6(1) — Bo(T) - (6,6),

over all where £(T"), small deformation of I' for a given time step size h > 0. The
minimizer is an approximation to the anisotropic mean curvature evolution of I' by
time h [91]. This variational problem have been studied in a number of literature (e.g.,
3, 21, 22)).

The anisotropic generalization of the two-phase MBO threshold dynamics is as follows.
Given an anisotropy function ¢, the anisotropic mean curvature evolution of the interface
is approximated by the %—1evel set of the solution of

ug(x,t) € div (¢(Vu)dp(Vu)), t>0,zecRY
U(', 0) = XpP,

where 9 denotes the subdifferential and P is the region enclosed by the interface. Its
variational variant was introduced in [21], which is numerically simpler to solve by
considering the minimization problem

. 1
nin [ S(Vu(@)? + 5 (o) = o (@) do
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In their numerical experiment, the authors experimented with an implicit method based
on iterative resolutions of the above variational problem. Here, the solution u(-,z) is
approximated with wy,(z) where h = nh’ and n is a fixed (small) integer, by successively
minimizing for ¢ = 0,...,n — 1, the functional

[ oTu@)? + 5 (w(o) - wi() da,
Q

where wg = xp. This is in fact, the variational scheme for the isotropic mean curvature
flow introduced in [94]. As a result, the inherent MBO time and grid restriction still
lingers in the algorithm where one either appropriately chooses the time step size to
proceed the approximation without stagnation or introduces some form of mesh refine-
ment.

In this light, we invoke the signed distance vector scheme to provide subgrid accuracies
to prevent the resulting evolution from getting stuck. More precisely, for a given time
step size At = h x K, we successively minimize (n = 1,2,..., K):

2
jril,qﬁ(u) :/Q <|U —211}:_1|2 N ’¢(V2u)] ) i

where

1 in (¢, dist(z,T)), € P
w(@) = bu(a)i=2{ mnlEdsinD), wep
€ | —min (e, dist(z,T"), xe€RY\P.

To realize volume-preserving anisotropic mean curvature flow, we add the penalization
term to our functional as follows.

Algorithm 6.1 Two-phase SDV Method for Volume-preserving Anisotropic Flow

Given an initial interface network I'g := OP and a time step size At > 0, we obtain
an approximation of the volume-preserving anisotropic mean curvature flow at time
t = mAt, by obtaining I'), from I';;,_; as follows:

1. Intriavization. For all x € Q, set ug := 0-(z) with respect to I'y,—1.

2. MinmvizaTion. Discretize At = h x K. For a small positive number p, successively
minimize (n =1,2,..., K):

k
Fho(u) = T (u) + ; SN (P) - £V ({u> 0},
=1

3. Prosection. Set I'y, := 9{u > 0}, the zero-level set of the solution.

6.3 Numerical Results

In this section, we conduct numerical test to determine the accuracy of our method in
comparison with the ¢-MBO algorithm [21], including some computational examples.
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6.3.1 Shrinking Anisotropic Circle Test
Let us start with a simple two-phase problem. Consider an anisotropic circle of initial
radius r given by the set I'(0) = {x : ¢*(x) = r} where ¢* is the dual of ¢ defined by

) — x-p
#le) = pGIEEI\){O} ¢(p)

Note that the anisotropic distance between x,y € R is given by ¢*(x — y). Then, the
anisotropic mean curvature evolution of ¢-circle (as shown in [48, Theorem 1.7.3]) is
given by

D(t) = {z:¢*(x) = Vr2 —2t}, 0<t<r?)/2,

which generalizes the isotropic mean curvature flow of a circle. For this test, we consider
a square-type anisotropy function defined by

2
$x) = [fola|* + a2, (6.1)
=1

the regularized ['-anisotropy. With a smoothing parameter ¢ = 1075, we take its corre-
sponding circle with radius » = 0.25 on a [0, 1] x [0, 1] domain as our initial condition.

0.25 N - 025 il
02 4 02 il
015 - 015 L il
5 5
© ©
01 - 01 il
0-BMO o 0-BMO o
€= AX e = AX
0.05 [ £ = 2AX A 005 ¢ =2AX mm A
£ = 3AX e = 3AxX
[RSYIV qu— €= DAX
€XAC SO/ mmm— X80t SO|
T T 1 | | 0 T T | | |
0 0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
time time

FIGURE 6.1: Evolution of the radius of an anisotropic circle evolved using ¢-MBO
scheme (red) and SDV method (non-red) on an 80 x 80 (left) and 160 x 160 (right)
mesh resolution with time step size At = T/64 and At = T/128, respectively.

On varying mesh size and time step configurations, we run the SDV method for ¢ =
Ax,2Ax,3Axz,5Ax until the exact extinction time T = 0.03125. We then, compare
this resulting motion with the approximation via anisotropic MBO scheme [21], as well
as, the exact solution (Figure 6.1). We see that for mesh-time configurations where ¢-
MBO scheme stagnates, our algorithm is able to alleviate the time and grid restrictions
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and provides a fine approximation to the exact evolution of the anisotropic circle. In
particular, on a 160 x 160 mesh resolution with time step size At = T'/128, the resulting
motion of SDV scheme with smaller ¢ values can hardly be distinguished from the exact
solution; thereby, saving computational costs.

As in the isotropic case, the order of convergence is basically linear, but it is noticeable
that results are more accurate on smaller SDV ¢ values. However, we should also mention
that for even smaller time intervals (far from the onset of stagnation), larger SDV ¢ values
would come into play since they provide more geometric information on the interfaces
as is needed to overcome the time and grid restrictions, as was observed in our SDV
approximation for isotropic mean curvature.

6.3.2 Example: Two-phase Anisotropic Mean Curvature Flow

Examples of anisotropic mean curvature flow generated via SDV method are given in
this subsection. Consider a circle of radius 0.35 on a [0,1] x [0, 1] domain as our initial
condition. The domain is triangulated into 12,800 elements and the time step size
At = 2.5 x 107* is discretized into 30 DMF partitions. We run SDV method with
€ = 3Ax until its extinction and plot the resulting evolution of the circle under different
anisotropic energies. Note that under this configuration, »-MBO numerical scheme [21]
stagnates due to time and grid restrictions as in the MBO threshold dynamics [68]. We
show that using our algorithm, we are able to realize anisotropic mean curvature flow
without stagnation.

First, we consider some examples of anisotropy found in the text [28].

FIGURE 6.2: Anisotropic mean curvature evolution of a circle via SDV method under
anisotropic energies ¢; (a = 5.5, b = 4.5) and ¢o (a = 0.20).

The first evolution of the initial circle in Figure 6.2 is generated under anisotropy function

d1(x) = \/(a+ bsgn (1)) 23 + 23,

for some constant a,b > 0. The second example, on the other hand, follows an anisotropy
function often used in a physical context defined as

(el
QSQ(:E) 1 a ]' ”-TH4 ||le27
l2
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for some a > 0. We see that our algorithm is able to handle anisotropic mean curvature
motion resulting in smooth interfaces.

Next, we consider anisotropy functions with sharp corners (e.g., regular polygons) as
shown in Figure 6.3. The first example evolves under a six-fold anisotropy

m my 1/m
¢3($):(|M1|m+‘%m+§u2‘ +‘_%M1+§M2‘ )

where m € N and p; = \/o|z|? + 22 (i = 1,2) for a given smoothing parameter o.

FIGURE 6.3: Anisotropic mean curvature evolution of a circle via SDV method under
anisotropic energies ¢3 (o = 10712, m = 101) and ¢s.

This can be generalized to any regular n-fold anisotropy as follows

n—1 1/m
$(x) = (Z |e@--m’”> (6.2)
i=0

where p = (u1, o) and vectors e; (i = 1,...,n — 1) are given by
s s AT
cos ™ —sgin T
€ = ! s z?r z’?r ] €0
S1n n COS n

for any given vector ey. In other words, the vector e;’s are generated by successively
rotating eg by an angle of m/n. The second example in Figure 6.3 (top right) is the
resulting motion of an eight-fold anisotropy ¢4 with parameters n = 8, m = 101, ¢ =
10712, and ey = {cos §,sin ). We see that with small enough smoothing parameter, we
are able to achieve a fairly good approximation of a regular n-fold anisotropic evolution
without stagnation.

6.3.3 Example: Two-phase Volume-preserving Anisotropic Flow

Consider the same setup as in the previous subsection. We generate its anisotropic
evolution while preserving the enclosed phase volume using our algorithm with € = 3Ax
and penalty parameter o = 1076,
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FI1GURE 6.4: Volume-preserving SDV evolution driven by anisotropy ¢, with a = 0.20
(top) and ¢4 with parameters n = 8, m = 101, o = 10712, ey = (0, 1) (bottom).

Figure 6.4 shows the volume-preserving mean curvature evolution of a circle under
anisotropy functions yielding centroid-symmetric interfaces. On both simulations, the
difference of phase volumes in their initial and stationary state is at most 5.17 x 1074
Hence, the enclosed phase volumes are well-preserved, relative to the choice of penalty
parameter.

FIGURE 6.5: Volume-constrained evolution of a circle via SDV method driven by
anisotropy ¢ (a = 5.5, b = 4.5) under penalty paramter o = 10~6.

Figure 6.5, on the other hand, considers the volume-constrained evolution of a circle
driven by anisotropy function ¢; (with parameters a = 5.5, b = 4.5). In this setup,
the enclosed phase volume is also well preserved with a volume difference of 1.16 x 10~%
under penalty parameter o = 107%. However, due to its asymmetric nature, the interface
continue to move to the right until reaching the boundary.

6.3.4 An Attempt: 7-phase Volume-preserving Anisotropic Flow

In this subsection, we experiment with a vector analogue of Algorithm 6.1 to realize mul-
tiphase volume-preserving anisotropic flow. To be precise, for a small positive number
0, we successively minimize (n =1,2,..., K):

py = [ (P BV IS P
.Fn(u)—/9< Suoal g Y >dx+Q;|a, £ ()|’
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where ug := 0¢(z) with respect to I' := (J{vi; : 4,7 =1,2,...,k}, o; denotes the pre-
scribed volume of phase F;, and
Pi(u) :={z € Q:p;-u(x) >p; -uz), Vj =

1,2,....k},

the set corresponding to phase P; with respect to solution u.

Consider a 7-phase configuration where the initial interfaces are circular arcs. The
domain Q = [0,1] x [0,1] is triangulated into 6049 elements and time step size At =
5.0 x 10~* with DMF partition K = 20. We preserve the phase volumes using SDV
method with ¢ = Az under a penalty parameter o = 10~° and a square-type anisotropy
(6.1) defined as the regularized I'-anisotropy. Note that this is consistent with our n-fold
anisotropy function (6.2) with parameters m = 1,n = 2,ey = (0, 1).

0.8

0.2

0.2

0.3

0.4

0.5

0.6

0.7

0.8

.8

7

.3

.2

0.2

0.3

0.4

0.5

0.6

0.7

0.8’

.8

.7

o

2

w

3

o

o

ES

.3

.2

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.3 0.4 05 0.6 0.7 0.8

FIGURE 6.6: Initial 7-phase configuration (top left); its volume-preserving anisotropic

evolution after one time step At = 5.0 x 10™* (top center); at t = 10At (top right);

at t = 100At (bottom left); at t = 200At (bottom center); and its stationary solution
(bottom right).

Figure 6.6 shows the resulting motion of the initial overlapping circles under the SDV
method for volume-preserving flow driven by a square-type anisotropy (Algorithm 5.1).
We see that our algorithm evolves the interfaces in an attempt to have an enclosed square
region (as set by the anisotropy function (6.1)) while preserving the phase volumes.
Unfortunately, since our algorithm only imposes the symmetric Herring angle conditions,
we were not able to accurately capture the evolution near the triple junction resulting
in nonsquare phase regions in the stationary solution.

For this square-type anisotropy, we conjecture that a 180° — 90° — 90° angle condition

must be satisfied at the junction. This requires us to modify the projection step in the
algorithm, possibly by using a similar projection circle as in [88].
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6.4 Concluding Remarks

We have presented a signed distance vector approach for realizing volume-preserving
anisotropic mean curvature flows, which alleviates the time and grid restriction in [21].
Although we were only successful in the two-phase case, our vector setting also allowed
us to experiment with multiphase anisotropic mean curvature flows. One issue that
needs to be resolved is the evolution at the triple junction using our current method.
To do this, we first need to know what exactly are the junction angle conditions set
by the prescribed anisotropy function. Once this is known, some form of nonsymmetric
reference vectors (as in [88]) in conjunction with our signed distance vector may be
adopted to get a closer approximation of the evolution of the triple junction under
anisotropic mean curvature flow. This is one problem that we would like to work on in
the future. Another would be to show that our method evolves interfaces according to
its anisotropic mean curvature — a similar analysis as in [36, 37, 94].






Chapter 7

On Evolutionary Free Boundary
Problem with Volume Constraint

This chapter focuses on a penalization technique in relation to the volume-constrained
variational method employed in our SDV scheme. We prove the existence and regularity
of the sequence of minimizers of the penalized functional. We also investigate the behav-
ior of these minimizers for large penalty values, and construct a minimizing movement
and show some of its propeties. (For the list of notations and some preliminary results
utilized in this chapter, please refer to Appendix H.)

7.1 Introduction

Let © ¢ RY be an open bounded connected domain with smooth convex Lipschitz
boundary. Consider a Lipschitz continuous function ug € H'(Q) N L>(Q) whose set of
positive values has Lebesgue measure a € (0, |€2]). Given time step h = T//M for some
fixed time T € (0,00) and M € N, we search for a sequence of functions u,, € H*(Q) by
successively solving the following problem for n =1,2,..., M,

_ 2
Up = argmfi\n/ﬁ (W + ]VUP) dx

A:={ue H(Q): {u> 0} =a}.

(7.1)

The above problem appears in our numerical approximation of volume-preserving mean
curvature flow by MBO algorithm (see Chapter 4). It is known that it is possible
to realize this geometrical evolution if one solves the L?-gradient flow of the Dirichlet
functional in the admissible set consisting of H'-functions having 0-level set with a
given volume «. The time-semidiscretization of this gradient flow problem leads to
the minimization problem (7.1), which is then solved numerically by a penalization
technique. The purpose of the present chapter is to provide a basic analysis for the above
problem, which could serve as a starting point for a rigorous proof of convergence and
other properties of the volume-preserving MBO algorithm. In particular, by studying
a similar penalty form as in Chapter 4, we show that for sufficiently large (but finite)
penalty coefficient the volume of level sets adjusts to the exact value, and thus we
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justify the usage of this penalization in the numerical scheme. Moreover, the topic is
interesting from the pure mathematical point of view since free boundary problems with
global constraints have been treated only in the stationary (elliptic) case.

The problem of minimizing only the Dirichlet integral over set A assuming a given
boundary value was considered in [2] using a penalization technique by minimizing for
e > 0, the functional

T.(u) = /Q Vul? + 7 (|{u > 0})
where

ey § ok oz

elx —a), z<a.

In [2], the authors showed that minimizer u. of J: is a weak solution of the free bound-
ary problem for Laplace equation with free boundary condition —0,u. = A. for some
constant A: > 0 in the sense of [4]; thereby allowing them to use the regularity theory es-
tablished therein. Hence, smooth inward and outward perturbations of the set {u. > 0}
were possible. This lead them to establish that for small enough e, the minimizer u. ac-
tually solves the original problem of minimizing the Dirichlet functional [, |Vu|? under
the constraint |[{u > 0}| = «, since the measure of {u. > 0} automatically adjusts to
the prescribed value.

Similar results were obtained by Tilli [93] for the problem of minimizing the Dirichlet
integral over all H'-functions where each l;-level set has prescribed Lebesgue measure
a;(i=1,2,... k). He used a technique that penalizes only those functions whose level
sets are of measure less than the prescribed value, that is, for A > 0,

k
i Vul® + A i — Hu=1}), . 7.2
i [0l £ A3 (o = ), (72

The smooth inward perturbation of the level sets (which require smoothness of the free
boundary and normal derivatives) was avoided since for any minimizer of (7.2), the
measures of the level sets do not exceed their prescribed values. Moreover, without any
information on smoothness, outward perturbations of the level sets were done by simply
replacing u in the set l; < u < lj+1 by ws = l; + ¢(u — l; — §)4, where 6 € (1;,1;+1) and ¢
is chosen so that [;-level set is replaced by a larger set {l; < u < [; + §} while the other
level sets are preserved. Using this technique, the same result as in [2] was obtained
without employing the smoothness of the free boundary, namely, there exists a finite
value A\ such that for any A > \g, the minimizer u of (7.2) exactly satisfies the volume
constraints [{u =[;}| =a; (i =1,2,...,k).

In this chapter, we consider the simpler one-phase case when wug is nonnegative, and
adopt a similar penalization technique as in [93] to solve the original problem (7.1). In
particular, we consider a method that penalizes only the increase in measure of the set
{u > 0}. For a penalty parameter A\ > 0, we define

2
(lu—um! . Wu|2> dz + Af(|{u > 0},

F(hyu,up—1) = fg(u) = / .

Q
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where the penalization function f(x) = (z — ), and we consider the problem of suc-
cessively minimizing the above functional for n =1,2,..., M,

in I (h,u, un_1). 7.3
LY 73)

We first establish the existence and regularity of minimizer u, of F/ at each time level
in sections 7.2, 7.3, and 7.4. Without relying on the smoothness of the free boundary
as in [93], we show then that for sufficiently large penalty parameter A, depending on h
but independent of n, the measure of the set {u, > 0} adjusts to its prescribed value
(section 7.5). As a consequence, the solution to the original problem is attained without
passing the limit in A. Moreover, we construct a minimizing movement associated to F
and ug exists and show some of its properties (section 7.6).

7.2 Existence of minimizer and its properties

In this section, we show the existence of a sequence of minimizers and some of its
properties.

Theorem 7.1. For h,\ > 0, there exists a sequence {u,} ., C HY(Q) such that uy,

minimizes F.

