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It is known by Nielsen that any automorphism on the free group of rank d is de-
composed by three automorphisms. And also ZX Wen and ZY Wen (cf. [7]) found
three generators of invertible substitutions of rank 2 in combinatorial way, which is
called decomposition theorem of invertible substitution of rank 2.

In the paper [2] we consider invertible substitutions of rank 2; and the theme of the
paper is to characterise invertible substitutions of rank 2 by dealing substitutions
which are combinatorial objects as geometrical ones, and by analysing topological
property of the atomic surface of a substitution. We have:

1. a proof of decomposition theorem of invertible substitution of rank 2,

2. a necessary and sufficient condition that a substitution of rank 2 is invertible
in geometrical way,

3. a substitution is invertible if and only if the atomic surface of the substitution
is an interval.

The aim of this paper is to inherit the theme from [2}, and to extend above results for
endomorphisms on the free group of rank d. To deal endomorphisms as geometrical
objects, we introduce the higher dimensional substitution (extension) and we
get a result related to 2.

By using the dual map (dual extension) of the higher dimensional substitution, -
we obtain the fact that the boundary of the atomic surface of a substitution is given
by the inverse of the substitution if it is invertible.
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oy I Substitution 7225, ap(1) = 2711 i3 Free monoid MEFE CiX72\ DT, Substitution Cik

7RV, o 1T Inverse ap #FF-O DT Invertible 748, as 1% Invertible Git72V>. “Substitution

o 2% Invertible 7> & 5 3, EEIZ Inverse Z3R®HB = & 2 HETIHEITHI5?" Z0OE
IR L, BIZBRBEREI (2) 258 5. '

Substitution (Z& % Atomic Surface & i%, Fixed point (#]2iF, w = lim, .o o "(1) =
12112121121 ---) B TE S, WERROITHWBR LOBTEE, HIER (FH) P KHE LE
ROEAD closure & 276D THB. (cf. B 1.) ZD Atomic surface £ T, Substitution
CRE>THEDSTONDINEREEZ B LN TE S, “Substitution ¢ 12L& 3 Atomic
surface I, o 23 Invertible 22 & X, ¥ 5V ) topological RMEE 5 o025 me”

1: Atomic surface by w = lim,, .o ay™(1) = 121121211 - - -

EED 2 DOEMMP HIEE > EFFEIZB T, 83X [2] T, rank 2 DIEAIT, ST Fik
ZAWT, F; £ Substitution ¢ % Invertible T 2 = & DULEF4E&M4ICET5 UTozE
BEE.

EEI F, k Substitution ¢ 28 Invertible Téh 5 = & @M\E‘f‘ﬁa\?‘k#ﬁ,

(1) o #8
0 =010020:---00,, 0','6{05/3,5} (i=1,2,---,7l-)

EHETEBZ . a,f3,0 X Invertible Substitution:

o 1—2 3. 1—12 5 1—-21
12—-1 1 2—=1 1251

( B3 [7] DBIEER)
(2) Atomic surface NEFEREXETHB = L.
@) D xezZ’ec{-1,1} BHY, ‘
Ex(0)(0,1A2) = ¢(z,1A2) (A)
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BTz L.
(z,1A2) T R OlFE 2 LO—IDOES1DEFHTHY, G %, BF LOFRE
DEFHEZERLTHES L T5 L, Substitution o IZL>TEEIND Eyo) (I
Higher dimensional substitution & FHIN ) i, Gy L TOERBEERTHS. (. [2))
TIT, EEIQ) DX (A) IR, OEODEFEN Ea(0) 1L - T, ¥V L ODEFFEIC
BEXN3ZLaERLTEY, ZOFEEL Y, 5 Substitution 23 Invertible 23 & 5 59 <
HETES.(cf K 2.)

E 2 (01) g E 2 ((52)
0 g Y
o1 1< invertible 0y ¥ not invertible

2: Es(0)(0,11n2)

AR TIE, LEDER T (2) R, %I 3) #IEET 278, fEE D rank d IZxF L

(G) FEI(2) 2R L7, Fy LOEREIER o 23 Invertible TH D, 2EVEEEHTH
DELORLEFHEELLEDD

(ii) B&IT Atomic Surface ? topological 22tEEHE L H 2 5

e ERRT :

Gr (k=1,2,---,d) %, R®* OBFLOFERED k REMXHFEK (—IDES 1) 2BHKL T
BZESGETD. (1) 0BT, BX [9] T, 0 ZEE D rank O Substitution & LTEHE L=,
G, L#ERZEE# TH 5 Higher dimensional substitution (Extension of dimension & of
o) E(o) %,0 28 Fy LHERBIERE TIRTS. _

Gy (k=1,2,---,d) %, R* OBRFLOERE®D (d - k) RELFHE (—ENRE 1) 2B
RETHRERLTD. (i) DI, Atomic surface IX Ex(o) {2333, G; £® Dual map
(Dual Extension of dimension & of o) E} (o) # AW TR ENE Z 2R,

BEicky, EBII 2455.

EE I Fy b #EARIER o 2 Invertible THB L &

(1) 5 e 2% cec {-1,1} BdY,
Ei(o) (0,1 A2A---Ad) =¢e(z,1A2A---Ad) BET-T.
ZIT(z,1A2---Ad) X R OBFEz LO—ADOEX1 0 d KTIFE.

(2) E; (o) = Ee(o7) (k=1,2,---,d)
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R L
ZZTWEeF IZHL, W =585, = sSuSu—1 -+ 51, 5(1) = 0(i) (i =1,2,---,d) &
T5.%" LiL, FTBBICE D E5_ (o) & Ex(o-]) IEA—HTEBL VS L Tha.

TR 11 (2) 12 & D, Substitution o 12 &% Atomic surface ® Boundary M43 & %%
%072 Boundary substitution 2%, #5E o ILL 2 TEHELZBNB = & B hoT-.
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ERISE7E 9 EE 1 BEES. FRIGE R4 BICABERUEES LTV, UTOHEZTo7
rank d O substitution & it d XF4 5 7% % free group £ endomorphism T free monoid RiZfEB$ 5
LOF WV, IO substitution #F invertible Ta % & iZ. substitution % free group £ ® automorphism T
HbLEF\VI, rank 2 D substitution IZ2W T ik, Nt invertible TH L LETTEHR. 20N
SRR SITIIOVWTRSDEEIMON TS, LAL rank d 3L DWTIRRAMOEHTH 5,
FDL)RRROPTER/ILTIZ
‘1) rank d @ substitution O 27 S 4EM: % 5] & 3721 higher dimensional substitution & v» 9 Bt &
FEALZL
(2) ZDB&% H 5T higher dimensional substitution @ dual map OEETEAL., FOEMENER
527
IHhLDOBEAZFEZLHLEDIL. FREDIBNT,
(1) substitution #% invertible & % 5 S MEFWLBELEHEE LT &,
() substitution 7 invertible T# % & % dual map ® boundary endomorphism %% invertible substitution
O inverse DEFAICL > THEZLNBI EZRL
INLD—FOREBIZFESHACTFESINT VS Pisot MO ET L EER 7T 7 ¥V tiling DI
B ERE 525 ETHCFMETE S, DEOZ EPLRRLREL (BR) ITETLbDLHEL.
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