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Abstract

A type II matrix is a matrix which generates a spin model for a link invariant. An important
connection between type II matrices and association schemes was first suggested by Jaeger,
and it was explicitly formulated by Jaeger, Matsumoto and Nomura. It is known that a type
II matrix W is associated with the Nomura algebra N (W), the Bose-Mesner algebra of a
commutative association scheme. We are interested in what sort of association schemes arise
as N(W). Suzuki and the author show that imprimitive association schemes are associated
with so-called generalized tensor products of type II matrices. We have only few examples of
type II matrices whose N (W) is primitive. We also study N (W) for the type II matrix W
constructed on the conference graph, which gives an example of the type II matrix associated
with a primitive association scheme. We show that if the size of the type II matrix W is greater

than 9, N (W) is the trivial association scheme.

Summary

Type II Matrices form a class of matrices having certain properties related to
both topological and combinatorial objects. The study of type II matrices first arose

from that of spin models, which was introduced by Jones to construct invariants
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for knots and links. A spin model is a matrix (or a set of matrices) satisfying three
conditions; type I, type II and type I1I, each of which corresponds to the Reidemeister
moves I, II, and III respectively. Type II matrices are those satisfying the type II
condition. If a type IT matrix satisfies the type III condition, it becomes a spin
model. At first, we were not conscious of the concept of type II matrices, which are
merely matrices generating spin models. Jaeger noticed that there is an interesting
relation between spin models and association schemes, and Jaeger, Matsumoto and
Nomura formulated it explicitly. They showed that given a type II matrix W, we can
define what is called Nomura algebra N (W), which becomes a Bose-Mesner algebra
of a commutative association scheme. Since then combinatorists become conscious
of type Il matrices by way of association schemes.

The motivation for our study comes from the classification problem of spin models
and type II matrices. For classification of spin models, that of type II matrices is
crucial. We can classify small type II matrices, i.e., at fnbst size 5 up to type II
equivalence by direct calculations. For larger type II matrices, direct calculations
do not seem appropriate way to classify them. We introduce another method of
classification using their Nomura algebras. Association schemes of small orders have
been classified already by Hanaki, Hirasaka, Miyamoto, Nomiyama, et al. We classify
type II matrices in terms of which association schemes their Nomura algebras coincide
with. In the process of classification, Suzuki and the author obtain our first result.
We define generalized tensor products of matrices and show that a type II matrix

can be decomposed into a generalized tensor product of small type II matrices if and

only if its Nomura algebra is imprimitive:

Theorem 0.1. Let W be a type II matriz of size mn. Let J, be the all 1 matriz of

sizen > 2, and let I, be the identity matriz of size m > 2. Then the following are

equivalent.

(1,) There ezists a permutation matriz S such that J, ® I, € N(SW).
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(1) N (W) is an imprimitive Bose-Mesner algebra with a system of imprimitivity

having blocks of size n.

(133) W is type II equivalent to a generalized tensor product (U, Us,...,Un) ®
Vi, Va, ..., Vo), where Uy, Us,...,Un and V1, Vs, ..., V, are type II matrices

of size n and m respectively.

By applying this result, we can classify type II matrices of size at most 10 in
terms of Nomura algebras.

We are also interested in type II matrices whose Nomura algebras are primitive.
We have only few examples of such type II matrices. Jaeger introduced a method of
constructing of type II matrices on strongly regular graphs, a special class of distance-
regular graphs. Using his method, we obtain type II matrices on strongly regular
graphs, especially on conference graphs and determine their Nomura algebras, which

become examples of type II matrices related to primitive association schemes:

Theorem 0.2. Let W be the type II matriz constructed on the conference graph with
parameters (4u+1,2u, u—1, 1) If p > 2, then N (W) is trivial, i.e., the Bose-Mesner

algebra of the class 1 association scheme.

Our goal is to characterize association schemes obtained from type II matrices as
completely as possible. We need more information about primitive cases, which is

expected to be studied further in the near future.
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