Proof. Fix h,\ > 0. We first show that for any given function v € H'(Q), there exists
u € H'(Q) which minimizes

Fhyu,v) = /Q ‘“_h“|2 +[Vul? + Af(H{u > 0})).

Since F is nonnegative, then there exists a minimizing sequence {u*} ¢ H'(Q) such
that

F(h,u,v) — inf F(h,-,v).
HY(Q)

We show that a subsequence {u*} converges to a minimizer of F. Note that
190 < sup i) < oc,
Q k

which implies that {Vu*} is uniformly bounded in L2(Q2). Then, by L?-weak compact-
ness, we can find a subsequence (still denoted by u*) such that for some ¢ € L%(Q), we
have

Vu* — ¢ weakly in L*(Q). (7.4)

Note that
k 2 |u? —v]? k
[u® = |72 = h/ ——— < hsupF(h,u”,v) < 400,
o h k
and so, we have

||Uk||L2(Q) <l — vl p2(q) + vl 22(0) < +oo.
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It follows that {u*} is uniformly bounded in H'(Q). Thus, by Rellich-Kondrachov
theorem, there exists a subsequence (still denoted by u*) such that for some u € L?(Q),
we have

u®  — w strongly in L3(Q), (7.5)

which also implies a weak L?-convergence. Hence,

D) k)2 _ 9k 2 2
lim/QW: lim (u) vy :/Q]u h”’. (7.6)

k—o0 k—oco J h

Moreover, by (7.4) and (7.5), we see that for any ¢ € C§°(Q),

/gf)-@bzlim/Vuk-w:—lim ukdivw:—/udivw,
Q k—oo J k—oco J Q

implying that Vu = ¢ in the weak sense. Thus, Vu¥ — Vu weakly in L?(1Q).

Now, fQ |Vub — Vu|? > 0 implies

Q/Vuk-Vu < /|Vuk]2+/ |Vul?.
Q Q Q

Taking the limit inferior and applying the above weak convergence, we get

|Vu|? < liminf [ |VuF[% (7.7)
9} k—o0 QO

Moreover, there exists a nonnegative function v € L*(; [0, 1]) such that
X{uk>0} — 7 Weakly star in L*(€),

which implies that

_ . _ . k
/Q’y = lim QX{uk>0} = kli)nolo {u" > 0} (7.8)

k—o00

k

By (7.5), we can find a subsequence (still denoted by u*) such that u* — u almost

everywhere in 2. Since v < 1, then

/Q v = 1x{us0y = /{u>0} L= Xqur>0y + /Q (X{uk>o} - ’Y) X{u>0} — 0,

which implies that v = 1 almost everywhere in {u > 0}. By (7.8),

o> 04 = [ pusay < [ 9= Jim [ >0}
Since f is continuous and nondecreasing, we get
F({u > 0})) < lim f(|{u" > 0})). (7.9)
Thus, combining (7.6), (7.7), and (7.9) yields

F(h,u,v) < liminf}"(h,uk,v) = inf F(h,-,v) < F(h,u,v),
k—o0 H(Q)
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and so, u € H(Q) is a minimizer.

Finally, since ug € H'(f), then by the above claim, there exists u; € H'(2) which
minimizes FP' = F(h,-,up). Inductively, we can find u,, € H'(Q) which minimizes F"
foralln=2,..., M. O

From hereon, we shall denote this sequence of minimizers by {u,} C H'(Q). These
minimizers are in fact, nonnegative and bounded from above by the L°°-norm of ug as
follows.

Theorem 7.2. If u, minimizes ]:7';” (n=1,...,M) for hyA >0, then
0 < un(2) < [|luo]loo,

for almost every x € ().

Proof by Induction. Note that 0 < uy < ||up||eo. Fix n and assume that
0 <up—1 <|ulloc a.e. in Q. (7.10)

Suppose |{u, < 0}| # 0. Consider ¢ := max (u,,0) € H'(Q) where

Vo — Vg, Up > 0.
0, otherwise,

in the weak sense. Note that [{un > 0} = [{6 > 0}|. Hence, f(|{un>0})) =
f ({¢ > 0}]). Moreover,

[ver=[ s [ [Vuf

Q {un>0} Q

/|¢_un1 2 = / |Un_un1’2+/ Ui_l
Q {un>0} {un<0}

= /(un - un,l)Q + / QUpUp—1 — u%
Q {un<0}

/ |un - un71|27
Q

since by (7.10), 2upuy—1 < 0 and u, # 0 in set {u, < 0}. Thus, F?(¢) < F*(u,), which
contradicts the minimality of u,,.

and

N

Suppose |S| := [{un > ||uolloo}| # 0. Take ¢ := min(un, ||uolloo) € H(2) where

w):{ Vitn, ttn < [[uolloc

0, otherwise,

in the weak sense. Note that {u, > 0} = SU{0 < u, < [Jug|loc} = {¢ > 0}. Then, we
have f ([{un > 0}|) = f (|{¢ > 0}|). Moreover,

/ Vo = / V|2 < / Va2,
Q {u<||uol|oc } Q
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/\¢—un_12 _ / \un—un_lyu/yquuw—un_u?
Q oS

- /\un—un 2 +/HuoH2 a2 2upy (uoloe — )
— /|un—un 2+ /<||uouoo—un><|uo||oo+un—2un1>

< / |un_un—1’ ,
Q

since in set S, we have ||ugl|co — un < 0 and ||uo||oo + tn — 2up—1 > 2(J|upl|cc — Un—1) >0
which follows from (7.10). Hence, F/(¢) < F(u,). A contradiction! O

We end this section with some estimates regarding the minimizer, which we shall utilize
in the succeeding arguments.

Lemma 7.3. If u, minimizes F*(n=1,...,M) for h,\ >0, then

(i.) [[Vunll 2@y < [[Vuoll2(q),
(ii.) |lun — un—1]l12() < VA Vuol 20),
(iii.) f({un > 0}) < A7 VuollZ:(q,
Proof. Denote
F(w)i= [ [FuP 4 A(u > 0})

Then, F"(u,) < FM(up—1) = T (up—1) implies

‘un — Un 1’2

T (un) < /Q ln =1 4 ) < (),

which implies that J(uy) < J(up—1) < -+ < T (up). Since |[{ug > 0}| = «, then
Fh(un) < Fp(un-1) = T (un-1) < T (ug) = || Vo2

which yields the desired results. O

7.3 Interior Regularity of Minimizer

In this section, we establish the interior regularity of the sequence of minimizers. By
virtue of Theorem H.7, we first show that the minimizer is locally Holder continuous.

Theorem 7.4. If u, minimizes F'(n = 1,...,M) for h,A > 0, then u, is locally
Hélder continuous. In particular, the (local) Hélder constant of uy, do not depend on n.
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Proof. Consider an arbitrary ball Bg such that B C €. Define function

¢:772(Un—k‘)+a

where n € C§°(€2;]0,1]) such that n = 1 in a smaller concentric ball B, and |Vn| <
¢/(R — r) for some constant ¢ > 1. Fix k € R and denote A}, := Bg N {u, > k}. By
Theorem 7.2, we can assume that k < ||ug|lec. Since f is 1-Lipschitz continuous, then

f(Hun =& >0}) = f (Hun > 0}) < |{un — &> 0} — {un > 0}
< [Hun— ¢ >0 N AL| + [{un > 0} N AL|
< 2|Af].

Then, F!(uy,) < Fl(uy, — ¢) implies that

_ 2
0<—2 [ DT Un-lyy 7 Vuy, - Vo + Vo2 +2)|Af]. (7.11)
Ay h ap h A A

Since u,, is bounded by ||ug||s almost everywhere, then

_/Ag(un —Up-1) = /A;un_l — ) (u — F)

< [ = k= (= Bl = B)

R

/ gy — K[t — k] + / (un — £)?
AL AL

R R

2
/A+ (|un—1| + [k]) (Jun| + |k)+/A+(un—k)

R R

R2
Aluo |3 1A% + R—r2 /A+(Un —k)?,
R

IN

IN

IN

and
[ = [ < G [ mn
AL At T (R-1)? Jar
Using Young’s inequality, we have for some ¢; € (0,1),
-2 [ Vu, V¢ = =2 Vu,- [n*Vu, +2(u, — k)nVn]
AL Al
R R

4
< (—2+61)/ 772!Vun!2+/ (un, — k)?| V.
AL €1 AL

R

Again, by Young’s inequality, we have for some 3 € (0,1 — &1),

/ VP = / n4WunP+4/ n3<un—k>Vun‘Vn+4/ 7 (t — K)2| V2
AL AL Af Af

R R R

IN

(e a1Vl (1 L) [ - 029
AL Af

R

IN

(e PITul+a(i+2)[ (kPP
AL Al

R
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Thus, (7.11) becomes
e 2« (_ 2 2 ( 1 L) EPACIEC D!
(1—&q 52)/A:f Vu,|* < ( 1+81+52)/A;\A:fn [Vun|” 4+ 4(14 -+ 2 A;(un k)=|Vn|
3R? 4uo]|?
— n—k)?+2 2 X AL
+ h(R—r)z/A;(u ) + max< PR | A%

c A|uo |3
(R—7’)2/A+(un_k)2+2max< h ,)\ ‘AE’,
R

where C(h, R) := max (40(1—#%4—%), 3R2h_1>. Hence,

A+!Vun!2 < p

where p(1 —e; — £2) = max <4c(1 + % + é), 3R2h7L, 8jugl2h Y, 2/\). Analogously,

taking ¢ = n?(u, — k) yields the above inequality for A7 := BrN{u, < k}. Moreover,
by Theorem 7.2, u,, is bounded with ess sup u,, < ||ug||co. It follows that u, belongs to
Di Giorgi class Ba(€, ||uol|co, o, 00, 0).

IN

max(u, — k)* + 1

- At
(R—T)2 A‘E | R‘7

Fix zg € Q and consider an open ball Bg := B(xzo, R) C Q for some R < 1. For any
x,y € Bpg, denote r = |z — y| < R. By Theorem H.7 [62, Chapter 2, Theorem 6.1], we
can find constants v < 1 and C(v, N, R) > 0 such that

lun () — up(y)| < supu, — iélfun < Clz —y|".
B, ™

Then, u,, is Holder continuous near x. O]
Next, we show that the minimizer is a subsolution to an elliptic partial differential

equation on domain €. In fact, on the region where it is strictly positive, the minimizer
is a solution and locally a C? function.

Theorem 7.5. If u, minimizes F* (n=1,..., M) for h,\ >0, then (in the weak sense)

(i.) Auy > w in Q,

(it.) Au, = % in the open set {u, > 0}.

Proof. For € > 0 and nonnegative functions ¢ € C§°(2), consider ¢ := u,, — ¢. Hence,
if ¢(z) > 0 for some x € Q, then clearly we have u,(x) > e¢(x) > 0. Thus, we get
F({w > 0}]) < f([{un > 0}]), which implies that

0 < Frw)—Fi(un)

_ 2
< —25/Q (u”h%‘l¢+Vun-v¢> +52/Q (d;L'+|V¢|2>.

Dividing by 2¢ and taking € — 0 yields

/Wm_“”4¢+vw,v¢§a (7.12)
o h
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thereby, proving (%).

To prove (i3), it suffices to show the reverse inequality of (7.12). Consider ¢ := u,, +€¢
where ¢ € C5°({u, > 0}) with

where m := min u, > 0.

el <
el max ¢ supp ¢

It follows that the penalization of v is equal to that of u,, and so, we get

0 < Fu®) -~ Frlun)
_ 2
< 25/ <“”“"1¢ + Vay, - w) + 52/ <W)| n |v¢y2) .
{un>0} h {un>0} \ P
Dividing by 2¢ and taking € — 0 gives the desired result. O

Corollary 7.6. Ifu,, minimizes F'(n=1,..., M) for h, A > 0, then u,, € C2_({u, > 0}).

Proof. Fix zy € {u, > 0}. Consider function ¢ € C§°({u,, > 0}) such that ¢ = 1 in
B, := B(zg,7) C {u, > 0} for some r > 0. Let w = 1) x g where where 1) denotes the
fundamental solution of Laplace equation and function ¢ is defined by

Up — Up—1

g = el

By Theorem 7.4 and [49, Lemma 4.2], we see that w € C?(2) and Aw = g in 2. Hence,
by Theorem 7.5, we get

Ay —w) = %(1—@ =0 inB,,

which implies that wu, —w is harmonic (hence, C*°) in B,. Thus, u, is C? near zg. [

The following remark will be utilized in the succeeding arguments.

Remark. Fix a ball B, C ). Define functional

_ 2
Z,.B,(u) = / <‘U1:Ln_1‘ + |Vu2> dz.

Then, there exists a unique minimizer v € A := {v € HY(B,) : v = u, on dB,} such
that

In»B'r (U) = mAinInaB'r ()

Moreover, in the weak sense,

UV — Up—1

Av =
v I

in B,, (7.13)

which follows from the proof of Theorem 7.5 by simply dropping the penalty arguments.

Existence. A similar argument as in the proof of Theorem 7.1 shows that we can find
a minimizing sequence {uf} C A that is uniformly bounded in H'(B,) and whose
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subsequence converges weakly in H'(B,) to some v € H'(B,) and

T, B, (v) < liminf Z, g, (u").
k—ro00

Note that there exists a trace operator T : HY(B,) — L*(0B,). Since T is a compact
operator, then we can find a subsequence (still denoted by u*) such that

T(u*) = T(v) strongly in L?(dB,).

Noting that T'(u*) = u,, on dB,, we see v = u, on dB, in the sense of trace, and so,
v € A

Uniqueness. Suppose there exist minimizers u,v € A, that is, Z,, g, (u) = Z,, . (v) = m.
Consider w := %(u + v). By the parallelogram law, we have

2
hw = Bagsy = 50— o) + 30 = )|
2
u—v
= §llu— un*1||2L2(BT) + 3o - Un71\|%2(3,ﬂ) |9
L2(B,)
Vu — Vo |2
2 2 2
Vulomy = $I9ullam+ 3190l - [V
L2(B,)
Hence,
1 1 1 ju—vf* 1 2
m <Iyp,(w) = 5Zn5,(u)+ 505, (v) = 7 -7 [ IV(u—v)
4 /g, h 4 /g,

1 2
< m-— 1h l[u— UHL?(BT) )

which implies that ||u — v| 12(B,) = 0, and so, u = v almost everywhere in B;.

Using the above remark, we now show that as A — oo, the set of positive values of the
minimizer u,, preserves the prescribed measure. Later, we shall establish that for large
enough A > 0, this prescribed measure can be attained without having to take X\ to
infinity.

Theorem 7.7. If u,, minimizes F*(n =1,..., M), then we have

a < {un > 0} < @+ A7 Vug|72q)- (7.14)
Proof. Assume that |{u, > 0}| < a. We will deduce a contradiction by constructing a
suitable perturbation v of the minimizer wu,,.

Since u,, > 0, then setting F := {u,, = 0}, we have |E| > || — a > 0. Take z € 0E\0f2
such that

|B(z,7) N E| >0, (7.15)
for all » > 0. Fix r, sufficiently small such that B, := B(x,r) C { and

0<|By| <a—|{u, >0} (7.16)
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Let v € H'(Q) be the unique minimizer of Z,,B, in B, and equal to u, outside B,.
Then, we must have Z,, g.(v) < I, B, (un), that is,

[l e < [ il e (7.17)

Note that f(|{u, > 0}|) = 0. Also, by (7.16), we have

Hv >0} = [{un>0}N\B:|+[|{v>0}nB,
[{un > 0} + [By| < o,

IN

which implies that f(|{v > 0}|) = 0.

On the other hand, (7.17) gives F*(v) < F*(uy,). Since u, minimizes F7, then we get
Fi(v) = FM(uy,). Equivalently, Z,, g, (v) = Z, 5, (uy,), which follows from the previous
remark that v = u,. By (7.15), we see that v is a nonconstant function. Note that

% Un—1

_ 2 _ < ; )
Av . A <0 inB,

By [49, Theorem 3.5, v cannot achieve a nonpositive minimum in B,, that is, v > 0 in
B,.. However, since |B(x,r) N E| > 0, then v # u,,. A contradiction!

Lastly, the second inequality of (7.14) follows from the first inequality and Lemma 7.3,
as follows:

‘{un > 0}‘ — o= f(|{un > 0}| — a) < Ail”vuOH%Q(Q)’

which gives the desired result. O

Following the arguments in [77], we show that the minimizer u, is locally Lipschitz con-
tinuous. To start, we establish the following lemma that guarantees Lipschitz continuity
at the free boundary.

Lemma 7.8. (cf. [77, Lemma 4.1]) If u,, minimizes FI'(n = 1,..., M) for h,\A > 0,
then there exists constants ro > 0 and C(rg) > 0 such that if x € Q satisfies

r(x) = dist(x, {un = 0}) < min (‘W m) , (7.18)

then un(z) < Crv/A. Here, constant C' does not depend on N and \.

Proof. Let x € Q such that (7.18) holds. Assume that u,(x) > 0, that is, r := r(z) > 0.
(The case when u,(z) = 0 is trivial.) We claim that for some M > 0, we have u,(z) <
M. Suppose not. Then for any M > 0, there exists xg € 2 satisfying (7.18) such that

U (o) > Mr. (7.19)

By Theorem 7.2, we see that for any n,
[l < 19l < o0, o= 1,
Q

and so, sup |[un—1|zr() < +oo.
n>1
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It follows from [49, Theorem 8.17 and 8.18] that

up(zg) < Cl< inf, un(x)—i—k(r),) (7.20)
B(wo,57)

where Cy = Cy(r, h,q) > 0 with the property lim,|o Ci(r, h,q) >0, ¢ > N, and

k(r) = r2(1=N/q) sup
n>1

un—l’
h

Lo/ =o(r) asr]0. (7.21)

Let y € OB(xo,7) N {u, = 0} and consider a function v € H(B(y,r)) such that
In,B(y,r) (v) = mjnzn,B(y,r)(')a

where A := {v € H'(B(y,r)) : v = u, on dB(y,7)}. By the previous remark, we have
for any ¢ € C§°(B(y,r)),

/ Ll 4 Vo Vg = 0. (7.22)
Bwr) N

By Theorem 7.5, we have (in the weak sense)

Up — U

Aluy —v) > ,
(wn—v) 2 "

in B(y,r),
and so, [49, Theorem 8.1] gives

sup (up, —v) < sup (up —v) =
B(y,r) 0B(y,r)

This implies that
0<u,<wv in B(y,r). (7.23)

Now, extend function v by u, outside the ball, and define

s._) v om B(y,r)
' Up, on Q\B(y,r).

By the minimality of u,, and taking ¢ = v — u,, in (7.22), we get

v — up|? N
/ ’h’ + V(v = un)? = Fulun) = Fu(v) + A(f({7 > 0}) — f(|{un > 0}]))
B(y,r)

h
< A(f({v > 0}) = f({un > 0}))) (7.24)

By (7.23), we see that {u, > 0} N B(y,r) C {v >0} N B(y,r). It follows from Theorem
7.7 that

N 2/ (v_un_l)(v_un)+Vv-V(v—un)
B(y,r)

{v>0} = [{v>0}nBy,r)|+ Kun >0\B(y,r)|
> Hun >0} 0 B(y,r)| + {un > 0\B(y, r)|
= Hup >0} > a.
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Thus, (7.24) becomes

/ V(v —u)* < A({0 >0} = [{un > 0}])
B(y,r)

= M{v>0}n{u, =0} N B(y,r)|

By (7.21), there exists small e < 1 such that for r < €1, we have

E(r) <r inf w,(z).

B(a:o,%r)
Also, by (7.23), we get
inf  wup(z) < inf up(z) < inf v(x).
B(zo,3r) B(zo,3r)NB(y,r) B(zo,3r)NB(y,r)

Hence, (7.19) and (7.20) implies

Mr < up(zo) < Ci1(147) inf v(x),
B(:po,%r)ﬁB(y,r)

that is,

Mr

> 2C; inB(xO,%T)ﬂB(y,r).

v(x)

(7.25)

Invoking this inequality in [49, Theorem 8.18] yields the following for 1 < p < N/(N —2),

inf o(zx)+k(r) > 02(7",h)rfN/pHU”LP(B(y,T))
B(y,37)

v

CQT7N/pH/UHLP(B(xO,%r)ﬂB(y,r))

_ Mr
Cor~N/P| Bz, 3r) N By, r)|1/112701

Y

= 203M7°.

where liﬁ)l C’3(C’2,Cl_1) > 0. Again, by (7.21), we can find sufficiently small €9 < 1 so

that for r < €9, we have

kE(r) <r inf o(z) < inf w(x),
B(y,37) B(y,3)

which implies that

inf wv(x) > C3Mr.
B(y,57)

Now, define a function
2
w(x) = CsMr {exp <_MPT2($)> - exp(—,u)} ,

where p(x) = dist(z,y) and

(7.26)

(7.27)
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Here, we take g = min(e1,e2) < 1. Then, we have

W — Up—1 w
Aw— —271 > Ap— —
v h = 2Ty
2 2 2
_ T\ (ApT 2pN 1N GsMr
= C’3M7’exp< 7"2)( a 2 N + h exp(—p)
> 0 in B(y,7)\B(y, 37). (7.28)

(Indeed, if z € B(y,r)\B(y, 37), then 3r < p(z) < r. Also from (7.27), we get

742
(u—N)? > N2+F°.

Then, we have

4,u2p2_2,uN_1 < ,u2_2,uN_1 (,u—N)z_Nz_l
ré 2 h = 2 2 ho 2 2 h
72 9
> Z(TO—T)>0)

Meanwhile, we note that for any = € 9B(y,r), we have v(z) = u,(x) > 0, and so,
w(z) =0 < v(z). Also, (7.26) implies that if p(z) = Lr, then
w(z) = CsMr {exp (—%,u) — exp(—,u)} < CsMr

< inf w(x)
B(y,37)

< w(z) in By, 3r).
Hence, we have
w(z) < wv(x) ond(B(y,r)\B(y, 37))-

Note that from (7.28), we get

w Un—1
Aw—Y > _
Yoy = h

= Av — % in B(y,r)\B(y, %r)
Then, the maximum principle [49, Theorem 8.1] gives

sup (w—v) < sup (w—v) <0,
B(y,")\B(y,57) 9(B(y,")\B(y,31))

that is,

w(@) < w(z) inB(y,r)\B(y, 57).
There exists constant Cy > 0 such that w(z) > Ca(r — p) in B(y,)\B(y, 57). (Indeed,
if z € B(y,r)\B(y, 37), then ir < p(z) < r, that is, r — p < Lr. Moreover, since the
exponential function is nonincreasing, then for some § > 0,

w(z) > £6C3Mr >eCsM(r —p).
Take Cy := 0C3M > 0.) Combining this with (7.26) implies that

v(x) > CsM(r —p) in B(y,r), (7.29)
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for some constant C's > 0.

Take two disjoint balls B(y;, %7") C B(y, %7") for i = 1,2. For £ € 9B(y,r), let (&) be
the point on the line segment £y; such that the length of segment £;(€) := £2;(€) becomes
the largest with z;(¢) ¢ B(y;, 67) and u(z;(€)) = 0. In case u(x) # 0 for all x € £y;, we
set z;(§) = & For x € B(y,r)\yi, let {(x) € dB(y,r) be a point such that x € y;§;.
Then by (7.29), we have for some Cg > 0

dist(y;, &) — dist(y;, x)

v(z) > CsM(r — p) > i(z) := CeMr dist(y;, &)

Hence,

Z5 d Z4
——idl; = Pi(z;) < i) = — (U — uyp) dl;,
/g a0 widl; =: i(z;) v(z) /5 a0 (v—up)dl

that is,

% CyMr /
——dl; < V(v —uy)| db;.
/g dist(y;, §) ¢ IV )

Integrating with respect to £ € 0B(y,r), summing up with respect to i, noting that

r/dist(y;, &) = O(1) as r | 0, squaring both sides, and finally, invoking Schwarz’ inequal-
ity yields

C2MAH V| < /|V(v—un)]2, (7.30)
1%

where

Vi=WiuW, Vi= |J 4.
£€0B(y,r)

Combining this with (7.25) gives
CEM*|V| < A{v > 0} N {u, = 0} N By, )| < A{un = 0} N By, r)], (7.31)
thereby, contradicting the arbitrariness of M.
Finally, we note that {u, =0} N B(y,r) C V. By (7.31), we get
C2M?*|{u, =0} N B(y,r)| < CeM|V| < MN{u, = 0} N B(y,7r)|.

Hence, invoking the above claim gives u,(z) < rCyq LVX for any = € Q satisfying (7.18).
]

Using the above lemma, we can show that the minimizer u,, is locally Lipschitz in €.

Theorem 7.9. If u,, minimizes F' (n =1,..., M) for h,\ >0, then u, € C’l(g)cl(Q) In
particular, the (local) Lipschitz coefficients of u, do not depend on n.

Proof. A similar argument as in the proof of [77, Proposition 4.1] where Qumax = VA. O
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7.4 Regularity of Minimizer up to the Boundary

In this section, we establish the regularity of minimizer u, up to the fixed Neumann
boundary. Our argument is based on the extension of the harmonic analysis in [80] and
the results in [77] for the time-discrete term. However, instead of the penalization term,
both papers involve a singular term of the form [, Q?(x) X{u>0}dr for some measurable
function @ satisfying 0 < Qmin < @ < Qmax. Translating this to our problem requires

the use of Theorem 7.7 and the maximum principle where Q2. becomes .

7.4.1 Holder Continuity up to the Boundary

We first show that minimizer w,, is Holder continuous up to the fixed Neumann boundary,
although the Holder exponent now is not arbitrary, but instead is controlled by the
Lipschitz constant L > 0 of 2. Our argument is analogous to the proof of [80, Lemma
2] for harmonic functions. The main tool here employs the idea in [74] for the Dirichlet
growth estimate by augmenting the Dirichlet norm with ﬁ” - |2, which is related to
the time-discrete term.

For simplicity, we consider the equation

1
Az——z=0, inB
z hZ , 1N D¢
since the generalization to the case with coefficients a/,d is easy. Let H € H'(B;) be
a harmonic function in B; with H = z on dB;. Then, the function U € Hg(B;) defined
by U = z — H satisfies
1

1 .
AU—EU—EH:O, in By.

For the above U, define linear operator T' by TU = v € H}(B,) (where a < t) such that

AU—%U:O, in B,.

Thus, U = v + w where function w € H}(B,) fulfills

1
Aw — EH:(), in By.

As in [74], we define spaces S, and S, o for 0 < v < 1 as follows: u € S, (B,) if and
only if u € H'(B,) and there exists £ > 0 such that

r

N1+
5>2 ’y, 0<r<d=a—|z1— x| (7.32)

IVullo, < B (
for every z1 € B(wo,a). If u € S,(B,), we define norm |[|ul||s, as the larger of ’Hu||H5
and the smallest E satisfying (7.32). Here, The space S, is the subspace of S, for
which u € H{(B,) and the norm ||ull|s, , is the larger of HUHH(} and the smallest F as
above.
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Lemma 7.10. (c¢f. [74, Theorem 4.5]) There exists a; > 0 depending only on h and N
such that if 0 <a<ay and 0 <~y < p:=1-— % for some p > N/2, then |||UH’S%0(BQ) <
U Ns, o(Ba)- that is, |T| < 3.

Proof. Note that v = TU € H}(B,) satisfies
| vo-Voror=o, voem(B).
Ba
where f = +U. By [74, Theorem 2.2] and definition of norm ||| - |||, , we have

N
U(z) = U(z1)| < CIN U, oBs@nd 2 z—a1]", 0< |z —a1] < 6/2

and
/B P SO ey S OO, oy

for each x; € B, where § = a — |x1 — x¢].

Hence,

/ U(m)| < / Uer) — Ul)| + / U ()
Bs(z1) Bs(z1) Bj(x1)
_N_ N
< CNANU s, o503 /B & — 1]+ C(N)SF U gz
)
N
< C(N, T2 ||U|lls, (B (1))

Taking x1 = xg, we see that for any x € B,(x¢),
_N
U(x)] < CWN,y)a" " Z[|U|ls, o(Ba(zo))-

Thus, for some p > N/2,

S

1-1
1 1 p_ P
/ fl = 7 |U’§EP (/ |U|p‘1) , 0<p<a
By (zo) By (o) B,

_ N _N _1
< O(N, DR 7 a2 ||Ulls, o(Ba@op?’ ¥

1-N
N a 2 _
= C(N, 7)pp h ’”UH’S%()(Ba(:co))pN 242

1-
a2 -
= C(N,y)p "2 W U s, o(Ba@onp™ 2, 0<p<1

N

a

— 2 —
= O s, ooy

N
=5

U5, o5 o™ 2

< C(N,y)a>r2

a2 1oy N N—2+4
— C(N,’}/)ﬁa 2 |||U”|S'y,0(Ba(m0))p

= C(N,y)E(a)p™2TH. (7.33)
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By [74, Theorem 3.1], the potential of f, denoted by V is H'(B,) where 0 < p < a and
satisfies

/ IVV]> < C(N,7)E(a)’p" 7, 0<p<a
BP

(12 2 P N—2+2p
= oW (08 o) (2)"

a

Moreover, for any ¢ € HE(B,), we have of = —/ V¢ -VV, and so,
B, B,

Vé-V(—V)=0.
B,

By [74, Theorem 3.3],

2 2 N—2+2u
\V4 2 < IN LL B < a. :
/Bp ‘ U| = C( ’7) ( h HUHS%()(BQ)) <a> ) 0< p=>a (7 34)

Hence, we have

2
a
ollls, o8 < CON)ZMUISs, o(5.)

Take a; > 0 so that for any a < a1, we have a? < %hC"l(N, 7). O

By Lemma 7.10, we have for sufficiently small a; that ||T|| < 1, i.e., for any ¢ < a1, we
have [[[v]l[s, o(B,) < %|||U|HS%0(Bt)‘ Since U = v + w, this implies

1T, 05 < Molls, o) + Mlls, oz < SIS, o0 + Hewllls, oz
that is, [[U]]s, o5 < 2llwlls, o(5,)- Thus, we get
1Ty ) + 1E s, 529

CllUNs, o8 + IH s, 8:)
Clllwllls, o0 + 1Hl]s, (8-

W=l 5.

ININ A

Meanwhile, a similar argument as in the proof of Lemma 7.10 gives

lwlls, oy < 3lIHIs, o(50):
and so, we have || z|[s,(5,) < C|||H|s,(B,) for some constant C > 0.

Note that
V2?2 = V(U +H)-V(U + H))
Bt Bt

= VU -VU+2VU -VH+VH-VH
By

= VUP>+ | |VH],
By B

and so, [|[VH| r2p,) < [[V2llr2(m,)-
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By [74, Theorem 2.1}, we see that for [ < ¢t < ay,

l 51+
IVHlewy < COIVHI (5) . 0<a<t
I J-1+4
< OOVl (1)
, I N-1+y
< o) el (1) (7.35)

and so, ||| H|l|s, (B,) < C(N) h|\z\|H1(Bt). Here, we define

- jﬁn Nz + 190 gz (7.36)

Then, we have
IVl ey < 0<N>|||H||\sw<3t>(

, D14y
< ow) |z||H1<Bt>() |

which proves the following lemma.
Lemma 7.11. Suppose z € H'(B;) satisfies

1
Az — EZ =0, n B,

Then, forl <t < ay, we have

l %—14"7
IVeliey < O Malmasy (7)o 0<r<u<t

Here, p:=1- % for some p > N/2 and a1 > 0 is the constant in Lemma 7.10.

We can in fact, extend this result to the nonhomogeneous case as follows.

Lemma 7.12. Suppose z € H'(B;) satisfies

z—qg .
Az = B
z n B

for some h > 0 and g € C%Y(Q). Then, forl <t < ay, we have

l

J-1+y
I9elizmy < COVA) Mlellanan (t) L 0<y<p<l.

Here, pp:=1— % for some p > N/2 and a1 > 0 is the constant in Lemma 7.10.

Proof. This follows from a similar argument as in the proof of Lemma 7.11 employing
[74, Theorem 3.1] and [74, Theorem 3.3]. Here, we write v = U + H where U € H{(B)
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satisfies
1 1 .
AU — EU - E(H —Up—1) =0, in By,
and H € H'(By) is a harmonic function with H = v on dB;. O

In the following lemma, we establish the weak maximum principle on a Lipschitz domain
with mixed boundary conditions.

Lemma 7.13. (¢f. [80, Lemma 4]) Let @ C RY be a bounded, connected Lipschitz
domain and let I' C 0Q be a measurable set of positive Hausdorff measure in 0S2. Let
u € HY(Q) satisfy the following

1.Vope{fe H(Q): f >0, flr =0}, we have/Vu-V¢+l;j§ZO,
Q

2. Jug € L*(99Q) such that ulr =up >0 on T.
Then, u > 0 in .

Proof. Consider the function u~ := max(0,—u) € H(Q). Note that u~ > 0 and
u”|p = 0. Taking ¢ = u~ gives

/Vu-Vu_+WZO.
Q h

Hence, we get

—2 o, Ju?
og/\vu | g/qu P oy,
Q Q h

which implies that Vu~ = 0. Since 2 is connected, then v~ is constant. But v~ |p = 0,
and so, u~ = 0. Therefore, u > 0. O

We are now ready to prove Holder continuity up to the fixed Neumann boundary.

Theorem 7.14. (cf. [80, Lemma 2]) There exists v > 0 such that u,, € C%7(Q) with v
depending on N, h, and L.

Proof. There exists s > 0 depending only on the Lipschitz character of €2 such that one
can cover 02 with balls B, of radius s such that Bs N 0 is a Lipschitz graph with
Lipschitz constant less than or equal to L. Let r = %min(l, s,70,a1) where rg,a; > 0
are the constants in Lemma 7.8 and Lemma 7.10, respectively. Cover ) with a finite
number of balls B, of radius r such that either Bo, C £ or 92N Bs,. is a Lipschitz graph
as above. (Note that such finite covering is due to Heine-Borel Theorem.) Let z be the
center of one of these balls. We wish to show that u, € C%7(B,(zo) N Q) for some v

independent of xg, from which we conclude the same for all of €.

If By.(mg) C Q, then Theorem 7.4 implies that u, € C%(B,(x¢)) for any v € (0,1).
Otherwise, let * € B,(xg) and t < r, := dist(z, B2, (xg)). Denote Dy = B(x) N Q,
FD,t = 8Bt(CC) N Q, and FN,t = Bt(flf) N 9.
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If Ty = 0, consider a function v; € H!(D;) satisfying

Ut — Up—1 .
Avy = —————, in Dy
h

Vi = Up, on Ol'p ;.

Now, extend function v¢ by u,, outside Dy, and define

~ V¢, in Dt
V¢ = -
Up, on Q\Dy.

By a similar argument as in the proof of Lemma 7.8, we get

2
[ S ) S NG > 0) 0 (= 0) A D S ACVE
Dy

On the other hand, if I'y; # ), we consider function v, € H L(Dy) satisfying

Ut — Up—1

Av; = in D
t L ) ty
Vg = Up, onI'py,
8’0,5
— =0, on I'yy.
on Nt

By Theorem 7.5, we have for any ¢ € {f € H'(Q): f >0, f|p,, = 0},

UVt — Up

V(v —up) - VE+ .
Dy

¢ = 0

Note also that v; = u, > 0 on I'p ;. Hence, Lemma 7.13 gives u, < v; in D;. As above,
for every t < r,, we get

|, — Ut|2 2 N
T + |V(un — vt)| < )\C(N)t . (7.37)
Dy

Now, since 0f is a Lipschitz graph, then there exists a bilipschitz map
F:D; — B(0)*

where {zy = 0} = F(T'n;) and (0B¢(0))* = F(I'p,). The Lipschitz constants of F' and
F~1 are controlled solely by L. Let

a’(y) = |det VF'(y)| (VF)T(VF)) (F(y))
dy) = |detVF'(y)],

whenever yy > 0. Otherwise, let

aij(ylw"a_yN), Z#N&Dd]#N
azj(y17...,yN) = —a,ij(yh,..,—yN)’ Z:NOTJZNbutz;zé]
aij(yl,,..,—yN), Z:j:N,
and d(y1,...,yn) = d(y1,...,—yn). Note that coefficients a¥/ is uniformly elliptic with

bounded, measurable coefficients on all of B;(0), and that the bounds of a* and d depend



92 On Evolutionary Free Boundary Problem with Volume Constraint

only on Lipschitz constant L.

Define v;(y) = vi(F~'y) on By(0) when yy > 0. Otherwise, set ¥ (y1,...,yn) =
U¢(y1,...,—yn). Then on By(0), we have for any ¢ € C5°(B:(0)),

9V, V¢ + (it > (YT, V < Ut >
/Bt(o)<a o C>+< /B+ /B(O) U Vo) ¥ ¢
= / ( ]vvtav¢> <W7¢>
B (0)

+ / (a7, Vi) + <d”t SIS w>
B} (0) h
= 141

Here, ¢ is defined on By(0) by ¥(y1,...,yn) = ¢(y1,...,—yn). Both test functions
¢, € C(By(0) N {yn > 0}) and ¢ =+ = 0 on 9B(0) N {yn > 0}. Define ¢ = po F

and 1) = 1) o F', which are valid test functions in {¢ € H*(D;) : { =0 on I'p;}. Hence,
we have

I = / . (VFR(F () Vor(y), VE(E ™ (y))Ve(y)) | det VE (y)ldy
B/ (0)
U(y) = Un-1(y) _
o (R ) ) e v

_ / Vi - Vo + =13 — o,
Bi(2)nQ h

Similarly,

n = / Vo - Vi + L= g,
Be(2)NQ2 h

Thus, v; satisfies (in the weak sense)

Dy (a¥(y) Dyiiy) = d(y) Y. _5 1) o).

Set w; := Vgi—1; — Ugiy. It follows that

D@ D;) ~ 1C(d) =0, ¢ € H(Bi(0)).
B(0)

By Lemma 7.11, there exists C > 0 and 0 < p < 1, depending only on the coefficients
a* and d (which in turn depend only on L) such that for [ < ¢ < r,

N I S—1+p
Vil <O il (5)
Now, we return to the consideration of u,. Choose some t < r,. By (7.37), we have

h||wiHH1(D2i,1t) < hHU%lt - Un||H1(D2i,1t) + h||un — gitl| (D
VAC(N) ((21‘*%)% + (2%)%)
= VAC(N)(2 ')

2it)

IN

(7.38)
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Hence, if T'y 5i-1;, # 0, we have

IN

. 1 N1+p
C(N,7) Mlwill iy (pyy,) <2i1 )

VAC(N,~)t> (20*@1’) .

IVwill 2(p,)

IN

On the other hand, if T'y 5i-1, = (), we get

IN

Mvae = unllmr oy + "lln = vell oy

VAC(N)t=,

Mvar — vill oy

IN

which is even better.

Finally, by triangle inequality, we see that for ¢ < r,,

logg (72 /)
IVunllrzpy < IV@n = v)llzzioy + Y. IIVwillzzy + 1Vorllz2p,)
=1
N logy (7 /)
< VAC(N,7)t>

1+ Y 2078 4 O(N, )t e,
=1

where the last term follows from Lemma 7.12. Note that

logy (= /¢) -
o 1 — 2(—n)(1+logs (rz/1)) B
1+ > 2tmmi = i = CO(N) (1 - C(ro)t* )
=1

= C(N) (tl_“ — C(ry)) 1t <y,
< C(N,rg)th L.

Hence, for any = € B(zg,r) and for any ¢t < r,,
/ Fiun|? < OV, ) (14 VAN 220
Bt($0)mQ

By [74, Theorem 2.2] ([75, Theorem 3.5.2]), we have u,, € CY%*(B,(x) N ) where the
Holder exponent p:=1— % < 1 for some p > N/2. O

7.4.2 Lipschitz Continuity up to the Boundary

In this subsection, we establish that the minimizer is Lipschitz continuous up to the
boundary employing several properties of a function satisfying an elliptic equation on a
convex domain with Neumann boundary conditions, which are proven in this subsection.

First, we provide a gradient control lemma for nonnegative functions satisfying an elliptic
equation near a Neumann boundary. We extend the harmonic results in [80], which
employs the auxilliary function & first introduced in [25] and the idea in [64] of using
convexity to control the Neumann boundary.

Lemma 7.15. (c¢f. [80, Lemma 6]) Let @ C RN be a domain with smooth conver
boundary. For 0 € Q, denote r = dist(0,09). Let D := Br(0)N§, I' = Br(0)N O, and
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S = 0BR(0) N Q where R > 2r. Let u € H(Q) be a nonnegative function on D bounded
by A, with % =0 along I' and satisfies
u—g

Au — . =0, nD,

where h > 0 and g € H(Q) N L*>®(Q) N CYY(Q). Here, we denote the gradient bound of
g by L. Then, either one of the following is true:

(3.) |Vu| < L on Bk,
2

ii.) 3C(N,h) > 0 such that |Vu| < C4 on Bg.
(ii.) 4 on By

Proof. If u is constant, then we are done. Suppose not. Consider

(B2 — [a|*)?|Vul®

®@) = a2 (u2ap)p

Then,

1. =0on S.
2. ® > 0 inside D.

3. @ is smooth in D UT because v and Vu are smooth and the denominator of ®
cannot approach 0.

4. mlgxfb < max ®. Indeed,

D
o R2—|z]2 \° 0
= = 9 L
on <§A%—m—aAV> Vu: gV
R? — |z|? Ox
J— 2 . —
vyl <<9A2 - 2A>2>2> " o
R? — |2]?)? du
— 4|Vul? ( —24
v (e o) 2
= I+1II+II.

Note that III = 0, since g—;; = 0 on I'. Moreover, by convexity of €, x - g—f’ > 0,
and so, II < 0. Now, after rotation, suppose 171 = ey, SO we can use e, ...,eN_1
as local coordinates for I'. Then,

0 B on; Ou Ou
Vu - %Vu = Vu- V( > ”Z: dz; Oz; Oz

B Z on; ou Ou
8% ox; 6%

ij

;i
Tj

by convexity, it is positive definite. Then, Vu - %Vu < 0 along T'. Hence, 2 % <0
along I', so the maximum of ® cannot occur on I'.

The matrix g is the second fundamental form of I' in local coordinates, and so,
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By the first and fourth properties of ®, we see that its maximum occurs at a point

xg € D. At xg, we have

0=V (gAgR_Q(;|f|;§)2)2V(\Vu]2) _ z(éfji(’fi)';;f)QV(\xy?)
+ 2 (éiz - ‘22_)13;‘2‘; V((u — 24)?)
(i . e
and
e

2A((u =24)%) | 2[V((u=24)Y)]" ) o
9A? — (u—2A4)2 ' (9A% — (u— 2A)2)2> '

Note that V(|]z]?) = 2z and V((u — 2A4)?) = 2(u — 2A)Vu. Then, (7.39) gives

0 — V(]Vu\Q)_ 4x N 4(u —2A)Vu
T Va2 RZ— |22 T 942 — (u—24)%
which implies that
V(Vul®? 16> 32(u—2A)z - Vu 16(u—2A)%|Vul|?
Vult (R[22 (B2 [2?) (942 (u—24)%) (942 (u—24)%)?
16]z|? 32|z ||u—2A4]||Vul N 16(u—2A)%Vul|?

TRz (R [a)(94% = (u—24)%) (942 (u—24)%)?

N/ ou\?
Note that |Vu|? = Z <> . Then,
T

=1

N
ou [ 0%u u
2 _

i=1 Oz
N 2
92u ou  Pu
2y
AlVel) = 2;::1 [(axz‘f)%‘) +8$%‘W]

Since Au — h™(u — g) = 0, then

i o Pu 52 0 Y 9%u
L Qx; Ox; 012 = Ox; Ox; \ &~ Oz
i,7=1 J j=1 J

Hence,

N 2
A(Vu?) = 22( O > +2V(“h_9).vu.

(7.39)

(7.40)

(7.41)

(7.42)
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Moreover,

N
ou  0%*u ou Ou 0% &%u
212 _
IVIVul)I” = 42 <Z ox; 83315:70]> Z 85@ dxy, Ox;0xj Ox 0z,

7]7

Thus, we have

|2v(u — g) . VU,

2AVuPA(VU) > [V(IVul’) + 4Vul’ ==

that is,

A(Val)  IVIVuP)? | V(u=g) Vu
|Vul2  — 2|Vu|* h|Vul|?

(7.43)

Moreover, we see that A(|z|?) = 2N and
A((u—24)%) = 2((u—24)Au+ |Vul?)
= 2u— 2A)“—;g +2|Vul2.

Combining (7.41), (7.43), and (7.40) yields

V(VuP)* | Vu=g)-Vu AN 8z
- 2|Vul|t h|Vul|? R? —|z|2  (R?— |z|?)?
2h 1 (u — 2A4) (u — g) + 4|Vul? 8(u — 2A4)2|Vu|?
+ 047 — (u—24)? (94 — (u—24)2)2
S 8|x|? B 16]z||u — 2A||Vul B 8(u — 2A)%|Vu|?
2 TR aPR T (B aP)0AT — (u—24)?) | (942 (u— 2A)2)2
V(u—g)-Vu 4N 8|x|?
MVaE R (R - 2P
2h L (u — 2A4) (u — g) + 4|Vu|? 8(u — 2A)%|Vul|?
* 0AZ — (u—2A)? (94 — (u— 24)2)2
- 16]z|? 16]z||u — 2A||Vul . 2V(u —g9)-Vu 4N
2 TR PR (B RR)OA - (u—24) D WVWE R [P
2(u — 2A)(u — g) 4|Vul?
h(9A2 — (u—2A)2)  9A% — (u —2A)?’

+2

that is,

4|Vul? - 16]z||u — 2A[|Vu| 4N (R? — |x|?) + 16|z|?
942 — (u—24)> = (R?—|z[*)(94% — (u — 24)?) (R? — |x]?)?
2 (V(u—g)-vu (U—QA)(U—9)>
24)2 )"

“h Va2 947 —(u

It [Vg(x0)| < [Vu(zo)], then

— . 2 _ 2
_2V(u—g)-Vu _ 2|VgF —|Vul* _
h |Vul? ~ h |Vu|? -
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Moreover, —2(u—2A)u < u?+(u—24)? and 2(u—24)g < —2Ag < 0. Hence, multiplying
by (R? — |z|?)? and dividing by 942 — (u — 2A)? yields

16|x||u—2A|\/TO 4N (R? — |z|?) + 16|z
942 — (u— 24)2 9AZ — (u— 2A)?
1 [ u?+ (u—24) (R% — |z)?)?
T <9A2 — (u— 2A)2> 942 — (u — 24)2
48R\/ (zo) (AN +16)R*  R*
= 5AZ | BhAZ

4@(.@0)

=1, (7.44)

since 542 < 9A2 (u — 2A)% < 8A2. Suppose ®(zg) > Cp L A2 for some large Cqp > 0.
Then, if Cg > 5h and R < 1, we get

R? R?
snaz = O gz
Hence, the right-hand side of (7.44) gives

;< < 48 +4N+16
- 5vCo» 5Cs

If [Vg(zo)| < |Vu(zg)|, then we can take Cg large enough so that I < 4®(zp). A
contradiction to (7.44). Otherwise, |Vu(zo)| < |Vg(xo)| < L.

+1>@@@.

Since xg is the maximum of ®, we infer that on Br(0) N2, either we have

R2
d(x) < C@ﬁ, Cop > C'max <5h,4 (4N;16)> ,
or
(R2 _ |JJ’2)2L2
d(x) < (9AZ — (u — 24))2 < |Vu(x)| < L.
Hence, on Br(0) NQ where R? — |z|? ~ R%, we get the desired result. O
2

We return to the evolutionary free boundary problem setting. To show that the min-
imizer wu,, is Lipschitz continuous up to convex Neumann boundaries, the main tool is
the extension of the arguments in [4, Lemma 3.2] that gives an average growth rate of
harmonic functions away from the free boundary. After which, we prove Lipschitz reg-
ularity on the Neumann boundary itself using the gradient control lemma 7.15. Using
these tools, we give a complete proof of Lipschitz continuity via the maximum principle.

Lemma 7.16. (cf. [80, Lemma 8]) If x € OS2, then there exists 1 > 0 and C(h, N, L,ry) >
0 such that for every ball B,(x) with r < rq,

Up () > Crv/\ implies up, >0 in B, NQ.

Proof. Without loss of generality, assume x = 0. Let D, := B,(0)NQ, I'p, := 0B,(0)NQ2
and Ty, := B,(0) N 9. Consider a function v € H'(D,) satisfying
v Un—1

Av— 2 —_ <0
T o=

in D,
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with v = u, in I'p, and Neumann boundary conditions along I'y,. Note that v min-
imizes functional Z,, p. on the set {f € HY(D,) : f = u, on I'p,}. By Lemma 7.13,
we see that v > 0 in D, and therefore by the strong maximum principle ([49, Theorem
3.5]), v cannot achieve a nonpositive minimum in D,., that is, we must have v > 0 in
D,.

Now, extend function v by u,, outside D,., and denote this function by v. Using a similar
argument (by virtue of Lemma 7.13) as in the proof of Theorem 7.14, we get (cf. (7.37))

_ 2
/W+|V(vun)|2S)\\{5>0}ﬂ{“n:0}mDT|’

that is,

/ V(0 — un)[2 < Al{un = 0} 0 Dy . (7.45)

T

Next, we want to show that for some C(N, L) > 0,

2
(“"fo)) {un=0}0D,| < C | V(0 —w)f (7.46)

We may assume (after rotation) that 92N B,.(0) is a Lipschitz graph in the zy-direction
with Lipschitz constant L. Then, there exists an €(L) such that B(0,0,...,0, 3r) C D;.
Note that ¢ < ir.

Note that since 0 € 9 and Q is convex, then I'p, is simply connected and D, is
contained in {x € B,(0) : znx > 0}. Let F be a bilipschitz map from D, to D, :=
B.(0)\D, such that F extends continuously to a map from D, to D/ with F|oq = Id
and F(QNdB,(0)) = (0B,(0))\Q. The Lipschitz constants of F' and F~! depend only
on L. Define function u, on B,(0) by

o up (), x € QN B,(0),
") un(Fl2), z € B(0)\Q,

and define v similarly. By a similar argument as in proof of Theorem 7.14 (Hoélder
continuity up to the fixed Neumann boundary), we see that v satisfies

D; (a¥ () D7) — d(x)“_ig”—l —0, in B.(0),
where
ai(z) = |det VE~\(@)| (VF)(VF)) (F~\(x))
d(z) = |detVF l(z)|,

when x € B,(0)\Q. Otherwise, a¥/ = d = 1. Note that the bounds of a” and d depend
only on L.

Claim 1. There exists 71 > 0 and C'(N, h) > 0 such that for any = € D, (with r < ry),
we have rv(z) > Cv(0)(r — |z|). Indeed, by Theorem 7.2, we have for any p > 1,

/B il < /Q P < (9 upllZ, < oo
1 N
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and

/ P < / I
B1(0)\Q B1(0)\Q

_ / [t 1[?] det V|
F1(BL(0)\Y)

< O uolls < o0

and so, sup ||t 1| Ly (B, (0)) < 400. It follows from [49, Theorem 8.17 and 8.18] that
n>1
v(0) < Ci| inf v(z)+ k(r), (7.47)
B(0,37)
where C = C(r, h,q) > 0 with the property lim, o Ci(r, h,q) >0, ¢ > N, and

Unp—1

k(r) = r21=N/2) qup
n>1

=o(r) asr 0. (7.48)
La/2(Q)

Hence, we can find small enough r; > 0 such that for any r» < r; < 1, we have

E(r) <r inf v(z) < inf o(x).

B(0,57) B(0,57)
Thus, for some constant Co > 0,

v(0) < Cp inf v(x),
B(O,%r)

that is, for any @ € B(0, 3r), then
ru(z) > Csrv(0) > Cyv(0)(r — |z|), (7.49)
since r — |z| < r. Here, C3 = Cy ' > 0.

Forz eV := D\B%T(O), we define a function
—ulxl?
w(z) = C3v(0) (exp( L;L | ) - exp(—u)> 7

where 1 > N + /N2 + r{h~1. By a similar argument as in Lemma 7.8, we see that

W — Un—1
— 2
If x € OV N 9B,-(0), then v(x) = uy(x) > 0. Since |z| = 7, then w(z) = 0 < v(z).
Moreover, if x € OV N 8B%r(0), that is, [z| = 3r, then by (7.49),

Aw — 0, inV. (7.50)

w(x) = Csv(0) (e*i“ - e*“> < C3v(0) < v(x). (7.51)

Lastly, if x € 0V N 012, then g—;’? = %LT’; = 0. By convexity of D,

ow 2uC5v(0) —p|zx|?
“Plr) = — n<
an () 2 exp 2 -1 <0,
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and so, ‘9(%7:71") > 0. From (7.50), we get
Aw—% > _Un};lev_% in V.

Hence, for any ¢ € {f € H' (V) : f >0, and f|synq = 0}, we have

(v —w) v—w

0= —/‘/V(v—w)~v¢+/avmaﬂ on ¢ h ¢

> —/{/V(U—w)-v

Moreover, from (7.51), we have (v — w)|gynq > 0. By Lemma 7.13, v —w > 0 in V.
Hence, for any = € V, there exists Cy > 0 such that

rv(z) > rw(z) > Cy(0) (r — |z|) .

(Indeed, if z € V, then ir < |z| < r, that is, r — |z| < 3r. Moreover, since the

exponential function is nonincreasing, then for some § > 0,
rw(z) > 16C5rv(0) > 6C50(0)(r — |z|).

Take Cy := 0C3 > 0.) Therefore for any x € D, we have rv(z) > Cv(0) (r — |z|) which
proves the claim.

Further, we may assume r = 1, since we can dilate uf,(y) = *u,(ry) and similarly for v

so that both sides of the inequality (7.46) remains unchanged. Let z € B¢(0,0,...,0, %)
For every £ € 0B;(0), we define

Re = sup{r:r{+z¢€ B(0)}

re = inf{r : %egrgRg and Uy, (ré + 2) :0},
if such an 7 exists. Otherwise, set r¢ = R¢. Define 7¢(t) = 2z + t£ for re <t < R,
and denote the line segment by 7¢. Note that v(7(R¢)) = un(7(R¢)). (Indeed, if y €
O(B1(0)\D), then F~!(y) € 8(B1(0)\D), and 50, 5(y) = v(F-y) = tn (F~1y) = (1)),
Also, we note that the path 7 has unit speed at all times, and recall that &, (7(r¢)) = 0
(unless ¢ = R, in which case |r¢| = 0). Then,

7(re)) — un(7(re))
(0 — ) (7 (t))dt

U(re§+2) = v(re§+2) - un(rgf + 2)

= 0(T(Re)) — un(r ]
—/mw— (re(t))dt

< / V(@ —un)| < \/Re — ¢ (/ V(v - ﬂn)l2> (7.52)
T Te

Define s¢ to be the unique (due to convexity) s < R¢ such that 7(s) € 99 if such an s
exists. Otherwise, set s¢ = Rg.

Claim 2. There exists C' > 0 such that 1 — |[r¢€ + 2| > C(R¢ — r¢). Indeed, we may
assume that (1 — |re€ 4 2]) < 1. (Otherwise, taking C = $ and noting that Re — re < 2
gives the desired result.) Since |z| < 2, then we can find 1) < § such that if [reé+2| > 3,
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the ray from 0 to point r¢§ + z and the ray from z to that point must meet at an angle
7 < 19. Then,

1 —|reé + 2| < 1 —|reé + 2|

Re—re = — i S cos(ro) = C(1 = |re§ + 21),
which proves the claim.
Now, Theorem 7.5 gives
D; (a"(2)Dj(u, — 7)) — d(z) U — U > 0, in By(0),

h
and so, [49, Theorem 8.1] gives

sup (i, —v) < sup (Up, —v) =0.
By (0) 0B1(0)

This implies that 0 < u,(z) < v(zx), for any x € B1(0). In particular, u,(0) < v(0).
If r¢ < s¢, then by the first claim,

o(re€ + 2) C(N, h)o(0)(1 — |re§ + 2])

C(N, h)un(0)(1 = [re€ + 2[).

AVANAY]

Otherwise,

U(re€+2) = vw(FH(reg€ +2)) > C(N,h)v(0)(1 — [F~H(re§ + 2)])
> C(N, h)un(0)(1 — |re€ + z),

since F' is bilipschitz. Invoking the second claim on both cases gives
O(rel+2) = C(N, h)up(0)(Re — 7).

y (7.52), we get
CON M (0P (Re 1) < [ V(5 T)P (7.53)

Integrating the left-hand side of (7.53) with respect to & gives

Re Re
/ (Re —re)dé = / / drdé > —— 1/ / rN=ldrde
8B1(0) 331 re 2 081 (0) Jre

2 / X{a@n=0}dT
2N Ve,

1

> X {u,=01dT. 7.54
oN—1 /D\BS(Z) {un=0} ( )

On the other hand, integrating the right-hand side of (7.53) with respect to £ yields

Rg _ " 9 Sg Ré " _ 9
/ / V(@ — @) Pdrds = / / + / V(T — ) Pdrde
831(0) Te 831(0) Te S¢

= [+1I,
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whenever s¢ > r¢. Since r¢ > €(L)/2, then

I = / / (v — up)(r€ + 2)|2drdé
8B1(0

(v — up) (€ + 2)2rN "drde
T o,

< C(L)/D\V(v—un)] da.

Moreover, noting that s¢ > 2¢(L), we get

R,
o< / / CIVE TRV (0 — wn) (F7 (€ + 2)) Pdrde
8B1(0)

< / / V(0 — un) (FL(ré + 2))Pdrde
831

< G /| o / jﬁ V(0 — un) (FL (5 + 2))2r Y e
< o [ V- u)(F )
< L)/D|V(v—un)2]det(VF)|
< o [ 96— w)f
Hence,
/aBl / V@)l < 0(0) [ V- (7.55)

By a similar argument, we see that this also holds when s¢ < re¢.

Combining (7.53), (7.54), and (7.55) gives

un(o)z/ Xfun=0y < C(h,N, L)/ V(v —un) .
D\Bg (2) D
Hence, integrating with respect to z € B.(1,)(0,...,0, %) yields

un(0)2/ X{un=0} < C(h,N,L)/ IV (v — up)|?,
D D
which from (7.45) implies

1 (0)*{u, = 0}y N D| < AC(h, N, L)|{u, = 0} N D|.

Hence, if {u,, = 0} N D # ), then we must have u,(0) < C(h, N, L)v/X. A contradiction.
O

Next, we check the Lipschitz gradient bound on the fixed Neumann boundary, near the
free boundary.
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Lemma 7.17. (cf. [80, Lemma 9]) Let Q C RN be an open bounded domain with convex
Lipschitz boundary. There exists constants ro > 0 and C'(h, N, u, L,r9) > 0, such that if
x € 0 satisfies dist(x,0{u > 0}) < ra, then

[V, (z)] < C(1+ V).

Proof. Let x € 09 and denote 15 := inf{r > 0: B(x,r) N {u, = 0} # 0}. Note that

Up — Un—1

h )
Denote I'p = 0B,, N Q and 'y = B,, N 0S). Since 0f) is a Lipschitz graph, then there
exists a bilipschitz map F' : D; — B, where {xy = 0} = F(I'y) and (0B,,)* = F(I'p).
The Lipschitz constants of F' and F~! are controlled solely by L. As in the proof of
Theorem 7.14, we can define i, (y) = u,(F~'y) on B, such that

Auy = in D := B(z,r;) N

Up — Up—1

D; (a" (z)Djun) — d(x) -

=0, in B,_,

where a* is uniformly elliptic with bounded, measurable coefficients on all of B,._, and
that the bounds of ¢ and d depend only on L.

By Theorem 7.2, we have for any p > 1,

[ ol < [ fuertp
B, By

€T x

_ / ltn1[P| det VF|
Fﬁl(BT‘x)

< C@)[Q[Juollg < o0

and so, sup |[up—1l/zr(B,,) < +00. By [49, Theorem 8.17 and 8.18],
n>1

T

supﬂn S Cl <inf an + k(rz)> )
By, B

where C1(rz, h,q) > 0 with the property lim, o Ci(rz, h,q) > 0, ¢ > N, and k(-) is
defined as in (7.48). Hence, we can find small enough €; > 0 such that if r, < 7 < 1,
we have

k(ry) < rpinf 4, (z) < inf u,(z),

Tx Tx

that is, for some Co > 0, sup uy(x) < Cotiy ().

Tx

Now, for any § > 0, we see that |B(z,r5 + ) N {u, = 0}| > 0. By Lemma 7.16, there
exists r1 > 0 small such that if r, + 0 < r1, we get

Un(z) < C(ry 4+ 6)VA.

Taking § | 0 gives uy,(z) < CryV/A, provided r, < 1. Take 75 = min(ey,71) > 0. Thus,
for any y € B(x, %rx), we have

Un(y) < CVAry.
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By Lemma 7.15, we see that if (i) holds, then we are done. Otherwise, for some
C(N,h) >0,

C \/er

Tx

|Vup(z)| < C <C

Finally, we arrive at the Lipschitz regularity theorem.

Theorem 7.18. If u,, minimizes ]:ff (n=1,...,M) for h, A > 0, then for a.e. x € (Q,
V()| < Co(1+ V),

where constant Cy := C(N, L,h) > 0. Here, 0N is locally a Lipschitz graph with Lipschitz
constant L > 0.

Proof by Induction. Fix n. Suppose |Vu,_1| < C(N,L,h)(1 + V). We wish to show
the same for the gradient bound of wu,,.

There exists s > 0 depending only on the Lipschitz character of {2 such that one can
cover 0f) with balls B; of radius s such that Bs N0 is a Lipschitz graph with Lipschitz
constant is less than or equal to L. Let R = %min(l,s,ro,rl,rg) where rg,r1,790 > 0
are the constants in Lemma 7.8, Lemma 7.16, and Lemma 7.17, respectively. Denote
U, = {u, > 0} and A, := QN IU,. Let x € Q. Then, x belongs to one of the five
regions depicted in Figure 7.1. To show the Lipschitz continuity, we consider each case

separately.

FIGURE 7.1: The subsets of domain €2 which form the five cases in consideration.

Case 1. z € Q\U,. Clearly, |Vu,(z)| = 0 for almost every such z.

Case 2. x € Uy, and dist(z, 0U, ) > R. Note that By := B(x, R) C U,. By C%-continuity
of uy, (Corollary 7.6), Holder continuity of u,—; (Theorem 7.4), and [49, Lemma 6.16],
we see that u, € C%7(Bg). Hence, the elliptic Schauder estimate [49, Theorem 6.2]
gives the desired result.

Case 3. z € U, and dist(z, A,) < min(R, 1dist(z,99Q)). By virtue of Lemma 7.8, u,, has
Lipschitz continuity at the free boundary A, with Lipschitz constant depending linearly
on vA. By Theorem 7.9, we are done.

Case 4. © € U, and dist(xz,A,) > R > dist(z,09). By Lemma 7.15, we see that if
(i) holds, then we are done. Otherwise, Theorem 7.2 gives |Vu,| < %HUOHOO for some
C(N,h) > 0.
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Case 5. x € U, and 3dist(z,99) < dist(z, A,,) < R. By slightly shrinking U, := {u,, >
0}, we can find a set U/ such that x € U], 9U], N is smooth, and

(Vun(z)] < C(N,h,7,|Juollec) (VA +1) on U, NQ, (7.56)

where we employed Case 3. Since u,, € H'(f2), then Vu,, € L?(Q2). By Fubini’s theorem,
there exists a radius 7 and C(N) > 0 such that 2R < r < R and Vu, € L*(0B,(z))
with

7“NflHV%HH(aBT(x)) < Cl|Vunl2(0)-

R
/wn? / |Vun|22/ / Vi 2
Q BrNQ 3R JOB,NQ

c<N>/R1/ Vit ?
SR r2N=1) fo, 1

C(N) 2
= R2N—3/Q|V“"| g

which gives R?VN=3 > C(N) > 1.) Note that u,, satisfies

(Otherwise,

v

v

Up, Unp—1
Au, — 4 =
U= h

, inD:=B.(x)NU].

Moreover, dD has three parts: 'y = B, N9QNoU), Ty = B, NQN AU/, and I's =
U/, N dB,. These parts may not each be connected, but they are pairwise disjoint and
T1UTLUT3 = dD. Note that I' is a convex Lipschitz hypersurface, and so, by Lemma
7.17, we have

|Vun| < C(N,L,h, R)(1+VA), onT;.

By construction, I's is a Lipschitz curve on which (7.56) holds. Moreover, I's is a smooth
curve. Define function v on B,(z) by

Av =0, in B, (x),
v = C§ + (|[Vun|*)xrs, on 0B,()

where C3 = max(C1(1++v/\), Cy). Then, on T'y and Ty, we have v = C2 > |Vu,|?. Now,
if x € I's, we see that

v(z) = CF + [Vun(2)* 2 |Vun(2) .

Moreover, recalling (7.42) and invoking Theorem 7.5, we have

N ) 2 .

ij=1 8951(‘):@ h
2|Vun|? — 2Vu,_1 - Vuy,

- h

\Vun\Q — |Vun,1\2 > |Vun,1|2

h - h

in D

v



106 On Evolutionary Free Boundary Problem with Volume Constraint

and so, in the weak sense,

+ ‘V“n—l‘Q

A a2 —
(Funf? = 0) + =2

>0, inD.
By the induction hypothesis, we have for any p > 1,
/ |\Vun,—1|P < C(N,L,h)P(1+ \f)\)p|D| < +-o00.
D

Hence, for some ¢ > 2N, [49, Theorem 8.16] gives
s%p(]Vunlz —v) < sgg)(\VunP —v)T+C(N,h,R) H]Vun_1|2HLq(D)
=: C4(N,L,h,R)*(1+ VA)?
since v > |Vuy,|? in dD. Hence, |Vu,|?> < v+ C3 on D C B,, and so,

Vun (@) < v(z) + CH1 + V)2

Since v is harmonic in B, (x), we have

( C’(N)
vixr) = v(y)do ——C’?—&—/ Vun2
( ) B, () (y) (y) 3 NTN_I F3’ ’

< C§+C’(J\7)/ \Vun\2
Q

wyr3(N-1)
C(N) 2
< O3+ —— vy | Vuoll 72
WN (%R)?)(N 1) L2(2)
< C(N,L,h,R)(1+ V).

Hence, we have
Vg (2)]? < v(z) + C2(1+ VA2 <O+ V).

Thus, for almost every = € Q, |Vu,| < (1 +VA)Cy(N, L, h).

7.5 Behavior of the minimizer for large \

This section investigates the behavior of minimizer u,, for sufficiently large penalty A > 0.
In particular, we show that the solution to the original problem (7.1) is attained without
having to take A to infinity.

Note that Theorem 7.7 implies that our penalization does not affect those functions
whose [{u > 0}| is less than the prescribed measure. This allows us to avoid smooth
outward perturbations of {u > 0}. Inward perturbations, on the other hand, can be
done in a natural way (cf. [93]) by replacing u in the set v > 0 by ws := (u—9)4+. When
A is large enough, we rule out the case |[{u, > d}| > « by showing that, in this case,
FI(un) < F(ws) for small §, contrary to the minimality of u,,. The crucial point here
is the gradient bound for u, (Theorem 7.18).
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Theorem 7.19. Suppose

2
2 VuolZaqy  [(Co+ VR)wolloo + B

A > max

1 —a h? '
where
o 2CSC€‘Q’2+1/N
a9 -a)
If u, minimizes F' (n = 1,..., M), then |{u, > 0}| = a. As a consequence, u, solves

(7.3) if and only if it solves (7.1).

Here, Cg is the Sobolev-Poincaré constant relative to 2, that is, the smallest number

Q Q

where || Dv||(2) is the total variation of the distributional derivative of v.

< Cs|QIVN||Dol|(), Yo e BV(Q) (7.57)

Proof. By Theorem 7.7, it suffices only to show that [{u, > 0}| < a. Suppose not.
Then, we can find a sufficiently small 6 € (0,1) such that

{un > 6} > a. (7.58)

For such 4, consider the comparison function ws := (u, — &)+ € H'(Q2). Note that
{ws > 0} = {uy, > 6}. Then, Fl(u,) < Fl(ws) implies

2 2

Up — Unp— Ws — Up—

i =ttt +/|Vun|2—|Vw5|2
Q

IN

A([{ws > 0} = [{un > 0}])
{0 < un < Y. (7.59)

IN

By the definition of wg, we have

/|Vw5|2—|Vun|2 _ / |Vun|2—/|Vun|2
Q {un>6} Q

— _/ |vun|2 S 07
{0<un<d}

/ ’w5_un—1|2 . |un_un—1‘2
0 h h

/ u'?z—l / ‘un -0 — Un—1|2 ‘un - un—l’2
- + R B e
(O<un<sy N {(un>6} h Q h

u? — Up_1]? 1)
— / (nl_ (22 1|>+/ (5—2(un—un,1))
{0<un <6} h h Jiua>s}
2
- / uz 1+5/ (2un_1 — 5)
{0<u <t b h S,
2||uo oo
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Thus, (7.59) becomes

[Juo |12 2612 [|uollo
= T h Th{0<u, <o)

(7.60)

We will estimate the second term on the right-hand side of (7.60) by a quantity indepen-
dent of 0, which will lead to a contradiction. To this end, consider set A; := {u, < t}
for t € (0,9). Then, {u, >0} C Q\A; C {u, > 0}. By (7.58) and Theorem 7.7, we get

a <9 = A < a+ A Vo720,

which implies that

hahod - -
o7 Jo o A Q| o4, 192
| Al
— 2|0 — |42
- a|Q\ —a— >\_1HVU0||%2(Q)
- Q|
(|9 — a)
> -, (7.61)
Q|

since /\*1HVUOH%Q(Q) < (|9 — @)/2. Note that the total variation of u, € H(Q) is

/QVun < UV Vunl () < 1992 Vuoll 2oy < oo,

which follows from Holder’s inequality and Lemma 7.3. Then, by [38, Section 5.5,
Theorem 1], A; has finite perimeter, that is, HV ~1(04;) < oo for £ a.e. t € (0,65). This
implies that x4, € BV (), and so, by the isoperimetric inequality (7.57) and (7.61), we

have
ILEDI S
12 — ol

By the Coarea formula and Theorem 7.18, we have for some Cy(N, L, h) > 0,

< CslQUNHN L (DA,). (7.62)

1)
[Hoaga = [ vl < @+ VROH0 < <o)l

Integrating (7.62) with respect to t over (0,d) and multiplying || yields
sa(|Q] —a) < CsCo(1 + VN)QHN{0 < up < 5}

Thus, (7.60) becomes

2
N A

By the quadratic formula, we get VA < C, Hu‘;}”"o 4 luollee 4 1 A contradiction. O

S
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7.6 Construction of Minimizing Movement

This section presents the minimizing movement for our evolutionary free boundary prob-
lem and some of its properties.

For h, A > 0, let u, be the minimizer of functional F*(n = 1,..., M). Define h-step
function u" : [0,T] x @ — R by

~p uo(z), t=0
u'(t,x) == u x) = 7.63
(5,2) = g/ (@) { un(@), te((n—1hnhl,n=1,....M (7.63)
and h-piecewise linear function u” : [0,T] x Q — R by
uP(t,x) i= (1= T)uen) () + 7w (2), (7.64)

where 7 = t/h — [t/h] € [0,1]. Here, |-]| denotes the floor function. Hence, for any
t € [(n—1)h,nh] where n=1,..., M,

h—t t— —1Dh
n . unl(x)_|_(”h)

ul(t,x) = Un ().
Remark. By Theorem 7.2, we have

0 < aM(t,z), ul(t, ) < |Jug||so, (7.65)
for any ¢ € [0,7] and for almost every = € Q. Moreover, for any ¢ € (0,7),

] ~h L) — h . —
1}518 [u™(t,) = u"(t; )|l L2(0) = 0. (7.66)

Indeed,
~ 2 2
/Q ’Uh(taw) —ul(t,x)| de = (1- T)Q/Q |we/n) () = wiepnja ()| da
S hHVUOH%Q(Q)7
which follows from Lemma 7.3.

First, we state the definition of the generalized minimizing movement.

Definition 7.20 (Generalized Minimizing Movement). Consider a separable Hilbert
space X, a functional

F:(0,1) x X x X — RU {—00, 400},

and an initial datum ug € X. We say that u : [0,400) — X is a generalized minimizing
movement in X associated to F and ug, written as

u€ GMM(F,up; X)
if there exists a family of sequences {uﬁ}zo:l depending on h € (0,1) such that

U 7.67
Flhy ol ult_y) = min F(h,vuly), ¥n €N, he (0,1) (7.67)
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and u is the pointwise limit in X, as h goes to 0, of the h-step functions @" (defined in
(7.63)), that is,

lﬁﬁ)lah(t) =u(t) in X Vte[0,+00). (7.68)

Theorem 7.21. There exists u € GM M (F,ug, L*(Q)).

Proof. Consider a sequence {h} C (0,1) such that h — 0. For each h > 0, there exists
a sequence {uZ}fzo such that (7.67) holds (Theorem 7.1).

Note that for any ¢ € (0,7,

/Q Vuh (1) = /Q (1= 1)V + V|

- /9(1_7)2 Ve |* + 27 (0=7)Vupn) - Vugn o1+ 72 [Vaggn o]

IN

/Q Ve |* + 2| Ve [Vereno] + [Vl

IN

2/9\vuwfw/g}vutt/hmy? < 4|V 32 q. (7.69)

which follows from Lemma 7.3. Moreover, by Poincaré-Wirtinger inequality and Lemma
7.3, there exists C'p > 0 such that

[u () = uy() 1720y < CrIVE"(B)172(q) < ClIVuol 72

where ul (1) :][ u" < ||ug||oo. Hence,
Q

2
[ Jubco)]” < 2l
Q
By triangle inequality, we have
" (@)l z2() < " () = uty ()l z2(0) + Il () 2(2) < oo

It follows that {u”(t)}nso is uniformly bounded in H'(Q) for any ¢t € (0,T). Hence,
Rellich-Kondrachov theorem implies that for a fixed ty € (0,7"), there exists a subse-
quence {1/ (tg)}>2, such that for some u(ty) € L*(Q), we have

j=1
M (tg) — u(ty) strongly in L2(€).
By a diagonal argument, we can find a subsequence {u" }521 such that

" (q) — u(q) strongly in L2(Q) for ¢ € QT N (0,7). (7.70)

We wish to extend this result from ¢ € QT N (0,7) to t € (0,7). To do so, we utilize
the idea of [7] and derive an estimate for ||u"(s) — a"(t)||12(q) for any s,t € (0,T). From
the proof of Lemma 7.3, recall that

B 2
/’un;;n—l‘ < j(unfl) _j(un)
Q
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Then, for t > s,

[t/h;]
[ (t) = @ ()l 2y < DL llun — unaallzee)
n=|s/h;]+1
[t/h; ] V2 1 i) 1/2
< Z 12 Z Hun—un—1\|%2(9)
n=|s/h;|+1 n=|s/h;|+1
1t/h5] 1/2
S \/Lt/th — Ls/h]J (h] Z (j(unfl) - j(un)))
n=|s/h;j]+1
= \/Lt/h - S/hJ\/ (»7 (]s/nj)) ﬂ“tt/@ﬂ)
< VT (o) ([t/hs] = Ls/hs)

< HV’LL0||L2(Q)\/t—S+h]’. (771)

This shows that step functions u" are (almost) equicontinuous and equibounded in

C([0, +00); L?(£2)). Hence, they converge uniformly.

Now, given € > 0 and an arbitrary ¢ € (0,7, we select ¢ € QT so that
2|[Vuol| 2y VIt — gl < e
By (7.70), we can find §; > 0 such that for all A%, h/ < d;, we have
13" (q) = @ (g)l| 2 () < 3e-
Take § = min(dy,03), where 6y = g/(6][Vuo| z2(q)) > 0. Then, for all Rt W < 5, we get

[ () = @" (#) 220

< ()—U (@l 2 + 17" (q) = " ()|l 12y + 113" (@) — ™ (8) ]| 120
< | Vuoll 2 vVt — g+ hi + 36 + [Vuoll 2/t — ¢+ by

< 2o+ |[Vuollrz) (Vi + /hj)

< 2 42|Vl 2 Vo < €.

By the completeness of L?(£2), we conclude that
i (t) — u(t) in L2(Q) fort e (0,7).

Moreover, thanks to (7.66), the same holds for the sequence 1/ (t). O

To end, we present some properties of the minimizing movement in the following theo-
rem.

Theorem 7.22. u € GMM (F,ug, L*(2)) belongs to L*((0,T); H(2)) N L>=((0,T) x
Q) NCO2([0,T); L2(2)) and satisfies (in the weak sense) ug < Au in (0,T) x Q.

Proof. Passing to the limit as h; — 0 in (7.65) gives

0 < ult) < |Juollee, ¥t € (0,T). (7.72)
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Using (7.71) for ¢t > s, we find (by dropping the index j from h;),

lu(t) = u(s)l 2y < Nu() =@ () 20y + 17 () =" ()| 20y + 7" (5) ~u(s)l| 20
< lu(®) =" ()| 20) + Vol 2y VE—s+h + [[a"(s) —u(s) | 2o
— || Vuoll 2@Vt —s, h—0,
and thus, u € C%1/2([0, +00); L?(Q)) .
Moreover, adding the inequalities F(u,) < F"(u,_1) up to an arbitrary n = [t/h]

gives that for any ¢ € (0,7,

[ 1ttt + IV Oy < 190l
Hence, we can find a subsequence {u"} such that

u?j — weakly in L*((0,T) x Q)
Vuli  —~ Vu, weakly in L2((0,T) x Q).

Finally, we show the subsolution property. For any h > 0 and n = 1,2,..., M, and an
arbitrary nonnegative ¢ € C3°((0,7) x §2), define

1 nh
o = = B(t, x)dt
@ = g ) o)

n—1)h

and set for all t > 0, ¢"(t,z) := qﬁﬁ/h]H(x). Note that as h — 0,

o" — ¢  strongly in L2((0,T) x Q),
Ve — V¢ strongly in L2((0,T) x Q;RM).

By Theorem 7.5, we have for any ¢ € (0,7,

/ Un = Un=1 hs gy gt < 0,
Q h]

where n = [t/h;| + 1. Adding up to |T'/h;| and multiplying by h; gives

| T/h;]
0o > Zh ¢hﬂ+w -Vl
Q

= //“¢hf+vahf-v¢hj.

- /0 9‘9“ (¢h ¢)+¢>+//v VqﬁhJ—Vqﬁ)—i-Vu'-Vqﬁ.

Taking h; — 0 yields the desired result. O
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7.7 Concluding Remarks

For any given time step size h > 0, we have shown that one can choose penalty parameter
A (independent of n) large enough that the measure of set {u, > 0} automaticaly
adjusts to its prescribed value. This means that one can achieve the solution to the
original problem (7.1) without having to take A to infinity in (7.3) — a clear advantage
in numerical computations.

There is still a number of questions on this problem which we plan to address in the
future. First, we wish to investigate the behavior of the sequence of minimizers for
sufficiently large penalty A independent of A and n. Since the techniques introduced in
this chapter are not applicable, we instead, opt to use a smoothing technique on our
penalization term and employ the Bernstein method to first establish uniform regularity
of the minimizer (cf. [96]). Second, we would like to extend these results to the two-
phase case where the initial datum wug is not required to be nonnegative. Our goal
is to prove the convergence of the volume-preserving MBO algorithm, which requires
investigation of the regularity of free boundary. Is the free boundary (in some sense) a
“nice” hypersurface? What is its shape as it comes into the fixed boundary? Does it hit
the fixed boundary smoothly? Finally, we wish to generalize the results in Section 7.4
(regularity up to the fixed Neumann boundary) to other elliptic operators. What is the
most general type of operator to which it should apply? Does it also work with other
boundary conditions, aside from the Neumann boundary condition?






Appendix A

Reference Vectors: Its
Construction and Properties

In this appendix, we construct reference unit vectors, denoted by p; corresponding to
each phase region P; as vectors of dimension k£ — 1 pointing from the centroid of a
standard k-simplex to its vertices as in [94]. Based on this construction, we list down
some of its useful properties.

Consider the standard (k — 1)-simplex in R¥ given by
k
Sp_1 = {(ml,xg,...,xk) e Rk le =land z; > 0, fori = 1,2,...,k}.
i=1

Then, its vertices form the natural basis {e; : 1 <1i < k} for the Euclidean space R,

FIGURE A.1: A 3-phase regular simplex (left) and a 4-phase regular simplex (right).

Translate the simplex so that its centroid lies in the origin. Hence, the translated vertices
are now of the form

1 k
V; = % (/{ei — Zel) .
=1

Fix an orthonormal basis for the (k — 1)-dimensional hyperplane containing the sim-
plex. Take, for example, the first translated vertex v; as the first basis vertex (after
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normalization), and construct the remaining vectors as follows:

1

k
= ——(k—1,-1,—-1,—-1...,-1
Q1 k- Dk ( )
1
k
= 0,k—2,-1,—-1,...,—1
a2 (k—2)(k—1)( )
1
k
= 0,0,k—3,-1,...,—1
q3 (k—3)(k—2)( )
k 1
qk—l — ﬁ(O’...,O7 1’—1)
Let Qi be the matrix havingq’f , qé‘, e ,qﬁfl as its rows. Then, the reference vectors p;
are obtained by normalized projection of v;(i = 1,..., k) into this orthonormal system,
that is,
1 T
p; = Qrv; -
O

Note that for any pair 7,7 =1,2,...,k, we have

1, =
1. pi-pj = 1 ) .

1% i
2. (pi+pj)-(Pi —pPj) =0,

20k — 2)
k —

| 2k .,
4. |pi — pj| = m,whenz;&].

Moreover, if 6 denotes the angle between any pair of reference vectors, say p; and p;,
then, the following is true:

3. |pi +pj| = , when i # j,

1. cosf = Pi Pj _ _ ,
pillp;l k-1

The above properties of the reference vectors are used in the calculation of the velocity
of the interface.



Appendix B

Expansion of Scalar Signed
Distance Function

Consider the scalar signed distance function dg : R2 — R with respect to set S C R2,
defined by

J dist(z, S¢), x €S,
S =
—dist(z, S), z €S
In this appendix, we write out its Taylor expansion around a point x on the smooth

boundary 0S where the expansion coefficients are expressed in terms of the geometry
(curvature and derivatives of curvature) of 95 as in [36].

Let us rotate and translate the coordinate system so that z = 0 in the new coordinate
system and the outer unit normal 1 at the origin lies in the negative x5 direction (Figure
B.1).

X2

CZS>O S

—CZS >0
I

FI1GURE B.1: Setting up 05 in the new coordinate system.

Let v(z) be the smooth function whose graph (z1,y(z2)) describes the smooth boundary
0S in the neighborhood of the origin. Then, if £ defines the curvature of the interface ;;
at point 2 = (0,0), then (0) = 0, /(0) = 0, and 7"(0) = —x. Note that dg(z1,z2) > 0
if 29 > y(z1) (which implies that dg (1, z2) < 0 if 29 < y(z1)).

117



118 Ezpansion of Scalar Signed Distance Function

Proposition B.1. (¢f. [36, Proposition 2]) The scalar signed distance function ds(z1,y(z1))
has the following Taylor expansion at x = 0:

ds(x) = zo + skx} + Lhg 2t — Le%ais + O(|z|h).

Proof. For convenience, denote d := dg. Take r > 0 small enough so that dg € Ckm
where & > 2 and m > 0 in a neighborhood B := B(0,7) of x = 0 € 0S. Then, for all
r € B, we have

ds(x) = (z — P(x)) - n(P(x)),

where P : R? — 0S denotes the closest point projection. Hence, for sufficiently small
x2, we have d(0, z2) = x2 and so, dy,(0) =1 and

Pl
a—xéd(O) =0, k>2.
Moreover, the scalar signed distance function satisfies the Eikonal equation
Vd(x)|? = d3, (2) + dz, (z) = 1, (B.1)
which implies that d,, (0) = 0. Now, differentiating B.1 with respect to x1, we have
Aoy ()dgyaq () + doy (2)dp, 2, () = 0. (B.2)
It follows that dg,,(0) = 0 and

ak

L4, (0)=0, k>1.
axé; 1()

Meanwhile, recall that the Laplacian of the signed distance function d at a point gives
the mean curvature H of the isosurface of d passing through the point, that is,

Ad(z1,7(21)) = dayay (21, 7(21)) + dagas (21,7(21)) = H(z1,7(21)), (B.3)
which implies that dy,», (0) = H(0,0) = k.
Now, differentiating (B.2) with respect to z1, we get
dilxl (@) + day (%) dz1 212, () + dile () 4 day (¥) dary 2120 () = 0. (B.4)

Thus, we have dg,,2,(0) = —x2. On the other hand, differentiating (B.3) with respect
to xp yields

Hml (mlf)/(wl)) = dmlwwl (xh’)/(xl)) + d$1$112 ($177($1))7,($1)
+ dyyzom (wla V(xl)) + dayaya, (3317 '7(561))'7/(1'1)7

which implies that dy,z,2,(0) = Hy, (0,0) =: Ky . Finally, collecting the expansion
coefficient terms yields the desired Taylor expansion. O



Appendix C

A Junction-based Signed
Distance Vector Approach

This appendix presents an alternative construction of the signed distance vector function
[70],which when set as an initial condition in Algorithm 3.1 evolves the interface with a
normal velocity of minus mean curvature.

§ Construction of Signed Distance Vector

Consider a partition of RN = P U P, U---U P, into k > 2 mutually exclusive phase
regions P; C RN (i = 1,2,...,k). Fix a point z € RY. Without loss of generality, say
x € P; with P; as the nearest phase to x. Denote the interface between phase P; and
P; by 7i; = ~vji- As in Appendix A, set up the reference vectors p; corresponding to
each phase P; as vectors of dimension k& — 1 pointing from the centroid of a standard
k-simplex to its vertices. Denote 6 as the angle between any pair of reference vectors
(depends only on the number of phases).

Let dy : RV — R* U {0} be the distance of point z to the nearest interface, defined by:
dy(x) := 1117127111 dist (x, yin) = dist (z,7i5) ,
and s : RV — R*T U {0}, be the distance to the nearest junction point
s(x) := min {dist (z, 2) : z € T};},

where Tj; is the set of all junction points on interface ;;.

Definition C.1. We define the signed distance vector & : RY — R*~1 as follows:

B ([ PitPp; di(x)0
8(x) := s(x)rot j; <|Pi + 5l s(z) 2) ’

where rot j;(v, a) means rotating vector v by angle a in the direction of rotation from
reference vector p; to reference vector p;.
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120 A Junction-based Signed Distance Vector Approach

From this construction, we see that §(xz) = 0 when z is a junction point; and

8(z) = s(z PitPj
Pi + Pl

when point z lies on interface v;;. An example of this signed distance vector is shown
in Figure C.1.

Py

Py

FIGURE C.1: Three-phase initial condition (left) and its corresponding signed distance
vector field (right).

Proposition C.2. If v € P; with v;; as its nearest interface, then,

5(x) = s(a) [cos a(w) PPL 4 ina(a) BRI
|p: + Pyl Ipi — pjl
d 0
where a(x) = 81((5)) 3
Proof. Let §(x) = s(z)r, where r := rot j; (v, ).
lf
P pi + pjl
: 0
2 _—

Pi

FicURE C.2: Construction of the junction-based signed distance vector.

Write r = av + bp; for some a,b € R. Since p; - p; = cos 0, then taking the dot product
r-v gives cosa = a + bcos g. Hence, a = cosa — bcos g. On the other hand, taking the
dot product r - p; gives

cos (g —a) :acosg—FbZ (cosoz—bcosg) cosg—i—b,

. . sin o
which gives b= —.
sin 5
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Thus, we have

N oy Pi 1+ Dj
r = (Cosa —bcos 5) m

B < cos o +b>p,+< cos —b>p-
pi+pil 27 \Ipi+pil 2/

Pi +P;
\Pi+Pj| |pz‘—pj\

+ bp;

O]

We remark that for any point z € RY having vii(4,7 € {1,2,...,k}) as its nearest
interface, we have,

2k

|
N
=

é(z) - (pi —Pj) = i1 s(x)sina(z), ze P
] _\/2(15777)5(4”) sina(z), x € P

Meanwhile, if z € P,,, C RY with vy, (m,n € {1,2,...,k}\{i,j}) as its nearest interface,
then we can find a constant C' > 0 such that

8(2) - (pi = p)| < ) 1l (©2)

§ Velocity of the Interface

[y

(C.1)

N

[ay

Next, we estimate the “normal velocity” of the interface evolving according to the
junction-based SDV scheme.

Theorem C.3. The velocity of the interface v at any point z € v C RN s
v=—-k+O(VAt), At—0,

where K denotes the (N —1)-times mean curvature of v at x with respect to the outer
normal 7.

Proof. For simplicity, take N = 2 and write t = At. We proceed in the same manner as
in the proof of Theorem 3.3. The normal velocity v of interface v;; can be found from
the relation

0 = /Q—I_/R?\Q 0(x) - (pi — pj)Pu(x —2)de =1+ 1I

where z = (0,vt). Using equation (C.2) and the fact that |s(z)| < |z| + M for some
M > 0, we get

mo<of [ e el M) g - vt)deada
R JR\(—7,7) R\(—7,7) /R

C’/ </ +/ > +/ /(561 + |xo| + vt + M)pi(z1) @i (x2)daodry
0 T+vt T—ot r JR

2

C (x/%+ t4 1) e (C.3)

IN

IN
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On the other hand, it follows from equation (C.1) that for some C > 0,

\/Tf/mp /Qmp si (dlsz(é;”) g) ®4(x)da
\/?/Q s(z) sin <5(g z> Py (x — z)dx

where d : R? — R is the scalar signed distance to Q. N P;. Using the Taylor expansion
of sine up to the third order, we have

_E=2 @) (@)
V2 -1) Jo (@) [S(x) o (83(96)
0V — 2

=: m (Il + IQ)

)] #ite - 2y

Moreover, using the Taylor expansion of the scalar signed distance (Proposition B.1),
we get

I, = / [(mz + %mx%) + 0 <\x|3>} or(x1)pi(ze — vt)dredry =: I11 + L12o.
Q
We estimate these integrals in the following claims.

7_2
Claim 1: I1; = (v+ k)t +O(e” 4 ), as t — 0.
Indeed,

/ (:132 + %m:%) Oy(x — 2)dr = /(wz + vt)pe(xg)das + H/ x%cpt(xl)dxl
R2 R 0

! /( + vt) ‘%d + Kt = vt + Kkt
= T vl) € X KU =0 K
2V 7wt Jr 2

Moreover, we have

/ 2o®@(x — 2)dx
RA\Q

IN

/ / +/ / |z2| ot (1) pr(z2 — vt)drodzy
R JR\(—7,7) JR\(—7,7) /R
o0 o0 7—2
/ +/ te @ /(|$2\ + |v[t) ot (z2)dxo
T+t T—ot R

C<1+\/7E+t)e’§,

C// +/ /x%pt(ml)cpt(:m—vt)dxgdml

R JR\(—7,7) JR\(—7,7) /R

C (/ —i—/ tgot(xg)dx2+2/ x%got(arl)dm)
T4+t T

<t+\[(7+\[)e £

IN

IN

and

/ %mﬂﬂ)t(av — z)dz
R2\Q

IN

IN

IN

which proves the claim.
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Claim 2: 1o =0 (tﬂ), ast — 0.
Indeed,

| 112

IN

C/Q (21| 4+ [22])? 0o )or (s — vt)dwadany

c </Ooox:ftpt(x1)/R oi(z2) + /cht(xl)/ooo(m + Iv]t)?’got(:vg)) droday
Ctvi (1 +(1+ |u|\/i)3) ,

IN

IN

which proves the claim.

For the second term I5, it is enough to consider the first two terms of the Taylor expansion
(Proposition B.1) of the scalar signed distance. Moreover, we can take 7 > 0, small
enough so that mi(g s(z) > 0. Thus,

xre

1
L] <
|I] < C’mgx 2(2)

c/ (o] 4+ [21])? @)1 (w2 — vt dwadany
Q

/ {dg(x)| Oy (z — z)dx
Q

IN

IN

C/OWA(|m2|+|U|t+x1)3 (1)1 (2)dmaday
< OtVE (14 (1+ [olVD?). (C.4)
Finally, it follows from claims 1 and 2, and equations (C.3) and (C.4) that
0 = I+11= (v+/€)t+0<t\/i+eﬁ>, ast — 0,

which gives the desired result. O

§ Numerical Example

We present examples of mean curvature evolution of a three-phase smooth interface and
a four-phase triple bubble using a junction-based signed distance vector approach in
figures C.3 and C.4, respectively. Here, the domain Q := [0,1] x [0,1] is triangulated
into 5000 elements with 2576 nodes and the evolution time step At = 0.0005 is discretized
into 30 DMF iterations.

Ficure C.3: Evolution of a 3-phase smooth interface via junction-based SDV scheme
at t = 0, 10At, 80At, 300At.
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F1cURE C.4: An example of a shrinking triple bubble via junction-based SDV scheme
at t = 0,20At, 50At, T0AL.

Note that under these configurations, the original MBO algorithm gets “stuck”, while,
our multiphase signed distance vector approach naturally alleviates the time and grid
restriction (cf. [36]), without having to retriangulate elements based on the interfacial
geometry.



Appendix D

Gaussian Function: Some Useful
Integrals and Estimates

Consider the Gaussian function ®; : RV — R defined by:

Pi(z1, 22y .. TN) = (1) Pr(w2) - pr(aN)

¢ . . . . . .
where ¢4(§) = ﬁe‘ﬂ. We list down some integrals involving the Gaussian function

which were utilized in our calculations and proofs, as follows:

L /R or(€)de = 1

[\

. / ek, (€)de = 0, where k is odd
R

w

. / 2o (€)de = O(tF), as t — 0 where k € N
R

1 [ terte = [ eutw - pie
. | Oofssot@)ds:f;

6. [ e =

[ Ooaot(@ds:ﬁe‘f

§ Some Useful Estimates involving the Gaussian Functions

In this section, we prove some estimates of Gaussian integrals.

0.)
Lemma D.1. For any a > 0, / e_fzdé < %\/7?6_0‘2.

«a
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Proof. Note that £ > a > 0. Then,
E=(-a)?+2€—-a®>(E—a)i+a

Hence,

O
(12
Lemma D.2. For any a > 0, / or(§ —vt)dE = O (e4t> ast — 0.
R\ (—a,)
Proof. Applying Lemma D.1 yields
1 _(g=vt)? vt>2 o 2
—_— de| = / / e S de
|\/47rt R\(foz,a atut
a—v 2 a+v 2 o
< 5 [e (Tt) —|—67( . ] §C67Tf.
O

Lemma D.3. For any a > 0 and n € N, we have

1. / §"py(§)ds = O (\/Z(a + ﬁ)”leif), t—0.
R\(—a,)

2/ gre= ST ge — 0<§(a+\/) > t—0.
R\ (—a,a)

Proof. Note that

2
§he g

< oWy [lere e o

VAt

1
I =
| VATE JR\(~a,0)

Applying integration by parts and Lemma D.1, we have for 7 =

\/77
o 2 n—1)( (n—2i+1) ooe_xde n, even
/ énefg d¢ = 1 Fn—le—7? 1+Z 2 + . ) ) )
7 12
T 2 T 6_72, n, odd.

<C [Tn—l 4B g 2kl +1} o

where k = "% when n is even and %52, otherwise. Thus,

I < C [an—l\/i_i_an—?)(\/i)?)+___+an—2k—1(\/£)2k—l + (V)" oo
< CVt(a+ \/i)"_le_%, t— 0. (D.2)
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On the other hand, using (D.2), we get

Con2
/ gre S de
R\(—a,)

IA
Q
=
—_
8

+
g\»
T 8
/N
o~

+
=
3

()

A
Q‘L\)
7

Vit Vit
" n 1 o0 2
< Ct”Z( > e de
= \m) (Vi) e
n—1 m
< ore S |14 <”> (“*@
m=0 m \/E
o n—1
= Cthe 2 [1+ (24 —
‘ ( \/i>
n+1l n—1 ,72
< Ct2 (a+Vt)"lte s, t—0.

§ Gaussian Integrals over a Region

We list down some integrals used in the proof of Lemma 3.4, as follows:

Lemma D.4. Let Ry = {a: eR?: —zycoth < x9 < xjtan 6?} where 0 € (0, g) Then,
the following is true:

Vit
Ve

NG
2. / 2o®P(x)dr = ——=(sin@—cos O
| @) = 5 )

1. / x1P¢(x)dx = (sin+cos §)
Ry

t
x129®P¢(r)dr = ——cos 26
T

1 1
———sin 26’>
2 0w

%\

N
— S5 5 5 5
]
= [\e]
©
&
Y
S
Il

8
N
KA
-
oS
=W
S
Il
~
7 N\

tvt
\/\; (sin@+cos @) (2+sin O cos )
tvi
6. r5®(x)dr = \/\; (sin@—cos @) (2—sin 6 cos 0)
V1
7. 23wo®y(x)dr = \/é (sinf—cos @) (14sin6 cosb)

t\/f
8. / 21250 (2)dr = —= (sin §+cosf) (1—sin @ cos §)
R VT
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Proof. Indeed, we have

1. 0] dr = d d
/Rlxl (x)dx 47Tt/ / / /:Ule Te T x1dxo

0 23
= / ta’}(z o) dry + / \/E -5 () dxo
\F o VT

\f[ tané N cot 8 ]

27 |V1+tan?26 1+ cot?6
t

= \[(sin0+c039).

v

T tan 6 2
2. / xo®y(z)dr = / / Toe~ = et dxodx
R1 47Tt x1 cot 6

2
= \/Aﬁf [ Gr(cot?0+1) _ 2(tan20+1):| diy
Y 1 1
B 2y/m [\/1—}—00‘529 \/1+tan20]

Vit

= (sinf — cos@).

2y

x1 tan@ o3
3. / r129®P¢(z)dr = / / Toe e dxodx
Ry 47Tt x1 cot 6

12
_ e o (cot? 6+1) e ﬁ(tanQ 0+1) dx
\/E\f [ !
t t
= sin? 0 — cos 9 rie” 0 da: ——cos 20,
ﬁ( \/471' ! 1= T

4' / $2(I)t($ / / U Sln pe 475 ’I"di dp
Ry 4
d 3 e d
= r 4t rar
/ Sln p p / e

6 oS
1-— 2 4t t
— / ﬂdp. - r3efr2dr = — (7-( — 2sin 29) .
0— 2 T Jo 2T

5./ 230, (x)dr = / / rt cos® pe” 4tdrd,0
Ry ! 47Tt 0—m/2

= (2\/75)3/ (1 —sin® p) cos pdp - / rie " dr
T 0—7/2 0

1
= *(2\/73) (sin + cos 6 — 381n39—%cos30).ﬁ

8
= t\\/; (sin® + cos ) (2 + sinf cosb),

M
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6. / r5®, (x)dx
Ry

1
—(2\/75)3 (sin@ — cos 6 + 1 cos® — & sin® @

tf
\/7?

47Tt/9 7r/2/ rtsin® pe~ W drdp

(2\/75)3/ (1 — cos® p) sin pdp - / rie " dr
™ 0—7/2 0

) 2

8
(sinf — cos ) (2 — sinf cosb) .

2 1 tan 0 7&
1 00 -1 Toe 4t

i l’%e —x1 cot 6 d;(;del
47t 0

2
2 z 2
[e‘u (cot?0+1) _ ,—f (tan? 6+1) dxy

Ff

(sm 6 — cos 9

xle 0 dwl

\/477
(sin@ — cos ) (1 4 sinf cosb),

el [ e b

Vit
ﬁ\/ﬁ

(sm 0 + cos 9

BIRS %\&

—0o0

3326 ko d:cg

s

\/R

(sin® + cos ) (1 —sinf cosb).

t\/

t
s

B

2 T At ( an< ¢ ) + (& T4t (Col 0 )
$26 t\t d$fz :L‘2 t t d.Ig
0






Appendix E

Calculations involving the
Interface Normal

In this appendix, we expound on the proof of Theorem 3.7. We evaluate the normal N%
to interface v;;(i,5 = 1,2,3) and its partial derivatives with respect to #; and 6, at the

triple junction point z := z(%, §) at time . We define the normal as follows:

Nij(z) = V(u(t, 2) - (pi —pPj))
k : : o

= E(k—l) (Cgl(z)_géj(z)? 22( ) CZQ( )) +O(€_E)7 t_>07

where partial derivatives of the convolution are evaluated from its Taylor expansion
(3.10), as follows:

91)2’1 + 1/1( )( \/2’2) + O (t_1251|2’|) = Bl(el, Z)

(2) ZD(
C(2) = B(01) + ZE(01)z2 +v(t)(1+ 21) + O (17 22]2]) =: Ba2(61, 2)
(Z(2) = —Bi(f2,u)cosbs+ Po(6a,u)sinbs
2(z) = —Bi(02,u)sinb — Ba(62,u) cos s
g’l(z) = [1(03,v) cos by — B2(03,v) sin Oy
Ci(z) = —[1(03,v)sinfy — Ba(03,v) cos Oy

where 03 = m — 61 — 65 and
= (—cosf3z1—sinf3zy, sinfsz; —cosb329)

= (COS 9221 —sin 9222, —sin 9221 —COS 0222).

Thus, if 61 = 02 = §, we have by Lemma 3.6 that z = O(t), and so, u = v = O(t), as
t — 0. This implies that

61(%7 ) 61(% ) O(ﬁ)v t—0,
Ba(%,u) = Ba(%,v) = B(5) + O(Vt), t—0.

Then, we get
1 (z) = 0(W1), 2(2) = BB(E) +O0(Vh), ()= -LB(E)+0W),
1(z)=B(Z) +0(VE), (z)=-L1B(Z)+0Wh), & (2)=-1B(E)+0W),
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as t — 0. Hence,
7'2
N2(:) = hB5) (Y -3) +OWi+ e ®), 150
-2
N#(z) = E(T%B(%)(—\/gvo)JrO(\/ﬂe_E), t—0
-2
Nz = B3 (73,%)+O(\/i+efﬂ), t—0,

which implies that

NI = IN¥] = [N*| = f55B(5) + O(WD), t =0,

and

2
N3N = N2 = L (BB B(5)) +0(VE), to.

Let us now take the partial derivatives of 1 o z (for i = 1,2) with respect to 6, and 6.
First, we note by Lemma 3.6 that

07 \/7? 0z

PV o) = Oi+ o), 2= 0B+ o),
321 o 32’2 _
0, = 201Vt + O(t), 20, — o(t),

as t — 0. Thus, we get

a‘zlgloz@,g) = 20,D(%) + O(E), t—0,
sChos(5.5) = 4GD(E)+OWD, 10,

0891212 2(3,%2) = B'(3)+2V3CLE(3)+O0W1), t—0,
6‘32;2 2(5,2) = O(Wt), t—=0

Morever, we note that

6u1 o 8’1)1 o
5, = —2C1Vt + O(t), 30, = ~C1Vt+0(t),
8’&1 . 6111 -
9uz _ 0w 9v2 _ B+ o)
06, a6, ! ’
92 _ cn/ai+ 0l), 9% B4+ 0), -0,
06s 004
Hence, if 61 = 02 = %, we have
0 - 0 Vi
879151(92,10 = —401D(§) + O(\/{f), 8—91&(02&) = O( t),
0 0
8—62&(«92,@ = —2C1D(%) + O(\/?E), 8792,82(92, u) = B/(%) + 2\/301E(%) + O(ﬁ),
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and
82151(9370) = —2C1D(5) + O(V1), 82 Ba(05,v) = —B'(5) — 2V/3C1 E(%) + O(V1),
(-;)92’81(937”) =2C1D(3) + O(V), 889252(9371)) = -B'(3) - 2V3C1E(%) + O(V1),

as t — 0. Thus, we get the following partial derivatives

76,55 °2(5:5) = —3B(3) +201D(5) + O(V1),

e ox(3.5) = —4B()+EH(E) + DG +3B(E) + O,

o ox(3.5) = —4B(E)+2/D(E) + 0KV,

o ox(5.5) = —EBE) - BE)+VIG (D) - EE) +OWA),
o ox(3.5) = $B(E) - CDE) - IEE) +OWA),

S ox(3.5) = —5B()+EH(E) + Ci(DE) +3B(3) + OWA)

L ox(5.5) = B3+ VEGDG) + B(§) + OV,

ot os(5.5) = EBE)+ B - VIG(D() - B(3) + 0V,

as t — 0. For u,v,w € R?, define the mapping ¢ : R? x R? x R? — R? by
((u,v,w) = uB(5) + vB' (L) + wCi(D(L) — BE(%)).

Then for any p € R?, we have p - ((u,v,w) = ((p-u,p-v,p-w). Hence,

gle”(’év@) = (5%, (0.-1), (0,2v8)) +O(VE + e )
SNEES) = (L) (£ D (3.VE) + O+ e )
SNBEE) = k(D) CE D, (43 -vE) + O+ e )
DNEE) = by 0.V, (0.1), 0, -208) + O + )
af)lN“(’é,éI) = i ¢(0,0), (—£.1), 3.-v3) +O(i+e )
f@N“@Q) = (G-, —£-1), 3,VB) +O(Vi+e )

Finally, we evaluate the partial derivatives of

N31 - N N12 . N23
(\Ijl’\p ) = ( 31 1122 ) 12 23 )
[ NSH[[ N2 [[ N2 {[[[N23]]

with respect to 1 and 6s.
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Note that if 6; = 6y = T, we have U1 = U2 = % Hence,

0 0
31 _ ylnaril2 12/7 12_\111 31 31w =
7\111( (N N ) 891N (3 3)+(N N ) 891N (3’3)

o6, " 8= eI NV
= e {Ca V(1) 0. 0.2v3)
+(=3,v3) - ¢((0,0), (—£.4), 3,—v3)) } +O(VD)
= {3B ) +3V3B/(5) — 18C1(D(3) — E(%))}

B(Z) 2y3E()-D()
VB Y R Ba)

+0(Vt), t—0.

In a similar fashion, we get

(NSI_‘IIINIQ).i]\ﬂQ(%’%) (N12_\I/1N31)_7
7\1;1(

a0, Y (5:5)= NS N[N
_\/§ 1 3 3 1
= {(—3,—\/§)'C((—§7—7)7 (5, —3), (=3, \[))

12B(%)
+(=3,v3)-¢((, =), (% 1), B.v) } +0(A)
= O(Vt), t—=0.
Moreover,
(N12_\P2N23)_iN23(1 g) (N23—\I’2N12)-iN12(£ E)
i\lﬂ(l E): 891 373 n 891 373
90, 373 [N N=3| [NE2][[| V23]
N 123\6) {02v9) (G, (8.9, (-3.-V3)
+ 3.V3) - ¢((=4, =%, (0.-1), (0.2v3)) } + O(V)
= O(Wt), t—0.
and
(N12—\IJ2N23)-iN23(1 ) (N23—\I’2N12) 9 le(z )
iqﬂ(l E): 392 373 N 302 373
by P73 [V E2[[[[ V23] [[NE2]][[N23]]
— 123\@) {(0,2v3) - ¢((0,3), (0,1), (0.-2v3))
+3.V3) - ¢((=, -9, (£.-D. (-3.V9)) } +O(VA)
= 12B€f {3B(%) +3V3B'(35) — 18C1(D(3) — E(3))}
V3 B'(%) 2\fE(§) D(3)
T 1+V3 (%) V7 BaY +O0(Wt), t—0




Appendix F

Discrete Morse Flow Method

This appendix introduces a variational method known as the discrete Morse flow [61, 78],
that solves time-dependent problems by discretizing time and defining a sequence of min-
imization problems approximating the original problem. The corresponding minimizers
are then interpolated with respect to time and the discretization parameter taken to
Zero.

We shall explain this idea on the heat equation. Consider the following problem:

ug(t, ) = Au(t,z), in Qp = (0,T) x
u(t,z) =0, on (0,7) x 09
u(0,2) = Aug(x), in Q.

Fix a natural number N > 0 and determine time step size h = T/K. We approximate
solution u, at time ¢t = nh by minimizer of the following functional in H{ ()

U — un—a? /!VU\2
n = —d ——dz.
Tn(u) /Q o x + L2 x

Note that the second term of the functional is lower-semicontinuous with respect to
sequentially weak convergence in H'(£2) while the first term is continuous in L?(2). The
existence of the minimizers then follows immediately from the fact that the functionals
are bounded from below.

We define the approximate solutions " (, x) and u”(t, ) by interpolations of the mini-
mizers {u,}X_, in time as follows:

ﬁh(t [,U) _ u0<$)7 t=20
’ un(z), te((n—"1h,nhl, n=1,... K,
and
UO(J“)u t=0

h _
u'(t,z) = nh—tu ($)+t—(n—1)h
hoot h

up(x), te€((n—1)h,nhl,n=1,.. K.
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136 Discrete Morse Flow Method

Since u, minimizes J,, then the first variation of 7, vanishes at u,. Hence, for any

¢ € L*(0,T; Hy(9)),
T
ui o+ Vu'-Ve)dr =0.
/0 /Q( h h )

Next, we want to take time step h to zero. To do so, we first establish the following
estimate

t
/||u5}||L2(Q)dt+||vuh(t)HL2(Q) < O forae. te(0,T),
0

where constant Cr depends on H'-norm of the initial data, but is independent of h.
Thanks to this estimate, we can extract a subsequence of the approximate solutions such
that for some u € H(Qr), we have

va' — Vu, in (L2(Q)"

uf = up, in L3(Qr).
Finally, passing the limit in h yields
T
/ / (ug¢d + Vu - Vo) dx = 0,
0o Jo
for any ¢ € L?(0,T; H}(2)). Moreover, it can be shown that u satisfies the initial and

boundary conditions in the sense of traces. Thus, we have shown by discrete Morse flow
method that there exists a weak solution u € H'(Q7) to the heat equation.



Appendix G

Multiphase MBO Method
considering Bulk Energies

This appendix presents our earlier work on the multiphase extension of MBO method
to approximate mean curvature motions considering space-dependent bulk energies e;.
In particular, we extend the results in [50, 94] to the multiphase case.

Consider the vector analogue of the scalar nonhomogenous heat equation considered in
[50, 94], as follows:

w(t,z) = Au(t,:x)—l—wii)t (G.1)

where w is a term related to the prescribed phase energies. Following a similar argu-
ment as in Chapter 5, we apply the vector threshold dynamics [94] to the above partial
differential equation (see Algorithm G.1) and construct w so that a normal velocity

v = —K — e; + e; is achieved at each interface ;;.
T2
.
Q A
TP

T €y

S~—

FIGURE G.1: Setting up interface v;; in the new coordinate system.

For simplicity, consider N = 2. Fix 2 € R? on interface 7vij. Now, rotate and translate
the coordinate system so that z = 0 in the new coordinate system and the normal 7
to 7i; pointing into P; lies in the positive x5 direction (see Figure G.1). Choose 7 > 0,
small enough so that @ := [—7,7] X [—7, 7] contains only phases P; and Pg. Assume
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138 Multiphase MBO Method considering Bulk Energies

Algorithm G.1 MBO Method for Multiphase MCF considering Bulk Energies

Given time step size At > 0 and initial interface network I'g := |J {vi; : 4,5 = 1,2,..., k}
where each phase region P; have prescribed energy density e;, we obtain an approxima-
tion of its multiphase mean curvature flow by generating a sequence of time discrete
interface networks {T',, }2_ at times t = mAt (m = 1,... M), as follows:

1. Inrrianization. Given phase regions P;(i = 1,2, 3) defined by the interface network
I';,_1, initialize
uy(x) =p; forx e P,

2. Dirrusion Step. With ug as the initial condition, solve (G.1) until time At.
3. ProJectioN StEP. For each x, identify the reference vector p; closest to the solution
u(At, x), that is,

pi-u(At,z) = max p;-u(At,z). (G.2)
J=1,2,...k

This redistribution of reference vectors determines the approximate new phase
regions after time At, which in turn, defines the new interface network I'y,.

that there exists a smooth function v : R — R whose graph (x1,7(x1)) describes the
interface v;; inside the cube ). Hence, if x defines the curvature of the interface v;; at
point z = (0,0), then v(0) =0, 7/(0) = 0, and v"(0) = —&.

Let u be the solution of the vector-type heat equation (G.1). For convenience, we will
write ¢ instead of At. Then, the normal velocity v of interface v;; at point = 0 obtained
from Algorithm G.1 can be found from the relation

0 = u(t,0,vt) - (pi — pj)
/ +/ () - (Pi = Pj)Pu(z — 2)da
Q R2\Q

+/Ot </¢2+/RZ\Q> W(x)\'/%_ pj)tit_s(a? — z)dzxds

= Ip+ 1+ 1Ip+Ilp,

where z := (0,vt). We estimate the above integrals in the following claims.
2

Claim 1. ITy = O(e" ), as t — 0.
Indeed,

(4] < C// +/ /@t(ﬂcl)%(iﬁz—vt)d@dm
R JR\(—7,7) R\(—7,7) /R

2 e 2
< C / +/ e_$2d:z2—i—2/ e "idx,
T—vt T+out T
2V 2Vt 2V
72
< Ce i,

which proves the claim.
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Claim 2. Iy = —(1 —p; - )(v+m) O(tVt), as t — 0.
Indeed,

T v(x
I, = M gpt(xl (/ ) or(xg — vt)drodr;

v(z1) oo -2
= M/ (1) (/ / ) or(xe — vt)dxodx; + O(e™ 4t)
v(z

~(z1) 2
= 2M/ o (x1 / or(xg — vt)drodr + O(e™ %)

= W;\)[ . e "2 drod + O(e™ = G.3
= 4t
\f - Sot(xl) /0 T20X1 (e ), (G.3)

where M := 1 — p; - p; > 0. We write out the Taylor expansion of v around x; = 0 to
obtain

W - 2\1[ [7(0) ++'(0)z1 + £7"(0)2? — vt + O(a3)]

= —2t7V2k2? — TuvE+ OtV 22}).

Recall that .
/ e €d¢ = s+ 0(s%).
0

Also, note that

/_ or(€)de = 1, /_ E0y(€)de = 21,
/_ E300(€)dE = 0, /_ Elou(€)de = O().
Then, (G.3) becomes
Iy = —]\%i(/i—l—v)—l—O(t\/f—i—e_ﬁ), (G.4)

which proves the claim.

-2
Claim 3. IIp = O(tv/te 1), as t — 0.
Indeed, if w(z) - (p; — p;) is bounded in R?, we have

[Ip] < max|w(z) - (pi —pj)] ;

Oy (v — z)dxds
Vams /Rz\Q - )
< C/ —e —an- S>ds

< \[/2 ?G*Sds
2
< Ct\/%/2 e ds = O(tV/te™ 1),
w

which proves the claim.
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Claim 4. Iy = w(0) - (ps — Pj) Yk + O(t), as t — 0.
Indeed,

o= [ o= [ ) it — s

— /0 \/% /_oo /_00 (w(0) + O(2)) - (pi — Pj)Ps—s(z — 2)dzds + O(t\/ie—%)

-2
= L +1I+ O(t\/{fe_ﬁ).

Note that

[e.9]

I = W(O)'(pi—pj)/o \/%/_OO sots(:m)/_ or—s(x2)duodzrds

Vi
= W(O)'(Pi—Pj)ﬁ-
and
t 1 [e’¢] o0
< C [ = [ e i el s
t 1 o0 o0
< C ; m/w /OO|1‘1—|—a:2]<,0t_5(x1)g0t_s(x2—vt)dxgdxlds
t 1 ) )
< C </ x1<pts(x1)/ i—s(w2)
0 Vdrs 0 —00
+/ got_s(xl)/ ]mglwt_s(xg—vt)> dx1dxods
t 1 \/E [e’s)
< C —|—/ xo + |v|t)pi—s(T da:)ds
[ (Y4 [Tt g e,
to1 2Vt
< C — + |v|t ) ds
drs <ﬁ i )

0
< C(\/ﬂt)/otjl/sg:ou),

which proves the claim.

Finally, combining all four claims yields

0= —(L—pi-py) (0 +) f; - w(0)- (pi — pj)\\/[; Lo,

Hence, Algorithm G.1 evolves interface v;; with a normal velocity
v=—K—e +ej +O0W1),
if we choose

(ei —¢)(Pi-p; — 1)
w(z) = Ipi — pjI?
0, otherwise,

(p’b_pj)) X Ele,wz
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where
Dy, wy = {x € Q : dist(z, vi5) < wi, dist(z, P,) > wa (Vr #14,7)},

for some wq,w; > 0.

§ Numerical Example

In [89], we rewrote Algorithm G.1 in a variational scheme and added a volume penal-
ization term (analogous to Algorithm 5.1) to simulate a three-phase volume-preserving
mean curvature evolution of interfaces with prescribed contact angles and considering
bulk energies.

We consider a three-phase initial condition where P; is the region below the horizontal
line at = 0.15, phase region P, is the interior of a partial ellipse (representing a gas
bubble), and the remaining region as external phase P;. Here, we set e = e3 = 0
and es = Py, where y denotes the coordinate direction of gravity and g = 150 is a
constant expressing buoyancy. The junction angle condition 6 — s — 63 is prescribed
using nonsymmetric reference vectors, as follows:

0202 —4A 2V/A 0202 — 4A 2/ A
P1 = — L3 P , P2 = —23 ) ) p3:(170)7
9193 9193 9293 9293

where 0; + 602+ 603 = 27 and A = w(w —61)(m — 02) (7 — 63). Here, 6, (i = 1,2,3) denotes
interior angle measure of phase region P; at the triple junction.

07 T T T T 07

06 -

05 -

04

03

02 -

0.1 L L L L 01 L L L L
02 03 04 0.5 0.6 0.7 08 02 03 0.4 05 06 07 08

FIGURE G.2: Initial three-phase configuration (black in bold) and its volume-preserving

mean curvature evolution considering bulk energies e; = ez = 0 and e3 = 150y with

prescribed contact angles: 180°—60°—120° (left) and 180°—120°—60° (right) at different
times.

The domain © = [0,1] x [0,1] is triangulated into 12,800 elements (with mesh size
Az = 0.0125) and time step At = 0.0050 is discretized into K = 30 DMF partitions.
Under the penalty parameter o = 107 and w; = wy = Az, we run our algorithm for
two prescribed junction angle conditions 180° —60° —120° and 180° —120° —60°. The
evolution of the interface network at time intervals of 2At¢ are shown in Figure G.2. The
resulting motion is a contest between the buoyant force f = 150y pushing the bubble
upwards and the surface tension force pressing the bubble towards the bottom phase (as
set by the contact angle conditions).






Appendix H

Notations and Preliminaries

The present appendix fixes notations and states some preliminary results utilized in
Chapter 7. For theories on elliptic partial differential equations of second order, we
mainly refer to Gilbarg and Trudinger’s book [49]. For results on measure theory, we
refer to Evans’ and Gariepy expository notes [38]. Other preliminaries not found in these
two reference texts are laid out in this appendix.

Let us start with familiar notations as follows.

N

Q

RN

oS

S

|5
B(z,r)

vol(N)

f1

Function

c(S)

C*(S)

=(5)
()

co(S)

set of natural numbers

set of rational numbers

N-dimensional real Euclidean space, R = R!

boundary of set S

closure of set S, i.e. S =S5U0dS

N-dimensional Lebesgue measure of S ¢ RN

open ball in RY with center x and radius r > 0, i.e. {y € RN : |z —y| <r}
aN/2

L(5 +1)

mean value of function f over S, defined by |;| /S f(x)dx

volume of unit ball B(0,1) in RY,

Spaces.
class of continuous functions f : S — R. If f € C(S) is bounded, we write

I fllees) = SUI; |f(z)].
class of k-times continuously diﬁerentia:f)ele functions f: S = R (0 < k < 00).
Here, C°(S) = C(S).
class of infinitely differentiable functions f: S — R
class of Lipschitz continuous functions f : S — R, which by definition satisfy

|f(x) = fWI < Clz —yl, z,y€S,
for some constant C' > 0.

class of Holder continuous functions f : S — R with exponent v € (0,1),
that is, for some constant C > 0, we have

|f(z) = f(y)| < Clz—vy|", =z,yes.
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C*7(S) Holder space consisting of all functions f € C*(S) for which the norm
1 fllcracsy == D 1D Fllew) + Y [D*faoas) < oo
la|<k |la|=k
LP(S) class of Lebesgue measure functions f : S — R such that [|f[/zr(s) < o0
where 1 < p < co. Here, the LP-norm is given by

T (/ |f|”)

L>°(S)  class of Lebesgue measure functions f : S — R such that |[f|p~(s) =
ess sup g|f| < oo

HF(S)  Sobolev space W¥2(S) consisting of all locally summable functions f : S — R
such that for each multiindex a with || < k, D®f exists in the weak sense

and belongs to L?(S). Here, the norm is defined by
1/2

1) = / D2

CF (S), L (S), etc. denotes those functions f : S — R such that for every compact

subset D of S, we have f € C¥(D), LP(D), etc. Equivalently, if z € S, then we can find
a neighborhood B, := B(x,r) such that f € C*(B,), L?(B,), etc.

Ck(S), HE(S), etc. denote those functions f : S — R in C*(S), H¥(S), etc. with
compact support in S, written supp f C S.
Young’s inequality. For a,b € R,

2

b
ab < eaZ—I—E, (e > 0).

Hoélder inequality. For f,g € L?(9),

/S ol < Il llolzas)

Definition H.1. Let X and Y be Banach spaces, X C Y. We say that X is compactly
embedded in Y, written
X CcCy,

provided

L. [Jully < Cllul|lx (u € X) for some constant C'

2. each bounded sequence in X is precompact in Y. More precisely, if {uy} is a
sequence in X with supy, [Jux||x < oo, then some subsequence {uy;} C {uy} con-
verges in Y to some limit u:

lim [Jug; —ully =0.
j—o0

Theorem H.2 (Rellich-Kondrachov Compactness Theorem). Let N > 2. As-
sume a bounded open domain S C RN with Lipschitz continuous boundary. Suppose
1<p< N. Then,

Wl?(8) cc L4(S)
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pIN

for each 1 < g < p* = N—p

Theorem H.3 (Poincaré-Wirtinger inequality). Let N > 2. Assume a connected
bounded open domain S C RN with Lipschitz continuous boundary. Then, there exists a
constant Cp > 0 such that for every f € H'(S9),

- <C 1(S)-
L% e

Theorem H.4. Let N > 2. Assume a connected bounded open domain S C RN with
Lipschitz continuous boundary. If {f,} is a sequence in H(S) such that

frn — f weakly in H(S),
then
fn — f strongly in L*(S).

Definition H.5 (Di Giorgi Class). We denote by By (2, M, ~, 0, %), the class of func-
tions f € H'(Q) with essential m3x|f| < M such that for f and —f, the following

inequalities are valid in an arbitrary ball B, C Q for arbitrary o € (0, 1):

/

for k > maxp, f(x) — 9. Here, Ay, :={f >k} N B, and B,_,, is concentric with B,..

2
Ve < 7( max | () — k|2 + 1) A2

N
021“2(17?) Ak,

k,r—or

Lemma H.6. There exists a positive number s such that, for an arbitrary ball B,
belonging to 2 together with the ball By, concentric with it and for an arbitrary f €
Ba(Q2, M, ~, 0, %), at least one of the following two inequalities holds:

osc{f,B,} < 2°R'"%
1
osc{f,B,} < <1 - 25_1> osc{f, By }.
Theorem H.7. ([62, Chapter 2, Theorem 6.1]) Let f be an arbitrary function in the

class Ba(Q2, M, ~, 0, %) and let Bgr C Q be a ball of radius v < 1. Then, for any ball B,
where v < R that is concentric with Br, the oscillation of f in B, satisfies the inequality

osc{f,B,} < c(%)a,

. 1 N
a = mm{—log4 <1—251>,1—q},

_ g spl-&¥
c = 4"max 2M,2°R" < ;,

where

and the number s is taken from Lemma H.6
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